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KEFALAIO I. SUNHJEIS DIAFORIKES EXISWSEIS
PRWTHS TAXHS

To antikeÐmeno tou maj matoc eÐnai h epÐlush sun jwn diaforik¸n exis¸se-
wn. Ja doÔme di�forec morfèc diaforik¸n exis¸sewn, gia tic opoÐec �a m�joume
sugkekrimènouc trìpouc gia thn epÐlush touc. H duskolÐa eÐnai k�je �or� sto na
anagnwrÐzoume poi� morf  èqoume mprost� mac, gia na xekin soume thn an�logh
diadikasÐa.

Bèbaia, eÐnai arket� dÔskolo kaneÐc na �um�tai ìlec tic morfèc all� kai tic
diadikasÐec epilus c touc, all� se pr¸th ��sh eÐnai anagkaÐo apl� na katal�-
�ei tic diadikasÐec kai na tic pragmatopoi sei toul�qisto mia �or� se dosmènec
ask seic.

Mia sun jhc diaforik  exÐswsh pr¸thc t�xhc perigr�fetai wc ex c :

dy
dt

= f (t; y); (1)

ìpou f mia dojeÐsa sun�rthsh dÔo metablht¸n. K�je diaforÐsimh sun�rthsh y =
�(t), pou ikanopoieÐ thn exÐswsh aut  gia ìla ta t se k�poio dÐasthma, kaleÐtai
lÔsh. Dustuq¸c, se aut  thn morf  den up�rqei en gènei k�poioc trìpoc epÐlushc
thc diaforik c exÐswshc. Ja melet soume thn exÐswsh aut  gia sugkekrimènec f .

H exÐswsh (1) mazÐ me thn :

y(xo) = yo; (2)

ìpou xo; yo ∈ R, orÐzoun, ìpwc lème, èna prìblhma arqik¸n tim¸n.

1 GRAMMIKES EXISWSEIS PRWTHS TAXHS

An h sun�rthsh f sthn exÐswsh (1) exart�tai grammik¸c apì thn exarthmènh meta-
�lht  y, tìte h exÐswsh mporeÐ na grafeÐ wc ex c :

dy
dt

+ p(t)y = g(t); (3)

kai lègetai grammik  èxÐswsh pr¸thc t�xhc. Upojètoume ìti oi p; g eÐnai dojeÐsec
suneqeÐc sunart seic se k�poio di�sthma a < t < b. Gia par�deigma h diaforik 
exÐswsh:

dy
dt

+
1
2
y =

3
2
;

eÐnai mia grammik  diaforik  exÐswsh pr¸thc t�xhc me p(t) = 1
2 ; g(t) = 3

2 .
Ja proqwr soume loipìn sto na �roÔme mia diadikasÐa epÐlushc thc gram-

mik c diaforik c exÐswshc pr¸thc t�xhc, dhl. thc exÐswshc (3).
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Parathr ste kat�rq n, to ex c : an p(t) = 0 tìte polÔ eÔkola lÔnoume thn
exÐswsh (3) oloklhr¸nontac kat� mèlh. þEqoume dhlad ,∫

dy
dt

dt =
∫

g(t)dt ⇒

y(t) =
∫

g(t)dt:

þAra, eÐnai logikì na skefteÐ kaneÐc pwc kai sthn genik  perÐptwsh pou to
p(t) 6= 0 �a up�rqei endeqomènwc k�poioc trìpoc, ètsi ¸ste na katal xw se mia
lÔsh thc (3) oloklhr¸nontac mia posìthta.

Autì pr�gmati gÐnetai, arkeÐ ìmwc na gr�youme to aristerì mèloc thc (3) san
thn par�gwgo miac sun�rthshc kai tìte, ìpwc sthn perÐptwsh p(t) = 0, oloklhr¸-
nontac katal goume se mia lÔsh. Ac doÔme ìmwc pwc �a katafèroume na gr�youme
to aristerì mèloc thc (3) san thn par�gwgo miac sun�rthshc.

Upojètoume ìti up�rqei mia �(t) 6= 0 tètoia ¸ste,

(�(t)y(t))
′
= �(t)

dy
dt

+ �(t)p(t)y(t): (4)

An mpor¸ na �r¸ mia tètoia � tìte pollaplasi�zw thn (3) me aut  kai �a
antikatast sw to aristerì mèloc thc (3) me thn posìthta (�(t)y(t))

′
. þEpeita �a

oloklhr¸sw kat� mèlh kai tèloc �a lÔsw wc proc y.
Ac doÔme ìmwc an up�rqei mia tètoia � pou na ikanopoieÐ thn exÐswsh (4).
H exÐswsh (4) gÐnetai :

�
′
(t)y(t) + �(t)y

′
(t) = �(t)y

′
(t) + �(t)p(t)y(t) ⇒

�
′
(t)y(t) = �(t)p(t)y(t) ⇒

(�
′
(t)− �(t)p(t))y(t) = 0:

Autì �a prèpei na isqÔei gia k�je grammik  diaforik  exÐswsh pr¸thc t�xhc.
Mhn xeqn�te ìti h y eÐnai mia sun�rthsh pou ikanopoieÐ thn grammik  exÐswsh
pr¸thc t�xhc. Gia k�je p; g dojeÐsec sunart seic paÐrnoume kai mia diaforetik 
grammik  exÐswsh pr¸thc t�xhc kai epomènwc kai mia diaforetik  lÔsh y. Jèloume
loipìn h teleutaÐa sqèsh na isqÔei gia k�je epilog  p; g pou �a mac d¸soun kai
epomènwc kai gia thn epilog  p(t) = 0; g(t) = et , pou mia profan c lÔsh eÐnai h
y(t) = et 6= 0 gia t ∈ R. þAra gia thn teleutaÐa isìthta �a prèpei na p�roume thn
qeirìterh perÐptwsh h opoÐa eÐnai akrib¸c h prohgoÔmenh, dhl. y(t) 6= 0 gia ìla
ta t se èna di�sthma. Epomènwc èqoume:

�
′
(t) = �(t)p(t);

dhl. diairèsame me y(t) 6= 0.
H teleutaÐa exÐswsh eÐnai mia apl  diaforik  exÐswsh me �gnwsth sun�rthsh

thn �. LÔnetai wc ex c :

�
′
(t)

�(t)
= p(t) ⇒
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∫
�
′
(t)

�(t)
dt =

∫
p(t)dt ⇒

ln|�(t)| =
∫

p(t)dt ⇒

�(t) = e
∫

p(t)dt ;

�g�lame to apìluto kai p rame thn �etik  posìthta diìti telik� eÐnai isodÔnamo,
afoÔ me thn � �a pollaplasi�sw thn (3) kata mèlh, opìte to opoiod pote prìshmo
diagr�fetai. EpÐshc kata thn olokl rwsh �ewr same thn stajer� Ðsh me to mhdèn
diìti y�qnoume apl� mia � h opoÐa na mac k�nei thn sugkekrimènh doulei� gia thn
opoÐa thn qreiazìmaste, �ra �èloume na eÐnai ìso pio apl  gÐnetai.

Katal xame loipìn se mia � me thn opoÐa �a pollaplasi�soume kata mèlh
thn exÐswsh (3). Tìte aut  gÐnetai :

�(t)
dy
dt

+ �(t)p(t)y = �(t)g(t) ⇒

(�(t)y(t))
′
= �(t)g(t);

l�bame upìyh mac thn exÐswsh (4) thn opoÐa ikanopoieÐ pia h �.
Oloklhr¸nontac kat� mèlh thn teleutaÐa exÐswsh èqoume:

�(t)y(t) =
∫

�(t)g(t)dt + c ⇒

y(t) =
∫
�(t)g(t)dt + c

�(t)
;

parathr ste ìti mporoÔme na diairèsoume me �(t) diìti eÐnai di�forh tou mhdèn
gia ìla ta t ∈ R.

Katal xame loipìn sthn lÔsh miac grammik c diaforik c exÐswshc pr¸thc
t�xhc. Parathr ste ìti den èqoume mìno thn diadikasÐa eÔreshc lÔshc all� kai
thn Ðdia thn lÔsh se kleist  morf  h opoÐa dÐnetai apì ton ex c tÔpo:

y(t) =
∫
�(t)g(t)dt + c

�(t)
: (5)

Autìc o tÔpoc isqÔei gia k�je grammik  exÐswsh pr¸thc t�xhc. Dustuq¸c, autì
den sumbaÐnei me ìlec tic diaforikèc exÐs¸seic pou mporeÐ na sunant sei k�poioc
ereunht c gia autì emeÐc �a  tan kalì na katal�boume pl rwc thn parap�nw
diadikasÐa diìti den �a èqoume thn polutèleia na èqoume suqn� diajèsimec tètoiec
diadikasÐec se �llec morfèc.

Parìla aut� mporeÐ na anarwthjeÐ kaneÐc an aut  h diadikasÐa pou ako-
louj same eÐnai h monadik  kai an kat� epèktash mporoÔme na �roÔme kai �llec
lÔseic, diaforetikèc apì thn (5), akolouj¸ntac endeqomènwc, diaforetikèc diadi-
kasÐec. H ap�nthsh se autì to er¸thma eÐnai, ìti eÐnai polÔ pijanì k�poioc na
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mporeÐ na akolouj sei mia diaforetik  diadikasÐa epÐlushc thc (3). þOmwc ìson
afor� to er¸thma an �a �rei kai diaforetik  apì thn (5) lÔsh �a mac apant sei
to parak�tw �e¸rhma (Ôparxhc kai monadikìthtac) to opoÐo mil� gia thn Ôparxh
lÔshc kai thn monadikìtht� thc se èna prìblhma arqik¸n tim¸n miac grammik c
diaforik c exÐswshc pr¸thc t�xhc.

Je¸rhma 1 An oi sunart seic p; g eÐnai suneqeÐc se èna di�sthma I : a < t < b pou
perièqei to shmeÐo t = to tìte up�rqei monadik  sun�rthsh y = �(t) pou ikanopoieÐ
th diaforik  exÐswsh:

y
′
+ p(t)y = g(t) (6)

gia k�je t ∈ I kaj¸c epÐshc kai thn arqik  sunj kh

y(to) = yo; (7)

ìpou yo mia aujaÐreth arqik  tim .

ShmeÐwsh 1 Ja prèpei na shmei¸soume ìti to di�sthma pou orÐzetai h lÔsh �a prèpei
na eÐnai èna di�sthma thc morf c (a; b) pou perièqei to to.

SÔmfwna loipìn me to prohgoÔmeno �e¸rhma, k�tw apì tic proupojèseic tou,
me ìpoia diadikasÐa kai an katal xoume se k�poia lÔsh, aut  �a eÐnai sÐgoura h
lÔsh (5) me kat�llhlh epilog  thc stajer�c.

Ac proqwr soume se èna par�deigma gia na doÔme sthn pr�xh ti akrib¸c
sumbaÐnei.

Par�deigma 1 DÐnetai to parak�tw prìblhma arqik¸n tim¸n

y
′
− 1

2
y = e−t

y(0) = −1

LÔsh:
ParathroÔme ìti p(t) = − 1

2 ; g(t) = e−t . Prin proqwr soume sto na upolo-
gÐsoume thn lÔsh �a prèpei na mil soume gia thn Ôparxh kai monadikìthta thc
lÔshc kai se poiì di�sthma. Blèpoume loipìn ìti p; g eÐnai suneq c se ìlo to R
kai ìti �èbaia to xo = 0 ∈ R. þAra loipìn ikanopoieÐtai to �e¸rhma 1 kai up�rqei
monadik  lÔsh h opoÐa orÐzetai se opoiod pote di�sthma (a; b) pou perièqei to 0.
GnwrÐzontac loipìn ènan trìpo gia na upologÐzoume mia lÔsh thc grammik c dia-
�orik c exÐswshc kai èqontac epiplèon thn plhroforÐa ìti eÐnai monadik  apì to
�e¸rhma 1, eÐmaste sÐgouroi ìti upologÐzoume thn mÐa kai monadik  kai �ra den
mac endiafèrei o trìpoc upologismoÔ. Ac thn upologÐsoume loipìn.

Ja upologÐsoume to �(t) = e
∫

p(t)dt = e
∫

(− 1
2 )dt = e−

t
2 . þEpeita �a prèpei na

upologÐsoume to ex c olokl rwma:∫
�(t)g(t)dt =

∫
e−

t
2 e−tdt =

∫
e−

3
2 tdt = −2

3
e−

3
2 t :
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Qrhsimopoi¸ntac ton tÔpo (5) èqoume loipìn thn morf  thc genik c lÔshc h
opoÐa eÐnai :

y(t) =
− 2

3e
− 3

2 t + c

e−
t
2

= −2
3
e−t + ce

t
2

Tèloc gia na upologÐsoume thn sugkekrimènh sun�rthsh èqoume ìti

y(0) = −1 ⇒ −2
3
e−0 + ce

0
2 = −1 ⇒ c = −1

3
:

þAra h lÔsh tou probl matoc arqik¸n tim¸n eÐnai :

y(t) = −2
3
e−t − 1

3
e

t
2 :

Tèloc �a asqolhjoÔme me èna endiafèron prìblhma gia ta efarmosmèna ma-
�hmatik�. Gia par�deigma ti gÐnetai me thn lÔsh an all�xw lÐgo thn arqik  sunj -
kh. Ac p�roume loipìn to arqikì prìblhma arqik¸n tim¸n all� me èna tuqaÐo yo.
Dhl. �a melet soume thn lÔsh tou parak�tw probl matoc arqik¸n tim¸n:

y
′
− 1

2
y = e−t

y(0) = yo

H genik  lÔsh ìpwc deÐxame eÐnai :y(t) = − 2
3e
−t + ce

t
2 . Gia na ikanopoihjeÐ loipìn

h tuqaÐa arqik  sunj kh prèpei na dialèxoume c = yo + 2
3 . þAra h eidik  lÔsh eÐnai

y(t) = − 2
3e
−t + (yo + 2

3 )e
t
2 .

ParathroÔme loipìn ìti an�loga me thn eklog  tou yo h lÔsh pou prokÔptei
diafèrei p�ra polÔ. Pio sugkekrimèna, dialèxte yo = − 2

3 . EÔkola �lèpoume ìti
h antÐstoiqh lÔsh sugklÐnei sto 0 kaj¸c to t phgaÐnei sto +∞. þEpeita, dialèxte
yo > − 2

3 kai tìte �a parathr sete eÔkola ìti h antÐstoiqh lÔsh phgaÐnei sto +∞
ìtan to t → +∞. Tèloc, an yo < − 2

3 �lèpoume ìti y(t) → −∞ kaj¸c t → +∞.
To sumpèrasma eÐnai ìti h lÔsh diafèrei polÔ, parìlo pou ikanopoieÐ thn

Ðdia diaforik  exÐswsh, ìtan diafèrei èstw kai lÐgo h arqik  sunj kh.
�
T¸ra �a proqwr soume se èna �llo prìblhma arqik¸n tim¸n, ìpou �a doÔme

kalÔtera thn axÐa tou �ewr matoc 1.

Par�deigma 2 Na �rejeÐ h lÔsh tou parak�tw probl matoc arqik¸n tim¸n:

ty
′
+ 2y = 4t2

y(1) = 2:

LÔsh
Kat�rq n �a prèpei na to �èroume sthn tupik  morf  thc grammik c diafo-

�ik c exÐswshc pr¸thc t�xhc. Aut , den prèpei na mac diafeÔgei, èqei suntelest 
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tou y
′
thn mon�da, k�ti pou den sumbaÐnei ed¸. þAra �a prèpei na diairèsoume

me t, afoÔ pr¸ta dhl¸soume ìti apì ed¸ kai sto ex c to t 6= 0. þEtsi loipìn to
prohgoÔmeno prìblhma arqik¸n tim¸n gÐnetai :

y
′
+

2
t
y = 4t; t 6= 0

y(1) = 2:

þOpwc kai sto prohgoÔmeno par�deigma, �a prèpei na mil soume pr¸ta gia
thn Ôparxh kai monadikìthta thc lÔshc, dhl. na epikalestoÔme to �e¸rhma 1.
ParathroÔme ìti p(t) = 2

t ; g(t) = 4t. H deÔterh eÐnai suneq c pantoÔ, dustuq¸c
ìmwc h pr¸th sun�rthsh den eÐnai suneq c sto 0. To �e¸rhma loipìn mac apant�
ìti up�rqei monadik  lÔsh se èna di�sthma pou perièqei to 1 kai tautìqrona oi p; g
eÐnai suneqeÐc. To di�sthma autì eÐnai to anoiqtì (0;+∞). T¸ra èqoume anoiktì ton
drìmo na upologÐsoume me ton gnwstì trìpo thn y(t) kai exarq c na gnwrÐzoume to
di�sthma sto opoÐo orÐzetai.

UpologÐzoume pr¸ta, wc gnwstìn, to � = e
∫

p(t)dt = e
∫

2t dt = elnt
2

= t2:
Met� upologÐzoume to

∫
�(t)g(t)dt =

∫
t24tdt = t4. Opìte h genik  lÔsh

eÐnai :

y(t) = t2 +
c
t2
:

Mènei loipìn, apì thn genik  lÔsh, na upologÐsoume aut  poÔ ikanopoieÐ kai
thn arqik  sunj kh. Dhl. prèpei na upologÐsw thn stajer� c ètsi ¸ste y(1) = 2.
Pr�gmati aut  ikanopoieÐtai gia c = 1. Epomènwc h lÔsh tou probl matoc arqik¸n
tim¸n eÐnai :

y(t) = t2 +
1
t2
:

�
Ac suneqÐsoume me èna akìmh par�deigma.

Par�deigma 3 Na lujeÐ to prìblhma arqik¸n tim¸n:

ty
′
− 2y = −t2

y(1) = 0:

LÔsh:
þOpwc kai sto prohgoÔmeno par�deigma diairoÔme me t 6= 0 kai katal goume

sthn tupik  morf  thc grammik c diaforik c exÐswshc pr¸thc t�xhc. Dhl.

y
′
− 2

t
y = −t

y(1) = 0:

7



K�nontac ton Ðdio sullogismì me to prohgoÔmeno par�deigma katal goume
sto sumpèrasma ìti up�rqei monadik  lÔsh tou probl matoc arqik¸n tim¸n sto
di�sthma (0;+∞). Epomènwc arqÐzoume thn diadikasÐa upologismoÔ thc y.

