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Abstract. We introduce and analyze the Sk shuffle on N cards, a natural generalization of the
celebrated random adjacent transposition shuffle. In the Sk shuffle, we choose uniformly at random
a block of k consecutive cards, and shuffle these cards according to a permutation chosen uniformly
at random from the symmetric group on k elements. We study the total-variation mixing time of
the Sk shuffle when the number of cards N goes to infinity, allowing also k = k(N) to grow with
N . In particular, we show that when k = o(N

2
3 ) the pre-cutoff phenomenon occurs. Furthermore,

we show that for a suitable modification of the model, the Sk shuffle with boundaries, the cutoff
phenomenon occurs when k = o(N

1
6 ).

1. Introduction

1.1. Model and results. When shuffling a deck of N cards, our experience suggests that shuffles that
involve only “local” moves, i.e. moves that significantly affect only a small number of cards, mix
slower than shuffles that involve non-local moves. Random transpositions Diaconis and Shahshahani
(1981), star transpositions Nestoridi (2021), random-to-random Bernstein and Nestoridi (2019) are
examples of such local card shuffles that are known to shuffle a deck of N cards in order N logN
steps. Random adjacent transpositions are even slower, mixing in order N3 logN steps Lacoin
(2016); Wilson (2004). In contrast, the riffle shuffle and k-cycles for sufficiently large values of k
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mix in only order logN steps Bayer and Diaconis (1992); Berestycki et al. (2011). In this paper, we
introduce the Sk shuffle, a model that interpolates between local and global moves for the shuffles,
i.e. it corresponds to adjacent random transpositions when k = 2, and the shuffle which picks a
uniform permutation in every step when k = N .

Our definition of the Sk shuffle is inspired by block dynamics of other well-studied models, such as
the Ising model Blanca et al. (2022); Guo and Jerrum (2018); Knöpfel et al. (2020); Martinelli et al.
(2003); Martinelli (1999); Yang (2023), and other non-local dynamics such as the Swendsen-Wang
model Blanca et al. (2022, 2023); Long et al. (2014), the random cluster model Ganguly and Seo
(2020), and the Bernoulli-Laplace model with multiple swaps Alameda et al. (2024); Eskenazis and
Nestoridi (2020). In the Sk shuffle, each block of k consecutive cards is assigned an independent
rate 1 Poisson clock. Whenever a clock rings, we shuffle the cards in the respective block according
to a permutation chosen uniformly at random from the symmetric group on k elements. The main
objective in this paper is the total-variation mixing time, tmix(ε), for the Sk shuffle on N cards
when N goes to infinity; see Section 2 for a formal definition of the respective quantities. We have
the following first result.

Theorem 1.1. For the Sk shuffle, there exists a constant c > 0 such that for all k = k(N) with
k = o(N2/3) and all ε ∈ (0, 1),

6

π2
≤ lim inf

N→∞

k(k2 − 1) · tmix(ε)

N2 logN
≤ lim sup

N→∞

k(k2 − 1) · tmix(ε)

N2 logN
≤ c . (1.1)

A crucial observation is that the Sk shuffle treats cards differently depending on their positions
in the deck. One might notice that cards in the first and last k positions of the deck move more
slowly than those in the middle. In particular, following the first card of the deck, one sees that
the mixing time must be at least of constant order; see Proposition 7.1 for a precise statement.
To counter this effect, we introduce extra moves in positions 1 through k − 1, as well as positions
N − k + 1 through N , and we refer to the first and last k positions as boundary. More precisely,
for each i ∈ {2, . . . , k − 1} we assign a rate δ(k)i , respectively a rate δ(k)N−i+1, Poisson clock to the
blocks containing the first i, respectively the last i cards of the deck. Whenever a clock rings, we
shuffle the cards in the respective block according to a permutation chosen uniformly at random
from the symmetric group on i elements. We refer to this as the Sk shuffle with boundaries. The
exact choice of the values δ(k)i is deferred to Section 2, where we formally introduce both processes;
see also Section 7 for a comparison of the two processes. While the ε-mixing time t′mix(ε) of the Sk
shuffle with boundaries still satisfies the bounds in Theorem 1.1, the upper bound can be improved
for sufficiently slow growing k; see also Conjecture 7.3 when k = o(N1/2).

Theorem 1.2. For the Sk shuffle with boundaries, assuming k = o(N1/6), the ε-mixing time of the
Sk-shuffle with boundaries satisfies for all ε ∈ (0, 1)

lim
N→∞

k(k2 − 1) · t′mix(ε)

N2 logN
=

6

π2
. (1.2)

The fact that the leading order of the mixing time does not depend on ε is called the cutoff
phenomenon. When k = 2, Theorem 1.2 agrees with the celebrated result of Lacoin (2016) (note
that our model differs from Lacoin’s setup by a time change); see also earlier work by Wilson
(2004) for a sharp lower bound. While we follow for Theorem 1.2 the strategy introduced by Lacoin
(2016), one faces several challenges when adapting the arguments to the case k ≥ 3. Perhaps
most surprisingly, neither the spectral gap nor the other eigenvalues of the transition matrix offer a
simple closed form when k > 3. Instead, under a suitable choice of the boundary rates, we utilize
approximate eigenvalues and eigenfunctions. The idea of using approximate eigenfunctions first
appeared in Nam and Nestoridi (2019) when studying a time inhomogeneous version of the adjacent
transposition shuffle. It was later adapted for continuous time Markov chains in Gantert et al. (2023)
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Figure 2.1. Example of the S3 shuffle on a segment of length N . In each step the
positions chosen to be updated are shaded gray.

to get sharp lower bounds for the symmetric exclusion process with one open boundary. In contrast
to the above mentioned works, we approximate all relevant eigenvalues and eigenfunctions of the Sk
shuffle with boundaries simultaneously. This allows us to perform approximate Fourier Analysis.
It is a crucial ingredient in the proof of the upper bound in Theorem 1.2 as it addresses a discrete
heat equation whose solution can be given via the Sk shuffle.

When providing sharp lower bounds on the mixing time, another difficulty occurs for large k as
the maximal displacement by a shuffle within a block becomes comparable to the fluctuations of
the Sk shuffle in equilibrium. We resolve this issue by relying on the strong Rayleigh property for
the Sk shuffle with boundaries similar to Salez (2023) and Tran (2023) for the symmetric exclusion
process with open boundaries. Moreover, we require a different generalized version of Wilson’s
Lemma, going back to the original second moment method as it was introduced in Diaconis and
Shahshahani (1987, Section 4), using stricter variance bounds. Furthermore, the Sk shuffle with
boundaries process requires a different interpretation of censoring than the one used previously by
Gantert et al. (2023); Lacoin (2016). We introduce a generalized censoring scheme that not only
restricts moves, but also alters them. Let us conclude the introduction by mentioning that adjacent
transpositions can also be studied for biased card shuffling methods; see for example Benjamini
et al. (2005); Zhang (2024).

1.2. Structure of the paper. In Section 2, we give preliminary definitions and notation which will
be used throughout the paper. Section 3 discusses important properties of the Sk shuffle that are
retained from the case of k = 2, and which play substantial roles in our proofs of the upper and
lower bounds. In Section 4, we obtain lower bounds on the mixing time of the Sk shuffle using a
generalized version of the second moment method. In Section 5, we introduce a coupling argument
for the upper bound in Theorem 1.1. In Section 6, we adapt the argument of Lacoin from Lacoin
(2016) to prove a sharp upper bound on the mixing time for the Sk shuffle with boundaries. We
conclude by a discussion in Section 7 comparing the Sk shuffle with and without boundaries, and
an open question.

2. Preliminaries for the Sk shuffle

In this section, we give a formal definition of the Sk shuffle with and without boundaries. For all
n ∈ N, we denote in the following by Sn the symmetric group on n elements, and refer to σ ∈ Sn as
a permutation on [n] := {1, . . . , n}. For integers i, j ∈ [n] with i < j, and permutations η ∈ Sn and
σ ∈ Sj−i+1, we define the configuration ησ,i,j by

ησ,i,j(m) :=

{
η(m) if m /∈ [i, j] ∩ [n]

η(σ(m+ 1− i)) if m ∈ [i, j] ∩ [n]
(2.1)

for all m ∈ [n], i.e. we permute the cards in the interval [i, j] according to σ. For N ∈ N and k ∈ [N ],
the Sk shuffle on a deck of size N is the continuous-time Markov chain on SN whose generator is
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given by

(Lf)(η) =
N−k+1∑
i=1

1

k!

