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This supplemental appendix contains auxiliary lemmas, proofs of the main theorems, and additional

results presented in the main text.

A Notations and Definitions

Hereafter, we use the abbreviations CLT, CMT, LIE, and LLN to represent the central limit
theorem, continuous mapping theorem, law of iterated expectations, and law of large numbers, re-
spectively. Let (s.0.) stands for smaller/higher order terms. Let 1; = (1,...,1)" denote the k-
dimensional vector of ones. Define fx(z) = fx,x,(%c|za) - P(Xq=24), Nn = {1,2,..,n}, and
ud,t) = 1{d = 1,t =0} +2-1{d = 0,t = 1} +3-1{d = 0,t = 0}. We denote the ATT by 7,
ie.,

ATT =7 =E[Y;(1)|[D=1,T =1 -E[Y; (0)|D = 1,T = 1].

We write f € Lo(U) if §,, f2dpu < oo, and denote by | f||, and || f||,, the Lo- and sup-norm of f,
respectively. The covering number N (e, F, L2(Q)) is the minimal number of Ly(Q)-balls of radius

needed to cover the function class F. The uniform covering numbers is defined as
SgpN(g"FHQ,27F7 LQ(Q)) )

for a given envelop function F' of the class F,where the supremum is taken over all finitely-discrete
probability measures @) for which F is not identically zero (and hence ||F' Hé = (F?dQ > 0). The

uniform entropy integral is defined as

)
J(6,F, Lo) = j wog wup Nl Flga. 7. Lx(Q)) =
0

For a measurable function f: X — R, define the empirical process

Guf = Vi(Baf —BJ) = Vi (; > s - E[f(X)]> ,
i=1

where P, is the empirical distribution and P is the true distribution.

*Emory University. E-mail: pedro.santanna@emory.edu

tUniversity of Florida. E-mail: gixu@ufl.edu.



A class F of measurable functions f : X — R is called P-Donsker if the sequence of processes
{G,f : f € F} converges in distribution to a tight limit process in the space ¢ (F).

Consider the sequence of empirical processes {G,f : f € F} indexed by a class of functions F
equipped with a semimetric pr. We say that this sequence is stochastically equicontinuous if, for every

n > 0 and € > 0, there exists § > 0 such that

limsupIP’*< (sup |an1—an2| >77> <,
pF

n—00 f1,f2)<é
where P* denotes outer probability. An equivalent characterization of stochastic equicontinuity, stated
in Andrews (1994), is that the process {G, f : f € F} is stochastically equicontinuous at fj if, for every
sequence of random elements { f,, : n > 1} satistying pr(fn, fo) = 0p(1), we have G,, {f, — fo} = o0p(1).

B Proofs for main results in the text

Let
Tor =E[Y|D =1,T = 1] = E[m10(X) + mo1(X) —moo(X)|D=1,T =1],

where mg(z) = E[Y|D =d,T =t,X = x|, and
Tipw = E [(wlyl(D,T) — 'U}LO(D,T,X) — woyl(D,T,X) + ’U)QQ(D,T,X)) Y] ,

where, for (d,t) e S_,

YD =dT=tp(1,1,X) /_ [1{D=dT =t}p(1,1,X)
wiy(D, T, X) = p(d,t, X) /E[ p(d,t, X) ] ’

and p(d,t,x) =P (D =d,T = t|X = x) is a so-called generalized propensity score.
Lemma B.1 Under Assumptions 1 and 2, it follows that 7, = Tjpw = 7.

Proof of Lemma B.1:
Outcome regression estimand: Using mg(-) = E[Y;(d)|D = d, T =t,X = -], (d,t) € S_, we get

Tor =E[V1(1)|D =1,T = 1] —E[E[Yo(1)|D =1,T =0,X =2]|D=1,T = 1]
+ > (-D'E[E[Y;(0)|D = 0,T = t,X = z]|D = 1,T = 1]
te{0,1}
=E[Y1(1)|D =1,T = 1] - E[E[Yo(0)|D =1,T =0,X =2]|D =1,T = 1]
+ > (“)'E[E[Y(0)|D =0,T =t,X =2]|D = 1,T = 1]
te{0,1}

—E[Yi(1) - Yi(0))D=1,T=1] =7,

where the second equality follows from Assumptions 2(ii) and the third holds under Assumptions 2(i).
Propensity score estimand: Let p(1,1) = P(D = 1,7 = 1). Under the overlapping conditions
in Assumption 2(iii), wa(d', ¢, x) are well defined for (d,t) € S_, (d’,t') € {0,1}?, and z € X almost



everywhere. Additionally,

_p(l, 1,X)de7t ]l{D =d,T = t}p(l, 17X)
Elwa,(D.T. Y] = B | = 0 %) / E[ p(d,1, X) ”
s Liy p(1,1,X)
:EE[E[Y|D=d,T:t,X] (.1, X ‘X] p(1,1) ]
Tt g ep P(LLX)
=E|E[Y|D=d,T =t,X]- (11)]

—E[E[Y|D=d T =t,X]|D=1,T = 1]
— E[ma;(X)|D = 1,T = 1],

for (d,t) € S_. The second line follows by the LIE, the third equality is by the definition of propensity
scores, and the next to last line is by Bayes’ Law. Next, from E[w;(D,T)Y] = E[Y|D = 1,T = 1]

and the same arguments for the OR estimand, we conclude that 7, = 7. |

Proof of Theorem 2.1:
We follow the steps in Hahn (1998) for the derivation of the efficient influence function. Let
flyld,t,z) = f(y|D =d, T =t,X =x) and f(z|d,t) = f(z|D =d,T =1t).

Step 1: characterize the tangent space of the statistical model. The observed likelihood is given as

Fly.d,t,x) =f(yl1, La)® fy[1,0,2) 070 £(y[0, 1,2) =D £(y]0,0,2) I~V
p(1,1,2)%p(1,0, ) Dp(0,1,2) 2= Dp(0,0, 2) LD . f(z).

Consider the regular sub-model parameterized by € > 0, with the true model indexed by 6y = 0,
f@(yv d7 ta Jj) :fG(y|17 17 x)dtfe(y“-a 07 x)d(lit)fe(y|07 ]-7 x)(lid)th(y|07 07 x)(lid)(lit)

po(1,1,2)%pa(1,0,2) 1 pg(0,1, ) 1= Dipy (0,0, 2)1-DA-D

The score function of this sub-model is given by

Sg(y,d,t,fﬁ) :dt‘g@(y’]-v 1’33) + d(]' - t)Sg(yH,O,IE) + (]‘ - d)tse(ywa 1, l‘) + (]- - d)(]' - t)Sg(y‘0,0,LE)

(11 ) pg(l,O,ZL‘) B ]59(0,1,1’) . B pg(0,0,SL‘)
pg(l,l,l‘) p0(1303$) ( d) pg(o,l,l') (1 d)(l t)pG(anvl‘)

+ tQ(:L')’

+dt? +d(1—1)

where 80(y|da t, ZL‘) =0 IOg f@(y|d7 t, x)/607 pe(da L, l‘) = ap@(da t, x)/59, and t@(l’) = (?log f@(:n)/é’ﬁ for
(d,t) € S. For notational simplicity, we suppress subscripts when 6 = 6.

Now, the tangent space of this model is characterized by

T ={dts11(y,z) + d(1 —t)s10(y, z) + (1 — d)tso1(y,z) + (1 — d)(1 — t)s00(y, z)
+ dtp11(x) + d(1 —t)p1o(x) + (1 — d)tpor(z) + (1 — d)(1 — t)poo(x) + I(2)},

for any functions {sa(-, "), pa¢(-)}a,1)es, and [(-) such that, for (d,t) € S

Sat(, ) € Lo(Y x X), with Jsdt(y,x)f(md,t,x)dy =0, Vx e X, (B.1)



pdt(') € L2(X)7 with Z pdt(x)p(data 1’) = 07 Vo e Xa (B2)
(d,t)eS

and
I() € Ly(X), with fl(m)f(m)dz: = 0. (B.3)

In Step 2, we show that the target parameter associated with the parametric sub-model is path-wise
differentiable, as defined in Newey (1990).

From Lemma B.1, we know the ATT can be identified by
Z(dyt)es(fl)d+tE[JE[Y|D =d,T=t,X]||D=1,T =1] under Assumptions 1 and 2. For the pa-

rameterized sub-model, we define

(Sgpo(la 17 'r)ny(yHa 17 x)fg(x)dydx — SSPO(L 1> 9U)yf6(y|1a 07 x)f@(x)dydx)
§po(1,1,2) fo(z)dx
~ (Spo(1,1,2)y fo(yl0, 1, @) fo(x)dydx — §§pe(1, 1, 2)y fo(y]0,0, z) fo(x)dyda)
Spg(l,l,a:)fg(x)dx '

Note that the derivative of 7(6) with respect to 6, evaluated at 6 = 0, is given by

() =

(B.4)

ar()| a3 Syp(L 1, 2)s(yld, ¢, @) f(yld, ¢, @) f () dyda
df 9—0_(%:65( Y p(L,1)
N §(r(z) —7)p(1,1,2) f(z)dw
p(1,1)
N §(r(z) = 7)p(1, 1, 2)t(z) f(z)dw
p(1,1)

For any w = (y,d,t,z) € W, define
Fr(w) _dtly —mia(@) | p(1 ) {_d(l — 1)y —mio(z))

POD TNy p(1,0.2)
(1 =d)t(y —moa(z)) . (1- d)(l - t)(y mo, 0(95))}

dt
+ 11 2 (—1)d+t (mdt J mq () f(x]1, 1)d1‘>
p( ? )(d,t)GS
dzl(ee) ‘0:0 = E[F;(W)so(Y, D, T, X)], thereby showing 7(0) is path-wise

differentiable.
In Step 3, we show that F.(W) is the efficient influence function for 7, which we will accomplish

by invoking Theorem 3.1 in Newey (1990). To apply this theorem, we need to verify that F(-) € T.

Let cp(x) = p(1,1)71 'Z(d,t)es(_l)dH (mas(x) = § mau(z) f(z|1,1)dz). By setting
_Y¥- my,1(z)
Sll(yal‘) - p(l, 1) )

pu(z) = (1= p(L,1,2)) - cm(2),

t p(1a17x>(y_md,t(x>)
Sdt(yvl') = (71)d+ ’ p(d,t,:ﬂ)p(l, 1)

pat(x) = —p(1,1,2) - ¢y (), for (d,t) e S—,
l(x) =p(1,1,2) - cp(x),

, for (d,t) e S_,



it is straightforward to show that (B.1)-(B.3) hold. Here, we show (B.3) explicitly,

Lux)f(x)dx:f W D (—1)d+t< det (2, 1)dm> f(@)da

X (d,t)eS

Lf(mu,w S (1) g () b do— 7

(d,t)eS

=7—7=0.