UpologÐzoume pr¸ta thn �(t) = e
∫

p(t)dt = e−2
∫

1t dt = e−2ln|t| = t−2, �g�la-
me to apìluto diìti èqoume  dh deqteÐ ìti t ∈ (0;+∞). SuneqÐzoume upologÐzontac
to ex c olokl rwma:

∫
�(t)g(t)dt =

∫
1
t2 (−t)dt = −lnt: þAra y(t) = −t2lnt + ct2.

Gia na ikanopoihjeÐ kai h arqik  sunj kh prèpei na dialèxoume c = 0. þAra h lÔsh
tou probl matoc arqik¸n tim¸n eÐnai y(t) = −t2lnt:

�
Stic epìmenec dÔo enìthtec �a asqolhjoÔme me dÔo tÔpouc sun jwn diafo-

�ik¸n exis¸sewn, pou me kat�llhlo metasqhmatismì an�gontai se mia grammik 
diaforik  exÐswsh pr¸thc t�xhc. H pr¸th pou �a melet soume ed¸ eÐnai h legìme-
nh ``Bernoulli''.

2 EXISWSEIS BERNOULLI

Oi diaforikèc exis¸seic ``Bernoulli'' eÐnai thc morf c:

y
′
+ a(t)y = b(t)yr ; r 6= 0; 1: (8)

An r = 0   r = 1 tìte eÐnai polÔ eÔkolo na deÐ kaneÐc ìti h parap�nw diafo-
�ik  exÐswsh eÐnai mia grammik  diaforik  exÐswsh pr¸thc t�xhc. þOmwc me ènan
kat�llhlo metasqhmatsmì �a deÐxoume ìti sthn pragmatikìthta gia opoiod pote r
metasqhmatÐzetai se grammik  diaforik  exÐswsh pr¸thc t�xhc.

Jètoume loipìn z(t) = y1−r(t). UpologÐzoume thn par�gwgo tou z kai èqoume
z
′
(t) = (1 − r)y−ry

′
. Sthn sunèqeia pollaplasi�zw me (1 − r)y−r thn exÐswsh (8)

kai paÐrnw ìpwc eÔkola mporeÐ na deÐ kaneÐc thn ex c grammik  diaforik  exÐswsh
pr¸thc t�xhc me �gnwsth sun�rthsh thn z:

z
′
+ (1− r)a(t)z = b(t)(1− r): (9)

þOpwc eÐnai profanèc antikatast same thn posìthta (1 − r)y−ry
′
me z

′
kai thn

y1−r me z. H exÐswsh (9) eÐnai loipìn mia grammik  diaforik  exÐswsh pr¸thc
t�xhc gia thn opoÐa anaptÔxame sthn prohgoÔmenh enìthta mia diadikasÐa eÔreshc
thc lÔshc kai m�lista katal xame se ènan kleistì tÔpo gia thn lÔsh. GnwrÐzontac
loipìn thn sun�rthsh z pou ikanopoieÐ thn (9), antistrèfoume ton metasqhmatismì
gia na upologÐsoume thn y h opoÐa �a eÐnai kai h lÔsh thc (8). Me lÐga lìgia
y(t) = zr−1(t).

Ac suneqÐsoume me èna par�deigma.

Par�deigma 4 Na lujeÐ to parak�tw prìblhma arqik¸n tim¸n:

(t − 2)y
′
+ y = 7(t − 2)3y

1
2

y(3) = 1:
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LÔsh:Mhn xeqn�te ìti prin apofasÐsoume gia ton tÔpo thc diaforik c pou a-
ntimetwpÐzoume pr¸ta �a prèpei na sigoureutoÔme ìti o suntelest c thc parag¸gou
thc �gnwsthc sun�rthshc eÐnai mon�da. DiairoÔme loipìn me t − 2 6= 0 kai paÐrnw
thn parak�tw diaforik  exÐswsh h opoÐa eÐnai exÐswsh ``Bernoulli'' me r = 1

2 :

y
′
+

1
t − 2

y = 7(t − 2)2y
1
2 :

Jètw loipìn z = y
1
2 kai upologÐzw thn par�gwgo thc z h opoÐa eÐnai z

′
= 1

2y
− 1

2 y
′
.

Bèbaia �a prèpei na prosèxoume diìti ston metasqhmatismì h y den epitrèpetai na
eÐnai arnhtik . Autì �a prèpei na to èqoume upìyh mac, diìti argìtera mporeÐ na
katal xoume se dÔo lÔseic kai ekeÐ �a prèpei na agno soume ekeÐnh h opoÐa eÐnai
arnhtik  gia k�poia t. SuneqÐzoume thn diadikasÐa loipìn pollaplasi�zontac thn
exÐswsh mac me thn posìthta 1

2y
− 1

2 y
′
kai antikajist¸ntac tic kat�llhlec posìthtec

èqoume:

z
′
+

1
2(t − 2)

z =
7
2
(t − 2)2:

H diaforik  exÐswsh aut  eÐnai mia grammik  diaforik  exÐswsh pr¸thc t�xhc, thc
opoÐac h genik  lÔsh eÐnai :

z(t) = c(t − 2)−
1
2 + (t − 2)3:

Antistrèfontac t¸ra ton metasqhmatismì, èqoume y(t) = (c(t−2)−
1
2 +(t−2)3)2. Gia

na upologÐsoume thn sugkekrimènh lÔsh pou ikanopoieÐ kai thn arqik  sunj kh
�a prèpei apl� na �èsoume c = 0   c = −2 to opoÐo prokÔptei eÔkola apì thn
exÐswsh y(3) = 1 me �gnwsto to c.

þOpwc �a deÐxoume parak�tw autì �a eÐnai perÐergo, diìti h sugkekrimènh
diaforik  exÐswsh �a èqei monadik  lÔsh se mia perioq  tou (3; 1). Autì ìmwc
sumbaÐnei diìti ston metasqhmatismì z =

√
y mporoÔme na èqoume dÔo timèc tou z

thn arnhtik  kai thn �etik  (gia par�deigma eÐnai gnwstì ìti
√

4 = ±2). Se autoÔ
tou eÐdouc touc metasqhmatismoÔc loipìn (mh amfimonos mantouc) �a prèpei na
desmeutoÔme exarq c me to prìshmo thc sqèshc z = ±|√y|. Autì ìmwc shmaÐnei
ìti h z(t) = c(t − 2)−

1
2 + (t − 2)3 �a prèpei na eÐnai �etik  an epilèxoume to �etikì

prìshmo ston metasqhmatismì. Pr�gmati an prospaj soume na doÔme poi� apì tic
dÔo lÔseic ikanopoieÐ to prìblhma �a doÔme ìti gia aut  pou antistoiqeÐ sthn lÔsh
me c = 0 ikanopoieÐtai qwrÐc kamÐa dèsmeush, ìmwc h �llh gia c = −2 ikanopoieÐtai
mìno an t ≥ 3:2. þOmwc tìte den ikanopoieÐ thn arqik  sunj kh. þAra epilègoume
thn lÔsh me c = 0. Autì �a mporoÔsame na to doÔme ex arq c, epilègontac thn z na
eÐnai aut  me to �etikì prìshmo ston metasqhmatismì. Ja eÐqame san apotèlesma
ìti gia c = 0 eÐnai �etik  all� gia c = −2 eÐnai �etik  ìtan t ≥ 3:2 dhl. pio dexi�
apì thn arqik  sunj kh. þAra agnoeÐtai.

To sumpèrasma loipìn sthn sugkekrimènh �skhsh eÐnai ìti h lÔsh eÐnai h
y(t) = ((t − 2)3)2 h opoÐa ìmwc �a orÐzetai sto di�sthma (2 + ∞), diìti gia ta
upìloipa t den mac exasfalÐzetai h monadikìthta (dec enìthta 8).

9



�
Parak�tw dÐnoume èna akìmh par�deigma.

Par�deigma 5 Na lujeÐ to prìblhma arqik¸n tim¸n:

y
′
− 1

t
y = − 1

2y
;

y(−1) = 2:

LÔsh:
Ed¸ èqoume mia ``Bernoulli'' me r = −1. Jètoume z = y2. Na shmei¸soume

ed¸ ìti argìtera �a prèpei na orÐsoume to pedÐo orismoÔ thc z ètsi ¸ste z(t) ≥ 0.
Pollaplasi�zontac me 2y thn diaforik  exÐswsh kai antikajist¸ntac èqoume telik�
thn ex c grammik  diaforik  exÐswsh wc proc z:

z
′
− 2

t
z = −1

thc opoÐac h genik  lÔsh eÐnai z(t) = ct2 + t. Antistrèfontac ton metasqhma-
tismì èqoume y(t) = ±

√
ct2 + t. Aut  sthn pragmatikìthta eÐnai dÔo lÔseic, h

y(t) = +|
√
ct2 + t| kai h y(t) = −|

√
ct2 + t| (h �etik  kai h arnhtik ). Sto tèloc �a

deqtoÔme thn mÐa mìno. Ac doÔme ti prèpei na eÐnai h stajer� c gia na ikanopoieÐtai
h arqik  sunj kh. K�nontac upologismoÔc eÐnai kajarì ìti gia c = 5 ikanopoieÐtai
h arqik  sunj kh. AfoÔ upologÐsame thn stajer� �a prèpei na gurÐsoume pÐsw
sthn z(t) gia na apofasÐsoume gia poi� t orÐzetai (prèpei z(t) ≥ 0). To apotèlesma
eÐnai ìti orÐzetai sto di�sthma (−∞;− 1

5 ). Tèloc �a prèpei na dialèxoume mia apì
tic dÔo lÔseic. Profan¸c �a dialèxoume thn �etik , diìti mìnon aut  ikanopoieÐ thn
arqik  sunj kh.

þAra, h lÔsh eÐnai y(t) = +|
√

5t2 + t| kai orÐzetai sto anoiqtì di�sthma
(−∞;− 1

5 ).
�

3 DIAFORIKES EXISWSEIS RICCATI

Ja lème mia diaforik  exÐswsh ìti eÐnai mia diaforik  exÐswsh ``Riccati'' an mpo-
�oÔme na thn �èroume sthn morf :

y
′
+ a(t)y + b(t)y2 + d(t) = 0: (10)

Blèpoume ìti an d(t) = 0 tìte èqoume sthn pragmatikìthta mia ``Bernoulli'' me
r = 2. Gia na lujeÐ mia tètoia diaforik  exÐswsh �a prèpei na gnwrÐzoume ek twn
protèrwn mia eidik  lÔsh thc. Ac thn onom�soume y1. K�nontac ton metasqhmatismì
z(t) = 1

y−y1 katal goume se mia grammik  diaforik  exÐswsh pr¸thc t�xhc (ac
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shmei¸soume ed¸ ìti z(t) 6= 0). Pragmatik�, apì autìn ton metsqhmatismì èqw:
y = y1 + 1

z kai y
′
= y

′

1− 1
z2 z

′
kai antikajist¸ntac sthn diaforik  exÐswsh èqoume:

y
′

1 −
1
z2

z
′
+ a(t)(y1 +

1
z
) + b(t)(y1 +

1
z
)2 + d(t) = 0 ⇒(

y
′

1 + a(t)y1 + b(t)y2
1 + d(t)

)
− 1

z2
z
′
+ a(t)

1
z

+ 2b(t)y1
1
z

+ b(t)
1
z2

= 0:

Sthn teleutaÐa isìthta, o pr¸toc ìroc eÐnai mhdèn, giatÐ h y1 deqj kame ìti eÐnai
mia lÔsh thc diaforik c exÐswshc. Apì touc upìloipouc ìrouc �g�zoume koinì
par�gonta to − 1

z2 kai katal goume, k�nontac k�poiec polÔ eÔkolec pr�xeic, sthn
grammik  diaforik  exÐswsh me �gnwsth sun�rthsh thn z:

z
′
− (a(t) + 2b(t)y1)z = b(t) (11)

þOpwc kai sthn prohgoÔmenh enìthta, lÔnoume thn grammik  diaforik  exÐswsh kai
èpeita antistrèfontac ton metasqhmatismì paÐrnoume thn lÔsh thc ``Riccati''. Gia
na �roÔme �èbaia to pedÐo orismoÔ thc lÔshc se èna prìblhma arqik¸n tim¸n �a
prèpei na prosèxoume kai ton metasqhmatismì, kaj¸c den �a prèpei na mhdenÐzetai
h z(t).

Den èqoume par� na per�soume se k�poia paradeÐgmata.

Par�deigma 6 Na lujeÐ h diaforik  exÐswsh

y
′
=

1
x2
− y

x
− y2

an gnwrÐzoume ìti mia merik  lÔsh eÐnai thc morf c y1(x) = a
x me a ∈ R.

LÔsh:
H exÐswsh aut  eÐnai mia Riccati. Ja prèpei pr¸ta na �roÔme mia eidik 

lÔsh prin k�noume ton gnwstì metasqhmatismì. GnwrÐzoume ìti mia tètoia eÐnai thc
morf c y1(x) = a

x . Den mènei par� na �roÔme to a ètsi ¸ste h y1 na ikanopoieÐ thn
diaforik  exÐswsh. Antikajist¸ntac loipìn sthn exÐswsh èqoume:

− a
x2

=
1
x2
− a

x2
− a2

x2
⇒ a2 − 1 = 0 ⇒ a = ±1:

þAra mia eidik  lÔsh eÐnai h y1 = 1
x . JewroÔme t¸ra ton metasqhmatismì y = 1

x + 1
z

kai upologÐzoume thn par�gwgì thc y
′
= − 1

x2 − 1
z2 z

′
. AntikajistoÔme sthn exÐswsh

kai èqoume

− 1
x2
− z

′

z2
=

1
x2
− 1

x2
− 1

xz
− 1

x2
− 1

z2
− 2

xz
⇒

z
′
− 3

x
z = 1

H lÔsh thc grammik c eÐnai z(x) = cx3 − 1
2x. þAra h genik  lÔsh thc arqik c

diaforik c exÐswshc �a eÐnai : y(x) = 1
x + 1

cx3− 1
2 x
.

�
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ShmeÐwsh 2 An k�noume ton metasqhmatismì y(x) = y1(x)+ z(x) tìte katal goume
se mia exÐswsh ``Bernoulli''.

Par�deigma 7 Na lujeÐ h parak�tw diaforik  exÐswsh:

y
′
= y2 − (2x + 1)y + (x2 + x + 1)

LÔsh:
ParathroÔme ìti h y1(x) = x eÐnai mia eidik  lÔsh. K�noume ton metasqhma-

tismì y(x) = y1(x) + z(x) me y
′
= 1 + z

′
kai antikajist¸ntac èqoume:

1 + z
′
= (x + z)2 − (2x + 1)(x + z) + (x2 + x + 1) ⇒

z
′
= z2 − z:

H teleutaÐa exÐswsh eÐnai mia ``Bernoulli'' me r = 2 me genik  lÔsh thn z(x) =
e−x

e−x+c . H genik  lÔsh loipìn thc arqik c diaforik c eÐnai y(x) = x + e−x
e−x+c .

�

ShmeÐwsh 3 An y1; y2 eÐnai dÔo merikèc lÔseic thc exÐswshc tìte h genik  lÔsh eÐnai:

y(x) =
y1 − cy2e

∫
b(x)(y1−y2)dx

1− cy2e
∫

b(x)(y1−y2)dx
:

Par�deigma 8 Na lujeÐ h parak�tw diaforik  exÐswsh an h eidik  lÔsh eÐnai thc
morf c y1 = a

x + b
x2 :

x4y
′
+ x4y2 = 1:

LÔsh:
Gr�foume thn exÐswsh sthn morf :

y
′
+ y2 =

1
x4

; x 6= 0:

Antikajist¸ntac thn y1 sthn exÐswsh katal goume met� apì tetrimènec pr�xeic
ìti, eÐte (a; b) = (1;−1) eÐte (a; b) = (1; 1). þAra, èqoume sthn di�jesh mac dÔo
eidikèc lÔseic kai epomènwc mpor¸ na gr�yw thn genik  lÔsh kateujeÐan wc ex c :

y(x) =
(x + 1)− c(x − 1)e−

2x

x2 − c(x − 1)e−
2x

:

�
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4 DIAFORIKES EXISWSEIS QWRIZOMENWNMETABLH-

TWN

Se aut  thn enìthta �a qreiastoÔme thn ènnoia tou diaforikoÔ. Ac d¸soume ènan
orismì.

Orismìc 1 An h sun�rthsh y = f (x) èqei mia par�gwgo f
′
(x) sto shmeÐo x kaiDx mia

opoiad pote mh mhdenik  aÔxhsh tou x, tìte to diaforikì orÐzetai me dy = f
′
(x)Dx.

ParathroÔme ìti an y = x tìte (x)
′
= 1, �ra dx = Dx. Epomènwc, sÔmfwna

me ton orismì, èqoume ìti gia opoiad pote sun�rthsh y = f (x) me par�gwgo sto x,
f
′
(x) isqÔei h sqèsh dy = f

′
dx. Diair¸ntac loipìn me to dx erqìmaste se sumfwnÐa

me ton orismì thc parag¸gou, me to epiplèon kèrdoc ìti mporoÔme na �lèpoume
to dy, dx san diaforetikèc posìthtec kai ìqi san mèroc enìc sumbìlou. EnnoeÐtai
�èbaia, ìti to dy exart�tai apì thn tim  tou x all� kai thn aÔxhsh Dx.

Ac epistrèyoume t¸ra sto antikeimenì mac. Se aut  thn enìthta �a melet -
soume tic legìmenec diaqwrÐsimec diaforikèc exis¸seic. H genik  thc morf  eÐnai h
ex c :

y
′
= A(x)B(y) (12)

Apì thn morf  thc katalabaÐnoume amèswc giatÐ onom�zontai diaqwrÐsimec
diaforikèc exis¸seic. To dexÐ mèloc gr�fetai san ginìmeno dÔo sunart sewn miac
metablht c. H pr¸th exart�tai apì thn metablht  x kai h deÔterh apì thn exar-
thmènh metablht  y. Aut  akrib¸c thn idiìthta �a ekmetaleutoÔme gia thn epilus 
thc.