∑
σ∈Sk

(
f(ησ,i,i+k−1)− f(η)

)
(2.2)

for all functions f : SN → R, and η ∈ SN ; see Figure 2.1 for a visualization. We denote the resulting
dynamics by (ηt)t≥0. For the Sk shuffle with boundaries, we set

δ
(k)
i = δ

(k)
N−i+1 :=

3i2 + k2 − 1

(2i+ 1)(2i− 1)
(2.3)

for i ∈ [2, k − 1] and define the dynamics (ζt)t≥0 on SN with respect to the generator

(L̃f)(ζ) := (Lf)(ζ) +
k−1∑
i=2

δ
(k)
i

i!

∑
σ∈Si

(
f(ζσ,1,i) + f(ζσ,N−i+1,N )− 2f(ζ)

)
. (2.4)

In words, we in addition apply a uniform permutation on the first and last i cards at rate δ(k)i ,
respectively. While the choice of δ(k)i may seem slightly unnatural at first glance, we will see that
this choice of rates in (2.3) allows us to reuse the eigenvalues and eigenfunctions for k = 2 as
approximate eigenvalues and approximate eigenfunctions for k ≥ 3.

Note that both dynamics are reversible with respect to the uniform measure on SN , which we
denote in the following by µN . We let, for a probability measure ν on SN ,

∥ν − µN∥TV :=
1

2

∑
η∈SN

|ν(η)− µN (η)| = max
A⊆SN

(ν(A)− µN (A)) (2.5)

be the total-variation distance of ν and µN , and let the ε-mixing time of (ηt)t≥0 be

tmix(ε) := inf

{
t ≥ 0 : max

η∈SN

∥P (ηt ∈ · | η0 = η)− µN∥TV < ε

}
(2.6)

for all ε ∈ (0, 1). Similarly, we denote the ε-mixing time of (ζt)t≥0 by t′mix(ε) for all ε ∈ (0, 1). One
central tool is the height function of the Sk shuffle. For σ ∈ SN , we set

hσ(x, y) :=

(
x∑

z=1

1{σ(z)≤y}

)
− xy

N
, (2.7)

with the convention that hσ(x) = hσ(x, ⌊N/2⌋) for all x ∈ [N ] and σ ∈ SN . Further, with a
slight abuse of notation, we write ht(x) = hηt(x, ⌊N/2⌋) for all t ≥ 0 for the Sk shuffle (ηt)t≥0, and
similarly h′t(x) = hζt(x, ⌊N/2⌋) for the Sk shuffle with boundaries. Observe the height functions
allow one to define a partial order on the state space SN . We say that σ dominates σ′, and write
σ ⪰ σ′ if, for all x, y ∈ [N ],

hσ(x, y) ≥ hσ′(x, y) . (2.8)

Note that the maximal element with respect to ⪰ is σ = id, the identity on SN .

2.1. An approximation of the spectrum. In the following, we discuss the spectrum of the Sk shuffle
with boundaries. Apart from the special cases k = 2 and k = 3, we shall see that the eigenfunctions
and eigenvalues do not have a simple closed form, and instead we propose the following candidates
as approximate eigenvalues and eigenfunctions, i.e. we set

Φ
(j)
N,y(σ) :=

N−1∑
x=1

hσ(x, y)ψj(x) where ψj(x) := sin

(
xjπ

N

)
, (2.9)
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with the convention that ΦN (σ) = Φ
(1)
N,⌊N/2⌋(σ). Moreover, we let for all j ∈ [N ]

λ
(j)
N,k := (k − 1)−

[
2

k∑
i=1

k − i

k
cos

(
ijπ

N

)]
=
kj2π2

N2

(
k2 − 1

12

)
+O

(k5j4
N4

)
. (2.10)

The following lemma shows that for our particular choice of δi defined in (2.3), Φ
(j)
N are indeed

suitable approximate eigenfunctions with respect to approximate eigenvalues λ(j)N,k.

Lemma 2.1. Recall from (2.4) the definition of L̃. Let k = k(N) be such that k = o(N). Then
there exists some constant C > 0 such that for all j ∈ [N ], and for all y ∈ [N − 1]

|(−L̃Φ(j)
N,y)(σ)− λ

(j)
N,kΦ

(j)
N,y(σ)| ≤ Ck6j3N−3 (2.11)

for all σ ∈ SN .

Proof : We consider in the following only the case y = N
2 as the remaining cases are similar. Notice

that whenever we apply a permutation in [a, b] chosen uniformly at random to a configuration σ,
the expected height function evaluated at a position x ∈ [a, b] is given by (b − x)(b − a)−1hσ(a) +

(x − a)(b − a)−1hσ(b). Therefore, by re-indexing the summation and using the definition of L̃, we
see that

(L̃Φ(j)
N )(σ) =

N−1∑
x=1

(L̃h)(σ)ψj(x) =
N−1∑
x=1

hσ(x)ax

where we set

ax =



k−1∑
i=1

k−i
k (ψj(x− i) + ψj(x+ i))− (k − 1)ψj(x) if x ∈ [k,N − k]

x−1∑
i=1

δ
(k)
x i
x ψj(i) +

∑k−1
i=1

k−i
k ψj(x+ i)−

(
x+

k−1∑
i=x+1

δ
(k)
i

)
ψj(x) if x < k

N−1∑
i=x

δ
(k)
x (N−i)
N−x+1 ψj(N − i) +

∑k−1
i=1

k−i
k ψj(x− i)−

(
x+

N−1∑
i=x+1

δ
(k)
i

)
ψj(x) if x > N − k + 1 .

For all x ∈ [N ], a computation involving trigonometric identities shows that

λ
(j)
N,kψj(x) =

k−1∑
i=1

k − i

k
(ψj(x− i) + ψj(x+ i))− (k − 1)ψj(x)

which is precisely ax for positions in the bulk, and thus hσ(x)ax = λ
(j)
N,kψj(x) in these positions.

Hence, it remains to treat the difference |hσ(x)ax − λ
(j)
N,kψj(x)| for the boundary vertices. By our

choice of δ(k)i in (2.3), another computation yields that

δ
(k)
x

x

(
x−1∑
i=1

i2

)
−
(
x+

k−1∑
i=x+1

δ
(k)
i

)
x =

(
k−1∑
i=1

k − i

k
(x− i)

)
− (k − 1)x (2.12)

for all x < k, and similarly when x > N − k + 1. Using Taylor approximation, we get∣∣∣∣ψj(x)−
jxπ

N
+
j3x3π

6N3

∣∣∣∣ ≤ C
j5k5

N5
(2.13)

for some C > 0 for all N sufficiently large. By a telescopic summation, for all x < k

δ(k)x ≤ 7k2

4x2 − 1
and

(
k−1∑

i=k−x

δ
(k)
i

)
=
x(4k − 3x− 1)

4(k − x) + 2
≤ x2

4(k − x)
+ x (2.14)
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and thus, for some c1 > 0, and all j ≥ 1 and x < k, the error incurred by Taylor approximation is
at most ∣∣∣∣∣

x−1∑
i=1

δ
(k)
x i4j3

xN3

∣∣∣∣∣+
∣∣∣∣∣x3j3N3

k−1∑
i=x+1

δ
(k)
i

∣∣∣∣∣ ≤ c1
k4j3

N3
. (2.15)

Since max(hζ(x), hζ(N − x)) ≤ x for all ζ ∈ SN , we obtain from (2.12), (2.13) and (2.15)

|hζ(x)ax − λ
(j)
N,kψj(x)| ≤ c2

j3k5

N3
(2.16)

for some constant c2 > 0, uniformly in x ∈ [k − 1] as well as x > N − k + 1. Summing over all x in
the boundary, we obtain the desired result. □

2.2. Projection of the Sk shuffle. Note that as in Lacoin (2016) and Wilson (2004), the Sk shuffle
has a natural projection which can be seen as an exclusion process on a hypergraph. Let σ ∈ SN

and let K ∈ [N − 1] be fixed. We let ξKσ ∈ {0, 1}N be the configuration which we obtain by setting
ξKσ (x) = 1 if the value of the card at position x is at most K. In other words, the first K cards
can be thought of as particles, while the remaining cards are given the role of empty sites. The
corresponding dynamics (ξKt )t≥0 can then be described by the generator:

(L̂f)(ξ) =
N−k∑
i=1

1

k!