Thus, Fr(-) e T.
Finally, since p(1,1) = E [Id,tp(l, 1,X)p(d,t,X)_1], for (d,t) € S, direct manipulation yields that
F-(W) = neg(W). Now, we take the expectation of n%;(W) and the semi-parametric efficiency bound

follows by standard manipulation. This completes the proof. |
Proof of Proposition 2.1: The proof follows directly from the LIE as displayed in the main text. W

Proof of Proposition 2.2:
It follows by Theorem 2.1 that

Iip(1,1, X)?

p(d n X)Q (Y_md,t(X))Q

E[nex(W)?] = E[;T]QE DT(rg(Y,X) = 7)* + ),
(dt)eS—

= grp7 P70 - 7)%]

+E [w1(D,T)*(Y — m1(X))* + Z wa (D, T, X, p)*(Y —mq(X))?
(d,t)eS—

= Vl,dr + Vv2,dry
where the second equality follows from direct manipulations and the fact that

E[DT - (Y —m11(X)) - (Mg (X) — E[mg(X)|D =1,T = 1])]
=E[E[p(1,1,X) - (m11(X) = m11(X)) - (mg¢(X) = E[ma.(X)|D = 1,T = 1])|X]] =
for (d,t) € S.

Meanwhile, from Part (b) of Proposition 1 in Sant’Anna and Zhao (2020), we have the following

decomposition,
E[nSZ(W)Q] = Vl,sz + V2,827

where Vi 5. = E[D]™2 - E [D(7(X) — 7)?], 7(x) = (m1,1(z) — mio(z)) — (mo,1(z) — moo(x)), and
DT

¥ =m0+ 20T

Vas. =E[D]%-E [E[T] - E[T])? (Y —mi0(X))?
_ = 2 _ 2
AR EEY e e e e 85)

Under Assumption 3, we have that E[I{T = t}g(X)| = P(T =1t)E[g(X)], E[ls:Yg(X)] =
P(T =t)E[1{D = d}Y;9(X)], and p(d,t,z) = (1{t = 1}E[T] + 1{t = 0} — E[T])) -



(I{d = 1}p(x) + 1{d = 0}(1 — p(x))). It then follows that

Viar = E[D]? B[T] E[D(r(X) — 7’)2] ) (B.6)
and therefore,
Vo = Voo = oo B[P0 = 7], (B.7)

We now focus on V3 g.. Observe that

2~ 2
Vaar grrmrmrp (EDT0E —mu )+ [ PLE DRI PE o 0y
(1 - D)TE[T]3(X)? (1 - D)(1 - T) E[TPH(X)’
5| S pon 0 e | S e 0o a0 |
i B | B — a0+ (PO =m0
(1 - D)TH(X)? (1 - D)(1 - T)p(X)’

(1 - p(X))2E[T]2 (Y —mo1(X))? +

(B.8)

where the first equality follows again by Assumption 3. The desired result then follows from (B.7) and
(B.8). |

Lemma B.2 (Generic Convergence Rates under Stochastic Equicontinuity)

Suppose the convergence rates r, and s, from (3.4)—(3.5) hold for e = o0, and that Assump-
tions 1, 2, 4.1, and 4.3 are satisfied. In addition, assume the following conditions hold for all
(d,t)e S_:

(@) Gu{(Y =ma(X)) - (War —wae) (W)} = 0p(1).
(i) Gn{(wiy —wa)(W)- (May —may) (X)} = 0p(1).
Then, the expansion in (3.6) holds. Furthermore, if the following conditions also hold for all (d,¢) € S_:

p(L1LX) p,1,X)\ -
(4i7) Gn {Id,t . <;6(d,t,X) - p(d,t,X)) (Mg —may) (X)} = 0p(1).

() Gn{wa (W) - (Ma; —may) (X)} = 0p(1).

@ el (S-S o

Then expansion in (3.6) remains valid when (3.4)—(3.5) hold for e = Lo.

Proof of Lemma B.2:
Let

Yar(Wiw,m) = 1{dt = 1}wy (D, T)Y + 1{dt # 1}
: {wd,t(Dv T, X)(Y - md,t(X)) + wl,l(Dv T)md,t(X)} ) (B-9)



and Ty, = Z(d,t)es(*l)dﬂ E,, [¢a:(W;w, m)]. Using 74, we decompose 74, as
Tar — 7 = (Tar — Tar) + (Tar — 7). (B.10)

Note first that the second term, 74 — 7, has i.7.d. centered summands with bounded variance under
Assumptions 2(iii) and 4.3; thus, it is Op(n_l/Q). Now we investigate the behavior of 74. — 74, for

which we make the following decomposition

Ya (W50, m) — ar(Wiw,m) =Y —ma(X)) (Vg — war) (W) + mar(X) (011 —wi1) (W)
(B.11)
+ (w11 — wae) (W) (Mg — ma) (X) (B.12)
+ {(W11 —w1,1) (W) = (War — wae) (W)} (Mg —may) (X) (B.13)
=AY (W) + AFE(W) + ALF W),

for (d,t) € S. Here, we use the unifying notation wg (W) to denote wq4(D,T, X) when (d,t) € S_ and
wy,1(D,T) otherwise. We proceed by establishing convergence rates for each component in the above
decomposition.

We first analyze Af’tl. A second-order Taylor expansion of ¢ 1(W;w, m) around E[DT] yields

that
o [Y (Enl[)gﬂ - 5o >]

E, At m)]

E, [DTY]
=BT (E,[DT] — E[DT)) + O,(|E,[DT] — E[DT]|?)
B _% - (En[DT) = E[DT]) + 0p(n~ 7). (B.14)

When (d,t) € S_, similar analysis reveals that

En [ AL 0] =En [(V = ma0(X)) (B — wa) (W) + map(X) (@11 — w1,1) (W)]
=E, [(Y —ma(X)) (War — war) (W)]
- B e @, o1 - BIDT) + 0,(BAT] - EIDTIP)
__E [Z?ET[g;ng (&, (D7)~ E[DT]) + 0p(n72), (B.15)

where the last equation holds by Condition (i) of this lemma and by Lemma D.1(i).
Next, note that Aff() = 0, and when (d,t) € S_, we deduce from Condition (ii) and Lemma
D.1(ii) that

En [AZ200)] = En (w11~ wa) (W) (g = mag) (X)] = opn~12). (B.16)

Analogously, Alﬁ’f’ (+) is identically zero, and therefore, we only need to focus the other three cases,

for which we have
E, |A7 7))

=En [((011 = wi1) (W) = (@41 — war) (W) (Ma; —mar) (X)]



~E, [E[g?]z (id —mas) (X)| - (E[DT] — E[DT]) + Op([E.[DT] — E[DT]P)  (B.17)

—Ep [(War — wae) (W) - (Mg — may) (X)], (B.18)

where the second equality follows from a second-order Taylor expansion of E,[DT] around E[DT].
Taking the fact that E[DT] > 0 under Assumption 2(iii) and that mg; is uniformly convergent to

Mg, We obtain

5. [ o (aa — man) (0| | < B |20

Combining this result with E,[DT| — E[DT] = O, (n_l/Q), we conclude that (B.17) is o, (n_l/Q) .
Next, we study E, [(Wgs — wae) (W) - (Mar —may) (X)]. Let

(g — may) <X>\] < s — mall, = 0p(1).

Id,tﬁ(la 17 X)

f -
Ca W) = S T 6 x0)

(B.19)

based on which, we have the following decomposition

En | (wh, = wae) (W) - (s = mae) (X)] + B | (Bae = why ) (W) - (rae = mae) (X)| = Al + AL,
(B.20)

We consider the Lo-norm first. Under Condition (iii),

Al =B (why = wae) W) - (g = mas) ()] +0p (n72).

=Al

w,m

~

Since a/b— a/b = (& — a)/b— a(b—b)/b* — (& — a)(b — b)/(bb) + a(b — b)?/(bb?), we have

AL, -E [m (L1, X) — p(1, LX))]

_E _5d’tg2;,’£’1;(1)’ 2 (3,1, %)~ pld 1. X))]
|y (UL LX) = 91,1, X0) (3. £.) i1, )|
‘B _ﬁf;fg);; (<1¢£,1{,§)>2 (5(d,t, X) — p(d, , X))Q]

=AGL A+ A+ AL

w,m?

where 04(W) = p(1, 1)*1Id7t (Mg —may) (X).
For A%(;,lm,

{Ab}m’ <p(17 1)_1 (pg?gn)_l E [|(ﬁ(1a 1a X) - p(l, 1? X)) (md,t - md,t)(X)H

< 0(1) : ”ﬁ(]-a 1, ) - p(]-a 1, ')HLQ ’ ||md,t — Mqz
=Op (rnsn),

Ly

min

where pji" = infzex [p(d, t, )| The first inequality holds under Assumption 2(iii), and the second one
is due to the Cauchy-Schwarz inequality.



Likewise,

—2
AL <0(1,1)  suplp(1, L)l {inf (ot} BIEE. 1) it X)) (s~ ma )]
€ T

<0Q)-lp(d.t,-) = p(d,t, ), - [Mas — mael
=Op (rnsn) -

To analyze the convergence of the remaining two terms, we can use a similar approach to the one
used for the previous two terms. However, to complete the analysis, we need to show that p(d, ¢, x) is
uniformly bounded away from 0 across X, with high probability. Due to the uniform convergence, for
any given € € (0,1/2), there is Ne > 0 such that sup,cy |p(d,t,2) — p(d, t,x)| < pgftm/2 with probability

at least 1 — ¢, whenever n = N,.. Thus, when n is sufficiently large, we have
inf [5(d,t, )| > inf |p(d,t, 2)| — sup [p(d, ,2) — p(d, ,2)| > Pi"/2 > 0,
TeX TeX TeX

with probability 1 — €, leading to our desired claim.

The sup-norm case can be handled analogously. Different from the Ls-norm, it is now possible to
work directly with the empirical measure, leading to the conclusion that A}H’Zn = O, (rpsy), without
invoking Conditions (iii)-(v) of this lemma.

Next,we examine the estimation effect of the normalizing weight as given in A%}Tﬁn Let p(1,1) =

E, [Idvtg((il&é))]' Again, we focus on Lo-norm first. By definition,

A = =B B [w () - (g = ma) ()] (51, 1) = p(1,1).

_

Ai;m"
We can further decompose A%l,lnff into
AL =AT, (B.21)
+ (En —E) [wa (W) - (Mar — maz) (X)] (B.22)
+ Ewg (W) - (Mas —mayz) (X)]. (B.23)

=0y (sn) + Op (rnsn) + 0p (n_1/2>

By Conditions (iii) and (iv), (B.21) and (B.22) are O, (r,5,) and oy, (n_l/Q), respectively. Since pg(-)
is uniformly bounded over X, (B.23) is O (s) by the Cauchy-Schwartz inequality.
Analogously, we have

p(1,1) —p(1,1) =(E, — E) [Id,t (A((il 1 ))? Z(&’ 1;;)] (B.24)

+ (Bn —E) [Idt Z 1 ))8] (B.25)
1

oo (G i) B2

=0y (rn) + Oy (n_1/2> +0p (n_1/2> .

Under Condition (v), (B.24) is o, (n_l/Q). Since (B.25) is a centered i.i.d. summand, it is O, (n_l/Q).