Metafèroume thn posìthta pou exart�tai apì to y sto aristerì mèloc, en¸ to
dx to �èrnoume sto dexÐ mèloc. þEtsi èqoume:

dy
B(y)

= A(x)dx: (13)

T¸ra den èqoume par� na oloklhr¸soume kat� mèlh, to k�je mèloc me thn
dik  tou metablht . Opìte to apotèlesma eÐnai :∫

dy
B(y)

=
∫

A(x)dx ⇒ h(y) = g(x) + c: (14)

Aut  �a eÐnai kai h lÔsh, se peplegmènh morf  en gènei.

Par�deigma 9 Na lujeÐ h epìmenh diaforik  exis¸sh:

xdx − (5y4 + 3)dy = 0:

LÔsh:

13



H diaforik  aut  eÐnai mia qwrizomènwn metablht¸n. Den èqoume par� na
oloklhr¸soume kat� mèlh.∫

xdx =
∫

(5y4 + 3)dy + c ⇒ x2

2
= y5 + 3y + c:

þAra h lÔsh dÐnetai apì thn sqèsh:

y5 + 3y− x2

2
+ c = 0:

�

Par�deigma 10 Na lujeÐ h epìmenh diaforik  exis¸sh:

2x(y2 + y)dx + (x2 − 1)ydy = 0:

LÔsh:
EÐnai eÔkolo na doÔme ìti èqei dÔo lÔseic toul�qisto. Tic y = 0; y = −1.

Pr�gmati, h pr¸th eÐnai profanèc ìti ikanopoieÐ thn exÐswsh. Gia thn deÔterh, �a
prèpei na upojèsoume ìti y 6= 0 kai na thn �èroume sthn ex c morf :

y
′
=

dy
dx

= −2x(y + 1)
x2 − 1

:

T¸ra eÐnai profanèc ìti kai h y = −1 eÐnai mia lÔsh. Jèloume na �roÔme ìlec tic
upìloipec kai �a upojèsoume loipìn y 6= 0; y 6= −1. Den èqoume loipìn par� na
xeqwrÐsoume tic metablhtèc kai na oloklhr¸soume. PolÔ eÔkola paÐrnoume:

2x
x2 − 1

dx = − 1
y + 1

dy⇒
∫

2x
x2 − 1

dx = −
∫

1
y + 1

dy + c:⇒

ln|x2 − 1| = −ln|y + 1|+ c ⇒ (x2 − 1)(y + 1) = ±ec = C ⇒

y =
C

x2 − 1
− 1:

�

Par�deigma 11 Na lujeÐ to epìmeno prìblhma arqik¸n tim¸n:

(y2 − 1)dx + y(x − 1)dy = 0;
y(0) = −2:

LÔsh:
MporoÔme eÔkola ìpwc prÐn na diapist¸soume ìti oi y = 1; y = −1 eÐnai dÔo

lÔseic thc diaforik c exÐswshc all� den ikanopoioÔn thn arqik  sunj kh. þAra
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upojètw ìti y 6= 1; y 6= −1 qwrÐc na q�nw tÐpota kai �èrnw thn diaforik  exÐswsh
sthn ex c morf :

1
x − 1

dx = − y
y2 − 1

dy⇒
∫

1
x − 1

dx = −
∫

y
y2 − 1

dy + c ⇒

ln|x − 1| = −1
2
ln|y2 − 1|+ c ⇒ (x − 1)2(y2 − 1) = ±e2c = C:

EnnoeÐtai �èbaia ìti èqoume upojèsei ìti x 6= 1. þEtsi loipìn h genik  lÔsh
eÐnai thc morf c:y(x) = ±

√
1 + C

(x−1)2 . H arqik  sunj kh y(0) = −2 ikanopoieÐ-
tai gia c = 3. þOmwc �lèpoume ìti èqoume dÔo lÔseic, ìpwc se èna prohgoÔmeno
par�deigma, tic y(x) = |

√
1 + C

(x−1)2 | (thn �etik ) kai y(x) = −|
√

1 + C
(x−1)2 | (thn

arnhtik ). Profan¸c �a krat soume thn arnhtik  aut  thn �or� lìgw thc arqik c
sunj khc.

�

5 OMOGENEIS DIAFORIKES EXISWSEIS

Orismìc 2 Mia sun�rthsh f (x; y) lègetai omogen c �ajmoÔ k an kai mìno an f (lx; ly) =
lkf (x; y).

Ac upojèsoume ìti èqoume mia diaforik  exÐswsh thc morf c:

y
′
=

g(x; y)
h(x; y)

(15)

An g; h eÐnai omogen c tou Ðdiou �ajmoÔ tìte lème ìti h diaforik  exÐswsh (15) eÐnai
mia omogen c diaforik  exÐswsh.

H epÐlush thc sthrÐzetai se ènan metasqhmatismì o opoÐoc �a metatrèyei thn
(15) se qwrizomènwn metablht¸n. Pr�gmati, o metasqhmatismìc eÐnai :z = y

x . Tìte
èqoume:

(xz)
′
=

g(x; xz)
h(x; xz)

⇒ xz
′
+ z =

xkg(1; z)
xkh(1; z)

⇒ xz
′
=

g(1; z)
h(1; z)

− z:

H teleutaÐa exÐswsh eÐnai mia diaforik  exÐswsh qwrizomènwn metablht¸n me �-
gnwsth sun�rthsh thn z. GnwrÐzoume ton trìpo epÐlushc thc apì thn prohgoÔmenh
enìthta kai afoÔ thn upologÐsoume, antistrèfoume ton metasqhmatismì kai upo-
logÐzoume thn y.

Par�deigma 12 Na lujeÐ h epìmenh diaforik  exÐswsh:

y
′
=

x3 + y3

xy2
:
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LÔsh:
PolÔ eÔkola diapist¸noume ìti h diaforik  exÐswsh eÐnai mia omogen c dia-

�orik  exÐswsh. Pr�gmati,

g(lx; ly) = (lx)3 + (ly)3 = l3g(x; y)
h(lx; ly) = (lx)(ly)2 = l3h(x; y)

Jètoume loipìn y = xz kai antikajist¸ sthn exÐswsh,

xz
′
+ z =

1 + z3

z2
⇒ xz

′
z2 + z3 = 1 + z3 ⇒ z

′
z2 =

1
x
⇒

z2dz =
1
x
dx ⇒ z3

3
= ln|x|+ c ⇒ z(x) = (3ln|x|+ c)

1
3 :

þAra, y(x) = x(3ln|x|+ c)
1
3 .

�

Par�deigma 13 Na lujeÐ h epìmenh diaforik  exÐswsh:

y
′
=

3y2 + 2xy
2xy + x2

:

LÔsh:
þOpwc prÐn mporoÔme na deÐxoume ìti h diaforik  aut  exÐswsh eÐnai omogen c

�ajmoÔ 2. Jètoume y = xz kai antikajistoÔme sthn exÐswsh:

xz
′
+ z =

3z2 + 2z
2z + 1

⇒ xz
′
=

z2 + z
2z + 1

⇒ 2z + 1
z2 + z

dz =
1
x
dx:

H teleutaÐa eÐnai qwrizomènwn metablht¸n kai oloklhr¸nontac kat� mèlh è-
qoume:

z(z + 1)
x

= ±ec = C:

Shmei¸ste ìti 2z+1
z(z+1) = 1

z + 1
z+1 .

Epomènwc, z2 + z = cx, antikajist¸ntac z = y
x paÐrnoume y2 + xy = cx3.

�

6 PLHREIS DIAFORIKES EXISWSEIS

þEstw h diaforik  exÐswsh:

M(x; y) + N(x; y)y
′
= 0: (16)
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Ac upojèsoume ìti mporoÔme na �roÔme mia sun�rthsh dÔo metablht¸n f (x; y)
tètoia ¸ste

@f
@x

(x; y) = M(x; y);
@f
@y

(x; y) = N(x; y): (17)

Ac upojèsoume akìmh ìti h x eÐnai h anex�rthth metablht  kai h y exart�tai apì
thn x kai m�lista eÐnai diaforÐsimh wc proc x. Tìte

M(x; y) + N(x; y)y
′
=

@f
@x

+
@f
@y

dy
dx

=
df (x; y(x))

dx
:

Ed¸ qrhsimopoi same ton kanìna thc alusÐdac gia sunart seic dÔo metablht¸n.
Tìte h exÐswsh (16) gÐnetai

df (x; y(x))
dx

= 0:

Profan¸c h lÔsh dÐnetai peplegmèna, en gènei, apì thn sqèsh f (x; y(x)) = c h
opoÐa prokÔptei apì thn prohgoÔmenh me olokl rwsh.

H diaforik  exÐswsh (16) loipìn onom�zetai pl rhc (akrib c) ìtan up�rqei
mia sun�rthsh dÔo metablht¸n me tic parap�nw idiìthtec.

Parak�tw �a d¸soume èna �e¸rhma me to opoÐo �a anagnwrÐzoume tic pl reic
diaforikèc exis¸seic.

Je¸rhma 2 þEstw ìti oi sunart seicM;N;My; Nx ìpou Nx ; My merikèc par�gwgoi wc
proc x kai y antÐstoiqa, eÐnai suneqeÐc se mia orjog¸nia perioq  R : a < x < b; c <
y < d. Tìte h exÐswsh (16) eÐnai mia pl rhc diaforik  exÐswsh sthn R ìtan kai mìno
ìtan My(x; y) = Nx(x; y) se k�je shmeÐo thc R. Autì shmaÐnei ìti up�rqei sun�rthsh
f pou ikanopoieÐ tic exis¸seic (17) an kai mìno an oi M;N ikanopoioÔn thn parap�nw
sqèsh.

Par�deigma 14 Na lujeÐ h diaforik  exÐswsh:

(ycosx + 2xey) + (sinx + x2ey − 1)y
′
= 0:

LÔsh:
ParathroÔme ìti My(x; y) = cosx + 2xey = Nx(x; y) kai �èbaia eÐnai suneqeÐc

pantoÔ, epomènwc eÐnai mia pl rhc diaforik  exÐswsh. Den mènei par� na �roÔme
mia f tètoia ¸ste

fx(x; y) = ycosx + 2xey; fy = sinx + x2ey − 1:

Oloklhr¸nontac thn pr¸th èqoume

f (x; y) = ysinx + x2ey + h(y):

Ja prèpei na upologÐsoume thn h t¸ra ètsi ¸ste fy = N . Pr�gmati, prèpei sinx +
x2ey + h

′
(y) = sinx + x2ey − 1. Autì shmaÐnei ìti h

′
(y) = −1 ⇒ h(y) = −y+ c. H

genik  lÔsh dÐnetai loipìn apì thn sqèsh ysinx + x2ey − y = c.
�

17



Par�deigma 15 Na lujeÐ h diaforik  exÐswsh:

(2xy) + (1 + x2)y
′
= 0:

LÔsh:
ParathroÔme ìti Nx = My = 2x kai epÐshc ìlec oi merikèc par�gwgoi kai

oi sunart seic eÐnai suneqeÐc pantoÔ. þAra ikanopoieÐtai to �e¸rhma (2) kai �ra
up�rqei mia f me fx = 2xy ⇒ f (x; y) = x2y + h(y). þOpwc prin �a prèpei na
upologÐsoume thn h ètsi ¸ste fy = 1+ x2. Ja prèpei x2 +h

′
(y) = 1+ x2 ⇒ h(y) =

y + c. EÔkola loipìn paÐrnoume thn lÔsh h opoÐa dÐnetai wc ex c : y = c
x2+1 .

�

7 OLOKLHRWTIKOI PARAGONTES

þOpwc eÐnai eÔkolo kaneÐc na diapist¸sei, den eÐnai anagkaÐo k�je exÐswsh thc
morf c (16) na eÐnai pl rhc. þOmwc, merikèc �orèc eÐnai dunatìn �reÐ kaneÐc ènan
`äloklhrwtikì par�gonta�, mia sun�rthsh dÔo metablht¸n, ètsi ¸ste an pollapla-
si�soume me aut  kat� mèlh thn exis. (16), na mac prokÔyei mia pl rhc.

Dustuq¸c ìmwc gia na �reÐ kaneÐc mia tètoia eÐnai mia arket� dÔskolh upìje-
sh. þOmwc up�rqoun k�poiec peript¸seic stic opoÐec gÐnetai sqetik� eÔkola.

Pr¸ta �a upologÐzoume thn posìthta

My − Nx
N

= z(x; y):

Aut , en gènei, eÐnai mia sun�rthsh dÔo metablht¸n. An ìmwc se mia sugkekrimènh
diaforik  exÐswsh sumbaÐnei na eÐnai sun�rthsh mìno thc x tìte h p(x) = e

∫
z(x)dx

eÐnai ènac oloklhrwtikìc par�gontac.
An den eÐnai ìmwc sun�rthsh miac metablht c, èqoume akìma mia eukairÐa na

�roÔme oloklhrwtikì par�gonta. Ja upologÐsoume thn posìthta

Nx −My
M

= q(x; y):

An h sun�rthsh q eÐnai sun�rthsh mìno thc metablht c y tìte ènac oloklhrwtikìc
par�gontac eÐnai p(y) = e

∫
q(y)dy.

Par�deigma 16 Na lujeÐ h diaforik  exÐswsh:

y2

2
+ 2yex + (y + ex)y

′
= 0:

LÔsh:
Diapist¸noume ìti My = y + 2ex 6= ex = Nx . þAra den eÐnai pl rhc. UpologÐ-


oume loipìn thn diafor� My − Nx = y+ ex . EÔkola diapist¸noume ìti My−Nx
N = 1.
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Epomènwc ènac oloklhrwtikìc par�gontac eÐnai h p(x) = ex . Pollaplasi�zw me
thn p(x) thn diaforik  exÐswsh kai paÐrnw thn ex c exÐswsh

y2

2
ex + 2ye2x + (yex + e2x)y

′
= 0:

h opoÐa eÐnai pl rhc ìpwc mporeÐ na diapist¸sei kaneÐc. Epomènwc up�rqei mia
f (x; y) tètoia ¸ste fx = y2

2 e
x + 2ye2x ⇒ f (x; y) = y2

2 e
x + ye2x + h(y). UpologÐzw

thn h apì thn sqèsh fy = yex + e2x ⇒ yex + e2x + h
′
(y) = yex + e2x ⇒ h(y) = c.

Epomènwc h lÔsh dÐnetai apì thn sqèsh

y2

2
ex + ye2x = c:

�

8 þUPARXH KAI MONADIKOTHTA THS LUSHS

Se aut  thn enìthta, thn teleutaÐa tou kefalaÐou 1, �a diapragmateutoÔme thn
Ôparxh kai monadikìthta thc lÔshc gia to genikì prìblhma arqik¸n tim¸n:

y
′
= f (x; y);
y(xo) = yo: (18)

Profan¸c den eÐmaste se �èsh na d¸soume mia mèjodo epÐlushc aut c thc dia-
�orik c all� mporoÔme na k�noume mia melèth gia thn Ôparxh kai monadikìthta
thc lÔshc. To parak�tw �e¸rhma mil�ei akrib¸c gia autì to �èma.

Je¸rhma 3 An h sun�rthsh f eÐnai suneq c kai h fy �ragmènh sth geitoni� tou
shmeÐou (xo; yo) tìte to prìblhma arqik¸n (18) èqei mia kai monadik  lÔsh sth geitoni�
autoÔ tou shmeÐou.

Sthn pragmatikìthta gia thn Ôparxh thc lÔshc arkeÐ h f na eÐnai suneq c en¸
gia thn monadikìthta apaiteÐtai epiplèon na eÐnai �ragmènh kai h pr¸th par�gwgoc
thc f wc proc y.

H grammik  exÐswsh pr¸thc t�xhc eÐnai profan¸c thc morf c (18) me f (x; y) =
g(x) − p(x)y. Parathr ste ìti fy(x; y) = −p(x). Dhl. an p(x) suneqeÐc se èna
di�sthma tìte gnwrÐzoume ìti eÐnai kai �ragmènh se autì to di�sthma. Se aut  thn
perÐptwsh loipìn to �e¸rhma 3 mac lèei an p; g suneqeÐc sthn geitoni� tou (xo; yo)
tìte up�rqei monadik  lÔsh sthn perioq  tou shmeÐou autoÔ. Dhlad , sumfwneÐ
me to �e¸rhma 1.

Ac p�me sthn exÐswsh tou paradeÐgmatoc (4). Ja diapist¸soume ìti to prìblh-
ma èqei monadik  lÔsh se mia perioq  tou (3; 1). Pr�gmati, sÔmfwna me to �e¸rhma
3 gia na èqoume monadik  lÔsh �a prèpei h merik  par�gwgoc thc f wc proc y na
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eÐnai �ragmènh se mia perioq  tou (3; 1). þOmwc f (x; y) = 7(x − 2)2
√
y − 1

x−2y kai
fy = 7(x−2)2 1

2
√y−

1
x−2 . Blèpoume ìti h f (x; y) eÐnai suneq c sto (2;+∞)×[0;+∞)

kai profan¸c to (3; 1) an kei se aut  thn perioq . Tèloc h fy eÐnai �ragmènh sto
di�sthma (3 − "1; 3 + "1) × (1 − "; 1 + ") gia k�poia "; "1 > 0. þAra èqei monadik 
lÔsh sto teleutaÐo di�sthma.

Parìmoia diereÔnhsh mporoÔme na k�noume kai gia tic upìloipec morfèc
diaforik¸n exis¸sewn pou melet same se autì to kef�laio.

9 LUMENA PARADEIGMATA

Par�deigma 17 Na �rejeÐ h genik  lÔsh:

y
′
+ 2xy2 = 0:

LÔsh:
Aut  sÐgoura den eÐnai grammik  diaforik  exÐswsh pr¸thc t�xhc. Moi�zei me

``Bernoulli'', all� ac dokim�soume m pwc eÐnai qwrizomènwn metablht¸n.

y
′
= −2xy2 ⇒ dy

dx
= −2xy2 ⇒

1
y2

dy = −2xdx:

þAra eÐnai qwrizomènwn metablht¸n kai den èqw par� na oloklhr¸sw kat� mèlh. To
apotèlesma eÐnai

−1
y

= −x2 + c ⇒ y =
1

x2 + c
:

Ac dokim�soume me thn ``Bernoulli''. Wc gnwstìn �ètoume z = 1
y ⇒ y

′
= − 1

z2 z
′
.