∑
ξ∈{0,1}N

(
f(ξσ,i,i+k−1)− f(ξ)

)
, (2.17)

where f is a function f : {0, 1}N → R. Here, ξσ,i,j is defined as in (2.1) for ησ,i,j .

3. Properties Preserved by the Sk Shuffle

In this section, we discuss properties that are shared by the Sk and S2 shuffles. It is of great
importance that the stationary distribution of the Sk shuffle is the uniform distribution, allowing
us to transfer several properties from the case of k = 2 to k ≥ 3.

3.1. Preservation of the Censoring Inequality. The censoring inequality is introduced by Peres and
Winkler (2013) and has since been used in many contexts, such as Gantert et al. (2023) and Lacoin
(2016). In this section, we define a censoring scheme for the Sk-shuffle and show that the censoring
inequality holds. In contrast to the typical use of censoring, we also alter moves.

Formally, we define a censoring scheme C : R+
0 → P(E) as a càdlàg function, where P(E) is the

power set of edges E := {{x, x + 1} : x ∈ [N − 1]}. We obtain the censored dynamics (ηCt )t≥0

from the Sk shuffle (ηt)t≥0 and a censoring scheme (Ct)t≥0 as follows: Suppose that at time t, we
perform a shuffle on an interval I = [i, j]. If I contains no edge from Ct, then we perform the shuffle
on I as in the original dynamics. However, if I contains at least one edge in Ct, then we partition
I into sub-intervals (Im)m≥0 with Im = [im, im+1 − 1] such that

I =
⋃
m≥0

[im, im+1 − 1] (3.1)

for some i0 < i1 < i2 < · · · and that {im − 1, im} ∈ Ct for all m. In each interval Im, we perform
an independent S|Im|-shuffle of the elements.

In words, we obtain the censored dynamics by performing independent S· shuffles on the sub-
intervals whenever we would perform a shuffle operation along a censored edge. The censoring
inequality states that the law of the censored dynamics stochastically dominates the law of the
original dynamics in terms of the stochastic order ⪰ from (2.8) for any time t ≥ 0. Here, recall
that a measure µ stochastically dominates a measure ν on SN , denoted µ⪰SD ν, whenever
µ(A) ≥ ν(A) for any set A ⊆ SN which is increasing with respect to ⪰; see Section 22.2 of Levin
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et al. (2009). Moreover, this stochastic domination occurs conditionally on the choice of the jump
times (T x

i )
x∈[N−1]
i≥1 at which we perform the ith update at the interval starting at x. Formally, we

say that the censoring inequality holds if for all t ≥ 0, and for a suitably defined family of open
intervals (Ax

i )
x∈[N−1]
i∈N

P(ηCt ∈ · | T x
i ∈ Ax

i )⪰SD P(ηt ∈ · | T x
i ∈ Ax

i ) . (3.2)
Recall that a function f is increasing if f(σ) ≥ f(σ′) when σ ⪰ σ′, and that µN denotes the
uniform measure on SN . The next lemma is due to Lacoin; see Proposition 3.6 in Lacoin (2016).

Lemma 3.1. Let ν0 be an initial distribution for the S2 shuffle on SN such that σ 7→ ν0
µN

(σ) is
increasing. Let C be a censoring scheme and let νCt be the law of the S2 shuffle with respect to C.
Then σ 7→ νCt

µN
(σ) is increasing and the censoring inequality holds.

In the following, our goal to extend this result to general k ≥ 3.

Lemma 3.2. Let k ≥ 3 and ν0 be an initial distribution for the Sk shuffle on SN such that σ 7→
ν0
µN

(σ) is increasing. Let C be a censoring scheme and let νCt be the law of the Sk shuffle with respect

to C. Then σ 7→ νCt
µN

(σ) is increasing and the censoring inequality holds.

We use the next lemma to approximate a single update in the Sk shuffle with censoring.

Lemma 3.3. Let νt be the distribution of the S2 shuffle on Sk at time t, then we have that

lim
t→∞

∥νt − µk∥TV = 0 . (3.3)

Proof : This is an immediate consequence of the fact that the S2 shuffle is an irreducible continuous-
time Markov chain, which has the uniform distribution as its unique stationary law. □

Proof of Lemma 3.2: We will in the following, only show that σ 7→ νCt
µN

(σ) is increasing for any
censoring scheme C. The fact that the censoring inequality holds then follows from the same
arguments as Theorem 22.20 in Levin et al. (2009). To do so, we proceed by a proof by contradiction.
Suppose there exists a censoring scheme C, a sequence of times (txi )

x∈[N−1]
i≥1 , a time t ≥ 0, some δ > 0,

and permutations σ ⪰ σ′ such that

P(ηt = σ′ | T x
i = txi )− P(ηCt = σ | T x

i = txi ) ≥ δ . (3.4)

Let M > 0 which will be chosen later. Let Jt := {(x, i) : tix ≤ t}, and let (η̃t)t≥0 and (η̃Ct )t≥0 be two
processes on SN defined in the following way. For all (x, i) ∈ Jt, at time tix in (η̃t)t≥0 we perform
a sequence of M many (discrete time) S2 shuffle moves on the interval [x, x + (k − 1)]. Similarly
for the process (η̃Ct )t≥0, we apply for all (x, i) ∈ Jt a sequence of M many S2 shuffles, but for
each interval in the decomposition I defined in (3.1) for the censoring scheme at tix separately. By
Lemma 3.3 and a standard comparison between discrete time and continuous time Markov chains
– see Theorem 20.3 in Peres and Winkler (2013) – and the triangle inequality for total-variation
distance, we can choose M =M(t,Jt, δ, k, C) sufficiently large, such that

∥P(η̃t ∈ · | T x
i = txi )− P(ηt ∈ · | T x

i = txi )∥TV ≤ δ

4

∥P(η̃tC ∈ · | T x
i = txi )− P(ηCt ∈ · | T x

i = txi )∥TV ≤ δ

4
.

(3.5)

Observe that (η̃t)t≥0, respectively (η̃Ct )t≥0, is an S2 shuffle, respectively an S2 shuffle with respect
to some censoring scheme C̃. Thus, using Lemma 3.1, and again the triangle inequality for total-
variation distance we obtain the desired contradiction to (3.4). □

Remark 3.4. Note that the same arguments as in the proof of Lemma 3.2 apply to the Sk shuffle
with boundaries, establishing that the censoring inequality holds.
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3.2. Preservation of the strong Rayleigh property. In this section we discuss the strong Rayleigh
property and its relation to negative dependence. Let n ∈ N, and define a function f ∈ C [z1, . . . , zn]
with real coefficients to be real stable if f (z1, . . . , zn) ̸= 0 whenever Im (zj) > 0 for 1 ≤ j ≤ n.
Let π be a probability measure over {0, 1}n. For (X1, . . . Xn) ∼ π is called strongly Rayleigh if
its generating polynomial

(z1, . . . , zn) 7−→ Eπ

[
n∏

i=1

zXi
i

]
(3.6)

is real stable. The strong Rayleigh property was introduced by Borcea, Brändén, and Liggett in
Borcea et al. (2009). Recall for K ∈ [N − 1] the projection (ξKt )t≥0 of the Sk shuffle to the first K
cards, defined in Section 2.2. The following lemma can be found as Proposition 5.1 in Borcea et al.
(2009).

Lemma 3.5 (Proposition 5.1 in Borcea et al. (2009)). Let K ∈ [N−1]. Let νt denote the law of the
projection of the S2 shuffle to the first K cards. If ν0 is strongly Rayleigh then so is the distribution
of νt for all t > 0.