1

w,m>

that both Ay'y, and Ay, are Op(rnsy).

Once again, analysis under the sup-norm rely directly on empirical measure, thus eliminating the

Arguing along the same line as for A we get (B.26) is Op(ry). Collecting these results, we conclude

need for conditions on the empirical process. Further details are not provided here for brevity.
To finish the proof of this lemma, we gather the results in (B.10), (B.14), (B.15), (B.16), (B.18),
and (B.20), which leads to

Tar — T =E, Z (=) apg ,(Wiw,m) —7 | +7
(d.n)es

=E,[nes(W)] + Op(rnsn) + op (n_l/Q) )

<1 — %) + Op(rnsp) + 0p (n*1/2>

Lemma B.3 Under Assumptions 2 and 4, the stochastic equicontinuity conditions (i)—(v) stated in
Lemma B.2 hold for all (d,t) € S_.

Proof of Lemma B.3:

The proof proceeds by verifying that the assumptions of Lemma 19.24 in van der Vaart (1998) are
implied by our assumptions for each of the required conditions. For brevity, we explicitly verify
Conditions (i) and (iii); the remaining conditions follow by analogous arguments.

Proof of Condition (i): Let & denote the event that (P, {Ma¢}(aes_ ) € F- Given the definition of w!

in (B.19), we decompose the difference between g, and wq, in Condition (i) as

Gn {(Y — ma (X)) (War — wazr) (W)}
= G {(V = may(X)) (w], = war) W)} + G { (¥ = may(X) (a0 — wh,) (1)}
= A;l + A?

g1’

We analyze the two terms separately.
Note that

Id,t(Y - md,t(X)) ﬁ(la 17X) _ Id,t(Y - md,t(X)) p(l, 13X)

Al = WUn =
n=¢ P11 LX) a1 pdtX)
=f9L (W) =7 (W)

Define the function class

p(1,1) pld,t, &)

peFP({0,1}* x X)},

Fii = {(d,i,az,g) e (0,1} x XY <MCZ: tl= t}@_md’t(i)v ALLT)

for (d,t) € S_. By construction, both fglt and f9% belong to FJ, on .
By the construction of P and F™ in Assumptions 4.2, both sets are uniformly bounded with finite

uniform entropy integral, so both are P-Donsker by Corollary 2.3.12 in van der Vaart and Wellner
(1996).

10



Moreover: (a) by Assumption 4.2(i), F? is uniformly bounded away from zero, implying {1/f : f €
FP} is also uniformly bounded; (b)

-1
sup ||f||L2 E[Var[Y|D =d,T =t, X]] - sup {Supﬁ(l, 1,x)} © sup {<1£f p(d,t m)) } < 0,
fe]: L peFP \zeX PEFP T

where the first inequality follows from Assumptions 2(iii), and the second follows from Assumptions
4.2-4.3; (c) F; g}t consists of Lipschitz transformations of functions in FP, F™, and singleton function
sets. By Theorem 2.10.6 in van der Vaart and Wellner (1996), F. g}t is therefore uniformly-bounded and
P-Donsker.

Next, we have

Hfg,lt_ <C-E[Var[Y]D:d,T:t,X]]l/z.

t
Lo
{C1p(1, 1) = p(L, 1)l + Co [[P(d, 2, ) = pld, L, )|}
= Op(l)a
where the inequality holds under Assumptions 2(iii) and 4.2(i). The convergence follows from Assump-
tions 4.1 and 4.3. Therefore, - I3 = op(1) on €.

Applying Lemma 19.24 of van der Vaart (1998) with fn = gl and fy = fdt, we conclude that
Al = 0,(1) on the event €. Since P ((D, {fMas}apes ) ¢ F) < e — 0, it follows that AL = o,(1)

unconditionally.

2 . . . .
For A7 , direct manipulation yields

1 1 ]3(1 1 X)
A2 = Gy A Iy (Y — X)) .8/
g1 E Id tp(l, 1 X):| p(l, 1) G { d,t( md,t( )) ]/?\(d,t,X) }
—1
Idtp 1717X) Id,tp(1>17X) . Id,tﬁ(lvlax) _ Id,tp(lalaX)
Pt X) p(d,t, X) " pld.t,X) p(d,t, X)
=31 =az
(]"]‘7X) p(1717X) p(17 7X)
I;:(Y X — I;:(Y X
G { dt( mdt( )) < (d m X) p(d,t,X) +G dt( mdt( )) ’ ,X)
e e

By Assumptions 2(iii) and 4.2(i), A;} is uniformly bounded and bounded away from zero, so
(AQl)_l = Op(1) on €. Analogous arguments to those used for Aélh and Lemma 19.24 in van der Vaart
(1998) imply AZ? = 0,(1) on €. Furthermore, we have A2 = O,(1) by the CLT. It remains to bound
A2 for which we have

Id, ﬁ(lvle) ﬁ(lvle) p(l,l,X)
a5t =) | e e (e~ ) (20
< Op(l) + Cl ’ Hﬁ(l’ 17 ) _p(17 17 )Hoo + 02 ’ ||ﬁ(d7tv ) - p(d,t, )Hoo
= 0p(1)
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on &£. The first term on the right hand side of (B.27) is 0,(1) because both p and 1/p lie in uniformly
bounded P-Donsker classes with probability approaching one under Assumption 4. Hence, by Theorem
2.10.6 of van der Vaart and Wellner (1996) (see also Examples 2.10.8-2.10.9 therein), it is o, (n_1/2).
The second term on the right hand side is bounded by direct application of the triangle inequality and
Assumption 4.2(i). The last equality holds by Assumption 4.1.

Collecting results on A2} — Agf, we obtain A2 = Op(1) - 0p(1) - (0p(1) + Op(1)) = 0,(1) on E.
Again, since P (£) — 1, the conclusion A?;l = 0p(1) holds unconditionally.

Since both A} and A2 are o,(1), Condition (i) holds.
Proof of Condition (iii): We first define the function class,

g3 __ 77 ~ o~ 7 _ T ﬁ(l,l,i’) p(l,l,f) ~ ~ ~\Y L
Far = {(d,t,x,y) € {0,1}2 X XY l{d=d,t=t}- <13(d,t,§:) — p(d,t,i‘)) (Mg (T) — ma(T)) :

peF?({0,1} x X),me F"(X)},

for (d,t) € S-. Define f5(W) = Loy (555 — 2555 ) - (aa(X) = may(X)), for (dt) € S-.
Following arguments analogous to those in the proof of Condition (i), we deduce that F 5‘1 is a uniformly-

bounded and P-Donsker. Moreover,

£93
|75

Lo <(C1-[lp(1,1,-) —p(1,1, )Hoo + Cy - [|p(d, L, -) — p(d, 2, )Hoo) ’ Hmd,t - md,t||L2
=o0p(1)

on €. The first inequality follows under Assumptions 2(iii) and 4.2(i)-(ii), and the convergence follows
by Assumption 4.1.
Applying Lemma 19.24 of van der Vaart (1998) with fr = fgi and fp =0 and using P (£) — 1, the

desired result follows immediately. [ |
Proof of Lemma 3.1: The result follows directly from Lemmas B.2 and B.3. |

Proof of Theorem 3.1:
Lemma B.2 establishes that the expansion in (3.6) holds under the sup-norm when Assumptions 4.1,
4.3, and Conditions (i)—(ii) of that lemma are satisfied, without requiring direct verification of the
uniform entropy integral conditions in Assumption 4.2.

Assumption 4.1 follows from Lemma C.2 and Assumption 5.5, while Assumption 4.3 is implied by
Assumptions 5.1-3. Stochastic equicontinuity conditions (i)—(ii) in Lemma B.2 are verified in Lemmas
D.2 and D.3. With the bandwidth rate conditions in Assumption 5.5 guaranteeing that the leading

remainder term is Op(1,5,) = 0p (n_l/ 2)7 the asymptotic normality follows directly from the CLT. B

Proof of Theorem 4.1:
Proof of Part (a): In Theorem 3.1, we have already shown that under Assumption 5, for every P € Py,

the following holds: 7y — 7 = Ep[nes(W)] + 0p (nil/ ?) . By applying a similar line of reasoning and
using the additional conditions on Assumption 5 specified in this theorem, one can similarly establish
that, for any P € Po: 7o, — 7 = E,[ns.(W)] + 0p (n*1/2). Now, by the CLT, we have

Vi iy = 722) S N (0. | (nen (W) = e (W))?])
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It remains to show that

v, 2V, (B.28)

and
V =ps, > 0. (B.29)

First, it is implied from the proof of Theorem 3.1 that 7z s(w) 2> neg(w), uniformly in w e W. In
a similar vein, 7, (w) N Ns-(w) uniformly over W, under Hy p. Combining these two results, (B.28)
then follows by the CMT and the weak LLN.

From Proposition 1 in Sant’Anna and Zhao (2020), we know that 7 (-) is the efficient influence func-
tion for all regular estimators of the ATT, which makes 7, an efficient estimator of 7 under Hy p. More-
over, since both 74 and 7y, are consistent under Hy p, it follows from Lemma 2.1 in Hausman (1978)
that E[neg(W)ns:(W)] = E[ns:(W)?]. Hence, E [(neff(W) - nsz(W))Z] = E [nea(W)?] — E [n5:(W)?].
Given this result, (B.29) now follows by Proposition 2.2 and the condition that Var [7(X)|D = 1] > 0.

Proof of Part (b): We proceed by establishing: (i) Ty — Tar = Tz — Tar # 0; (id) V, BV < oo, under
Hl,p.
Under the assumptions of the theorem, for any P € Py, p(d, t,z) 2> p(d, t,z) and iy (x) 5> mq(x),

uniformly in z € X, for (d,t) € S. Now, applying the LLN, we get 74, 2oy and 7, B 7o, Result
(i) then follows from the CMT. Next, we deduce from the uniform consistency of p and m, the CMT,
and LLN, that (B.28) holds under H; p. Furthermore, Assumptions 2(iii) and 5.3 ensure that both
sz and 74 are uniformly bounded, which leads to V' < co. This concludes the proof of part (b). W

Proof of Lemma 7.1:

The proof follows a similar line of reasoning as in Lemma B.2. With the generic first-step estimator

now replaced by cross-fitted estimators, we can leverage the empirical process theory developed in

Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, Newey and Robins (2017) to simplify the analysis.
Since J is a fixed integer, it suffices to examine the behavior of E, ;[¢q.(W;w;,m;)], where

Yqys is defined in (B.9), for any given j € {1,...,J}. Define the weight factor for a given p as

. Ta4p(1,1, : Ta4p; (1,1,
Wat(w) = % and for the cross-fitted estimators: le,t,j(w) = Wj(d,;)@‘ Note that
B (W) = wl | (W) = wia (W) = g5

Let &, denote the event that (p;,m;) € J, for all j € {1,...,J}. Under Assumption 6.1, we have
P(&,) =1—Je, — 1L
Define
V(Wi wh, @) = Yas(Wiwh, - M) = Yar(Wiwap, mag),