AntikajistoÔme sthn exÐswsh kai èqoume

− 1
z2

z
′
+ 2x

1
z2

= 0 ⇒

−z
′
+ 2x = 0 ⇒ z = x2 + c ⇒ y =

1
x2 + c

:

Katal xame sthn Ðdia genik  lÔsh. Ac upojèsoume t¸ra ìti mac èdinan kai
mia arqik  sunj kh h opoÐa �a èprepe na ikanopoihjeÐ. Ac poÔme ìti eÐnai h
ex c :y(1) = 0. Wc gnwstìn den èqoume par� na upologÐsoume thn stajer� ètsi ¸ste
na isqÔei h arqik  sunj kh. Dustuq¸c, den �a to katafèroume autì. Den up�rqei
k�poio c pou na ikanopoieÐ thn arqik  sunj kh. MporeÐ loipìn na mhn èqei lÔsh
to sugkekrimèno prìblhma arqik¸n tim¸n. Ac doÔme ti mac lèei to �e¸rhma 3.

H f (x; y) = −2xy2 eÐnai suneq c se k�je shmeÐo (xo; yo). þAra apì autì kai
mìno èqoume Ôparxh lÔshc. H fy(x; y) = −4xy h opoÐa epÐshc eÐnai suneq c pantoÔ,
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�ra kai �ragmènh se opoiod pote �ragmèno qwrÐo. Epomènwc, ìqi mìno up�rqei
lÔsh all� eÐnai kai monadik  gia opoiod pote shmeÐo (xo; yo) �ra kai gia to (1; 0).
To l�joc loipìn to èqoume k�nei emeÐc. Kai stic dÔo mejìdouc pou akolouj same
diairèsame me y kai �ra �a èprepe na upojèsoume ìti y 6= 0. Tautìqrona ìmwc
�a èprepe na doÔme m pwc eÐnai mia lÔsh gia thn diaforik  exÐswsh kai an to
k�noume �a doÔme ìti pr�gmati eÐnai. þAra, to swstì �a  tan na lègame ex�rq c
ìti h mhdenik  sun�rthsh eÐnai mia lÔsh kai y�qnoume na �roÔme tic upìloipec.
Dhlad  eÐnai pijanì, mia opoiad pote mèjodoc na mhn katal gei se mia genik 
lÔsh sthn opoÐa an koun ìlec (me mia epilog  thc stajer�c).

�

Par�deigma 18 Na �rejeÐ h genik  lÔsh:

xy
′
− ylny = 0:

LÔsh:
Ja deÐxoume ìti eÐnai qwrizomènwn metablht¸n. Pr�gmati

dy
dt

=
ylny
x

⇒ 1
ylny

dy =
1
x
dx:

Diairèsame p�li me y opìte �a perimènoume h genik  lÔsh na mhn perièqei thn
sun�rthsh y = 0. EpÐshc den eÐnai epitreptì, wc gnwstìn, y = 1 sthn logarijmik 
sun�rthsh diìti emfanÐzetai ston paronomast . Blèpoume p�li ìti h y = 1 eÐnai
mia lÔsh. Tèloc �a prèpei y > 0 diìti alli¸c den orÐzetai o log�rijmoc.

Ac oloklhr¸soume kat� mèlh. þEqoume

ln(ln(y)) = ln|x|+ c ⇒ lny
|x|

= c ⇒ lny = c|x| ⇒ y = e|x|c:

þAn douleÔoume gia x > 0 tìte h lÔsh eÐnai y = ecx an douleÔoume gia x < 0 h lÔsh
eÐnai y = e−cx . Ja prèpei na doulèyoume anagkastik� se tètoia diast mata diìti
to �e¸rhma 3 mac lèei ìti up�rqei lÔsh gia x 6= 0 kai y > 0.

�

Par�deigma 19 Na �rejeÐ h genik  lÔsh:

y
′
=

y
x

(ln
y
x

+ 1):

LÔsh:
H diaforik  exÐswsh gr�fetai

y
′
=

yln y
x + y

x
:
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MporoÔme na doÔme ìti aut  eÐnai mia omogen c �ajmoÔ 1. Pr�gmati an
g(x; y) = yln y

x + y tìte g(lx; ly) = lg(x; y) kai to Ðdio sumbaÐnei kai ston paronoma-
st . þAra èqoume na k�noume me mia omogen  diaforik  exÐswsh. Jètoume loipìn
z = y

x ⇒ y = xz antikajist¸ sthn exÐswsh kai èqw

xz
′
+ z =

xzlnz + xz
x

= zlnz + z ⇒ 1
zlnz

dz =
1
x
dx ⇒ z = e|x|c:

Epomènwc h lÔsh eÐnai y = xec|x|.
�

Par�deigma 20 Na lujeÐ to prìblhma arqik¸n tim¸n:

y
′
=

y
4x

+
x
y3

;

y(1) = 1:

LÔsh:
H exÐswsh aut  eÐnai mia exÐswsh ``Bernoulli''. Ac doÔme pr¸ta ti èqei na mac

peÐ to �e¸rhma 3 giautì. H f (x; y) = y
4x + x

y3 eÐnai suneq c se k�je perioq  pou den
perièqei ta shmeÐa {0} × R kai R × {0}. þAra sthn perioq  tou shmeÐou (1; 1) eÐnai
suneq c kai epomènwc se aut n up�rqei mia toul�qsto lÔsh. H fy(x; y) = 1

4x −
3x
y4 .

EÐnai �èbaia �ragmènh se èna di�sthma thc morf c (1 − "; 1 + ") × (1 − "; 1 + ")
dhl. se mia perioq  tou (1; 1). þAra se aut  thn perioq  èqei monadik  lÔsh. Ac
xekin soume thn diadikasÐa eÔreshc thc.

Jètw z = y4 kai antikajist¸ntac sthn exÐswsh katal gw sthn ex c grammik 
diaforik  exÐswsh

z
′
− 1

x
z = 4x:

H genik  lÔsh thc eÐnai z(x) = x(4x + c). Antistrèfontac ton metasqhmatismì
èqoume y(x) = (x(4x + c))

1
4 kai me thn arqik  sunj kh èqoume ìti h lÔsh pou

ikanopoieÐ kai thn arqik  sunj kh eÐnai y(x) = (x(4x − 3))
1
4

�

Par�deigma 21 Na �rejeÐ h genik  lÔsh kai katìpin na exetasjeÐ h sumperifor�
thc sto �peiro:

y
′
+ y = xe−x + 1:

LÔsh:
H diaforik  exÐswsh aut  eÐnai grammik  me p(x) = 1; g(x) = xe−x + 1. Ton

tÔpo thc lÔshc ton gnwrÐzoume kai eÐnai

y(x) =
∫
�(x)g(x)dx + c

�(x)
;
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me �(x) = e
∫

p(x)dx . UpologÐzoume pr¸ta to � to opoÐo eÐnai Ðso me ex . þEpeita
upologÐzoume thn genik  lÔsh h opoÐa eÐnai y(x) = x2

2ex + 1 + c
ex . Qrhsimopoi¸ntac

ton kanìna tou De l'Hospital eÔkola parathroÔme ìti ìlec oi lÔseic sugklÐnoun
sthn mon�da. þEqoun dhlad  thn Ðdia sumperifor� sto +∞.

�

Par�deigma 22 Na �rejeÐ h genik  lÔsh :

ydx + (x + 3y2)dy = 0:

LÔsh:
Ja doÔme m pwc eÐnai pl rhc diaforik  exÐswsh. Gia na to doÔme autì �a

prèpei na koit�xoume to �e¸rhma 2. Ac thn �èroume ìmwc pr¸ta sthn morf  pou
gnwrÐzoume. DiairoÔme me dx kai èqoume

y + (x + 3y2)
dy
dx

= 0:

þAra M(x; y) = y kai N(x; y) = x + 3y2. UpologÐzoume tic My; Nx kai èqoume
My = 1 = Nx . ParathroÔme akìma ìti ikanopoieÐtai to �e¸rhma 2 kai epomènwc
up�rqei g(x; y) me gx = y; gy = x + 3y2. Apì thn pr¸th èqoume ìti g(x; y) =
yx + h(y) kai �a prèpei na �roÔme thn h ètsi ¸ste gy = x + 3y2. Pr�gmati, prèpei
na isqÔei x + h

′
(y) = x + 3y2 ⇒ h

′
(y) = 3y2 ⇒ h(y) = y3. H lÔsh loipìn eÐnai

xy + y3 = c.
�
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KEFALAIO II. SUNHJEIS DIAFORIKES EXISWSEIS
DEUTERHS TAXHS.

Se autì to kef�laio �a asqolhjoÔme me diaforikèc exis¸seic deÔterhc t�xhc.
Dhlad , sthn exÐswsh �a emplèketai kai h deÔterh par�gwgoc thc �gnwsthc su-
n�rthshc. Sugkekrimèna, �a asqolhjoÔme me grammikèc exis¸seic deÔterhc t�xhc
twn opoÐwn h tupik  morf  eÐnai h ex c

y
′′

+ p(t)y
′
+ q(t)y = g(t): (19)

H exÐswsh aut  eÐnai mia omogen c grammik  exÐswsh deÔterhc t�xhc, ìtan g(t) = 0,
en¸ lègetai mh omogen c, an g(t) 6= 0. H exÐswsh (19) mazÐ me tic sunj kec

y(to) = yo; y
′
(to) = y1; (20)

apoteloÔn èna prìblhma arqik¸n tim¸n, ìpwc kai stic exis¸seic pr¸thc t�xhc.
Sthn pr¸th enìthta �a asqolhjoÔme me thn exÐswsh (19) ìtan oi suntelestèc

thc �gnwsthc sun�rthshc (dhl. p; q ) eÐnai stajerèc.

10 GRAMMIKES DIAFORIKES EXISWSEIS DEUTE-

RHS TAXHS ME STAJEROUS SUNTELESTES

Se aut  thn enìthta �a �ewr soume ìti p(t) = a1; q(t) = ao; g(t) = 0. Dhlad  �a
asqolhjoÔme me omogeneÐc grammikèc diaforikèc exis¸seic deÔterhc t�xhc.

þOpwc �a doÔme h epÐlush touc eÐnai arket� eÔkolh. Y�qnoume gia lÔseic
thc morf c ert . Ac upojèsoume loipìn ìti mia lÔsh gr�fetai se aut  thn morf .
Den èqoume par� na upologÐsoume thn r gia na ikanopoieÐtai h diaforik  exÐswsh.
Pr�gmati, prèpei na isqÔei

(ert)
′′

+ a1(ert)
′
+ aoert = 0 ⇒

r2ert + ra1ert + aoert = 0 ⇒
(r2 + ra1 + ao)ert = 0 ⇒

r2 + ra1 + ao = 0:

To r loipìn �a prèpei na ikanopoieÐ thn teleutaÐa exÐswsh thn opoÐa kai onom�zoume
qarakthristik  exÐswsh thc diaforik c exÐswshc.

Up�rqoun dhlad  treÐc peript¸seic. H mia eÐnai, h qarakthristik  exÐswsh,
na èqei dÔo diaforetikèc pragmatikèc lÔseic. H deÔterh perÐptwsh eÐnai na èqei mia
dipl  �Ðza kai h trÐth na èqei migadikèc lÔseic. Ac doÔme sthn pr¸th perÐptwsh ti
apotèlesma èqoume.

PerÐptwsh 1
Se aut  thn perÐptwsh èqoume �1; �2 pragmatikèc �Ðzec thc qarakthristik c e-

xÐswshc kai diaforetikèc. Tìte, sÔmfwna me ta prohgoÔmena, profan¸c oi e�1t ; e�2t
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eÐnai lÔseic thc diaforik c exÐswshc. þOpwc mporoÔme polÔ eÔkola na diapist¸-
soume kai oi c1e�1t ; c2e�2t gia opoiesd pote stajerèc, eÐnai epÐshc lÔseic. Tèloc
mporoÔme na diapist¸soume (af netai san �skhsh) ìti kai to �jroisma dÔo tè-
toiwn lÔsewn, eÐnai epÐshc mia lÔsh. þAra h sun�rthsh

y(t) = c1e�1t + c2e�2t ; (21)

eÐnai mia lÔsh thc diaforik c exÐswshc gia tuqaÐec stajerèc c1; c2. Parak�tw �a
deÐxoume ìti ìlec oi lÔseic èqoun aut  thn morf . Dhlad  h diadikasÐa pou ako-
louj same mac odhgeÐ sthn genik  lÔsh, ìpwc lème. Dhlad  k�je lÔsh perièqetai
sthn morf  (21).

PerÐptwsh 2
Se aut  thn perÐptwsh, èqoume mia dipl  �Ðza, èstw �. Dhlad  mia lÔsh ekjeti-

k c morf c eÐnai h e�x . Qreiazìmaste �llh mia eidik  lÔsh gia na kataskeu�soume
thn genik . Ac upojèsoume ìti aut  èqei thn morf  y(x) = e�xY (x) kai �a pro-
spaj soume na �roÔme thn sun�rthsh Y ètsi ¸ste h y na ikanopoieÐ thn exÐswsh.
Pr�gmati, upologÐzoume tic parag¸gouc thc y kai antikajistoÔme sthn exÐswsh,

(Y
′′

+ 2�Y ′ + �2Y ) + a1(Y ′ + �Y ) + aoY = 0 ⇒
Y
′′

+ (2� + a1)Y ′ + (�2 + a1� + ao)Y = 0:

þEqoume mia diaforik  exÐswsh deÔterhc t�xhc me �gnwsth sun�rthsh thn Y . Para-
throÔme ìmwc ìti 2�+a1 = �2+a1�+ao = 0 afoÔ � dipl  �Ðza thc qarakthristik c
exÐswshc thc arqik c exÐswshc. þAra katal goume sthn ex c apl  diaforik  exÐsw-
sh me �gnwsth sun�rthsh thn Y ,

Y
′′

= 0 ⇒ Y = c1 + c2x:

þAra, h y(x) = c1e�x + c2xe�x . Parak�tw �a deÐxoume ìti pr�gmati h genik  lÔsh
eÐnai aut c thc morf c.

PerÐptwsh 3
Sthn teleutaÐa aut  perÐptwsh, èqoume dÔo migadikèc �Ðzec. Ac eÐnai autèc

oi r1 = � + i�; r2 = � − i�. H genik  lÔsh �a dÐnetai loipìn apì thn y(x) =
c1er1x + c2er2x . þOmwc mporoÔme autì na to gr�youme me èna trìpo ¸ste na mhn em-
�anÐzetai migadikìc arijmìc. Ac anakalèsoume mia sqèsh apì thn migadik  an�lu-
sh. GnwrÐzoume ìti isqÔei eix = cosx+isinx. þAra h genik  lÔsh eÐnai y(x) = c1er1x+
c2er2x = e�x((c1 + c2)cos(�x) + i(c1 − c2)sin(�x) = c

′

1e
�xcos(�x) + c

′

2e
�xsin(�x) me

c
′

1 = c1 + c2; c
′

2 = i(c1 − c2). An dialèxoume c1; c2 na eÐnai suzugeÐc migadikoÐ, tìte
mporoÔme na �ewr soume ìti c

′

1; c
′

2 eÐnai pragmatikoÐ arijmoÐ.

Par�deigma 23 Na lujeÐ to parak�tw prìblhma arqik¸n tim¸n

y
′′

+ 5y
′
+ 6y = 0;

y(0) = 2; y
′
(0) = 3:
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LÔsh:
To pr¸to pr�gma pou k�noume se autèc tic exis¸seic (me stajeroÔc sunte-

lestèc) eÐnai na koit�xoume thn qarakthristik  exÐswsh, h opoÐa sthn prokeimènh
perÐptwsh eÐnai

r2 + 5r + 6 = (r + 2)(r + 3) = 0:

þAra oi dunatèc timèc tou r eÐnai oi r1 = −3; r2 = −2 kai epomènwc h genik  lÔsh
eÐnai

y(t) = c1e−2t + c2e−3t :

Gia na ikanopoihjoÔn kai oi arqikèc sunj kec �a prèpei na dialèxoume tic stajerèc
ètsi ¸ste y(0) = 2; y

′
(0) = 3. H pr¸th sqèsh mac dÐnei c1 + c2 = 2. Gia na doÔme

ti mac dÐnei h deÔterh �a prèpei na �roÔme pr¸ta thn par�gwgo thc lÔshc, h
opoÐa eÐnai y

′
(t) = −2c1e−2t − 3c2e−3t . þEtsi h deÔterh arqik  sunj kh mac dÐnei

−2c1− 3c2 = 3. LÔnontac autèc tic dÔo exis¸seic me agn¸stouc tic c1; c2 �rÐskoume
ìti c1 = 9; c2 = −7. þAra h lÔsh tou probl matoc arqik¸n tim¸n eÐnai

y(t) = 9e−2t − 7e−3t :

�

Par�deigma 24 Na �rejeÐ mia diaforik  exÐswsh thc opoÐac h genik  lÔsh eÐnai

y(t) = c1e2t + c2e−3t :

LÔsh:
Aut  h genik  lÔsh moi�zei na proèrqetai apì mia diaforik  exÐswsh deÔterhc

t�xhc me stajeroÔc suntelestèc. Apì thn morf  thc loipìn èqoume thn qarakthri-
stik  exÐswsh thc diaforik c exÐswshc pou y�qnoume, h opoÐa eÐnai (r−2)(r+3) =
0 ⇒ r2 +r−6 = 0 epomènwc ìpwc eÔkola mporoÔme na diapist¸soume h diaforik 
exÐswsh pou èqei aut  thn qarakthristik  exÐswsh eÐnai h

y
′′
(t) + y

′
(t)− 6y = 0:

�

Par�deigma 25 Na lujeÐ to parak�tw prìblhma arqik¸n tim¸n

16y
′′
− 8y

′
+ 145y = 0;

y(0) = −2; y
′
(0) = 1:

LÔsh:
H qarakthristik  exÐswsh eÐnai 16r2−8r+145 = 0 kai oi �Ðzec thc eÐnai 1

4±3i.
Opìte h genik  lÔsh thc �a eÐnai

y(t) = c1e
t
4 cos 3t + c2e

t
4 sin 3t:
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Gia na ikanopoihjeÐ h pr¸th arqik  sunj kh prèpei na isqÔei y(0) = c1 = −2
en¸, afoÔ �roÔme thn par�gwgo thc lÔshc, upologÐzoume kai thn deÔterh stajer�
h opoÐa eÐnai c2 = 1

2 . þAra h lÔsh tou probl matoc arqik¸n tim¸n eÐnai

y(t) = −2e
t
4 cos 3t +

1
2
e

t
4 sin 3t:

Par�deigma 26 Na lujeÐ to parak�tw prìblhma arqik¸n tim¸n

y
′′
− y

′
+ 0:25y = 0;

y(0) = 2; y
′
(0) =

1
3
:

LÔsh:
H qarakthristik  exÐswsh eÐnai

r2 − r + 0:25 = 0;

�ra oi �Ðzec eÐnai r1 = r2 = 1
2 . þAra h genik  lÔsh eÐnai y(t) = c1e

t
2 + c2te

t
2 . þOpwc

kai sta prohgoÔmena paradeÐgmata upologÐzoume tic stajerèc c1; c2 ètsi ¸ste na
ikanopoioÔntai oi arqikèc sunj kec. Oi timèc touc eÐnai c1 = 2; c2 = − 2

3 . þAra h
lÔsh tou probl matoc arqik¸n tim¸n eÐnai y(t) = 2e

t
2 − 2

3 te
t
2 .