We have the following simple consequence for the Sk shuffle.

Corollary 3.6. Let K, k ∈ [N − 1]. Let νt denote the law of the projection of the Sk shuffle to the
first K cards. If ν0 is strongly Rayleigh then so is the distribution of νt for all t > 0. The same
holds for the Sk shuffle with boundaries and censoring.

Proof : The fact that any individual Si+1 update of an interval [x, x + i] for any x ∈ [N − i] and
i ≥ 1 preserves the strong Rayleigh property is a consequence of Theorem 1.2 in Borcea and Brändén
(2009). Using the Trotter Product formula – Theorem 3.44 in Liggett (2010) – we obtain the desired
statement for the Sk shuffle, as the generator of the Sk shuffle with boundaries and censoring can be
written as the sum of generators of Si shuffle moves for time interval in which the censoring scheme
remains constant. □

Next, we say that a set of random variables {X1, . . . , Xn} taking values in {0, 1} is negatively
dependent if for all S ⊂ [n], we have

E

[∏
i∈S

Xi

]
≤
∏
i∈S

E [Xi] . (3.7)

In Borcea et al. (2009) it is shown that the strong Rayleigh property implies negative dependence,
and we will use the following direct consequence of negative dependence, which we state without
proof.

Corollary 3.7. Let ci ≥ 0 and let Zn :=
∑n

i=1 ciXi be the sum of negatively dependent random
variables {X1, . . . Xn} for some n ∈ N. Then we have

Var[Zn] ≤
n∑

i=1

c2i Var[Xi].

4. Lower bounds on the mixing time of the Sk shuffle

4.1. An approximate second moment method. For the S2 shuffle sharp lower bounds can be obtained
using Wilson’s Lemma as first introduced in Wilson (2004), and approximate versions of his tech-
nique can be found in Gantert et al. (2023) and Nam and Nestoridi (2019). Here we instead rely
on an approximate version of the second moment method originally introduced by Diaconis and
Shahshahani (1987). To state this approximate second moment method, consider a continuous-time
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Markov chain (Xt)t≥0 with generator A on a finite state space S. It is a well known result that for
any function f : S → R the process (Mt)t≥0 with

Mt := f (Xt)− f (X0)−
∫ t

0
(Af) (Xs) ds for all t ≥ 0 (4.1)

is a martingale. We have the following result on the mixing time of (Xt)t≥0.

Lemma 4.1. Let Ψ : S → R be such that for some λ, c,R > 0, we have that

|(−AΨ)(y)− λΨ(y)| ≤ c for all y ∈ S, and Var[Ψ(Xt)] ≤ R for all t ≥ 0 . (4.2)

Then for all ε ∈ (0, 1), the mixing time tmix of (Xt)t≥0 satisfies

tmix(1− ε) ≥ 1

λ
log (∥Ψ∥∞)− 1

2λ
log

(
20max(R, c2λ−2)

ε

)
. (4.3)

Proof : Let X0 = η almost surely for some η ∈ S with |Ψ(η)| = ∥Ψ∥∞. Let µ denote the stationary
distribution of (Xt)t≥0, and X∞ ∼ µ. By (4.2) and the martingale (Mt)t≥0, with f(t) := E [Ψ (Xt)]
for all t ≥ 0, we get

f ′(t) = E [(AΨ) (Xt)] ∈ [−λf(t)− c,−λf(t) + c] for all t ≥ 0 .

Applying Gronwall’s lemma yields

f(t) ≤ f(0)e−λt +

∫ t

0
ce−λ(t−s)ds ≤ f(0)e−λt +

c

λ
for all t ≥ 0 ,

and it follows that ∣∣∣f(t)− e−λtf(0)
∣∣∣ ≤ c

λ
(4.4)

holds for all t ≥ 0, by applying Gronwall’s lemma to −f . Taking t equal to the right hand side of
(4.3), as a lower bound on the expectation of Ψ, we have, using that

√
20 > (1 + 2

√
3),

E [Ψ (Xt)] ≥ e−λtΨ(X0)−
c

λ
= e−λt∥Ψ∥∞ − c

λ
≥ 1√

ε
2
√
3max

(√
R,

c

λ

)
.

Now taking t→ ∞ in (4.4), we see that |E [Ψ (X∞)]| ≤ c/λ. To bound the total-variation distance,
let P η

t with t from the right hand side of (4.3) be the law of Xt started from η. We get

∥P η
t − µ∥TV ≥ P

(
Ψ(Xt) ≥

1

2
E [Ψ (Xt)]

)
− P

(
Ψ(X∞) ≥ 1

2
E [Ψ (Xt)]

)
≥ 1− 4

Var (Ψ (Xt))

E [Ψ (Xt)]
2 − 4

Var (Ψ (X∞)) + E [Ψ (X∞)]2

E [Ψ (Xt)]
2 ≥ 1− ε .

(4.5)

Here, the last line follows from Chebyshev’s inequality and the fact that, by Markov’s inequality,

P
(
Ψ(X∞) ≥ 1

2
E [Ψ (Xt)]

)
≤ P

(
Ψ(X∞)2 ≥ 1

4
E [Ψ (Xt)]

2

)
≤ 4

E
[
Ψ(X∞)2

]
E [Ψ (Xt)]

2 .

Substituting the bounds derived above and using that Var [Ψ (X∞)] ≤ R yields the desired result.
□
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4.2. A lower bound from the generalized second moment method. In the following we prove a lower
bound on the mixing time for the Sk shuffle with and without boundaries, which gives the lower
bounds on the mixing time in Theorems 1.1 and 1.2. Recall that

Φ
(j)
N (σ) :=

N−1∑
x=1

hσ(x)ψj(x) where ψj(x) := sin

(
xjπ

N

)
and, recalling the height function (h′t)t≥0 from Section 2, we set

Φ
(j)
N,t :=

N−1∑
x=1

h′t(x)ψj(x) (4.6)

for all t ≥ 0. In the following, we use a ∼ b to denote that a is asymptotically equivalent to b.

Lemma 4.2. Let L̃ and λN,k be as defined in (2.4) and (2.10) and k = o(N). Then for all σ ∈ SN

|(−L̃Φ(1)
N )(σ)− λ

(1)
N,kΦ

(1)
N (σ)| ≤ c (4.7)

holds for c ∼ k6π3N−3 . Moreover, we have that ∥Φ(1)
N ∥∞ ∼ N2 and Var(Φ

(1)
N,t) ≤ N3 .

Proof : Claim (4.7) is immediate from Lemma 2.1, and the bound on ∥Φ(1)
N ∥∞ follows directly from

the definition. Thus, it remains to bound the variance of the approximate eigenfunction Φ
(1)
N,t. Note

that the dirac mass on the projection of the identity permutation to the first N/2 cards is strongly
Rayleigh, and thus by Corollary 3.6 so is the distribution of the projection of the Sk shuffle with
boundaries on the first N/2 cards for all time t > 0. Let (Xt

1, . . . X
t
N ) be the projection of the Sk

shuffle with boundaries, where Xt
i is the indicator function that the card at position i has label at

most N/2 at time t. Then by Corollary 3.7

Var(Φ
(1)
N,t) = Var

(
N−1∑
x=1

h′t(x)ψj(x)

)
= Var

(
N−1∑
m=1

(
N∑

i=m+1

ψj(i)

)
Xt

m

)

≤
N−1∑
m=1

(
N∑

i=m+1

ψj(i)

)2

Var(Xt
m) ≤

N−1∑
m=1

m2Var(Xt
m) ≤ N3

(4.8)

allowing us to conclude. □

Proof of the lower bounds in Theorems 1.1 and 1.2: Combining Lemma 4.1 and Lemma 4.2 with
c ∼ k6π3N−3 and λ = λ

(1)
N,k ∼ π2

12k(k
2 − 1)N−2 and R = N3 gives the desired lower bound on the

mixing time for the Sk shuffle with boundaries in Theorem 1.2. To see that the corresponding lower
bound holds also for the Sk shuffle without boundaries, note that the function

σ 7→
N−1∑
x=1

hσ(x)ψ1(x) (4.9)

is increasing with respect to the partial order ⪰ defined in (2.8). Thus, by Lemma 3.2 and Remark
3.4, treating the Sk shuffle as an Sk shuffle with boundaries and censoring

E

[
N−1∑
x=1

ht(x)ψ1(x)

]
≥ E

[
N−1∑
x=1

h′t(x)ψ1(x)

]
(4.10)

for all t ≥ 0. The lower bound on the mixing times of the Sk shuffle without boundaries follows
from Chebyshev’s inequality using Corollary 3.6 and the same arguments as in Lemma 4.2 to bound
the variance of the function Φ

(1)
N,t for the Sk shuffle with boundaries. □
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Remark 4.3. Since we only use c/λ = O(
√
R) in the proof of the lower bounds in Theorems 1.1

and 1.2, observe that we in fact showed that the above lower bound on the mixing time for the Sk
shuffle with and without boundaries remains valid for all k = o(N5/6).