03 (W5, wh, M) = Gap(Ws D ;) — bar(Wiwh, ; Mars)-

By the triangular inequality, we have

" A~ —1/2
Eny [0h,Wiwl i) || < ny " (Gl + Giuy) (B.30)
where
Gl = gl (Wil i)
d,t,j n,JL%d,t ) ’UJJ y M )

Gi,t,j - nb/z ‘E [wd,t(W; w:;,t,j’ md,t,j”(wi)ielj] —E [T/fd,t(W; Wd,t, md,t)] )
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Gy [f(W)] = 02 (B s [f(W)] = ELF (W) (Wi)ies_,]) -

Note that @Z%l = 0, so it suffices to consider the remaining three cases. On the event &,, which

holds with probability approaching 1, we have

E [(Gfli,m‘)? ‘(Wi>i63,j] {det W wjvmj H ’ i zefJ’J:|
< o, Bl
< sup E[det W;w,m) H ]
(PyM)ETn

Using the decomposition provided in (B.11)—(B.13), we write
P (Wi, m) = AL (Wi, 1) + AL (Wi, m) + ALY (W, )
On the event &,, we have

HA (W;w m)’

Lo

< ap(Y = mag (XD, - 1 Bas — wal,
C- HId,t(Y - md,t(X))HLQ ! <”ﬁ(1a 17 ) - p(17 17 .)HLQ ’ Hp(d7ta )HZ;
1) = (st ), - (s 1))

< Cysup [|p(1,1,) —p(1,1,)[,, + C2 sup [|p(d,t,-) — p(d,t, )|,
pETE pETE

= O("”n,l,l + Tn,d,t)z

where the third inequality follows because

[La,t(Y —ma (X)), = (E[p(d,t, X)Var [Y|D =d,T = th]])1/2
<(p(d,t)- [Var[Y|D =d,T =t X = ]| ,.)"* < C,

under Assumption 6.2. The last equality is due to Assumption 6.1(i).
Next, for Agf,

HA” 2 W;w m)H < lwig — wd,t||L2 |lmas — md,t||L2
Lo
< C sup |[[mar—magll;,
meJm
= O(sn,d,t)a

on the event &,. Here, the second inequality follows by Assumption 2(iii) and the last equality is due
to Assumption 6.1(ii).
For Agf’, we have

|astoviam)| | <l - wadly, - I -mall,

< (Cl Hﬁ(L L, ) —p(l, L, ')HL2 + Cy Hﬁ(d7t7 ) —p(d,t, )HLQ) ’ Hmd,t -
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<01 sup Hﬁ(lala) _p(lvlv')HLQ ’ ||77~’Ld7t — Mqt

L
(Bm)ETn ?

+Cy sup |p(d,t,-) = p(d;t, ), - [Mae —magll
(ﬁﬂ’h)ejn

=O(rp1,1 " Sndt + Tndt - Snd,t),

where the last equality holds under Assumption 6.1(iii).
_ 2
Collecting these results, we deduce that sup; ez, E [“wé7t(W;ﬁ),ﬁ1)“ ] = O((rpa1 + rnar +

Sn.at)?) on the event &,. By Markov’s inequality and Lemma 6.1 in Chernozhukov et al. (2017), it
follows that Gfli,t,j = Op(Tn11 + o + Snae) = op(1).
To bound Gfltj, we first define

gpjla) =E [W,t(W; aw)), + (1 — @)way, amay; + (1 — a)md,t)|(Wi)iej_j] —E[Ya:(W;iwar, mag)],
for a € [0,1]. By a second-order Taylor expansion, we have
9u.5(1) = 94,5(0) + gy ;(0) + gy, ;(a)/2,
for some a € (0,1). Noting that g;(0) = 0, and further
Gyj(@) =E| (Y = mas(X) = aliasg — mae) (X)) - (w], ; = wa) (W)

(w11 = wao(W) = a(wh, ;= war) (W) - (g = mad)(X)|(Wkies |

gil,hj(a) = QE[(wIl’tJ - wd,t)(W) : (md,t,j - md,t)(X”(Wi)ieﬁ_j]a

From this, we deduce by the LIE that

G5 (0) = B [(V = map(X)) - (w],; — wa) (W) + (wis = wa) (V) - (P — ma) ()| (Whies |
= 0.

On the event &,, we have

2 1/2 1/2 ~
1G5 eill,, = < lgws (DI, = ny? - llgh,@/2l

1/2 A~

:nJ/ : HE[(“J;,@;‘ —wa ) (W) - (M — mae) (X)|(Wi)ies_;] L
1/2 ~ ~

<ndf?. sup N@ae - waly, - Iiae — madll,,

(p,m)eTn

1/2 ~ ~

<nf?- | swp Cullpu = pualy, - e — madlly,

(PyM)ETn

+ sup  Collpag —pailly, - IMae —maell,
(B:)ETn

= O(n1/2 *Sn,dt (rn,l,l + Tn,d,t)) = 0(1)7

where the last equality holds under Assumption 6.1(iii). This implies, by Markov’s inequality, that
Gﬁtj = 0p(1). As a result,

Ens [0he (Wil )| = 0, (n72). (B.31)
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Next, we analyze 77!_162[ ;- Using a second-order Taylor expansion, we have

J
I Y B0 @50 )] = - G (BT - ELDT)
j=1

+ O,(|En[DT] — E[DT]?) = O, <n—1/2) (B.32)
When (d,t) e S_,
Vi (W, w]T, mj) = (Y — May; (X)) (Dar; — w;t,j)(W) + Mt (X) (W11, — wh,j)(W)

—@Z)f“l(W wj,wT

72,2 ~ ~
Tmg) + 95 (Wi, wl,imy).

We first bound @Z_J?I’? . Applying a first-order Taylor expansion gives

J
— 72,2 N ~
‘] ! Z Envj [wd,t (Wa wju ’UJ}, m])]
7j=1

_ J
I - S o
n j=1
- W . (E,[DT] - E[DTY)
_ J
_ (B [DET[]DTI]E}DTD T Y By | DT (s = mad) (X) | + O,(| E4[DT] — E[DT]?)
o AT W)
:_W-(En[DT]—E[ ) + Op(n™25,ay), (B.33)

on &,. The last equality follows from bounding the cross-fitted average of A"’ di j

E [ (Easlaz, 0v0) 10ea, | < |z o0 o7iden|

< sup Hmdt_mdt||L2 O((sn,a)?);
(P,)ETn

= O(spaz) = o(1),

<C sup || —
(p,ym)eTn

and ‘E [AZZ}] (W) (Wi)iej—j]

e 1 _
which implies J ! Zj 1Enj [AZ”H(W)] = Op(Sn.as +1n"2sp.44).
Next, we bound wdt' Let py(1,1) = J~! Z}le E,,; [%]. Then,
s 5 AT,

w0y (W3, wl, )] (B.34)

QMK

_ (ﬁJ(l 1) p(1,1)) ( = ZE . [wdm )(Y—ﬁ”bd,t,j(X))])
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J ~
~ _ _ Idtp](lalaX) Idtp(lale) Idtp(lvlaX)
TR | T _ + (B, —E) | 4P 4)
s le pj(d,t, X) pd,t, X) ( ) p(d,t, X)

m,2
Adt]( )

J
T By | (why s = wa ) V)Y = mae(X)) = (wh, ;= wa) (W) (Mg —ma) (X)
j=1 -

_/

A’t’inti (X) A;nt4] ( )

—wa (W) (ﬁ?dt = ma ) (X) |+ Ep [wa (W)Y —ma(X)]

A;nti( )
= Op(1)- (Op(rml’l + Tnde) + Op(nil/z)) ' (OP(Sn,d,t) + Op(n71/2)>
= Op(rn,l,lsn,dﬂf + T‘n7d7t5n,d7t) + Op <7’L_1/2> = 0p (n_l/Q) , (B35)

where the last equality follows from the bounds on the terms involving A;nf through A;nf.

We now proceed to bound these terms. Starting with the asymptotic variance part,

m,2 2 m2
E|(GuslA77 7)) | <E HAm | 107,
= (Cl sup Hﬁ(Ll’) - ' HL + 02 sup ”p d t ) p(d7t7>H%2>
pETR pETR
= O(('r'n,l,l)2 + (Tn,d,t)z)a
2
B | (Gustas 1) 1%, | < [z on)] v, |
< (Cl sup [[5(1,1,-) = p(1,1,-)[|7, + Ca sup [[5(d,t,-) - p(d,tw)HQLQ>
peTE peTy
= O((rn,1,1)% + (Tn,ar)?),
2
B | (Gutazt 1) 1%, | < B[z on]] 1w, |
< (Cl sup [|5(1,1,-) = p(1,1,-)[|7, + Ca sup [|p(d,t,-) — P(dvf,')HiQ) - sup (i — mayll7,
ey peTy meJm
= O((rn,l,l)Q(sn,d,t)Q + (Tn,d,t)Q(sndt)2)a
2
E [(Gn,j[AZ@Z(W)]) ’(Wi)ieﬁj] [HAd ' H (W, 1€J]] ngfm |[gs —
= O((sn.at)?);

Their respective bias parts are given by

< Cl sup Hﬁ(Ll) ) (1717)||L +02 sSup ”p(d t, ) p(data')HLQ
pETR, PETR

= O(rn,l,l + Tn,d,t)a

=0,

B[ A7 WI(Wadiea, |

‘E [AZ£§<W)|(Wi)ie3,j]
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‘E [A:ij(W)KWi)ieﬁ_j]

< (Cl sup Hﬁ(Ll’ ) (1717')||L + C sup Hp(d t ) p(d7t")HL2>

ﬁej'r}; pejn

- sup |[Mmar —matlly, = O(rna,18ndt + rndtSnd,t),
ey

< Cp sup ||mdt—mdt||L2 O(sn,d,t)-
meJm

A7 W)W, || <

Consequently, each term exhibits the following convergence rates on &:

AGEW) | = Oplraa + raae).

<
Il
—_

S
D= L=
&= =

S S

Agjéi(W)_ = Op(n_1/2(rn,1,1 + Tn,d,t))a

<
Il
_

4
AZ?J‘(WX = Op('rn,l,lsn,d,t + Tn,d,tsn,d,t)a

5
D=
=

&

<
Il
—

3
D=
=

3

<
Il
—_

3 |A15 )| = Opsnan)-

Thus, the leading rate of (B.34) is Op(7n,1,15n,d,t + Tn.d,tSn,dt), Which is o, (n_l/Q) under Assumption
6.1(iii).
To complete the proof, we collect the results from (B.31), (B.32), (B.33), and (B.35). From these,

we deduce

e e E.[DT _
Tdfj r=n""! Z Y (Wiw,m) —7+ 7 - <1 — E[[DT]]> + op (n 1/2)
i=1

=n~! an Nest(W3) + op (n_1/2> )
i=1

Asymptotic normality then follows directly by applying the CLT to the linear expansion. |

Proof of Theorem 7.1:
Proof of Part (a): The derivation of the EIF proceeds by the same steps used in Theorem 2.1.