�

11 GRAMMIKES DIAFORIKES EXISWSEIS DEUTERHS

TAXHS ME MH STAJEROUS SUNTELESTES

Se aut  thn enìthta �a asqolhjoÔme me tic grammikèc diaforikèc exis¸seic deÔte-
�hc t�xhc me mh stajeroÔc suntelestèc. Ed¸ eÐnai qr simo na orÐsoume thn ènnoia
tou diaforikoÔ telest . þEstw p; q suneqeÐc sunart seic se èna anoiqtì di�sthma
I, dhl. gia a < t < b. Tìte gia k�je sun�rthsh � dÔo �orèc paragwgÐsimh sto I,
orÐzoume ton diaforikì telest  L apì thn exÐswsh

L[�] = �
′′

+ p�
′
+ q�:

Parathr ste loipìn, ìti o diaforikìc telest c eÐnai mia ``mhqan � h opoÐa paÐrnei
mia sun�rthsh kai dÐnei mia �llh. To pedÐo tim¸n tou sugkekrimènou diaforikoÔ te-
lest  eÐnai oi sunart seic pou eÐnai dÔo �orèc paragwgÐsimec, en¸ gia par�deigma
mia sun�rthsh pou èqei mìno thn pr¸th par�gwgo, den an kei sto pedÐo orismoÔ
tou diaforikoÔ telest  pou orÐsame parap�nw.

SÔmfwna loipìn me autì ton orismì h omogen c diaforik  exÐswsh (19) gr�-
�etai san L[y](t) = 0. Ac anafèroume èna �e¸rhma Ôparxhc kai monadikìthtac gia
to prìblhma arqik¸n tim¸n.
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Je¸rhma 4 JewroÔme to prìblhma arqik¸n tim¸n

L[y](t) = g(t);

y(to) = yo; y
′
(to) = y1:

ìpou p; q; g eÐnai suneqeÐc sunart seic se èna anoiqtì di�sthma I . Tìte up�rqei akri-
�¸c mia lÔsh autoÔ tou probl matoc kai h lÔsh orÐzetai se ìlo to di�sthma I .

EÐnai polÔ eÔkolo na apodeiqjeÐ h epìmenh prìtash..

Prìtash 1 An y1; y2 eÐnai lÔseic thc exÐswshc L[y](t) = 0 tìte o grammikìc sundua-
smìc c1y1 + c2y2 eÐnai epÐshc mia lÔsh gia opoiad pote tim  twn stajer¸n c1; c2.

Orismìc 3 þEstw dÔo lÔseic thc exÐswshc L[y](t) = 0. H parak�tw orÐzousa lègetai
orÐzousa Wronski twn lÔsewn y1; y2

W (y1; y2)(to) =
∣∣∣∣ y1(to) y2(to)
y
′

1(to) y
′

2(to)

∣∣∣∣ = y1(to)y
′

2(to)− y
′

1(to)y2(to):

Je¸rhma 5 Upojètoume ìti y1; y2 eÐnai dÔo lÔseic thc exÐswshc L[y](t) = 0 kai ìti h
orÐzousa Wronski den eÐnai mhdèn sto shmeÐo to sto opoÐo èqoun orisjeÐ oi sunj kec
y(to) = yo; y

′
(to) = y1. Tìte up�rqei mia epilog  twn stajer¸n c1; c2 gia thn opoÐa h

y(t) = c1y1(t) + c2y2(t) ikanopoieÐ th diaforik  exÐswsh kai tic arqikèc sunj kec.
Tèloc an up�rqei èna shmeÐo to gia to opoÐo h orÐzousa Wrosnki den eÐnai mhdèn, tìte
h oikogèneia lÔsewn y(t) = c1y1 + c2y2 perilamb�nei k�je lÔsh thc exÐswshc.

H lÔsh aut  onom�zetai genik  lÔsh (afoÔ perilamb�nei k�je lÔsh thc exÐ-
swshc) kai epiplèon oi y1; y2 pou sqhmatÐzoun aut  thn genik  lÔsh, onom�zetai
�emeli¸dec sÔnolo lÔsewn thc exÐswshc. ApodeiknÔetai ìti an p; q eÐnai sune-
qeÐc se k�poio di�sthma I tìte p�nta up�rqei èna �emeli¸dec sÔnolo lÔsewn thc
exÐswshc.

Orismìc 4 Duo sunart seic f; g onom�zontai grammik¸c exarthmènec se èna di�sthma
I , an up�rqoun dÔo stajerèc k1; k2 ìqi kai oi dÔo mhdèn, tètoiec ¸ste

k1f (t) + k2g(t) = 0;

gia k�je t sto I . Antjètwc, onom�zontai grammik¸c anex�rthtec.

Je¸rhma 6 þEstw y1; y2 lÔseic thc L[y](t) = 0 ìpou p; q suneqeÐc se èna anoi-
qtì di�sthma I . Tìte oi y1; y2 eÐnai grammik¸c exarthmènec sto I an kai mìno an h
W (y1; y2)(t) eÐnai mhdèn gia ìla ta ta t sto I . Enallaktik�, oi y1; y2 eÐnai grammik¸c
anex�rthtec sto I an kai mìno an h W (y1; y2)(t) den mhdenÐzetai poujen� sto I .

MporoÔme na upologÐsoume thn orÐzousa Wronski mìno apì thn exÐswsh,
qwrÐc na gnwrÐzoume dhl. k�poiec lÔseic thc. þEstw y1; y2 lÔseic thc omogenoÔc kai
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p; q eÐnai suneq c se èna anoiqtì di�sthma I tìte h orÐzousa Wronski dÐnetai apì
thn sqèsh W (t) = ce−

∫
p(t)dt , ìpou c mia stajer� pou exart�tai apì tic lÔseic

y1; y2 all� ìqi apì to di�sthma I. Dhl. upologÐzoume thn orÐzousa me diafor� mia
stajer�. Epiplèon, h orÐzousa eÐnai eÐte mhdèn pantoÔ sto I (an c = 0) eÐte di�forh
tou mhdenìc.

H apìdeixh tou parap�nw èqei wc ex c :
Oi y1; y2 ikanopoioÔn tic ex c sqèseic

y
′′

1 + p(t)y
′

1 + q(t)y1 = 0;

y
′′

2 + p(t)y
′

2 + q(t)y2 = 0:

Pollaplasi�zoume thn pr¸th me thn −y2 kai thn deÔterh me y1 kai prosjètontac
èqoume

(y1y
′′

2 − y
′′

1y2) + p(t)(y1y
′

2 − y
′

1y2) = 0:

Parathr¸ntac ìtiW
′
= y1y

′′

2 −y
′′

1y2 mporoÔme na gr�youme thn teleutaÐa exÐswsh
wc ex c

W
′
+ p(t)W = 0;

thc opoÐac h lÔsh eÐnai W (t) = ce−
∫

p(t)dt .
Parat rhsh: An �èloume na upologÐsoume thn orÐzousa Wronski dÔo gnw-

st¸n lÔsewn thc omogenoÔc, �a prèpei na to k�noume kateujeÐan apì ton orismì kai
ìqi qrhsimopoi¸ntac ton parap�nw tÔpo, diìti o tÔpoc autìc mac dÐnei thn tim  thc
orÐzousac me diafor� mia pollaplasiastik  stajer�, �ra den gnwrÐzoume ètsi an
eÐnai mhdèn   ìqi. Autì eÐnai logikì diìti, opoiesd pote dÔo lÔseic thc omogenoÔc
den apoteloÔn p�nta �emeli¸dec sÔnolo lÔsewn.

Ac sunoyÐsoume lÐgo ìla aut� ta pr�gmata se merikèc grammèc. þEstw p; q
suneqeÐc se èna anoiqtì di�sthma I. þEstw epÐshc y1; y2 lÔseic thc

y” + p(t)y
′
+ q(t)y = 0:

Tìte oi epìmenec tèsseric prot�seic eÐnai isodÔnamec.
1) Oi sunart seic y1; y2 apoteloÔn èna �emeli¸dec sÔnolo lÔsewn sto I,
2) Oi sunart seic y1; y2 eÐnai grammik¸c anex�rthtec sto I,
3) W (y1; y2)(to) 6= 0 gia k�poio to sto I,
4) W (y1; y2)(t) 6= 0 gia ìla ta t sto I.
To sumpèrasma ìson afor� thn eÔresh lÔshc eÐnai ìti den up�rqei k�poioc

trìpoc na �roÔme èna �emeli¸dec sÔnolo lÔsewn. Parìla aut� an gnwrÐzoume  dh
mÐa mporoÔme na upologÐsoume kai thn deÔterh apì thn ex c sqèsh

y2(t) = y1(t)
∫

W (t)
y2

1

dt:

Tèloc, ìson afor� tic mh omogeneÐc grammikèc diaforikèc exis¸seic deÔterhc
t�xhc, dhlad  gia thn exÐswsh y

′′
+p(t)y

′
+q(t)y = g(t), isqÔei to epìmeno �e¸rhma
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Je¸rhma 7 An oi sunart seic p; q; g eÐnai suneqeÐc se èna anoiqtì di�sthma I , kai
an oi sunart seic y1; y2 eÐnai grammik¸c anex�rthtec lÔseic thc omogenoÔc exÐswshc,
tìte mia merik  lÔsh eÐnai h

Y (t) = −y1(t)
∫

y2(t)g(t)
W (y1; y2)(t)

dt + y2(t)
∫

y1g(t)
W (y1; y2)(t)

dt;

kai h genik  lÔsh eÐnai h

y(t) = c1y1(t) + c2y2(t) + Y (t):

Apìdeixh:
Ac upojèsoume ìti gnwrÐzoume thn genik  lÔsh thc omogenoÔc exÐswshc kai

eÐnai h

yc(t) = c1y1(t) + c2y2(t):

Y�qnoume na �roÔme mia eidik  lÔsh thc mh omogenoÔc h opoÐa �a èqei thn morf 

y(t) = u1(t)y1(t) + u2(t)y2(t); (22)

ìpou u1; u2 �gnwstec sunart seic tic opoÐec �a prèpei na upologÐsoume, en¸ y1; y2

eÐnai to �emeli¸dec sÔnolo lÔsewn thc omogenoÔc. H sun�rthsh y loipìn �a prèpei
na ikanopoieÐ thn diaforik  exÐswsh. ParagwgÐzoume thn y kai èqoume

y
′
= u

′

1(t)y1(t) + u1(t)y
′

1(t) + u
′

2(t)y2(t) + u2(t)y
′

2(t): (23)

ApaitoÔme u
′

1(t)y1(t) + u
′

2(t)y2(t) = 0, opìte h parap�nw sqèsh gÐnetai y
′
(t) =

u1(t)y
′

1(t) + u2(t)y
′

2(t). ParagwgÐzontac ek nèou èqoume

y
′′
(t) = u

′

1(t)y
′

1(t) + u1(t)y
′′

1 (t) + u
′

2(t)y
′

2 + u2(t)y
′′

2 :

T¸ra, antikajistoÔme tic ekfr�seic pou èqoume gia tic y; y
′
; y

′′
sthn diaforik 

exÐswsh kai èqoume

u1(t)[y
′′

1 (t) + p(t)y
′

1(t) + q(t)y1(t)]

+ u2(t)[y
′′
(t) + p(t)y

′

2(t) + q(t)y2(t)]

+ u
′

1(t)y
′

1(t) + u
′

2(t)y
′

2(t) = g(t):

Oi ekfr�seic stic agkÔlec ìmwc eÐnai mhdèn, diìti oi y1; y2 eÐnai lÔseic thc omoge-
noÔc. Epomènwc èqoume

u
′

1(t)y
′

1(t) + u
′

2(t)y
′

2(t) = g(t):

þEqoume loipìn sta qèria mac dÔo exis¸seic me tic parag¸gouc twn dÔo �gnwstwn
sunart sewn. H lÔsh tou sust matoc eÐnai

u
′

1(t) = − y2(t)g(t)
W (y1; y2)(t)

; u
′

2(t) =
y1(t)g(t)

W (y1; y2)(t)
;
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ìpou h W (y1; y2) h orÐzousa Wronski twn y1; y2. H orÐzousa eÐnai di�forh tou
mhdenìc diìti oi y1; y2 eÐnai �emeli¸dec sÔnolo lÔsewn thc omogenoÔc. Tèloc, olo-
klhr¸nontac tic prohgoÔmenec sqèseic èqoume to 
htoÔmeno.

�
Sto par�deigma (23) �r kame ìti lÔseic thc diaforik c exÐswshc eÐnai oi

y1(t) = e−2t ; y2(t) = e−3t . Ac upologÐsoume thn orÐzousa Wronski, twn dÔo aut¸n
sunart sewn.

W (y1; y2) =
∣∣∣∣ e−2t e−3t

−2e−2t −3e−3t

∣∣∣∣ = −e−5t

dhlad  h orÐzousa eÐnai di�forh tou mhdenìc gia ìlec tic timèc tou t, �ra ìpwc
eÐpame prin, oi y1; y2 apoteloÔn èna �emeli¸dec sÔnolo lÔsewn gia thn diaforik 
exÐswsh. Genik� mporeÐ na deiqjeÐ ìti ìtan èqoume stajeroÔc suntelestèc kai oi �Ðzec
thc qarakthristik c exÐswshc eÐnai pragmatikèc kai diaforetikèc, èstw r1; r2 tìte
oi y1(t) = er1t ; y2(t) = er2t apoteloÔn èna �emeli¸dec sÔnolo lÔsewn. Pr�gmati
an upologÐsoume thn orÐzousa Wronski �a doÔme ìti eÐnai Ðsh me (r2 − r1)e(r1+r2)t

dhlad  di�forh tou mhdenìc.
Sthn perÐptwsh pou eÐqame migadikèc �Ðzec isqurist kame ìti oi sunart seic

e�tcos(�t); e�tsin(�t) eÐnai èna �emeli¸dec sÔnolo lÔsewn. Pr�gmati, an upologÐ-
soume thn orÐzousaWronski �a doÔme ìti eÐnai �e�t . An loipìn � 6= 0 tìte h orÐzousa
eÐnai di�forh tou mhdenìc kai �ra oi dÔo sunart seic apoteloÔn �emeli¸dec sÔnolo
lÔsewn.

Sthn trÐth perÐptwsh, eÐdame ìti dÔo lÔseic eÐnai oi e�t ; te�t . Autèc apoteloÔn
�emeli¸dec sÔnolo lÔsewn diìti h orÐzousa Wronski eÐnai Ðsh me e2�t 6= 0.

Par�deigma 27 Na �rejeÐ h genik  lÔsh sto parak�tw prìblhma ìtan gnwrÐzoume
ìti y1(t) = t eÐnai mia lÔsh

ty
′′
− (t + 2)y

′
+ (1 +

2
t
)y = 0:

LÔsh:
Ac upologÐsoume pr¸ta thn orÐzousa Wronski thc diaforik c exÐswshc.

W = ce
∫ t+2

t dt = ct2et :

þEtsi me thn gnwst  sqèsh, mporoÔme na upologÐsoume kai mia deÔterh lÔsh. Pr�g-
mati,

y2(t) = ct
∫

t2et

t2
dt = ct

∫
etdt = ctet :

þAra h genik  lÔsh thc diaforik c exÐswshc eÐnai

y(t) = c1y1(t) + c2y2(t):

�
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12 EPILUSH GRAMMIKWN DIAFORIKWN EXISWSE-

WN DEUTERHS TAXHS ME THN MEJODO TWN

DUNAMOSEIRWN.

Sto kef�laio autì �a doÔme pwc mporeÐ kaneÐc na qrhsimopoi sei tic �ewrÐa twn
dunamoseir¸n, gia thn epÐlush grammik¸n diaforik¸n exis¸sewn deÔterhc t�xhc.
Pr¸ta �a k�noume mia anaskìphsh apì thn �ewrÐa twn dunamoseir¸n.

Katarq n, �a prèpei na poÔme ìti dunamoseir� eÐnai mia sun�rthsh, gia pa-
��deigma tou x. H tupik  morf  miac dunamoseir�c eÐnai h ex c

lim
m→∞

m∑
n=0

an(x − xo)n :

Dunamoseir� loipìn eÐnai èna �peiro �jroisma sugkekrimènwn sunart sewn, dhl.
to �jroisma twn an(x − xo)n.

H dunamoseir�, gÐnetai apl� apeiroseir�, an epilèxei kaneÐc èna sugkekrimè-
no x, dhl. tìte gÐnetai èna �peiro �jroisma arijm¸n (afoÔ to xo eÐnai dedomènoc
arijmìc). Ja lème loipìn, ìti gia k�poio sugkekrimèno x h dunamoseir� sugklÐnei,
ìtan h apeiroseir� sugklÐnei. MporeÐ na �antasteÐ kaneÐc ìti mia dunamoseir� den
mporeÐ na sugklÐnei gia k�je x, en gènei.