5. Upper bounds on the mixing time

5.1. A general coupling for the Sk shuffle. In this section, we provide an upper bound on the mixing
time of the Sk shuffle. In contrast to our specific choice of boundary conditions in (2.3), we allow
in the following for more general choices of the parameters (δ

(k)
i ).

We start by defining a coupling for the Sk shuffle with boundaries. Let (ζt)t≥0 and (ζ ′t)t≥0 denote
the Sk shuffles started from ζ, ζ ′ ∈ SN , respectively. For both Sk shuffles, we will use the same
Poisson clocks, i.e. when we update an interval [x, x+ j] for some x and j in (ζt)t≥0 at some time
s ≥ 0, we do the same in the process (ζ ′t)t≥0. Suppose that a clock associated with an interval
[x, x+ j] rings at time s. Let Ix,s ⊆ [N ] be the set of labels for which both configurations agree at
time s. For these |Ix,s| cards, select |Ix,s| of the j + 1 positions in the interval [x, x + j] uniformly
at random, and assign the cards in both ζs and ζ ′s whose labels are in Ix,s to these positions. On
the remaining (j + 1) − |Ix,s| positions, we distribute the cards in both configurations ζs and ζ ′s
uniformly at random and independently.

We refer to this as the canonical coupling for the Sk shuffle, and write P for the joint law of
(ζt)t≥0 and (ζ ′t)t≥0 under this coupling. Let Zi,t and Z ′

i,t denote the positions of the cards labeled i
in the configurations ζt and ζ ′t respectively. Moreover, let τi be the first time at which the cards of
label i are located at the same position in both shuffles, and note that the cards of label i occupy
the same position for all s ≥ τi. The next proposition states an upper bound on the mixing time of
the Sk shuffle with and without boundaries.

Proposition 5.1. Suppose that δ(k)i = δ
(k)
N−i ∈ [0, 1] for every i ∈ [k], and assume that k =

o(N
2
3 ). Then there exists an absolute constant C > 0 such that for all σ, σ′ ∈ SN , and all t ≥

CN2k−3 log(N), we have that for all N sufficiently large

∥P(ζ ′t ∈ · | ζ ′0 = σ′)−P(ζt ∈ · | ζ0 = σ)∥TV ≤ N−1 . (5.1)

For the Sk shuffle with boundary rates (δ
(k)
i ) from (2.3), the upper bound on the total-variation

distance in (5.1) continues to hold for all k = o(N) and t ≥ CN2k−3 log(N).

The proof of Proposition 5.1 will be split in two main parts. First, we investigate the time it
takes for a single card to leave the sites [4k], respectively {N − 4k, . . . , N}, close to the boundary.
In a second step, we establish tail estimates for the coalescence time τi for cards of label i, and
obtain the desired upper bound on the mixing time by a union bound.

5.2. An estimate on the exit time from the boundary. Consider in the following the positions
(Z1,t)t≥0 and (Z ′

1,t)t≥0 of the cards of label 1. We denote by Px, respectively P ′
x, the law of the

cards of label 1 when starting the cards from position x ∈ [N ] in ζ0 and ζ ′0, respectively. For all
y ∈ [N ], let τ̃>y and τ̃<y be defined as

τ̃>y := inf{t ≥ 0: Z1,t > y} and τ̃<y := inf{t ≥ 0: Z1,t < y} , (5.2)

i.e. the first time at which the card of label 1 in (ζt)t≥0 reaches a position larger than y, respectively
smaller than y. For the following three lemmas, we assume that k = o(N).

Lemma 5.2. Let δ(k)i = δ
(k)
N−i ∈ [0, 1] for every i ∈ [k]. Then there exist absolute constants c, C > 0

such that for all x ∈ [N ], we have that for all N sufficiently large

Px (τ̃>4k > C) ≤ c . (5.3)
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Proof : Using the canonical coupling, we can assume without loss of generality that x = 1. Since
the interval [k] is updated at rate 1, and the cards are assigned to a position chosen uniformly at
random, we see that P1(τ̃>k/2 > 2) ≤ 1

4 . Next, since all boundary rates are bounded by 1 by our
assumptions, the event that the first update involving card 1, given a constant amount of time
s1 has passed, is initiated by an interval [j, j + k − 1] for some j > k/4 has positive probability
uniformly in k. Thus, we get that for some absolute constants c1, c2 > 0

P1(τ̃>k/2 > c1 | s1 ≤ 2) ≤ c2 . (5.4)

Iterating this argument for τ̃>mk/4 with m ∈ [2, 16], we conclude. □

We have a similar statement for the Sk shuffle with boundary rates (δ
(k)
i ) from (2.3).

Lemma 5.3. Let (δ
(k)
i ) be defined as in (2.3). Then there exist absolute constants c, C > 0 such

that for all x ∈ [N ], we have that for all N sufficiently large

Px

(
τ̃>4k >

C

k

)
≤ c . (5.5)

Proof : Using the canonical coupling, we can again assume without loss of generality that x = 1.
Note that until time τ̃>k/4, for any update of an interval [j] for some j ≥ k/2 before time τ̃>k/4, we
have that card 1 gets moved to some position > k/4 with probability at least 1

4 . Since δ(k)i ≥ 1 for
all i ∈ [k], and each interval [j] is updated at rate at least 1,

P1

(
τ̃>k/4 >

4

k

)
≤ 1

8
. (5.6)

Since δ(k)i ≤ 8 for all i ≥ k
4 , note that the event that the first update involving card 1 after time

τ̃>k/4 is initiated by an interval [j, j+ k− 1] for some j > k/8 has positive probability, uniformly in
k. Hence, we obtain that for some absolute constants c1, c2 > 0

P1

(
τ̃>k/2 ≥

c1
k

∣∣∣ τ̃>k/4 ≤
4

k

)
≥ c2 . (5.7)

Iterating this argument for τ̃>mk/4 with m ∈ [16], we conclude. □

We require a final preliminary estimate on the expected return time for the Sk shuffle with
boundaries when the boundary rates (δ

(k)
i ) are in [0, 1].

Lemma 5.4. Let δ(k)i = δ
(k)
N−i ∈ [0, 1] for every i ∈ [k]. Then there exists an absolute constant

C > 0 such that for all x ∈ [k, 2k], and all N sufficiently large

Ex[τ̃>4k] ≤
C√
k
, (5.8)

where Ex denotes the expectation with respect to Px.

Proof : From Lemma 5.2, we get that there exists some C1 > 0 such that for all x ∈ [4k], we have
that Ex[τ̃>4k] ≤ C1. Thus, using the canonical coupling to see that Ex[τ̃>4k] is decreasing in x, and
iterating along τ̃>mk/4 for m ∈ [16] as in (5.7), it suffices to show that

Px

(
τ̃<

√
k < τ̃>4k

)
≤ c1√

k
and E√

k

[
τ̃>k/4 ≤

c2√
k

∣∣∣Z1,t ≥
√
k for all t ∈ [0, τ̃>k/4]

]
≤ c3√

k

for all x ∈ [k, 2k] and constants c1, c2, c3 > 0. The second inequality is immediate from the fact that
on the event {Z1,t ≥

√
k for all t ≥ 0}, with positive probability τ̃>k/4 ≤ c4k

−1/2 holds for some
constant c4 > 0 by considering the first time an interval [j, j + k − 1] for j <

√
k is updated. To

see the first inequality, note that for each update of interval containing card 1, we have a positive
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probability, uniformly in k and the position x ∈ [
√
k, k] of card 1, that card 1 is moved to some

position > k/4, while the probability to move card 1 to the first
√
k positions is at most c5k−1/2

for some absolute constant c5 > 0. □

5.3. Proof of the upper bound on the mixing time. We start by showing that with positive probability,
the time for card 1 to exceed ⌊N2 ⌋ is of order at most N2k−3.