Step 1: The density of the observed data W = (RYp, RY1,(1 — R)Y, (1 — R)T, D, X, R) is given
by

f(ya y17y0>ta d7 T, .CU) (fp(yl y()ad :C) ) (frc(yvd 13 ZL‘) (1 - ,’:))1—7"’

where 7 =P (R = 1) and

fp(ylayovde) :f(y17y0|17 lvx)d 'pl( )d ' f(y17y0|0a Lx)lid ' (1 _pl( ))17df($|1)
fey dt,x) =f(y[1,1,0,2)™ - f(y[1,0,0,2)" 7 - £(y]0,1,0,2) =D f(y]0,0,0, ) =D~
'p0(1717x) 'pO(lvoax)d(l_t) pO(Oalvx)( —d)t 'pO(anax)(l )1-1) (xyo)

where f(y1,yold, 7, z), f(y|d,t,r, ), f(z|r) are shorthand for f(y1,yo|D =d,R =71, X = z), f(y|D =
d,T=t,R=7rX =x), and f(z|R = r), respectively.
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Consider the regular sub-model parameterized by 6 > 0, with the true model indexed by 6y = 0,
fow®) =13 (1,90, d, )" - f5°(y,d,t,a)' " -7 - (1= 7p) "
The corresponding score function is given by
so(w™) =r - sy(y1,y0,d, x) + (1 —71) - s°(y, d, t, z) + sp(r),

where

d—p1y(z)
pro(x)(1 —p1o(x))

sp(y1, 90, d, ) =d - se(y1,y0|1,1,2) + (1 — d) - s9(y1,%0[0, 1, ) + P1o(x) + t10(x),

Sgc(y? d7t7 .%') =dt - Se(yH? 1,0,1‘) + d(l - t) ’ 59(y|17 07 va)

+ (1 - d)t : 39(y|07 17 07$) + (1 - d)(l - t) : 59(y|07 07 O,LU)
p0,9<17 17'7}) p0,9<07 17'7})
p(],@(la 1,1’) pU,Q(Oa 1)$)
pO 9(17071:) po 9(0,0,.’13)
PORLET) (1 gy —¢) - POV AT)
P0,9(1a0a$) ( )( ) PO,O(Ovoax)

+ dt - + (1 —ad)t-

Ld(l—t)

+ tO,@(‘T)’
r—Tp

sp(r) = ) -7,

To - (1 — T
S€(y17y0|d717$) = alogf@(y17y0|d7]-ax)/aea Sg(y’d,t,0,$) = alogf@(y|d7t707$)/aea pl,@(‘r) =
op1,6(2)/00, pog(d,t,x) = Ipoe(d,t,x)/00, t,e(x) = dlog fo(x|r)/00, and 7o = drg/df. Given the
score functions, the tangent space of this parametric model can be characterized by

T = {7" ' Sp(ylvy()advx) + (1 - T) ’ Src(y7d7t7$) +c1- (T - 62) :SP e Tp)src € TTC?
c1 €R,e0€(0,1)},

where

TP ={ds11(y1,50,2) + (1 = d)s1,0(y1, Y0, ) + a1 (2)(d — az(x)) + L1 (2)},
T7e :{dt80711(y,$) + d(l — t)S(),l()(y,.f) + (1 — d)tS()’()l(y, .%') + (1 — d)(l — t)S(),o(](y,iL')
+ dtp(),u(x) + d(l — t)pg;o(l’) + (1 — d)tpopl (.1‘) + (1 — d)(l — t)popo(.ﬁ) + lo(l‘)},

for any functions{sy 4(-, ", ), s0,a¢(*, ), Po,at(+); a1(-), a2 (), 11(-), lo(-) } (4,¢)es that satisfy the following con-

straints:

$1.d4(-, ) € La(Y x Y x X), with ffsl,d(yl»QO>$)f(ylayO|da L,x)dyidyo =0, Yz e X,  (B.36)

50,dt(+, ) € L2(Y x X), with fso’dt(y,x)f(yd,t,o,x)dy =0, Vx e X, (B.37)

Por(-) € Lo(X), with > poa(x)po(d,t,x) = 0, Vo € X, (B.38)
(d,t)eS

() € Ly(X), with Jlr(:v)f(zh“)dx = 0,7 € {0, 1}, (B.39)

0 <az(-) <1, and a1(-) € La(X).

In Step 2, we show that the target parameter associated with the parametric sub-model is path-wise
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differentiable. Following standard arguments such as those used in Lemma B.1, we can show that the

ATT can be identified by

7 =P(R=1)-E[E[AY|D=1,R=1,X]-E[AY|D =0,R =1,X]|R = 1]

+IP’(RO)~E[Z( DIME[Y|D = thROX]RO]
(d,t)eS

under Assumption 7. In the parametric sub-model, we can represent the target parameter as follows:

Loc(g) — . a1 335 = wo) fo(yr, yold, 1, 2)p1 0 (@) fo (%] 1)dyr dyoda
o (%f Y [p1.0(@) fo(al1)da )
=72¢(0)

§p06(1,1,2) fo(x]0)dx

"

=52 (6)

+ (1 —7p) - ( Z (—1 )d+tsgyf9 yld,t,0,7)poe(1,1, )fe(:cO)dydm)‘

(d,t)eS

The derivative of 7°¢(0) with respect to 0, evaluated at 6y = 0, is then given by

dree(0)|  _ dre(0) o drE(0) oc oc
do o =70" 1:19 i + (1 - TO) a0 i + 7o (Tp (0) — Tre (0))7
where
drp(0)|  _ (_1)d+1SSS(yl —y0)s(y1,y0ld, 1, @) f(y1, yold, 1, ®)p1 () f (x|1)dyrdyod
LU de{0,1} p1
N §(mh A(z) —mg A(2) = 79°) - P1(2) f(2|1)dz
P
N §(mf A(z) —mg A(2) — 79°) - p1 (2 )t1(93)f(ﬂf|1)d967
n
drre(0)|  _ 3 (71)d+tHy8(y\d,t,Oyﬂf)f(y!d,t,O,w)po(l,Lw)f(x!R: 0)dydz
do =0 (dD)es p0(17 1)
S anes M (@) — 775) - po(L, 1, z) f (x]0)dz
+
po(1,1)
S apyes M (@) — 77) - po(1, 1, 2)to(2) f(2]0)dw
+ )
0(17 1)

and p; = P(D = 1|R = 1). We now define the following candidate EIFs:

Fo(w) =r- FP(y1,y0,d,z) + (1 —r) - F"(y,d, t,x) + F"(r),
F(y1,y0,d,2) = {wh(d) (m? 5 (2) = mf 5 (@) = 75°)
Ful () (Ay = mf 5 (@) = wh(d,2)(Dy — mf o (2))]
F ) = w0 W)~ 1)+ ;S (=D (d ) (y — mify (),

Friry=r- 1)+ (1 —r) 70 —7%=(r—7) (1,° =,

C OC)
rc/:
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From direct calculation, we obtain,

E[FC(W°) - so(W)] =E[(R - FP(Y1,Yy, D, X) + (1 — R) - F"°(Y, D, T, X) + F"(R))
(R s5(Y1, Y0, D, X) + (1= R) - s5°(Y, D, T, X)) + s5(R))]

=E[(R- FP(Y1,Yy,D,X) - s;(Y1,Y), D, X)
+(1—-R)-F(Y,D,T,X)-s;°(Y,D, T, X)
+ F"(R) - so(W°)
+ (R FP(Y1,Yy, D, X) + (1— R)- F(Y,D,T, X)) - sh(R)].
Arguing along the same lines as in the proof of Theorem 2.1 and that of Proposition 1(a) in
Sant’Anna and Zhao (2020), we deduce that

E[R- FP(Y1,Yo,D, X) - s5(Y1,Y0,D, X)] =7 - E[FP(Y1,Yy, D, X) - sh(Y1, Yo, D, X)|R = 1]

- drye(0)
— 7. @l (B.40)
E[(1-R)-F*(Y,D,T,X)-s;°(Y,D, T, X)]| = (1 —7) - E[F"(Y, D, T, X) - s;°(Y, D, T, X)|R = 0]
() |
= (1 ) . (B.41)
Furthermore,
E[F"(R) - so(W)] = E[F"(R) - (R - s5(Y1,Y0, D, X) + (1 = R) - 5¢°(Y, D, T, X) + s3(R))]
— E[F'(R) - s}(R)]
. (R—f)2. 7OC _ 00y &
~=| S - |
=7 (190 — 129), (B.42)

where the second equality is due to

E[F"(R) - R - s4(Y1, Yo, D, X)] = E[R - F™(1)] - E[s(Y1, Yo, D, X)|R = 1] = 0,
E[F"(R)- (1 - R) - si(Y, D, T, X)] = E[(1 — R) - FR(0)] - E[s}(Y, D, T, X)|R = 0] = 0.

These two lines follows directly from the fact that the true score functions sf and s{¢ satisfy

E[s5(Y1, Yo, D, X)|R = 1] = 0 and E[s(Y, D, T, X)|R = 0] = 0, respectively.

?|

F-E[FP(Y1,Yp, D, X)|R = 1]

Next,

R~y

E[R - F"(Yi, Yo, D, X) - sj(R)] B[P, Yo, D, )R = 1]

(B.43)

I
o

)

1] = 0. Analogously, since

where the last equation follows due to E[FP(Y1,Yp, D, X)|R
E[F(Y,D,T,X)|R = 0] = 0, we have

E[(1—R)-F™(Y,D,T,X) - sj(R)] = E {—11__]; 7 E[F(Y,D, T, X)|R = o]]
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=—-E[F(Y,D, T, X)|R = 0]
~0. (B.44)
Collecting results in (B.40) through (B.44), we deduce that

dro(0)
do

]E[FOC(WOC) . SO(WOC)] _

6=0

In Step 3, we show F°¢(IW°°) is indeed the efficient influence function for 7°¢, by verifying that
F°¢ € T°¢. To that end, we let ch,(z) = p1~ - (mf’A(x) - mgﬂA(az) - T;c) and c’(z) = po(1,1)" 1.
(Z( dt)e 3(—1)d+tm§ft(a§) - T,?g). Moreover, leveraging the following quantities

p1(x)(y1 — yo — mf A(2))

—1 p
$1,1\Y1, %0, %) = P17 Y1 —Yo—mMm z 51,0091, Y0, %) =
( 3 ) ) 1 ( 1,A( ))7 ( ) 3 ) P - (1 _pl(x))

9

ar(z) = (z), az(z) =pi(z), bL(z)=pi(z)- d,(z),

y—m’{fl(x) . t po(l,l,w) ’ (y_mgt,: (1‘))
son(y,@) = S po(1,1) soarly, z) = (D7 po(d,t,x) - po(l, i)
poii(xz) = (1 —po(1,1,2)) - cs(z), poar(z) = —po(1,1,2)-cs(z), for (d,t) e S_,

lo(x) =po(1,1,z) - cS(x), 1= (TI(;C — chc) , and ¢o = T,

, for (d,t) e S_,

one can readily verify that constraints imposed on the tangent space 7°¢ (i.e., (B.36)—(B.39)) are
satisfied under these function choices.