Akìmh, lème ìti h dunamoseir� sugklÐnei apìluta gia èna shmeÐo x an h seir�

∞∑
n=0

|an(x − xo)n|

sugklÐnei. MporeÐ na apodeiqjeÐ ìti, an h seir� sugklÐnei apìluta, tìte sugklÐnei
kai apl�. To antÐstrofo den eÐnai p�nta alhjèc.

þEna qr simo ergaleÐo gia thn apìluth sÔgklish miac dunamoseir�c eÐnai to
krit rio tou lìgou. An an 6= 0 kai gia mia stajer  tim  tou x

lim
n→∞

|an+1(x − xo)n+1

an(x − xo)n
| = |x − xo| lim

n→∞
|an+1

an
| = |x − xo|L;

tìte h dunamoseir� sugklÐnei apìluta sto x an |x − x + o|L < 1, kai apìklinei an
|x − xo|L > 1. An |x − xo|L = 1 den mporoÔme na �g�loume k�poio sumpèrasma.

An h dunamoseir� sugklÐnei gia k�poio x = x1, tìte sugklÐnei apìluta gia
ìla ta x tètoia ¸ste |x− xo| < |x1− xo|. An apoklÐnei gia x = x1, tìte apoklÐnei kai
gia x me |x − xo| > |x1 − xo|.

Up�rqei ènac mh arnhtikìc arijmìc �, pou kaleÐtai aktÐna sÔgklishc, tètoioc
¸ste h dunamoseir� na sugklÐnei apìluta gia ìla ta x me |x−xo| < � kai apoklÐnei
gia |x−xo| > �. Gia mia seir� pou apoklÐnei gia ìla ta x lème ìti to � eÐnai �peiro.
An � > 0, tìte to dÐasthma |x − xo| < � kaleÐtai di�sthma sÔgklishc. H seir�
mporeÐ na apoklÐnei   na sugklÐnei ìtan |x − xo| = �.
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An oi
∑∞

n=0 an(x − xo)n kai
∑∞

n=0 bn(x − xo)n sugklÐnoun stic f (x); g(x) antÐ-
stoiqa, gia |x − xo| < �; me � > 0, tìte ta akìlouja eÐnai alhj  gia to di�sthma
sÔgklishc.

1) Oi seirèc mporoÔn na prostejoÔn   na afairejoÔn kat� ìrouc,

f (x)± g(x) =
∞∑
n=0

(an ± bn)(x − xo)n :

2) Oi seirèc mporoÔn na pollaplasiastoÔn,

f (x)g(x) = [
∞∑
n=0

an(x − xo)n][
∞∑
n=0

bn(x − xo)n] =
∞∑
n=0

cn(x − xo)n ;

ìpou cn = aobn + a1bn−1 + ::: + anbo.
3) H sun�rthsh f eÐnai suneq c kai èqei parag¸gouc ìlwn twn t�xewn gia

|x − xo| < �. Epiplèon, oi f
′
; f

′′
; ::: mporoÔn na upologistoÔn paragwgÐzontac th

seir� kat� ìrouc, dhl.

f
′
= a1 + 2a2(x − xo) + ::: + nan(x − xo)n−1 + :::

=
∞∑
n=1

nan(x − xo)n−1;

f
′′

=
∞∑
n=2

n(n − 1)an(x − xo)n−2;

parìmoia gia tic �llec parag¸gouc. K�je mia apì tic seirèc autèc sugklÐnei apì-
luta gia |x − xo| < �.

4) H tim  tou an dÐnetai apì ton tÔpo

an =
f n(xo)
n!

:

H seir� aut  kaleÐtai seir� Taylor thc sun�rthshc f sthn perioq  tou x = xo. Dhl.
an mia sun�rthsh eÐnai �peirec �orèc paragwgÐsimh mporeÐ na grafeÐ san to ìrio
miac dunamoseir�c.

5) An
∑∞

n=0 an(x − xo)n =
∑∞

n=0 bn(x − xo)n gia k�je x, tìte an = bn ; n =
0; 1; :::. Eidikìtera, an

∑∞
n=0 an(x − xo)n = 0 gia k�je x, tìte ao = a1 = ::: = 0.

Mia sun�rthsh f pou èqei an�ptugma se seir� Taylor sthn perioq  tou x = xo,

f (x) =
∞∑
n=0

f n(xo)
n!

(x − xo)n ;

me aktÐna sÔgklishc � > 0, lègetai analutik  sto x = xo. SÔmfwna me tic idiìthtec
pou èqoun anaferjeÐ, an oi f; g eÐnai analutikèc sto xo, oi f ± g; f · g; f=g eÐnai
analutikèc sto x = xo.
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Metatìpish tou DeÐkth þAjroishc. O deÐkthc �jroishc mporeÐ na metatopi-
sjeÐ an qrei�zetai arkeÐ na all�xoume kat�llhla kai thn posìthta pou ajroÐzoume.
Gia par�deigma isqÔei to ex c

∞∑
n=2

anxn =
∞∑

m=0

am+2xm+2 =
∞∑
n=0

an+2xn+2

T¸ra eÐmaste ètoimoi na mil soume gia thn lÔsh grammik¸n diaforik¸n exi-
s¸sewn deÔterhc t�xhc me thn mèjodo twn dunamoseir¸n.

Y�qnoume lÔseic thc morf c

y =
∞∑
n=0

an(x − xo)n ;

kai upojètoume ìti h seir� sugklÐnei sto di�sthma |x − xo| < � gia k�poio � >
0. Thn morf  aut  thn antikajistoÔme sthn exÐswsh kai èpeita prospajoÔme na
upologÐsoume touc suntelestèc an.

Orismìc 5 þEstw h diaforik  exÐswsh L[y](t) = 0 me p; q suneqeÐc. Ja lème ìti èna
shmeÐo xo ∈ R eÐnai omalì, an oi sunart seic p; q eÐnai analutikèc se autì to shmeÐo.

Ed¸ �a asqolhjoÔme me diaforikèc exis¸seic gia tic opoÐec oi suntelestèc
eÐnai analutikèc sunart seic gia k�je x ∈ R   èstw gia to shmeÐo pou �èloume na
anaptÔxoume thn lÔsh.

Ac doÔme èna par�deigma.
Na �rejeÐ lÔsh se morf  seir�c gia thn exÐswsh

y
′′

+ y = 0;−∞ < x <∞:

AnazhtoÔme mia lÔsh se morf  dunamoseir�c gÔrw apì to xo = 0, dhl.

y =
∞∑
n=0

anxn ;

kai upojètoume ìti h seir� sugklÐnei se k�poio di�sthma |x| < �. ParagwgÐzontac
kata ìro èqoume

y
′
=

∞∑
n=1

nanxn−1;

y
′′

=
∞∑
n=2

n(n − 1)anxn−2:

Antikajist¸ntac sthn diaforik  exÐswsh ta y; y
′
me tic seirèc pou upologÐsame

èqoume
∞∑
n=2

n(n − 1)anxn−2 +
∞∑
n=0

anxn = 0:
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Sto pr¸to �jroisma, metatopÐzoume to deÐkth �jroishc antikajist¸ntac to n me
n + 2 kai èqoume

∞∑
n=0

(n + 2)(n + 1)an+2xn +
∞∑
n=0

anxn = 0;

∞∑
n=0

[(n + 2)(n + 1)an+2 + an]xn = 0:

Gia na ikanopoieÐtai h teleutaÐa exÐswsh prèpei

(n + 2)(n + 1)an+2 + an = 0:

H sqèsh aut  eÐnai mia anadromik  sqèsh. Sto par�deigma autì, upologÐzontai
qwrist� oi ìroi me perittì deÐkth apì autoÔc me �rtio deÐkth. Gia touc suntelestèc
me �rtio deÐkth èqoume

a2 = − ao
2 · 1

= −ao
2!
; a4 = −ao

4!
; ::::

Dhlad , genik� èqoume

an = a2k =
(−1)k

(2k)!
ao; k = 1; 2; 3; ::::

Me perittì deÐkth eÐnai eÔkolo na deiqjeÐ ìti

an = a2k+1 =
(−1)k

2k + 1)!
a1; k = 1; 2; 3; :::

AfoÔ upologÐsame touc suntelestèc thc dunamoseir�c, ac doÔme pwc gr�fetai

y(x) = ao
∞∑
n=0

(−1)n

(2n)!
x2n + a1

∞∑
n=0

(−1)n

(2n + 1)!
x2n+1:

MporoÔme na doÔme ìti h pr¸th seir� eÐnai to an�ptugma Taylor thc cosx gÔrw
apì to xo = 0 kai h deÔterh eÐnai to an�ptugma Taylor tou sinx sto xo = 0. þAra,
ìpwc anamenìtan, lamb�noume th lÔsh y = aocosx+a1sinx. AfoÔ den epib�llontai
sunj kec sta ao; a1, ta �ewroÔme aujaÐreta.

�

ShmeÐwsh 4 Sto �iblÐo twn Thomas− Finney ston deÔtero tìmo, �rÐskei kaneÐc ènan
pÐnaka me orismènec sunart seic kai tic antÐstoiqec dunamoseirèc sthn sel. 101.

Ac proqwr soume se èna epìmeno par�deigma. Na �rejeÐ mia lÔsh se duna-
moseir� tou x thc exÐswshc

y
′′
− xy = 0;−∞ < x <∞
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Upojètoume loipìn ìti h lÔsh gr�fetai sth morf 

y =
∞∑
n=0

anxn ;

kai ìti h seir� sugklÐnei se k�poio di�sthma |x| < �. þEqoume  dh upologÐsei thn
pr¸th kai deÔterh par�gwgo aut c thc dunamoseir�c, opìte den èqoume para na
thn antikatast soume sthn exÐswsh. þEqoume

∞∑
n=0

(n + 2)(n + 1)an+2xn = x
∞∑
n=0

anxn =
∑
n=0

anxn+1:

K�nontac mia metatìpish ston deÐkth �jroishc sto dexÐ mèloc èqoume

2 · 1a2 +
∞∑
n=1

(n + 2)(n + 1)an+2xn =
∞∑
n=1

an−1xn :

Epomènwc �a prèpei na isqÔei to ex c

a2 = 0;
(n + 2)(n + 1)an+2 = an−1; n = 1; 2; 3; :::

Apì thn anadromik  sqèsh, eÔkola �lèpoume ìti a5 = a8 = a11 = ::: = 0. Gia
thn akoloujÐa ao; a3; a6; ::: katal goume sthn anadromik  sqèsh

a3 =
ao

2 · 3
; a6 =

a3

5 · 6
=

ao
2 · 3 · 5 · 6

; a9 =
a6

8 · 9
=

ao
2 · 3 · 5 · 6 · 8 · 9

; :::

Ta apotelèsmata aut� odhgoÔn ston genikì tÔpo

a3n =
ao

2 · 3 · 5 · 6(3n − 4)(3n − 3)(3n − 1)(3n)
; n = 3; 4; :::

Tèloc gia thn akoloujÐa a1; a4; a7; ::: katal goume sthn ex c anadromik  sqèsh

a3n+1 =
a1

3 · 4 · 6 · 7:::(3n − 3)(3n − 2)(3n)(3n + 1)
; n = 3; 4; :::

H genik  lÔsh thc exÐswshc eÐnai loipìn

ao[1 +
∞∑
n=1

x3n

2 · 3:::(3n − 1)(3n)
] + a1[x +

∞∑
n=1

x3n+1

2 · 4::::(3n)(3n + 1)
]

Qrhsimopoi¸ntac to krit rio tou lìgou mporoÔme na doÔme ìti oi dÔo seirèc
sugklÐnoun gia ìla ta x. þEstw y1 na eÐnai h sun�rthsh pou orÐzetai sto pr¸to

eÔgoc agkul¸n kai y2 apì to deÔtero 
eÔgoc agkul¸n. AfoÔ ao; a1 aujaÐretec
stajerèc, èpetai ìti y1; y2 eÐnai lÔseic h k�jemi� xeqwrist�. MporeÐte, epÐshc na
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parathr sete ìti y1(0) = 1; y
′

1(0) = 0 kai y2(0) = 0; y
′

2(0) = 1. þAraW (y1; y2)(0) =
1 6= 0 kai kata sunèpeia oi y1; y2 eÐnai grammik¸c anex�rthtec. þAra h genik  lÔsh
thc exÐswshc eÐnai

y = aoy1(x) + a1y2(x);−∞ < x <∞:

Lème ìti to shmeÐo xo eÐnai omalì thc diaforik c exÐswshc, an oi p; q eÐnai
analutikèc se autì to shmeÐo.

Je¸rhma 8 An xo eÐnai èna omalì shmeÐo thc diaforik c exÐswshc, h genik  lÔsh se
èna di�sthma pou perièqei to xo eÐnai

y =
∞∑
n=0

an(x − xo)n = aoy1(x) + a1y2(x);

ìpou ao; a1 aujaÐretec stajerèc kai y1; y2 eÐnai dÔo sunart seic grammik� anex�rth-
tec kai analutikèc sto xo. Epiplèon, h aktÐna sÔgklishc gia k�je mia apì tic lÔseic
se seir� y1; y2 eÐnai toul�qisto Ðsh me thn el�qisth aktÐna sÔgklishc twn seir¸n gia
ta p; q.

Par�deigma 28 Na dojoÔn oi tèsseric pr¸toi ìroi tou anaptÔgmatoc Taylor, gÔrw
apì to 0, thc lÔshc thc d.e.

y
′
= x2 + y2;

y(0) = 1:

LÔsh:
H lÔsh se dunamoseir� gÔrw apì to 0, gr�fetai wc gnwstìn wc ex c

y(x) =
∞∑
k=0

akxk ;

me ak = y(k)(0)
k! . Autì pou èqoume na k�noume eÐnai na upologÐsoume tic parag¸gouc

thc y(x) sto 0. Apì thn exÐswsh loipìn èqoume

y
′
(x) = x2 + y2 ⇒ y

′
(0) = 0 + y2(0) = 1;

y
′′
(x) = 2x + 2yy

′
⇒ y

′′
(0) = 2;

y
′′′

(x) = 2 + 2y
′
y
′
+ 2yy

′′
⇒ y

′′′
(0) = 8;

y4(x) = 4y
′
y
′′

+ 2y
′
y
′′

+ 2yy
′′
⇒ y4 = 28:

þAra oi tèsseric pr¸toi ìroi thc lÔshc dÐnontai wc ex c

y(x) = 1 + x + x2 +
8
3!
x3 +

28
4!
x4 + :::
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�
H �asik  idèa loipìn, eÐnai na antikatast soume sthn exÐswsh, thn �gnwsth

sun�rthsh, me thn antÐstoiqh dunamoseir� thc. Bèbaia to Ðdio �a k�noume kai me tic
�llec sunart seic pou paÐrnoun mèroc sthn diaforik  exÐswsh, mìno pou se autèc
gnwrÐzoume touc suntelestèc twn dunamoseir¸n touc. MazeÔoume ìlouc touc ìrouc
se mia seir� kai �a katal xoume se mia exÐswsh me agn¸stouc touc suntelestèc thc
�gnwsthc sun�rthshc.

Tèloc, an mac dwjeÐ èna prìblhma arqik¸n tim¸n me tic arqikèc sunj kec sto
shmeÐo xo �a prèpei na anaptÔxoume thn lÔsh se mia dunamoseir� me kèntro to xo
ìpwc kai tic upìloipec sunart seic.

13 METASQHMATISMOS LAPLACE KAI EPILUSH DIA-

FORIKWN EXISWSEWN

Se autì to kef�laio �a exet�soume ton metasqhmatismì Laplace o opoÐoc eÐnai ènac
oloklhrwtikìc metasqhmatismìc kai �a doÔme pwc mporoÔme na qrhsimopoi sou-
me tic idiìthtec tou sto na epilÔoume diaforikèc exis¸seic. Me ton metasqhmatismì
autì, mia diaforik  exÐswsh metatrèpetai se algebrik . H teleutaÐa eÐnai sun jwc
polÔ eÔkolo na epilujeÐ, to dÔskolo shmeÐo ìmwc eÐnai h antistrof  tou metasqh-
matismoÔ.

Ac doÔme ìmwc poiìc eÐnai autìc o metasqhmatismìc. Ac upojèsoume ìti �è-
loume na metasqhmatÐsoume thn sun�rthsh f . Onom�zoume F thn metasqhmatismènh
h opoÐa eÐnai F(s) =

∫∞
o e−st f (t)dt.

Apì autìn ton orismì katalabaÐnoume ìti to olokl rwma up�rqei akìma kai
ìtan h f aux�nei ekjetik�, dhl. an f (t) = eat tìte to olokl rwma up�rqei gia ìla
ta s > a. Sto �llo �kro tou diast matoc, dhl. sto 0, h f epitrèpetai na apeirÐzetai
me mikrìterh taqÔthta apì thn 1

t . Se tètoiec loipìn sunart seic mporeÐ na deiqjeÐ
ìti orÐzetai o metasqhmatismìc Laplace kaj¸c kai o antistrofìc tou.