Lemma 5.5. Suppose that δ(k)i = δ
(k)
N−i ∈ [0, 1] for every i ∈ [k], and k = o(N

2
3 ). Then for all

x ∈ [N ], we have that for some positive constants c1, c2 > 0, and N sufficiently large,

Px

(
τ̃>⌊N/2⌋ > c1N

2k−3
)
≤ c2 . (5.9)

For the Sk shuffle with rates (δ
(k)
i ) from (2.3), (5.9) continues to hold for all k = o(N).

Proof : In the following, we define a stopping time τhit for the process (Z1,t)t≥0 by

τhit := min (τ̃<2k, τ̃>N−2k) . (5.10)

Note that (Z1,t)t∈[0,τhit] is a stopped martingale, and by the optional stopping theorem

P4k

(
τ̃<2k < τ̃>⌊N/2⌋

)
=

2k

⌊N/2⌋ − 2k
. (5.11)

Let X be the amount of time (Z1,t)t≥0 spends until time τ̃>4k at sites [2k]. From Lemma 5.3 and
Lemma 5.4, we obtain that for some constant c > 0, and all x ∈ [4k]

Ex[X] ≤

{
ck−1/2 if δ(k)i ∈ [0, 1] for all i ∈ [k]

ck−1 for rates (δ
(k)
i ) from (2.3) .

(5.12)

For the stopped martingale (Z1,t)t∈[0,τhit], note that its quadratic variation (⟨Z1,·⟩t)t∈[0,τhit] satisfies
for some constant c′ > 0, and all t ≥ 0

⟨Z1,·⟩t ≥ c′k3t (5.13)

as card 1 moves at rate k according to an increment with a variance of order k2. By the optional
stopping theorem for the martingale (Mt)t∈[0,τhit] with Mt = (Z1,t)

2 − ⟨Z1,·⟩t, we see that E4k[τhit]

is of order N2k−3. Together with (5.11) and (5.12), we conclude. □

Proof of Proposition 5.1: In the following, we argue that there exist c1, c2 > 0 independent of N
and k such that

P(τ1 > c1N
2k−3) ≤ c2 . (5.14)

for any pair of starting configurations ζ0, ζ ′0. Since the canonical coupling preserves the coalescence
of cards, the upper bound on the mixing time then follows by repeating the argument to obtain a
bound on the coalescence time τi for each card with label i ∈ [N ], and then taking a union bound
over these events. By Lemma 5.5, for some c3, c4 > 0 which do not depend on N and k

P(τ̃>⌊N/2⌋ > c3N
2k−3) ≥ c4 . (5.15)

Since (Z1,t)t∈[0,τ̃<N/4∧τ̃>3N/4] is a stopped martingale with increments bounded by k,

P

(
Z1,t ∈

[
N

4
,
3N

4

]
for all t ∈

[
τ̃>⌊N/2⌋, τ̃>⌊N/2⌋ + CN2k−3

])
> c5 (5.16)

for all C > 0 and some c5 = c5(C) > 0. Conditioning on the event in (5.16), note that by Lemma
5.5 we can choose C > 0 such that with positive probability, independently of k and N , there
exists some t∗ ∈ [τ̃>⌊N/2⌋, τ̃>⌊N/2⌋ + CN2k−3] such that N/5 < Z ′

1,t∗ < 4N/5. Using the Strong
Markov property under the coupling P, we see that (Z1,t)t≥t∗ and (Z ′

1,t)t≥t∗ coalesce with positive
probability before hitting 2k or N − 2k. This gives (5.14), and hence finishes the proof. □
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6. Cutoff for the Sk shuffle with boundaries

6.1. Approximate Fourier Analysis. Recall from Section 2 the height function (hζt)t≥0 of the Sk
shuffle with boundaries (ζt)t≥0 and, with a slight abuse of notation, set

h′t(x, y) := hζt(x, y) . (6.1)

In Lacoin (2016), a key observation is that the expected height function (x, y, t) 7→ E[h′t(x, y)] of
the S2 shuffle is a solution f : {0, . . . , N}2 × R+

0 → R to the discrete heat equation
∂tf = ∆xf

f(0, y, t) = f(N, y, t) = 0

f(x, y, 0) = E[h′0(x, y)]
(6.2)

where ∆x denotes the discrete Laplace operator

∆x(f)(x) :=
1

2
f(x− 1, y, t) +

1

2
f(x+ 1, y, t)− f(x) . (6.3)

This allows for sharp estimates on E[h′t(x, y)] for the S2 shuffle; see Lemma 4.1 in Lacoin (2016).
Then next lemma provides a similar result for the Sk shuffle with boundaries for k ≥ 3.

Lemma 6.1. Let k ≥ 3. There exists a constant C > 0 such that for any initial configuration
σ ∈ SN of the Sk shuffle with boundaries, for all t ≥ 0, and all y ∈ [N ],

max
x∈{0,...,N}

E[h′t(x, y)] ≤ 8min(y,N − y)e−t·λ1,N,k + Ck3. (6.4)

Proof : By the standard Fourier decomposition, we obtain that

E[h′t(x, y)] =
2

N

N∑
i=1

sin

(
iπx

N

) N∑
j=1

E
[
h′t(j, y) sin

(
ijπ

N

)]
. (6.5)

Recall Φ(j)
N,t from (4.6) and the approximate eigenvalues λj,N,k from (2.10). By Lemma 2.1 and the

same arguments as for (4.4) in Lemma 4.1, we see that for all y ∈ [N − 1] and t ≥ 0∣∣∣E [Φ(i)
N,t

]
− e−t·λi,N,kΦ

(i)
N,0(y)

∣∣∣ ≤ ci
λi,N,k

, (6.6)

where we set ci = Ci3k6N−3 and take C from Lemma 2.1. Together with (6.5) we have

|E[h′t(x, y)]| ≤

∣∣∣∣∣ 2N
N∑
i=1

sin

(
iπx

N

)
e−t·λi,N,kΦ

(i)
N,0(y)

∣∣∣∣∣+
∣∣∣∣∣∣ 2N

N∑
j=1

∣∣∣∣sin(jπxN
)∣∣∣∣ cj

λj,N,k

∣∣∣∣∣∣ . (6.7)

Note that the second summand in (6.7) is bounded from above by 2Ck3. For the first summand,
note that |Φ(i)

N (y)| ≤ min(y,N − y)N for all y ∈ [N ] and i ∈ [N − 1]. Moreover, λj,N,k ≥ j · λ1,N,k

holds for all j ≥ 1. Using the fact that |sin(z)| < |z| for all z ∈ R, we get

∣∣E[h′t(x, y)]∣∣ ≤ 2Ck3 + 8y
N−1∑
j=1

e−jtλ1,N,k ≤ 2Ck3 +
8ye−tλ1,N,k

1− e−tλ1,N,k
. (6.8)

When e−tλ1,N,k ≤ 1
2 , this allows us to conclude (6.4). For e−tλ1,N,k > 1

2 , (6.4) is immediate from the
fact that maxx∈{0,...,N} hσ(x, y) ≤ min(y,N − y) for all y ∈ [N ] and σ ∈ SN . □
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6.2. Proof of the upper bound in Theorem 1.2. As we follow in large parts the arguments of Lacoin
(2016), we give the necessary adjustments, rather than the arguments in full detail. Let us start by
introducing the main objects and outlining the main strategy for the proof. Fix some K ∈ N chosen
later, and recall the height function representation hσ(x, y) from (2.7) for a permutation σ ∈ SN .
Moreover, we recall the following definitions from Lacoin (2016).