To prove part (b), we note that the semiparametric efficiency bound can be computed as follows

B[y (W*)?] =E[R - np(¥1, Yo, D, X)?] + E[(1 — B) - 1ee(Y, D, T, X)) + E[n-(R)’]
+E[(R-np(Y1,Y0, D, X) + (1 = R) - npe(Y, D, T, X)) - (R)]
—E[R] - E[np(Yi, Yo, D, X)?|R = 1] + E[1 — R]- E[,c(Y, D, T, X)?|R = 0] + V
—E[R] - Vy* + B[l - R]- V& + Vi,

where the second last equality holds because, by the LIE, the cross-product term in the second line
has mean zero. [

C Results on asymptotic linear expansion of local polynomial esti-
mators

In the next subsection, we provide some well-known results about the U-statistics, based on which,

we derive uniform stochastic expansions of local polynomial estimators in Section C.2.

C.1 Rates of convergence: U-Statistic

Let {X;}!' ; be a random sample from an unknown distribution. Let

h: X" — R, (x1,...,zp) — h(z1,...,2p),
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be a (possibly sample-size dependent) real-valued measurable function. Define the rth-order U-statistic

with kernel h as

Uy, = : > M X5y X)),

(s1,...,8r)€S(n,r)

where S(n,r) is the set of all n!/(n —r)! ordered permutations (si,...,s;) of size r from the index set

{1,...,n}.

Since any kernel A can be symmetrized, we can replace it by its symmetrized version

R 1
A )(1;1, ceyTy) = ] Z h(xw(l), e ,:L’F(r)),
" weS(r,r)

where the summation ranges over all permutations of {1,...,r}. Restricting attention to symmetric

kernels, U,, can be equivalently written as

-1
_ (" ) (x X
n-(1) L ),

(815e--y8r)€C(n,r)

where C(n, ) is the set of all (') unordered combinations (si,...,sy) of size r from {1,...,n}.

For 1 < s < r, define

ho(x1,. .. 25) = E[h(z1, ..., 26, Xsy1,-- -, X0)], os = v/ Var [hs(X1, ..., X,)].

We say that a U-statistic with kernel h is s*-th order degenerate if o5 = 0 for all s < s*.

Lemma C.1 Let h: X" — R be a measurable, permutation-symmetric function of r arguments such
that E[1(X1,...,X,)] = 0 and ¢, < 0. Then U,, = O,(3,_; n=*/%0,) . In particular, if the U-statistic

is s*th-order degenerate, its convergence rate simplifies to U,, = O, (Z;:S*H n_s/Qas) .

This rate is a standard result in U-statistic theory and follows directly from a variance calculation
combined with Markov’s inequality. For detailed derivations and formal results, see e.g., Appendix B.1
of Rothe and Firpo (2019a), Section 12.1 of van der Vaart (1998), and Sherman (1994).

C.2 Asymptotic linear expansion of local polynomial estimators

In this section, we provide some results on the asymptotic expansion of the local polynomial
estimators.

For (d,t) € S_, we define the summand of the (local) score function as

¥ exp(X(xe) Va,) ~
Ay Woay) = (1, — ’ H(W)X () K (X: 2, B, M),
d,t( 7) ( d,t 1 + Z(d/,t/)es_ GXP(X(QCC)”YC[',#) ( ) ( ) 2 ( )

where H(h) is a diagonal matrix with the main diagonal entries being h=I¥l_ for lexicographic-ordered
k, with 0 < |k| < p. Here, we have dropped the subscript of X to ease notational burden. We
let e ({Sq}(apes.) = (5105501,500)"- The local Fisher information matrix evaluated at = can be

approximated as
I(z) = diag(p-(z)) — p-(z)p_(2), (C.1)

where p_(z) = (p(1,0,2),p(0,1,2),p(0,0,z)). In addition, we define the local hessian as
YP(z) = E[Z(X)® H(h)X(mC)X(atc)’H(h)f(ps(X; x, h, \)].
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With these notations in hand, we can introduce several quantities associated with the linear ex-

pansion of the PS estimator. For each (d,t) € S_,

Aqi(W,2) = (€3, ® en, 1) 7 () A (W, 2,7 (),

G (W) = & gy T@) A (W, ),

where A_ W,z,v) = ({Ad t(W’xvv)}(d,t)esf)v and A_(
treated group in t = 1, let G(ps)(VV, T) == 2aes. Ggff)(

observation X

VV,CC) = L—({Adﬂf(VV, f)}(d,t)es,)' For the
W, z). Additionally, we define, for a given

B,S”f&(X ) = E[G(ps)(Wu X)X, (©2)
UL = = S G, X;) - BIGY) (W, X)X,

z;é]
RESZ?AXﬁ=ﬁ(d,t,xj)—p(d,t,x) B0(X)) = 5,14 (X)).

The three quantities represent the bias, the first-order stochastic part, and the remaining terms derived
from the decomposition of the PS estimator, respectively.
Focusing on the OR model, for (d,t) € S, the leave-one-out local polynomial estimator has a

closed-form solution given by

M (X —ZeNq,l & NG H (ba,t) X (X)L, Vi Ko (X5 X5 bag, V),
1]

where f]?l’:t(Xj) = ﬁ Yigj LatiH (ba)X;(wc)X;(wc) H (ba) Kor(Xi; X, ba, Vaz)-

Analogous to the PS case, we use Bfﬁ;?t, Sf:;?t, and Rih d?t to represent the bias, the first-order
stochastic and the remainder terms, respectively. For a given observation Xj;, these quantities are
specified as

B\ (X;) = E[GS) (Wi, X;)1X5],

or 1 or

Swan(Xi) = —= > G (Wi, X)) — BIG) (Wi, X)1X; .
i#]

RE7),(X)) = 1y (X)) — maa(X;) = B),(X)) = S\0,(X)),

n,d,t n,d,t
where
G (Wi, X;) = ey, 1 59(X5) ™ H (ba,t) Xy (X)) L 1571 (X5) Kor (X33 X, bag D),
grt( ) E[Id,t,iH(bd,t)ii(xc)xz‘(xc) (bdt) or(X X bdtvﬂdt)]
gd,t(x) =Y _X(x)/ﬁc}k,t)-

Lemma C.2 Suppose Assumptions 1, 2, and 5 are satisfied. In addition, Assumptions 5.2(ii) and
5.5(iv)-(vii) hold for (d,t) = (1,1). Then, for (d,t) € S,

sup BP(X,)] = Op(h 4 0 4+ M), (C.3)
j€Nn
sup ST(Lpdt ‘ = < logn/ (nhUC)) , (C.4)
JENR
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sup Rgpz)t( )’ =0, <<hp+1 + Ao + Au + A/logn/ (nhve) ) ) (C.5)
J€Ng
sup | BYZ,()| = Op(b35" + Vago + Var),
JeNn
sup [ 7, (X)| = Oy (y/logn/ (nba™) ) |
jeNg,
_ ‘I""l Ve 2
sup ndt ‘ (( + Vat0 + Vatu + /logn/ (nbg, )) )
JjeNg,

Before stating the proof, we need to introduce some additional notations. Since kernel functions K
and L are supported on [—1,1]"¢, the effective support of K((- —z.)/h) is Sy, p = {z: zc + hz € X'} n
[—1,1]%¢. When S, 5 = [—1,1]", x is an interior point, otherwise x lies close to the boundary. For
any measurable set S < [—1,1]", let 1(S) = {4 u*K (u)du and s4(S) = {5 u*K?(u)du. Now we let
the Ny x Ny matrices Qg(x.) and Ty(x.), and the Ny x ny matrix My ;(z.) be defined as

Q(OO( Te,h h) e Qm@(‘sﬂec,h)

Q) = R | o
QLO(S,n) . QUO(S,n)
TON(S,. 1) .. TOO(S, 5)
Ty(z.) = 3 5 7
TE(S, ) ... TE(S, 5)
Q(O’k)<8mc,h)
My () = ’
QM (Ss..n)

where Q?’j )(S) and Tgi’j )(S) are n; X n; matrices with their respective (I,m)-th element given by
Vrey ()4 (m) (S) and 52z, 1y 47, (m) (S). When z is a boundary point, these quantities are not invariant to

x, and thus, capture the boundary effects.

Proof of Lemma C.2:

Given that our data is a random sample, it is straightforward to show the “leave-one-out” estimators

considered in the lemma is asymptotically equivalent to the usual “leave-in” estimators. See Rothe and

Firpo (2019b) for a detailed exposition. We therefore focus on the “leave-in” versions in what follows.
We prove the results for PS only. The case for OR follows by generalizing Proposition 7 of Fan

and Guerre (2016) to the case where discrete covariates are accommodated. This generalization can

be achieved by employing the techniques similar to those presented here.
For (C.3), we have

sup | B, @) = sup [0 Z() (s @ €l )27 (@) ELA- (W, . 7* @)

zeX
<sup||ef 1 Z(@)|| - supH Iy @ ey, )57 (@) - sup [ BLA (W, 2,7 ()]
zeX zeX zelX

By definition, sup,cy || Z(x)|| = O(1). Standard change of variable gives
YP(z) = I(x) @ Qp(ze) fx(x) + O (h+ Ao + Au) . (C.7)
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Since infyex Apin (Z(2)Q@Qp(zc)) = infrexr Amin(Z(x))-infy cx, Amin(Qp(ze)) > 0 and infex fx(z) >0
under Assumptions 2(iii), 5.6, and 5.1, we get
sup 1Z(2) ' @ Qplae) ™ - fx ()7 = O(1), (C.8)

and thus, sup,cy |[|%7*(z) || = O(1). Now, from Lemma C.3, we conclude that sup,cy HBndt H =
O (P + X0+ \y) -

Having just demonstrated that ¥P*(x)~! is uniformly bounded over X', we can now apply Lemma
C.3 and the CMT to deduce (C.4).

To establish (C.5), the proof proceed through three steps. First, we demonstrate the existence of
a global maximizer for the local log-likelihood function defined in (3.8). Subsequently, we obtain the
uniform asymptotic linear expansion for the local maximum likelihood estimator. Finally, we apply
the delta method to verify that the remainder term exhibits the required rate.

Step 1: Define ¥ = (I3® H(h)™ ')y and 7*(-) = (I3 ® H(h)~1)y*(-). Using the scaled parameters,

we rewrite the likelihood as

1 n
LR () = Z Ly H (h)X () Fa

i=1 (d',t')eS—

—log |1+ Y exp (H(h)X(ze)Jarw) | Kps(Xizz, b N). (C.9)

(d' t)es—
The gradient and hessian of £5°(7;z) with respect to 7 are given by
V5LV (5 l i — (Wi, z,7), Vgﬂﬁps(ﬁ' x) = —l N H(W;, z,7)

n - = (3] Y n ’ ni:l 1y &y Y

where

H(X,2,7) = Z(Xe,7e,7) @ H(X, 2, b, \),

H(X, 2, h,A) = H(R)X (2:)X (zc) H(h) Kps(X; 2, b, \),

L(Xe, xe,y) = diag(®—(Xe, 26,7)) — O (Xe, 26, 7) ¥ (Xe, 26,7),
U_(X,7,7) = - ({0 (X(2),7)} d,1)es_ )

Wy () = 1{dt # 1} exp ('vas) + 1{dt = 1}
A 1+ Z d' #)eS_ exp (.’L‘ Ya! t’)

Next, we define the following two events

Eln(c)_{sup
1
1o
Eon = inf Apin | — H(X;x,h, ’
an(€) {ég)()\ (nz ( ach)\)>>c}
for ¢ > 0 and k,, = y/logn/ (nhve) + AP 4 X, + \,.