Apì ton orismì tou metasqhmatismoÔ mporeÐ eÔkola na apodeiqjeÐ ìti o meta-
sqhmatismìc eÐnai grammikìc (af netai san �skhsh). To Ðdio sumbaÐnei kai me ton
antÐstrofo tou. Autèc eÐnai oi dÔo pr¸tec idiìthtec tou metasqhmatismoÔ. Ac doÔme
ìmwc poi� eÐnai aut  pou ton k�nei na xeqwrÐzei. Ac sumbolÐsoume thn metasqhma-
tismènh kai wc ex c : L{f (t)}. Ja deÐxoume ìti isqÔei to ex c

L{f
′
(t)} = sL{f (t)} − f (0) = sF(s)− f (0):

Apìdeixh:

L{f
′
} =

∫ ∞

o
e−st f

′
(t)dt =

∫ ∞

o
e−stdf:

Dhl. me paragontik  olokl rwsh èqoume

L{f
′
} = e−st f (t) |∞o −

∫ ∞

o
(e−st)

′
f (t)dt =
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−f (0) + s
∫ ∞

o
e−st f (t)dt =

sF(s)− f (0):

Gia thn deÔterh par�gwgo èqoume

L{f
′′
} = s2F(s)− sf (0)− f

′
(0):

H teleutaÐa idiìthta eÐnai endiafèrousa, diìti mporeÐ mia diaforik  exÐswsh
na metatrapeÐ se algebrik  me �gnwsth sun�rthsh thn metasqhmatismènh. Tìte to
prìblhma an�getai sto na antistrèyoume ton metasqhmatismì. Ac to doÔme se èna
par�deigma.

y
′′

+ by = f (t);

y(0) = yo; y
′
(0) = y1:

Efarmìzoume ton metasqhmatismì kai sta dÔo mèlh kai èqoume

s2Y (s)− sy(0)− y
′
(0) + bY (s) = F(s):

H �gnwsth sun�rthsh ed¸ eÐnai h Y (s). LÔnoume wc proc aut  kai èqoume

Y (s) =
F(s) + syo + y1

b + s2
:

Parathr ste ìti èqoume  dh antikatast sei tic arqikèc sunj kec kai gnwrÐzoume
thn morf  thc metasqhmatismènhc. Opìte den èqoume par� na antistrèyoume ton
metasqhmatismì kai na �roÔme thn y. Autì genik� eÐnai èna dÔskolo prìblhma.
Parìla aut� ènac eÔkoloc trìpoc eÐnai h kataskeu  enìc pÐnaka me sunart seic
kai touc metasqhmatismoÔc twn. Tìte qrhsimopoi¸ntac ton pÐnaka autìn �a koi-
t�me m pwc h dik  mac sun�rthsh �rÐsketai mèsa stic gnwstèc sunart seic tou
pÐnaka. Akìmh kai an den �rÐsketai aut  kaj�ut  endèqetai na mporoÔme na thn
gr�youme san grammikì sunduasmì sunart sewn me gnwstì metasqhmatismì kai
qrhsimopoi¸ntac to gegonìc ìti o antÐstrofoc metasqhmatismìc eÐnai grammikìc na
upologÐsoume telik� ton antÐstrofo. þEnac tètoioc pÐnakac �rÐsketai sto �iblÐo tou
Traqan� sel. 239.

Ac doÔme pr¸ta orismèna paradeÐgmata metasqhmatism¸n. þEstw f (t) = 1; t ≥
0. �a doÔme poioc eÐnai o metasqhmatismìc Laplace.

L{1} =
∫ ∞

o
e−stdt =

1
s
; s > 0:

þEstw f (t) = eat ; t ≥ 0.

L{eat} =
∫ ∞

o
e−ste−atdt =

∫ ∞

o
e−(s−a)tdt =

1
s− a

; s > a:
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Me parìmoio trìpo mporoÔme na doÔme ìti L{sin(at)} = a
s2+a2 ; s > 0. Me autìn

ton trìpo mporoÔme na kataskeu�soume ton pÐnaka pou anafèrame prohgoÔmena.
þEtsi loipìn an h lÔsh thc algebrik c exÐswshc  tan Y (s) = 2

s2+4 tìte, apì ta
prohgoÔmena, gnwrÐzoume ìti h y(t) = sin(2t) èqei ton parap�nw metasqhmatismì
kai �ra eÐnai h lÔsh thc diaforik c exÐswshc pou xekin same na epilÔoume.

Ac efarmìsoume t¸ra aut� pou eÐpame sto ex c prìblhma arqik¸n tim¸n:

y
′′
− y

′
− 2y = 0;

y(0) = 1; y
′
(0) = 0:

Wc gnwstìn, efarmìzoume ton metasqhmatismì kai sta dÔo mèlh, dhl.

L{y
′′
} − L{y

′
} − 2L = 0;

shmei¸ste, ìti qrhsimopoi same thn grammikìthta tou metasqhmatismoÔ. Me ��sh
aut� pou èqoume pei gia tic idiìthtec tou metasqhmatismoÔ, èqoume,

s2L{y} − sy(0)− y
′
(0)− [sL{y} − y(0)]− 2L{y} = 0;⇒

(s2 − s− 2)Y (s) + (1− s)y(0)− y
′
(0) = 0:

LÔnontac wc proc Y èqoume

Y (s) =
s− 1

(s− 2)(s + 1)
:

þEqoume upologÐsei loipìn thn Y kai t¸ra den èqoume par� na �roÔme poi�
eÐnai h y pou an thn metasqhmatÐsoume na mac d¸sei thn Y . Ja prospaj soume
na gr�youme thn Y san �jroisma sunart sewn me gnwstì metasqhmatismì. Dhl.
�èloume na �roÔme ta a; b tètoia ¸ste

s− 1
(s− 2)(s + 1)

=
a

s− 2
+

b
s + 1

:

K�nontac touc upologismoÔc �rÐskoume ìti a = 1
3 ; b = 2

3 . Apì ton pÐnaka meta-
sqhmatism¸n, gnwrÐzoume ìti L{ 1

3e
2t} = 1

3(s−2) kai L{ 2
3e
−t} = 2

3(s+1) , epomènwc h
lÔsh tou probl matoc arqik¸n tim¸n eÐnai

y(t) =
1
3
e2t +

2
3
e−t :

Par�deigma 29 Na �rejeÐ h lÔsh thc diaforik c exÐswshc

y
′′

+ y = sin(2t);

y(0) = 2; y
′
(0) = 1:
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LÔsh: PaÐrnoume ton metasqhmatismì kai sta dÔo mèlh kai èqoume

s2Y (s)− sy(0)− y
′
(0) + Y (s) =

2
s2 + 4

;

ed¸ qrhsimopoi same ton pÐnaka gia na �roÔme ton metasqhmatismì tou sin(2t).
Anikajist¸ntac tic arqikèc sunj kec kai lÔnontac wc proc Y èqoume

Y (s) =
2s3 + s2 + 8s + 6
(s2 + 1)(s2 + 4)

:

EÔkola loipìn upologÐsame thn Y all� mènei na k�noume ton antÐstrofo
metasqhmatismì. Prèpei na �roÔme ta a; b tètoia ¸ste

Y (s) =
as + b
s2 + 1

+
cs + d
s2 + 4

:

K�nontac touc upologismoÔc èqoume a = 2; c = 0; b = 5
3 ; d = − 2

3 kai koit¸ntac ton
pÐnaka metasqhmatism¸n èqoume ìti h lÔsh tou probl matoc arqik¸n tim¸n eÐnai

y(t) = 2cost +
5
3
sint − 1

3
sin(2t):

Ja suneqÐsoume me merikèc idiìthtec akìmh tou metasqhmatismoÔ. Gia par�-
deigma isqÔei to ex c :

L{tnf (t)} = (− d
ds

)nF(s):

Dhl. an gnwrÐzoume ton metasqhmatismì miac sun�rthshc f tìte gnwrÐzoume kai ton
metasqhmatismì tou ginomènou thc epÐ mia dÔnamh tou t (akèraia dÔnamh).

þAllh mia idiìthta, eÐnai h ex c :

L{
∫ t

o
f (t)dt} =

1
s
F(s):

Aut  mac lèei ousiastik� ìti an gnwrÐzoume ton metasqhmatismì thc f tìte gnwrÐ-

oume kai ton metasqhmatismì tou oloklhrwmatìc thc.

EpÐshc, isqÔei to ex c :

L{f (t − a)} = e−asF(s) kai L{eat f (t)} = F(s− a):

Orismìc 6 þEstw oi sunart seic f1; f2. Onom�zoume sunèlixh to olokl rwma∫ t

o
f1(t − t

′
)f2(t

′
)dt

′
;

kai sumbolÐzetai me f1 ∗ f2.
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Mia teleutaÐa idiìthta tou metasqhmatismoÔ eÐnai h ex c

L−1{F1(s)F2(s)} =
∫ t

o
f1(t − t

′
)f2(t

′
)dt

′
;

kai eÐnai gnwstì san �e¸rhma sunèlixhc (ìpou F1; F2 oi metasqhmatismoÐ twn f1; f2).
Ac doÔme èna par�deigma.

Par�deigma 30 Na �rejeÐ o antÐstrofoc metasqhmatismìc thc F(s) = 1
s(s+1) .

LÔsh:
Ja qrhsimopoi soume to �e¸rhma thc sunèlixhc. H F mporeÐ na grafeÐ san

ginìmeno dÔo sunart sewn me gnwstoÔc metasqhmatismoÔc, dhl. F(s) = F1(s)F2(s)
me F1(s) = 1

s ; F2(s) = 1
s+1 . Apì ton pÐnaka gnwrÐzoume ìti

f1(t) = L−1{1
s
} = 1; f2(t) = L−1{ 1

s + 1
} = e−t :

Epomènwc, efarmìzontac to �e¸rhma thc sunèlixhc gia tic f1; f2; F1; F2 èqoume ìti

L−1{F1(s)F2(s)} = f1 ∗ f2 =
∫ t

o
1e−t′dt

′
= −e−t′ |to= 1− e−t :

MporeÐ kaneÐc na to epibebai¸sei �èbaia kai me ton trìpo pou gnwrÐzoume, dhl. na
gr�youme thn F san �jroisma klasm�twn.

Par�deigma 31 Na �rejoÔn oi metasqhmatismoÐ twn ex c sunart sewn

1) t2e−3t

2) cos2t

3) e3tcos(2t)
4) te−2tcos(3t)

LÔsh:
1) Gia thn pr¸th parathroÔme ìti eÐnai to ginìmeno miac akèraiac dÔnamhc

tou t epÐ mia sun�rthsh me gnwstì metasqhmatismì. Ja qrhsimopoi soume loipìn
thn antÐstoiqh idiìthta.

L{t2e−3t}(s) = (−1)2
d2

ds2
(L{e−3t}(s)) =

d2

ds2
(

1
s + 3

) =
2

(s + 3)3

2) GnwrÐzoume ton metasqhmatismì thc cost kai ìqi thc cos2t gia autì �a
qrhsimopoi soume mia gnwst  tautìthta gia na to apofÔgoume autì. GnwrÐzoume
ìti

cos2t =
1 + cos(2t)

2
:
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Epomènwc mporoÔme na gr�youme ìti

L{cos2t} = L{1
2

+
1
2
cos(2t)} =

1
2
L{1}+

1
2
L{cos(2t)} =

1
2s

+
s

2(s2 + 4)

3) Ed¸ èqoume èna ginìmeno sun�rthshc me gnwstì metasqhmatismì epÐ thn
ekjetik . MporoÔme loipìn na qrhsimopoi soume thn idiìthta thc metatìpishc.
þAra

L{e3t f (t)} = F(s− 3);

me f (t) = cos(2t) kai F(s) o metasqhmatismìc thc, dhl. F(s) = L{cos(2t)} = s
s2+4 .

þAra h ap�nthsh eÐnai L{e3tcos(2t)} = s−3
(s−3)2+4 .

4) Ed¸ èqoume ginìmeno miac sun�rthshc me gnwstì metasqhmatismì (thn
e−2tcos(3t)) epÐ mia dÔnamh tou t. Ac doÔme pr¸ta poiìc eÐnai o metasqhmatismìc
thc e−2tcos(3t). þOpwc prohgoÔmena, mporoÔme na upologÐsoume ton metasqhma-
tismì kai èqoume

L{e−2tcos(3t)} =
s + 2

(s + 2)2 + 9
:

Qrhsimopoi¸ntac t¸ra kai thn idìthta me thn par�gwgo tou metasqhmatismoÔ,
èqoume

L{te−2tcos(3t)} = − d
ds

(
s + 2

(s + 2)2 + 9
) =

(s + 2)2 − 9
((s + 2)2 + 9)2

:

�

Par�deigma 32 Na �rejeÐ o antÐstrofoc metasqhmatismìc twn sunart sewn

1) F(s) =
s + 1
s2 + 2s

;

2) F(s) =
2s + 3

(s− 1)(s2 + 2s + 5)
:

LÔsh:
1) þEqoume mia �ht  sun�rthsh kai �a qrhsimopoi soume thn grammikìthta

tou metasqhmatismoÔ. Ja gr�youme dhl. thn sun�rthsh san �jroisma dÔo kla-
sm�twn. Opìte

F(s) =
s + 1

s(s + 2)
=

a
s

+
b

s + 2
:

K�nontac touc upologismoÔc èqoume ìti a = 1
2 ; b = 1

2 kai epomènwc

F(s) =
1
2s

+
1

2(s + 2)
:
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þOmwc gnwrÐzoume ìti L{1} = 1
s ;L{

1
s+2} = e−2t , �ra o antÐstrofoc eÐnai 1

2 + 1
2e
−2t .

2) EpÐshc se aut  thn perÐptwsh �a gr�youme thn sun�rthsh san �jroisma
klasm�twn. Dhl.

F(s) =
2s + 3

(s− 1)(s2 + 2s + 5)
=

a
s− 1

+
bs + c

s2 + 2s + 5
;

kai k�nontac touc upologismoÔc èqoume a = 5
8 ; b = − 5

8 ; c = 1
8 . þAra �a prèpei na

�roÔme ton antÐstrofo twn sunart sewn 5
8(s−1) ;

1
8
−5s+1
s2+2s+5 . Gia thn pr¸th sun�rthsh

eÐnai eÔkolo, o antÐstrofoc eÐnai 5
8e

t . Gia thn deÔterh eÐnai lÐgo pio polÔploka ta
pr�gmata. Ja gr�youme to polu¸numo s2+2s+5 = (s+1)2+4 kai thn sun�rthsh
�a prospaj soume na thn gr�youme ètsi ¸ste na �aÐnetai h metatìpish kat� −1.
Dhl.

−5s + 1
s2 + 2s + 5

=
−5(s + 1) + 6
(s + 1)2 + 4

= −5
s + 1

(s + 1)2 + 22
+ 3

2
(s + 1)2 + 22

:

Epomènwc èqoume

L−1{−5(s + 1) + 6
(s + 1)2 + 4

} = −5L−1{ s + 1
(s + 1)2 + 22

}+ 3L−1{ 2
(s + 1)2 + 22

} =

= e−t [−5cos(2t) + 3sin(2t)]:

þAra telik� h ap�nthsh eÐnai ìti o antÐstrofoc eÐnai 5
8e

t+ 1
8e
−t(−5cos(2t)+3sin(2t)).

�

14 LUSH SUSTHMATWN GRAMMIKWN DIAFORIKWN

EXISWSEWN ME STAJEROUS SUNTELESTES ME

TO METASQHMATISMO LAPLACE

Se aut  thn enìthta, �a exet�soume thn epÐlush susthm�twn grammik¸n diafori-
k¸n exis¸sewn me stajeroÔc suntelestèc me ton metasqhmatismì Laplace. Ac doÔme
pr¸ta, ti eÐnai sÔsthma grammik¸n diaforik¸n exis¸sewn. Ac p�roume to ex c prì-
�lhma:

Na �rejoÔn oi sunart seic y; z tètoiec ¸ste

y
′
+ z = x;

z
′
+ 4y = 0;

y(0) = 1; z(0) = −1

Blèpoume dhlad  ìti se k�je exÐswsh emplèkontai kai oi dÔo sunart seic
kai ètsi den eÐnai kajìlou profanèc pwc �a prèpei na antimetwpÐsoume aut  thn
perÐptwsh. An ìmwc �umhjoÔme poi� eÐnai h �asik  idiìthta tou metasqhmatismoÔ
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Laplace (metatrèpei tic diaforikèc exis¸seic se algebrikèc) �a diapist¸soume ì-
ti aut  eÐnai mia kat�llhlh mèjodoc gia to prìblhm� mac. Ja metatrèyoume tic
dÔo diaforikèc exis¸seic se algebrikèc kai èpeita �a epilÔsoume to grammikì sÔ-
sthma. Bèbaia paramènei to dÔskolo prìblhma tou antistrìfou all� toul�qiston
antimetwpÐsame èna nèo tÔpou probl matoc me to up�rqon majhmatikì upìbajro.
Ac doÔme loipìn pwc akrib¸c gÐnetai.

PaÐrnoume ton metasqhmatismì kai sta dÔo mèlh. þEqoume

[sY (s)− 1] + Z(s) =
1
s2
;

[sZ(s) + 1] + 4Y (s) = 0;

wc gnwstìn antikatast same tic arqikèc sunj kec kateujeÐan. SuneqÐzoume,

sY (s) + Z(s) =
s2 + 1
s2

;

4Y (s) + sZ(s) = −1:

T¸ra èqoume èna algebrikì sÔsthma dÔo exis¸sewn me dÔo agn¸stouc. EÐnai gnwst 
h diadikasÐa apì thn grammik  �lgebra. LÔnontac loipìn to grammikì sÔsthma
èqoume

Y (s) =
s2 + s + 1
s(s2 − 4)

;

Z(s) = −s3 + 4s2 + 4
s2(s2 − 4)

Ja qrhsimopoi soume thn gnwst  teqnik  gia thn antistrof  twn dÔo sunart sewn,
�a gr�youme ta kl�smata san �jroisma apl¸n klasm�twn. Dhl.

Y (s) =
s2 + s + 1
s(s2 − 4)

= −
1
4

s
+

7
8

s− 2
+

3
8

s + 2
⇒

y(x) = L−1{Y (s)} = −1
4

+
7
8
e2x +

3
8
e−2x :

K�nontac to Ðdio kai gia thn Z èqoume ìti z(x) = L−1{Z(s)} = x − 7
4e

2x + 3
4e
−2x .

�
Ja prèpei na eÐnai katanohtì, ìti mporoÔme na epilÔoume sust mata grammi-

k¸n diaforik¸n exis¸sewn me ìsec �gnwstec sunart seic �èloume, arkeÐ na gnwrÐ-

oume thn epÐlush algebrik¸n susthm�twn n exis¸sewn me n agn¸stouc. Ac doÔme
èna par�deigma me treÐc �gnwstec sunart seic.