Let xi := ⌈iN/K⌉ for all i ≥ 0. For a permutation σ ∈ SN , we define in the following two pro-
jections σ̂ and σ̄. The semi-skeleton projection σ̂ = (σ̂x,i)x∈[N ],i∈[K] and skeleton projection
σ̄ = (σ̄(m, i))i,m∈[K] are given by

σ̂(x, i) = hσ(x, xi) and σ̄(m, i) = hσ(xm, xi) (6.9)

respectively. We denote by ŜN and S̄N the corresponding image spaces of SN under these projec-
tions. Given a probability measure ν on SN , we use ν̂, respectively ν̄, to denote the image measures
of ν on ŜN , respectively S̄N , under the semi-skeleton and skeleton projection, i.e. we set for all
σ̂ ∈ ŜN and σ̄ ∈ S̄N

ν̂(σ̂) := ν({σ ∈ SN : σ 7→ σ̂}) and ν̄(σ̄) := ν({σ ∈ SN : σ 7→ σ̄}) . (6.10)

Let ∆xi := xi − xi−1, and let S̃N be the largest subgroup of SN which is for all i ∈ [K] invariant
under permuting the cards of labels between xi−1 + 1 and xi. Note that S̃N is isomorphic to the
product space

⊗K
i=1 S∆xi . For a probability measure ν on SN , we define the measure ν̃ on SN by

setting, for all σ ∈ SN ,

ν̃(σ) :=
1

ΠK
i=1(∆xi)

∑
σ̃∈S̃N

ν(σ̃ ◦ σ) . (6.11)

In words, to obtain the measure ν̃ from ν, we apply a uniformly chosen permutation which only
shuffles for all i ∈ [K] the cards of labels xi−1 + 1 to xi among each other.

To show to upper bound on the mixing time in Theorem 1.2, let δ > 0 and set

t1 =
δN2

3k3
log(N) t2 =

(
2δ

3
+

4

π2

)
N2

k3
log(N) t3 =

(
δ +

4

π2

)
N2

k3
log(N) .

We consider the censoring scheme C = (Ct)t≥0 for the Sk shuffle with boundaries given by

Ct :=

{
{{xi, xi + 1} : i ∈ [K]} if t ∈ [0, t1) ∪ [t2, t3)

∅ if t /∈ [0, t1) ∪ [t2, t3) .
(6.12)

In the following, let (νt)t≥0 be the law of the Sk shuffle with boundaries under the censoring scheme
C from (6.12) started from the identity, and let µ = µN denote the uniform distribution on SN . The
proof proceeds now in two steps. First, we argue that by time t1, for all i ∈ [K], the cards of labels
xi−1 +1 to xi in the Sk shuffle with boundaries and censoring scheme C are well mixed among each
other. Second, we argue that by time t3, the semi-skeleton has well mixed. To do so, the key task is
to verify that the skeleton of the Sk shuffle with boundaries and censoring scheme C has well mixed
by time t2. This strategy is summarized and made precise in the following two propositions.

Proposition 6.2 (Proposition 5.1 in Lacoin (2016)). For all ε > 0, there exists some N0 = N0(ε)
such that for all N ≥ N0 and t ≥ t1

∥ν̃t − νt∥TV ≤ ε/3 . (6.13)

The proof of Proposition 6.2 is deferred to Section 6.3.

Proposition 6.3 (Proposition 5.3 in Lacoin (2016)). For all ε > 0 and k = o(N1/6), there exists
some N1 = N1(ε) such that for all N ≥ N1 and t ≥ t3

∥ν̂t − µ̂∥TV ≤ 2ε/3 . (6.14)
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The proof of Proposition 6.3 is deferred to Section 6.4.

Proof of the upper bound in Theorem 1.2: Note that since the Sk shuffle with boundaries (ζt)t≥0 is
a transitive Markov chain – see Section 2.6.2 in Levin et al. (2009) – it suffices to bound the distance
from the stationary distribution when starting from the identity. Since the Dirac measure on the
identity is increasing with respect to the partial order ⪰ from (2.8), using the censoring inequality
Lemma 3.2 for the first step, and Lemma 4.3 in Lacoin (2016) for the second step, we obtain that

∥P(ζt3 ∈ · | ζ0 = id)− µ∥TV ≤ ∥νt3 − µ∥TV ≤ ∥ν̂t3 − µ̂∥TV + ∥ν̃t3 − νt3∥TV . (6.15)

As δ > 0 for t3 was arbitrary, we combine Propositions 6.2 and 6.3 to conclude. □

6.3. Proof of Proposition 6.2. In the following, we will only describe the necessary changes in the
proof of Proposition 5.1 in Lacoin (2016) in order to obtain Proposition 6.2 for the Sk shuffle with
boundaries, and refer to Section 5.3 of Lacoin (2016) for a detailed proof of the corresponding result
for the S2 shuffle. Note that as we start from the Dirac measure on the identity δid, the measure δ̃id
can be identified with the product measure

⊗K
i=1 µ∆xi on

⊗K
i=1 S∆xi , where we recall (6.11) and

that µi denotes the uniform distribution on Si. By our choice of the censoring scheme C, note that
the measure νt for t < t1 corresponds to the law of K many Sk shuffles on

⊗K
i=1 S∆xi with laws

(νit)t≥0 and suitable boundary parameters (δ
(k)
i ), satisfying the assumptions of Proposition 5.1, i.e.

we have δ(k)i ∈ [0, 1] for all S∆xj with j ∈ {2, . . . ,K−1}. Using the canonical coupling from Section
5 and Proposition 5.1, we choose K = K(δ) large enough such that for all N sufficiently large

∥νt − ν̃t1∥TV ≤
K∑
i=1

∥νit − µi∥TV ≤
K∑
i=1

∥νit1 − µi∥TV ≤ ε

3
. (6.16)

6.4. Proof of Proposition 6.3. In order to show Proposition 6.3, we first state a bound on the skeleton
projection ν̄t.

Proposition 6.4 (Proposition 5.2 in Lacoin (2016)). For all ε > 0 and k = o(N1/6), there exists
some N2 = N2(ε) such that for all N ≥ N2 and t ≥ t2

∥ν̄t − µ̄t∥TV ≤ ε/3 . (6.17)

Proof : Let ν be a probability measure on SN , which is increasing with respect to the partial order ⪰.
Lemma 5.5 in Lacoin (2016) states that (6.17) for some ε > 0 follows whenever, for some sufficiently
small κ(ε,K), one can show that

Eν

K−1∑
i=1

K−1∑
j=i

hσ(xi, xj)

 < κ
√
N , (6.18)

Here Eν denotes the expectation with respect to ν, and we let σ ∼ ν. Choose ν = νt2 and note
that νt2 is increasing by Lemma 3.2. As k = o(N1/6), we get from Lemma 6.1 that starting the Sk
shuffle with boundaries from νt1 , for any κ > 0 and all N sufficiently large

Eν

K−1∑
i=1

K−1∑
j=i

hσ(xi, xj)

 ≤ (K − 1)2(2Ne−(t2−t1)λN,k + ck3)) ≤ κ
√
N , (6.19)

allowing us to conclude. □

It remains to deduce Proposition 6.3 from Proposition 6.4. As this follows along the same lines as
the proof of Proposition 5.3 in Lacoin (2016), we will highlight only the required adjustments. Let
σt ∼ νt be the configuration of the Sk shuffle at time t, and observe that the skeleton σ̄t2 remains
unchanged for times t ∈ [t2, t3] by our choice of the censoring scheme C. Conditioning on the event
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{σt2 = ξ} for some ξ ∈ SN , let µξ̄ be the uniform distribution on set of permutations with skeleton
ξ̄. From the definition of the semi-skeleton for the first step, and Proposition 5.1 together with
the same reasoning as in Proposition 6.2 of decomposing the Sk shuffle into K independent S∆xi

shuffles for i ∈ [K] in the second step,

∥ν̂t3( · |σ̄t2 = ζ̄)− µ̂( · |σ̄t2 = ζ̄)∥TV ≤ max
ξ∈SN

∥P(σt3 ∈ · |σt2 = ξ)− µξ̄∥TV ≤ ε

3
(6.20)

for all ζ ∈ SN and N sufficiently large; see also equation (5.38) in Lacoin (2016). Since we have
that

2∥ν̂t3 − µ̂∥TV ≤ 2

∥ν̄t − µ̄t∥TV +
∑
ζ̄∈S̄N

ν̄t3(ζ̄)∥ν̂t3( · |σ̄t2 = ζ̄)− µ̂( · |σ̄t2 = ζ̄)∥TV

 (6.21)

by equation (5.39) in Lacoin (2016), we get Proposition 6.3 by combining Proposition 6.4 and (6.20).