By Lemma C.3, we deduce that P (Ey,(c1)) — 1, for any fixed ¢; > 0.
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Now, standard change-of-variable analysis gives
E[H(X;2,1,A)] = Qpae) fx (#) + O (h+ Ao+ Au).

Under Assumptions 5.1 and 5.6, infzex fx(z) > 0 and inf, cx, Amin (Qp(zc)) > 0. As a result, there

~

exists ¢ > 0 such that inf ey A\pin(E[H (X; 2, h, \)]) = c2, when n is sufficiently large. Coupled with
the fact that

n

sup | = ) B(Xs3, b, \) — BLH (X;,h, )\)]H — 0, (Viogn/ (nh))

zeX || T}

=1

which is a consequence of Lemma 5 from Fan and Guerre (2016), we deduce that P (Es,(c)) — 1, for
c < Co.

Next, we define a neighborhood of 5*(-),

L(8) = {v() : I7() =7 ()l < 0k}

Theorem 1 in Tanabe and Sagae (1992) implies that all the eigenvalues of Z(z, y,y(y)) lies in (0, 1),
det (Z(z,y,7(y))) = [ [(a.)es Pat(x(y), ¥(y)), and therefore

Jnf Z(e,y,y(y)) > inf det (Z(z,y.1(y)) = inf [ Yarx®),v() ¢ I (C.10)

The inequality holds in the sense that the difference between the two sides is positive definite. For any
d >0, if ye I'(§), Assumption 5.5(ii) implies that ||y(-) —v*(-)||,, = o(1). This further suggests that,
when n is sufficiently large, the far-right-hand side of (C.10) is bounded from below by ¢33, for some
positive constant cs.

The analysis leading up to this point demonstrates that for for a given ¢; > 0, it is possible to
select n large enough such that P (E1,(c1)) > 1 —¢/2, P(Ea,(c2)) > 1 —€/2, and (C.10) is satisfied.
Now, set 6 > 2c1c; ‘ez . Then, for any y(-) € T (), i-e., |(x) — 7*(2)|| = dokn, for all z € X, we
have sup,cy {£0°(¥(z); 2) — LY (7*(x); 2)} < 0, with a probability of at least 1 — e. This is because

sup {L3°(Y(z); z) — L77 (7" (x); )}

reX
=sup {VaLh (3% (2); 2)(3 = 7*(2)) = (3(2) = 7*(2)) (~V35LR(Fh2)) (F(x) = 7*(x))/2}
zeX || T i=1
<0,

where 77, dependent on z, lies between ¥(z) and *(x). Since £5’ (7; x) is continuous, a local maximum,
denoted by 7(z), exists within the compact set {J : |7 — 7*(z)|| < dokn}, for any x € X. Furthermore,
since H(h)X(z.)X(z.)' H(h) is always positive semi-definite, (C.10) then implies that V%,Eﬁs(’_y; x) is
negative semi-definite and thus £5°(+; x) is globally concave. This implies that 4(z) maximizes £5°(+; )
over R3M for any x € X. Hence, () is the global maximizer of £5°(5(-); -) with a probability exceeding
50) = 7Ol = Ouln).

Step 2: We proceed to derive the uniform asymptotic linear expansion of 4(-) — ¥*(-). Expanding

1 — €. As e is arbitrary and Jg is independent of x, it can be inferred that
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LY (7; x) using a third-order Taylor series and rearranging the terms lead to

Y(x) =75 ZEPS - (Wi, z,7"(2)) + R7(X;),

RY(z) = — (35 (2) ™! = 2"(x) %Zﬁ (Wi, z,7*(x)) = 35 (2) ™' Ca (),

Cn( Qi Z 2 Y (aple) = 75,(2)) H(h)X; (xe) X (we) H(B) G () — 3 ()

_ (d't')eS—
: IL(d,t),L(d’,t’) (XC,i> Le, :Y) ® Xz(:EC)H(h)IN(pS(XZv L, ha )‘)7

for an intermediate point 4 lying between 4(z) and v*(z), Xh°(-) = 2 3° | H(W;,-,v*(+)), and

. . (d 7t )
Loy ) ada tz) = b= <{IL(§1,51),L(d2,t2)}(d&ts)es) ,

i.f(Cl;f;)),L(d2,t2) (Xw Le, 7) = ]l{(dlv tl) = (d27 t2)}\I}d1 Wt (X(xc)v 7)(H{(d17 tl) = (d37 t3)} - \Pds,ts (X(xc)7 '7))

+ 2 \deel N7 (X(ze), 'Y)\I’d42 ity (X(ze), 7)(1{(d€2 ) tf2) = (ds, t3)} — Wit (X(2c),7))-
/1 ,426{1,2}7517552

In view of (C.7) and (C.8), ||P*(:)~!|| = O(1). Taking this into account, along with Lemma C.3,
we obtain
1 n
sup || — Z A—(Wivxafy*) - E[A_(VV, 9577*)] = Op ( logn/ (nhvc)> )
zeXx || T i=1
sup [E[A_ (W, 2,7")][| = Op (B! + X0 + Xu) -
TeEX
Furthermore,
sup HEZS(I' — XP(z 1H
reX

< sup ||Z55(@)[| 7" - sup [[25%(2) — £P(@)]| - sup |25 (z) ]|
zeX reX zeX

—0,(1)- 0, ( log 1/ (nhvc)) .0(1)

=0, ( logn/ (nhUC)> .
where the first inequality is a result of the relationship A= — B~! = —A71(A — B)B~! and the
submultiplicativity of matrix norm. The next line is derived from (C.7) and (C.8), and arguments

similar to those employed in the proof of Lemma 5 in Fan and Guerre (2016).
Observe that

Loty o ) (Xesis Te, 7(2)) H

2
L(d)es- (@ )es
(@) == )H

(@) = i @] I H X )| - | Ry (Xis .1, 2)
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. ) ) y
< e 5 st 5] )= st~
(C.11)
15 ps (< (1)
3 2 s ] 10X ol ©12)

When 4 converges uniformly to v*, as established in the first step, HI'L(d7t)7L(d/7t/)(zc, Ze, 'Ny(w))H in (C.11)
is asymptotically bounded, uniformly in x, z € X, and for each (d,t), (d',t') € S—. In addition, we can
deduce from a standard change of variable argument that (C.12) is Op(1). Hence, it can be concluded
that sup,cy |Cn(z)|| = Op (K2). As a result, we obtain sup,ey ||[R(z)| = Op (k2).

Step 3:  We mnote that p(d,t,z) — p(d,t,z) = VYgilen,1,7(x)) — Vaslen,1,7*(z)) and
VaaVailen, 1,7 () = eg’b(dvt)I(a:). Utilizing the delta method in conjunction with the uniform
expansion obtained in Step 2 then establishes (C.5). This completes the proof of the lemma. |

Lemma C.3 Suppose that the conditions of Lemma C.2 hold. Then

sup | 130 A (Wi .95 - E[Mw,m*@:))]“ = 0, ((ogn/ (mw)"?), (C.13)
SEEHE _(W,z,y*(x ))]H =0 (WP 4+ X+ \) (C.14)

Proof of Lemma C.3:
The proof of (C.13) proceeds along similar lines as in Lemma 5 of Fan and Guerre (2016). For any
given vector k with 0 < |k| < p, define

AW, 2,7) = Loy — Vau(X(ze), 7)) hH(Xe — 2)8E (X2, h,0),
~ _ Xc — T
A0V, 0003) = (g = Bae(K(0) ) M = e (27,

for (d,t) € S_, and let k,, = (logn/(n hUC))l/ 2 Assumption 5.5 implies that r, — 0. Moreover, under

Assumptions 5.1, 5.2, and 5.4, we have that, for any € > 0, there exists d,, = n~"* such that (i)

max 212 gk)(VVi,xC?'y*(a:)) - g;’gk)(Wi,xé,’y*(:ﬂ))‘ < h%kne/3, (C.15)
1EN, ’ ’
’IE [ﬁ;’7§k>(W, - ’Y*(:c))] —E [Z%k)(W, 2, 7*(93’))] ‘ < W% ne/3, (C.16)

for (d,t) € S— and for all z,2" € X such that z4 = 2/, and ||z, — 2| < 0p; (ii) there is a positive
integer J,, = O (n"™), K > 0, and a set {xj}}li1 c X, such that for all x € X, there exists a j satisfying
x € B(zj,0n) n X, and for all 2’ € B (xj,06,), 2, = z4;. As a result, X = U}IQI (B(xj,6n) nX).

Now, observe that, for (d,t) € S—

n

sup |~ Z ) (Wi, 2,7 (x)) — [ﬁg‘;><w,x,v*<x>>]|
xeX Z=
1 ¢ e

< max fZ AW Wiz, *(rcj»—E[Ag,t)(w,xj,v*wj))]' (C.17)

JENJn n A -
150 (50 . ~(1) .

+ — A iy L, —A Wi, xz;, i C.18

e s e 3 (A Wt @) = A Wiy (@) (C.18)
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+max  sup[BLAR (W, (@))] - E[AY) (W, 25,7 (2;))]|. (C.19)
JeN, zeB(x,0n)NX

In view of (C.15), (C.18) is bounded from above by

~_max sup h=v
ZENn:jeNJ'n xEB(x],tsn)f\X

AL W e @) = AL Wi 7 (@))] < kue/3.

Meanwhile, since x4 = 4 ;, whenever z € B (z;,d,), (C.16) then implies that (C.19) < kp€/3.
To bound (C.17), we apply Bernstein’s inequality.! Since the support of K is bounded, we have

that ‘ggft)(l/V, x,v* (1‘))‘ < C||K||, for a sufficiently large positive constant C'. Additionally, standard
calculation gives

Var | Ag (W, 7*(@)) | =El(Tae = p(d t, (Xe, 2a))2H(R) X ()X () H () K (X, (20))*1{Xq = 24}]
+ 0 (hfvc)
=R L(x) (a),u(at) Tp () fx () + 0 (h70°) .

Hence, Var [ﬁg?(ﬂf, x, 'y*(x))] < Ch™"¢ under Assumption 5.4.