Par�deigma 33 Na lujeÐ to sÔsthma

w
′
+ y = sinx;

y
′
− z = ex ;

z
′
+ w + y = 1;

w(0) = 0; y(0) = 1; z(0) = 1:
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LÔsh: Efarmìzoume ton metasqhmatismì kai stic treÐc exis¸seic kai èqoume
afoÔ antikatast soume kai tic arqikèc sunj kec

(sW (s)− 0) + Y (s) =
1

s2 + 1
;

(sY (s)− 1)− Z(s) =
1

s− 1
;

(sZ(s)− 1) + W (s) + Y (s) =
1
s
:

LÔnoume to algebrikì autì sÔsthma kai èqoume

W (s) =
−1

s(s− 1)
; Y (s) =

s2 + s
(s− 1)(s2 + 1)

; Z(s) =
s

s2 + 1
:

Ja analÔsoume ta kl�smata se pio stoiqei¸dh

W (s) =
1
s
− 1

s− 1
;

Y (s) =
1

s− 1
+

1
s2 + 1

:

T¸ra eÐnai eÔkolo na upologÐsoume touc antistrìfouc.

w(x) = L−1{W (s)} = 1− ex ;

y(x) = L−1{Y (s)} = ex + sinx;

z(x) = L−1{Z(s)} = cosx:

�
Bèbaia, mporeÐ na �rejoÔme mprost� se èna sÔsthma diaforik¸n exis¸sewn

ìqi kat�n�gkh pr¸thc t�xhc gia k�je �gnwsth sun�rthsh. H mejodologÐa ìmwc
eÐnai h Ðdia. Ac doÔme merik� tètoia paradeÐgmata.

Par�deigma 34 Na lujeÐ to sÔsthma

y
′′

+ z + y = 0;
z
′
+ y

′
= 0;

y(0) = 0; y
′
(0) = 0; z(0) = 1:

LÔsh: Efarmìzoume ton metasqhmatismì kai stic dÔo exis¸seic, qrhsimopoi¸-
ntac thn idiìthta tou metasqhmatismoÔ gia thn deÔterh par�gwgo miac sun�rthshc
kai tèloc antikajist¸ntac tic arqikèc sunj kec èqoume

s2Y (s) + Z(s) + Y (s) = 0;
sZ(s)− 1 + sY (s) = 0:
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H diadikasÐa apì ed¸ kai sto ex c eÐnai eÔkolh. LÔnoume to algebrikì sÔsthma
kai èpeita antistrèfoume ton metasqhmatismì. H lÔsh tou sust matoc mac dÐnei

Y (s) = − 1
s3
; Z(s) =

1
s

+
1
s3
:

Qrhsimopoi¸ntac ton pÐnaka me touc metasqhmatismoÔc èqoume telik�

y(x) = −1
2
x2; z(x) = 1 +

1
2
x2:

�
H lÔsh susthm�twn diaforik¸n exis¸sewn eÐnai polÔ qr simh sthn epÐlu-

sh sun jwn diaforik¸n exis¸sewn an¸terhc t�xhc. EÐnai gnwstì, ìti mia sun jhc
diaforik , tètarthc t�xhc gia par�deigma, mporeÐ na metatrapeÐ se èna sÔsthma
diaforik¸n exis¸sewn pr¸thc t�xhc. Ac doÔme pwc gÐnetai autì se èna par�deigma.

Par�deigma 35 Na metatrapeÐ h epìmenh diaforik  exÐswsh tètarthc t�xhc, se èna
sÔsthma diaforik¸n exis¸sewn pr¸thc t�xhc,

y4 = ety
′′
− e2ty

′
+ 5;

y(1) = 2; y
′
(1) = 3; y

′′
(1) = 4; y

′′′
(1) = 5:

LÔsh: Gia na to k�noume autì �a orÐsoume 4 kainoÔriec sunart seic x1; x2; x3; x4

(ìsec dhl. kai o �ajmìc thc diaforik c) ètsi ¸ste na isqÔei to ex c

x1 = y; x2 = y
′
; x3 = y

′′
; x4 = y

′′′
⇒

x2 = x
′

1; x3 = x
′

2; x4 = x
′

3:

Mèqri t¸ra èqoume treÐc sqèseic pou sundèoun tic �gnwstec sunart seic metaxÔ
touc (dhl. tic x1; x2; x3; x4). Qreiazìmaste �llh mia. Profan¸c �a thn p�roume apì
thn diaforik  exÐswsh. þEqoume loipìn

x
′

4 = etx3 − e2tx2 + 5:

Katal xame loipìn se 4 exis¸seic me 4 �gnwstec sunart seic. Ac tic gr�youme ìlec,
mazÐ me tic arqikèc sunj kec

x2 = x
′

1;

x3 = x
′

2;

x4 = x
′

3;

x
′

4 = etx3 − e2tx2 + 5;
x1(1) = 2; x2(1) = 3; x3(1) = 4; x4(1) = 5:

Dustuq¸c, an qrhsimopoi soume ton metasqhmatismì Laplace �a metatrapeÐ
�èbaia se mia algebrik  exÐswsh, ìmwc �a parousiastoÔn orismènec metatopÐseic
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stic �gnwstec sunart seic lìgw thc Ôparxhc twn ekjetik¸n (ac �umhjoÔme tic i-
diìthtec tou metasqhmatismoÔ). An ìmwc oi suntelestèc thc diaforik c exÐswshc
 tan stajeroÐ den �a eÐqame kanèna prìblhma kai �a epilÔame apl¸c èna gram-
mikì sÔsthma 4 exis¸sewn me 4 agn¸stouc kai èpeita �a antistrèfame tic tèsseric
sunart seic.

�

15 STOIQEIA MERIKWN DIAFORIKWN EXISWSEWN PRW-

THS TAXHS.

GRAMMIKES MERIKES DIAFORIKES EXISWSEIS

PRWTHS TAXHS.

Se autì to kef�laio �a asqolhjoÔme me tic legìmenec merikèc diaforikèc exis¸seic.
Lème ìti mia diaforik  exÐswsh eÐnai merik  diaforik  exÐswsh ìtan h �gnwsth
sun�rthsh, eÐnai mia sun�rthsh dÔo   en gènei n metablht¸n kai sthn exÐswsh
paÐrnoun mèroc oi merikèc par�gwgoi thc �gnwsthc sun�rthshc. Ac doÔme poi�
eÐnai h morf  miac grammik c diaforik c exÐswshc pr¸thc t�xhc.

þEstw A(x; y); B(x; y); C(x; y); F(x; y) suneqeÐc pragmatikèc sunart seic dÔo
metablht¸n orismènec se èna mh kenì, anoiktì kai sunektikì uposÔnolo tou R2.
Anoiktì onom�zoume èna uposÔnolo tou R2 ìtan gia k�je stoiqeÐo tou up�rqei mia
perioq  h opoÐa an kei sto qwrÐo, en¸ sunektikì ìtan gia k�je dÔo stoiqeÐa h
gramm  pou ta en¸nei an kei sto qwrÐo (den up�rqoun dhlad  ``trÔpec� sto qwrÐo).
Tìte mia grammik  diaforik  exÐswsh pr¸thc t�xhc èqei thn ex c morf :

Azx + Bzy + Cz = F:

Ja upojèsoume ìti k�poia apì tic dÔo sunart seic A; B den mhdenÐzetai poujen�
sto qwrÐo Ω ⊆ R2. An, F = 0 tìte h parap�nw exÐswsh onom�zetai omogen c alli¸c
mh omogen c. To prìblhma loipìn eÐnai na �rejeÐ mia sun�rthsh z me suneqeÐc
merikèc parag¸gouc pr¸thc t�xhc ètsi ¸ste na ikanopoieÐ thn exÐswsh. MporoÔme
na �ewr soume ton diaforikì telest  L pou orÐzetai wc ex c :

L[z] = Azx + Bzy + Cz;

arkeÐ h sun�rthsh ìrisma na èqei suneqeÐc merikèc parag¸gouc pr¸thc t�xhc.
EÐnai eÔkolo na doÔme ìti o diaforikìc autìc telest c eÐnai grammikìc, dhlad 

L[c1z1 + c2z2] = c1L[z1] + c2L[z2]:

þAra o grammikìc sunduasmìc dÔo lÔsewn thc omogenoÔc exÐswshc eÐnai epÐshc
lÔsh.

Ac �ewr soume t¸ra thn ex c grammik  diaforik  exÐswsh pr¸thc t�xhc.

a(r; p)zr + c(r; p)z = f; (24)

48



ìpou a; c; f suneqeÐc sunart seic twn metablht¸n r; p se èna qwrÐo Ω kai ac upo-
�èsoume ìti a(r; p) 6= 0 gia ìla ta (r; p) ∈ Ω. Upojètoume ìti autèc oi sunart seic
èqoun suneqeÐc parag¸gouc pr¸thc t�xhc sthn deÔterh metablht  kai èstw èna
shmeÐo ro. Tìte ìlec oi lÔseic thc omogenoÔc dÐnontai apì ton ex c tÔpo:

z(r; p) = h(p)e
−

∫ r
ro

c(t;p)
a(t;p)dt ; (r; p) ∈ Ω;

ìpou h mia aujaÐreth suneq¸c paragwgÐsimh sun�rthsh.
EpÐshc, mia merik  lÔsh thc mh omogenoÔc exÐswshc eÐnai h ex c :

z(r; p) =
(∫ r

ro

f (s; p)
a(s; p)

e
∫ r
ro

c(t;p)
a(t;p)dtds

)
e
−

∫ r
ro

c(t;p)
a(t;p)dt ; (r; p) ∈ Ω:

þOlec oi lÔseic loipìn thc mh omogenoÔc grammik c diaforik c exÐswshc (24)
dÐnontai apì to �jroisma miac merik c lÔshc thc mh omogenoÔc me tic lÔseic thc
omogenoÔc, dhl.

z(r; p) =
(
h(p) +

∫ r

ro

f (s; p)
a(s; p)

e
∫ r
ro

c(t;p)
a(t;p)dtds

)
e
−

∫ r
ro

c(t;p)
a(t;p)dt ; (r; p) ∈ Ω:

Aut  h sugkekrimènh morf , ìpwc �a doÔme, paÐzei spoudaÐo �ìlo sthn epÐ-
lush twn grammik¸n diaforik¸n exis¸sewn pr¸thc t�xhc, diìti me ènan kat�llhlo
metasqhmatismì mporoÔme na metasqhmatÐsoume thn diaforik  mac exÐswsh sthn
morf  (24).

Pr�gmati, ac upojèsoume ìti A(x; y) 6= 0 gia ìla ta (x; y) ∈ Ω. JewroÔme thn
ex c sun jh diaforik  exÐswsh

y
′
=

B(x; y)
A(x; y)

;

kai ac upojèsoume ìti oi lÔseic thc dÐnontai apì thn ex c sqèsh

!(x; y) = d;

ìpou d mia aujaÐreth stajer� kai ! eÐnai mia sun�rthsh me suneqeÐc merikèc
parag¸gouc pr¸thc t�xhc sto qwrÐo Ω kai epiplèon !y(x; y) 6= 0 gia ìla ta (x; y) ∈
Ω.

JewroÔme ton ex c metasqhmatismì

r = x; p = !(x; y):

Autìc o metasqhmatismìc eÐnai antistrèyimoc kai o antÐstrofoc dÐnetai wc ex c

x = u1(r; p); y = u2(r; p);

me u1; u2 tètoiec ¸ste na èqoun suneqeÐc merikèc parag¸gouc.
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Jètoume t¸ra a(r; p) = A(u1(r; p); u2(r; p)); c(r; p) = C(u1(r; p); u2(r; p)) kai
f (r; p) = F(u1(r; p); u2(r; p)). JumhjeÐte ìti !(x; y) = d opìte isqÔei to ex c !xdx+
!ydy = 0 pou shmaÐnei y

′
= −!x

!y . þAra, èqoume −
!x
!y = B

A ⇒ A!x + B!y = 0.
Apì ton kanìna thc alusÐdac èqoume

zx = zr + zp!x ; zy = zp!y:

þAra h arqik  exÐswsh gÐnetai

azr + cz = f;

ìpou ta dedomèna thc teleutaÐac exÐswshc ikanopoioÔn tic upojèseic tic exÐswshc
(24). T¸ra ta pr�gmata eÐnai eÔkola, diìti gnwrÐzoume thn lÔsh thc teleutaÐac
exÐswshc kai den èqoume par� na antistrèyoume ton metasqhmatismì.

EÐqame upojèsei ìti A(x; y) 6= 0. An den sumbaÐnei autì, tìte �a èqoume
B(x; y) 6= 0 gia ìla ta (x; y) ∈ Ω. Sthn perÐptwsh aut  �ewroÔme thn ex c dia-
�orik  exÐswsh

dx
dy

=
A(x; y)
B(x; y)

;

kai upojètoume ìti oi lÔseic thc dÐnontai apì thn sqèsh

!(x; y) = d;

me ! ìpwc prin kai !x 6= 0 gia ìla ta (x; y) ∈ Ω. Tìte orÐzoume ton ex c metasqh-
matismì

r = !(x; y); p = y;

o opoÐoc metasqhmatÐzei thn diaforik  exÐswsh sthn ex c morf 

bzp + cz = f;

h opoÐa èqei lÔsh parìmoia me thn prohgoÔmenh, arkeÐ na enall�xoume touc �ìlouc
twn r; p.

Ac d¸soume merik� paradeÐgmata.

Par�deigma 36 Na epilujeÐ h merik  diaforik  exÐswsh

kzx + lzy + mz = 0; (x; y) ∈ R2

me k; l; m stajerèc kai k 6= 0.

LÔsh: AfoÔ k 6= 0 tìte �a prèpei na lÔsoume thn ex c sun jh diaforik 
exÐswsh

y
′
=

l
k
;
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ìpou oi lÔseic dÐnontai apì thn sqèsh

lx − ky = d:

T¸ra k�noume ton ex c metasqhmatismì

r = x; p = lx − ky;

opìte h exÐswsh metasqhmatÐzetai sthn

kzr + mz = 0; (r; p) ∈ R2:

Oi lÔseic thc teleutaÐac exÐswshc eÐnai

z(r; p) = h(p)e
∫ r

0
mk dt = e−

mk rh(p); (r; p) ∈ R2;

ìpou h mia aujaÐreth suneq¸c paragwgÐsimh sun�rthsh. Antistrèfontac ton meta-
sqhmatismì èqoume

z(x; y) = e−
mk xh(lx − ky); (x; y) ∈ R2:

�

Par�deigma 37 Na epilujeÐ h merik  diaforik  exÐswsh

yzx − xzy + y3xz = 0; x ∈ R; y > 0:

LÔsh: AfoÔ y 6= 0 �a lÔsoume thn ex c sun jh diaforik  exÐswsh

y
′
= −x

y
;

thc opoÐac oi lÔseic dÐnontai apì ton ex c tÔpo

x2 + y2 = d:

JewroÔme loipìn ton ex c metasqhmatismì

r = x; p = x2 + y2:

Apì ton metasqhmatismì èqoume ìti y =
√
p − r2, afoÔ y > 0 kai x = r. O sunte-

lest c loipìn tou zr �a eÐnai
√
p − r2, en¸ o suntelest c tou z �a eÐnai r

√
p − r2

3
.

þAra �g�zontac koinì par�gonta thn posìthta
√
p − r2 h exÐswsh gÐnetai telik�

zr + r(p − r2)z = 0; r ∈ R; p > 0:

Oi lÔseic dÐnontai apì thn sqèsh

z(r; p) = h(p)e−
∫ r

0
t(p−t2)dt = h(p)e

r4−2r2p
4 ; r ∈ R; p > 0:

þAra oi lÔseic thc arqik c mac exÐswshc eÐnai

z(x; y) = h(x2 + y2)e
−x2(x2+2y2)

4 ; x ∈ R; y > 0:
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Par�deigma 38 Na epilujeÐ h merik  diaforik  exÐswsh

xyzx − y2zy − xz = 0; x ∈ R; y > 0:

LÔsh:
Ed¸ o deÔteroc suntelest c eÐnai di�foroc tou mhdèn, �ra �a prèpei na epi-

lÔsoume thn ex c sun jh diaforik  exÐswsh

dx
dy

= −xy
y2

;

thc opoÐac oi lÔseic dÐnontai apì thn sqèsh xy = d. K�noume loipìn ton metasqh-
matismì

r = xy; p = y;

kai h exÐswsh mac gÐnetai

p3zr + rz = 0; r ∈ R; p > 0:

þOlec oi lÔseic dÐnontai apì thn sqèsh

z(r; p) = h(r)e
r

2p2−
rp ; r ∈ R; p > 0:

Antistrèfontac t¸ra ton metasqhmatismì kai �ètontac H(r) = h(r)e
r
p2 tìte h lÔsh

thc arqik c diaforik c exÐswshc gÐnetai

z(x; y) = e
x
2yH(xy); x ∈ R; p > 0:

�

Par�deigma 39 Na epilujeÐ h merik  diaforik  exÐswsh

zx − 2zy + z = ye−x ; (x; y) ∈ R2:

LÔsh:
AfoÔ o suntelest c tou zx eÐnai di�foroc tou mhdèn, tìte �a prèpei na epilÔ-

soume thn ex c diaforik  exÐswsh

y
′
= −2;

thc opoÐac oi lÔseic dÐnontai apì thn ex c sqèsh

2x + y = d;

kai ètsi �a k�noume ton metasqhmatismì r = x; p = 2x+y o opoÐoc metasqhmatÐzei
thn exÐswsh, sthn ex c

zr + z = (p − 2r)e−r ; (r; p) ∈ R2:
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Oi lÔseic aut c thc exÐswshc eÐnai

z(r; p) = e−rh(p) + r(p − r)e−r ;

kai oi lÔseic thc arqik c exiswshc eÐnai

z(x; y) = e−xh(2x + y) + x(x + y)e−x ; (x; y) ∈ R2:

�

Par�deigma 40 Na �rejeÐ h lÔsh z thc merik c diaforik c exÐswshc

xyzx − y2zy − xz = 0; x ∈ R; y > 0;

h opoÐa plhroÐ thn sunj kh z(x; 1) = x2; x ∈ R.

LÔsh:
Oi lÔseic thc exÐswshc dÐnontai apì ton tÔpo

z(x; y) = e
x
2yH(xy); x ∈ R; y > 0:

Ja prèpei na dialèxw t¸ra mia H ètsi ¸ste

z(x; 1) = e
x
2H(x) = x2 gia ìla ta x ∈ R:

þAra h sun�rthsh H �a eÐnai

H(u) = u2e
−u
2 ; u ∈ R;

kai �ra h lÔsh �a dÐnetai apì thn ex c sqèsh

z(x; y) = x2y2e
x
2y−

xy
2 ; x ∈ R; y > 0:

�.
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