7. Comparison between the Sk shuffle with and without boundaries

In Theorem 1.1, we saw for k = o(N2/3) that the Sk shuffle exhibits pre-cutoff, i.e. the ratio
between the ε-mixing time and N2k−3 log(N) is bounded for N → ∞ from below and above by
positive constants, which do not depend on ε ∈ (0, 1). While the Sk shuffle with boundaries also
exhibits pre-cutoff when k = o(N2/3), we argue that for k = Nα with α ∈ (23 ,

3
4) the behavior of the

Sk shuffle and the Sk shuffle with boundaries is fundamentally different due to a different treatment
of the cards near the boundaries.

Proposition 7.1. For all k = o(N3/4) and ε ∈ (0, 1), the mixing time t′mix(ε) of the Sk shuffle with
boundaries satisfies

6

π2
≤ lim inf

N→∞

k(k2 − 1) · t′mix(ε)

N2 log(N)
≤ lim sup

N→∞

k(k2 − 1) · t′mix(ε)

N2 log(N)
≤ c (7.1)

for some constant c > 0. In particular, pre-cutoff occurs. For k = Nα with α ∈ (23 , 1), the mixing
time tmix(ε) of the Sk shuffle is of constant order where

lim
ε→0

lim inf
N→∞

tmix(ε) = ∞ , (7.2)

and for any fixed ε > 0, there exist some C = C(ε) > 0 such that

lim sup
N→∞

tmix(ε) ≤ C . (7.3)

In particular, pre-cutoff does not occur.

In order to show Proposition 7.1, we require some setup. Set α′ = 1
24(3α − 2) > 0, and recall

from Section 5 that we denote by (Zi,t)t≥0 and (Z ′
i,t)t≥0 the position of the cards of label i in two

Sk shuffles under the canonical coupling P. For i ∈ [N ] and T ≥ 0, we define

Bi,T :=
{
Zi,t ∈

[
N

1
3
+α′

, N −N
1
3
+α′]

for all t ∈
[
T, T +N−α′]}

, (7.4)

and similarly define B′
i,T with respect to (Z ′

i,t)t≥0. We have the following result on the coalescence
time τi of the cards of label i ∈ [N ] under the canonical coupling P.

Lemma 7.2. Let α > 2
3 and i ∈ [N ]. Then for all T ≥ 0 and N sufficiently large

P
(
Bi,T

∣∣Zi,T ∈
[
N

1
3
+α′

, N −N
1
3
+α′]) ≥ 1−N−3α′

, (7.5)

and similarly for the events B′
i,T . Moreover, we have that for all N sufficiently large

P
(
τi > T +N−α′ ∣∣Bi,T ∩B′

i,T

)
≤ N−2 . (7.6)
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Proof : For the first statement (7.5), note that Zi,t < N
1
3
+α′

for some t ≥ T can only occur by an
update of an interval [j, j + k − 1] for some j < N

1
3
+α′

. Let XT be the total number of updates
of these intervals between time T and T + N−α′ , and note that each such update places the card
of label i in the first N

1
3
+α′

positions independently with probability at most N
1
3
+α′−α. As XT is

Poisson-(N1/3)-distributed, we have that P(XT ≥ N
1
3
+α′

) ≤ 1
4N

−3α′ uniformly in T > 0, and for
all N large enough. Hence

P
(
Zi,T > N

1
3
+α′

for all t ∈ [T, T +N−α′
]
∣∣Zi,T ∈

[
N

1
3
+α′

, N −N
1
3
+α′])

≥ P(XT ≥ N
1
3
+α′

) + (1−N
1
3
+α′−α)N

1
3+α′

≥ 1− 1

2
N−3α′

for all N sufficiently large. A similar statement for Zi,t < N −N
1
3
+α′

gives the desired lower bound
on the probability of Bi,T . For the second statement (7.6), we recall (5.12) in the proof of Lemma
5.5 which implies that for any starting position > N

1
3
+α′

, the expected time to reach some position
> k is of order at most N− 1

3
+2α′

. Using the same arguments as in the proof of Proposition 5.1,
together with the fact that

max

(
N− 1

3
+α′N

k
,
N2

k3

)
≤ N−2α′

(7.7)

for all N large enough, we see that there exist constants c1, c2 > 0 such that

P
(
τi > T + c1N

−2α′ ∣∣Bi,T ∩B′
i,T

)
≤ 1− c2 . (7.8)

Iterating (7.8) now Nα′ many times gives the desired result. □

Proof of Proposition 7.1: Note that we obtain (7.1) by combining Remark 4.3 and Proposition 5.1.
The lower bound in (7.2) on the mixing time of the Sk shuffle follows from observing that the
ε-mixing time is bounded from below by the time T it takes such that at least one of the cards
initially at positions 1 or N has moved with probability at least 1−ε until time T . Hence, it remains
to prove (7.3). Using (7.6) in Lemma 7.2, it suffices to show that with probability at least 1− ε/2,
there exists some n ∈ N, some constant C = C(ε, n) > 0, and a sequence of non-negative times
(T1, T2, . . . , Tn) such that

Tj+1 − Tj > N−α′
for all j ∈ [n− 1] and Tn ≤ C , (7.9)

and with the property that for every i ∈ [N ], at least one of events Bi,Tj occurs for some j = j(i) ∈
[n]. In order to define these times (Tj)j∈[n], consider for all m ∈ N the event Dm that during the
time interval [2m−1, 2m], both intervals [k] and {N −k+1, . . . , N} receive an update. Let (Ft)t≥0

denote the natural filtration under the coupling P. Then

P(Dm | F2m−1) ≥
1

4
and P(Bi,2m ∩B′

i,2m |Dm,F2m−1) ≥ 1− 2N−α′
(7.10)

for all m ∈ N, uniformly in i ∈ [N ], iterating (7.5) of Lemma 7.2 for the second statement. Let Tj
be the jth time that the event Dm occurs. Choosing C > 0 sufficiently large, we see that for any
fixed n ∈ N, the times (Ti)i∈[n] satisfy (7.9) with probability at least 1− ε/4. To ensure that with
probability at least 1− ε/4, for every i ∈ [N ] at least one of events Bi,Tj occurs for some j ∈ [n], we
set n = 4/α′. From (7.10), we see that for every fixed i ∈ [N ], with probability at least 1 − N−2,
the event Bi,Tj ∩B′

i,Tj
holds for some j ∈ [n], and all N large enough. Together with a union bound

over all i ∈ [N ], this finishes the proof. □

We conclude with a few conjectures on the mixing time of the Sk shuffle.
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Conjecture 7.3. Let k = o(N1/2). Then for all ε ∈ (0, 1), we have that

lim
N→∞

k(k2 − 1) · tmix(ε)

N2 log(N)
= lim

N→∞

k(k2 − 1) · t′mix(ε)

N2 log(N)
=

6

π2
, (7.11)

i.e. the Sk shuffle with and without boundary exhibits cutoff.

In Lacoin (2016), the author also proves a separation cutoff result, where the separation distance
of a measure µ on SN from the uniform measure µN is defined as

max
A∈SN

[
1− ν(A)

µN (A)

]
(7.12)

Thus, defining tsep(ε) analogously to 2.6, we conjecture the following separation cutoff result
should hold.

Conjecture 7.4. Let k = o(N1/2). Then for all ε ∈ (0, 1), we have that

lim
N→∞

k(k2 − 1) · tsep(ε)
N2 log(N)

= lim
N→∞

k(k2 − 1) · t′sep(ε)
N2 log(N)

=
12

π2
, (7.13)

i.e. the Sk shuffle with and without boundary exhibits separation cutoff at twice the total variation
mixing time.
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