With these two results in hand, we have

RPN ~
= 2 Ay Wiy v () — BLAG) (W2, 7% ()]

> nne/3>

JIn
<) P ( > Hne/?))

e2logn (€2 — kp) logn
<2J, - <2 ——,
P ( C + Ce(logn - nlhvc)1/2) xp ( C )

- ~(k ~(k
AW (Wi, g, 7 (27)) — E[AS) (W, 25,7 (25))]
=1

where the first inequality is due to the Bonferoni inequality and the second is by Bernstein’s inequality.
The far right side goes to 0 when €2 > ;. Hence, (C.17) < kye/3.
Combining (C.17)-(C.19) gives

P | sup
reX

This complete the proof for (C.13).
Next, we establish (C.14). Define Io(xq,2q4) = 25,2 1{|Tos — 20| = 1} [ 1 I{Zog = 204}, and

Li(xg, za) = 2% Haus # Zus) [ 125 H{Tug = 2wt} From a Taylor expansion of order p + 1, we
deduce that, uniformly in z € X,

1 3k F(k
= 3 A Wiy (@) — BLAR) (W2, 7 (2)]
i=1

> Hne) — 0. (C.20)

E[gd,t(vu z, 7* (CL'))]
1
(p+1)!

> E|T(Ke w8 (Xerwa) XO () H (W)X (we) K (XD () 1{Xg = w4} |
(d't)eS—

1 Let {X;}i—; be independent zero-mean random variables. Suppose |X;| < M almost surely, for ¢ € N,,. Then,
Bernstein’s inequality states that for all ¢ > 0,

= t2/2
v (Z di= t) s oxp (‘ SR+ Mt/3) '
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D NLia ) (b 6w) = p(dst (e, 7)) E | HODX () Kn (XD () 1 Xy = 2}

2q€Xg\q J=05u

+ (s.0.)
hp+1
a2 T My (@ed s (@)1x(@)

(d't)eS—
+ Z Z )‘jIj(:Edvzd) (p(d,t,x) —p(d,t, (LUC,Zd))) Mp,O(xc)fX(-rc;Zd)

2q€Xg\q J=05u
+o(RPT 4+ N, + \y)
=O(h"" + Xg + M),

where the last equality is due to Assumptions 5.2 and 5.4. |

D Auxiliary lemmas and results

D.1 Auxiliary lemmas

Lemma D.1 Under Assumptions 1 and 2, for d, ¢ € {0,1} and any measurable function h : X — R,

(1) E[Iq:(Y — mas(X))h(X)] =0, (D.1)
(1) E[(wi,1 —war) (W)h(X)] = 0. (D.2)
Proof of Lemma D.1: This lemma follows immediately from the LIE. |

Lemma D.2 Suppose the conditions of Theorem 3.1 hold. Then, for @ defined in (3.1) with p given
by (3.9), we have

En[(Y = mas(X)) (Bas — was) (W)] = 0p(n~"?),
for (d,t) e S—.

Proof of Lemma D.2:

Recall the definition of w' as given in (B.19), and decompose the difference between g and wq

as
En[(Y — ma (X)) (War — waz) (W)]
— By | (V = may (X)) (why = wae) (W) |+ Bn [ (Y = map(X) (g = w], ) (W)
= Allu + Agu.
We bound the two terms in turn. By a third-order Taylor expansion of Al around p(d,t,z), we
get

st =[S 60000

_E |:Id,tp(1a 1, X)(Y - md,t(X))
" p?(d,t, X)p(1,1)

=AY+ A2+ R, 4y,

<m¢ax>—m¢ux»}+Rmm
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where the remainder term, R, 4, collects the second-order terms. Specifically,

Id,t (_ (ﬁ(l’ 1)X) B p(17 1’ X))(ﬁ(dvt’X) B p(d,t, X)))]

Rya:=E, {(Y — md,t(X))p

(1,1) p?(d,t, X)
Id,t p(LLX)(ﬁ(dvth) —p(d,t,X))2
B | =m0 .1, X) )|

where the intermediate point p(d, t, x) lying between p(d, t,z) and p(d,t,z). Under Assumptions 2(iii)
and 5.1, both p(d,t,z) and p(d,t,x) are (asymptotically) bounded away from zero, uniformly over
X and for (d,t) € S. Moreover, E[|Y — mg.(X)|] = O(1) under Assumption 5.3. We deduce that
Ruas = O, (Hﬁ(l,l,-) _p(1,1,-)H§O) + 0, <Hﬁ(d,t,-) —p(d,t,-)uio), which is o0, (n~V/2) by Lemma
C.2 and Assumption 5.5.

The first two terms in the decomposition of AL share a similar structure. We only derive the
stochastic limit for ALL.

Using the asymptotic expansion of local polynomial estimators in Lemma C.2, we obtain

n

1 Iazi(Yi —mai(Xi)) (o ps) @) (x) 1+ p®) (x
All N E 5Ly ) B V4 X, p . p . )
Y n i_l{ p(d,t, X;)p(1,1) < A (X6 S () o Z))

We proceed by establishing bounds for the convergence rate of the terms involving the bias, the
first-order stochastic and the remainder, respectively.

To analyze the bias, we first apply Chebyshev’s inequality and obtain

L Jai(Yi = mar(X3) pips) [Idt(y_mdt(X)) (ps) ]
_ sl ) B Xz =F ) s Bn X
n; p(d;taXz)p(l,l) 7’17171( ) p(d,t,X)p(l,].) 71,1( )

+0, (n—1/2(hp+1 4+ Au)) ,

where, due to Lemma D.1(i), the mean on the right-hand side is zero. The rate of the remainder term

follows from a standard variance calculation:

Var

1 i Igei(Yi— md,t(Xi>)B(ps) (Xz)]
n

im1 p(d7t7Xl)p(1a 1) b

2
< z : d,t, ( d,t( ))Bgl,)l(}Q))

niil p(d7t7XZ)p(1’1)

- Ige:(Yi — mas(X5)) )2
1 d,t: d,t (pS)
< p(d,t, X;)p(1,1) 11 (Xi)

2

_ [ Id,t,z’(Yi—md,t(Xi)) 2 3 - b
B ( p(d,t, X;)p(1,1) ) <_};(Bk (th,A)+RB7k(Xi,h,A))>

_o—1 Ti(Yi — ma (X)) & ——— 2
e <p(d,t,Xi)p(1,1)> 2, B (th,k)> T (s.0)

where the first equality follows by Lemma D.1(i); The second equality is due to i.i.d. sampling; The
third follows from the bias expansion in (D.15), with BP* (as defined in (D.10)) representing the leading
bias terms and R%s collecting the higher-order terms, and uses the fact that Bff f)l =— Z(d,t)e S Bff ;?t;
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The last line is obtained by directly evaluating the leading term using the explicit expression of BP?.

Consequently,

S ) ) - 0, (00 ). 0

Under the bandwidth restrictions in Assumption 5.5, this term is o, (nfl/ 2).
We now introduce the term )1 q4+(Wj, W;), which represents the summand of the first-order

stochastic term as follows

Id, i Y md X S S
G aaWe W) = P B (G0, ) - BIGE) (W, 0IX) . (D
By its definition, we have
4 Idtz Y — mdt(X )) (ps) N 1 ok : )
Z p(d,t, Xi)p(1,1) S (Xi) = n(n—1) i;;i?/’wl,d,t(wwwy)' (D.5)

By construction, E [ty q.(W;, W;)|W;] = 0. Moreover, it follows by Lemma D.1(i) that
E [tw,at(W;, W;)|W;] = 0. Hence, (D.5) represents a second-order U-statistic with first-order de-
generate kernel. To obtain its convergence rate, we apply Lemma C.1, which requires evaluating the

variance rate:

Var le,d,t(Wi, Wj)]
=E E [(llim,d,t(wiv Wj>)2 |WZH

_E (Id,t,i(Y% — mg(X;

D\
> A(=13) (VP5(Xi, b ) + R (X3, b, N)) (—13) }

- Id,t,i(}/;_md,t(Xi)) 2 3 3 "
" ( p(dataXi)p(1,1> ) (Z ka,l(X’i7ha>\)>]+(S.0.)

k=11=1

—O (W) + 0 (h),

where the first equality follows by the LIE and Lemma D.1(i); The second equality follows from the
variance expansion in (D.16) with VP* (as defined in (D.11)) representing the leading variance terms

(ps 1 1 =— Z dt)es. ST(Z d)t7 The last equality is obtained

and RI; collecting the higher-order terms, and S,"}
by directly evaluating the leading term using the explicit form of VP,
Applying Lemma C.1 with s* = 1 then yields,

n

! Z Z Yu1,at(Wi, Wj) = Oy (nilh*“‘;/z) , (D.6)

n(n—1) 5 J#i

Under our bandwidth assumptions, this term is o, (n_l/ 2).

Under Assumption 2(iii), p(d,t,«) is uniformly bounded away from zero for all z € X and for all
(d,t) € S_. Also, under Assumption 5.3, we have E[|Y — mg.(X)|] = O(1). Consequently, we can
deduce that

> Z Id”di X?d(t(X)))Rgﬁ?l (Xi) =0p <

Sup‘Rnll i)

ieN,
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_o, <(h,,+1 gt A \/W)Q) (D.7)

which is o, (n_l/ 2) under Assumption 5.5.
Combining (D.3), (D.6), and (D.7), we can conclude that ALl = o, (n_l/z).
By the same reasoning, we can demonstrate that Al? is dominated by the first-order stochastic
term. Define
Tasp(1,1, X;)(Y; — mas(X;))

w WZaW -
Yuw2,d,t( i) p?(d,t, X;)p(1,1)

(6 om0~ BIGE 07, X01%) . (09

As a result, the leading term is given by n=1(n — 1)1 31" | 2z Yw2,at(Wi, W;), which has an order
of Op (n_lh_UC/Q) = 0p (n_l/Q). The detailed proof is omitted for brevity.

Ii4p(1,1, X
Now, let’s consider A2 . Define p(1,1) = E,, [Cm’)}

p(d,t, X)
2 Id,tﬁ(Ll?X)(Y_md,t(X)) 1 o 1
2| LR =)
—, | e o, (1,1 - i1, 1),

where the second line follows by a first-order Taylor expansion of the right-hand side of the first
equality in p(1,1) around p(1,1). In the proof of Lemma 3.1, it is established that when p is uniformly
convergent to p, [p(1,1) — p(1,1)| = op(1). The uniform convergence follows by Lemma C.2 under the
rate conditions specified in Assumption 5.5.

To study the first term, we can use an approach similar to the proof of Al and show that

E, [Id,tﬁﬂ» 1713)(((3’(;/);)”%1&()())} _E, |:Id,tp(17 1>p)(2(t37/);)md,t(X))} +o, <n71/2> ‘

Due to Lemma D.1(i), the first term on the right-hand side of the preceding equation has a mean of

zero. Consequently, this term is of order O, (nfl/ 2) . This completes our proof. |

Lemma D.3 Suppose the conditions of Theorem 3.1 hold, then with m given by (3.11),

En[(w1,1 — wae)(W) - Mgy — mag)] = op(n™?),
for (d,1) € S_.

Proof of Lemma D.35:
The proof closely resembles the first part of Lemma D.2. We first decompose the estimation error for
the OR functions as

B l(wn,0 — wa ) (W) (g — mag) (X)] = Z {wis = wa) () (B (X0 + S0 + B0 ) }
We address the three terms individually. For the bias term
- Z {(wi1 = wa) W BED(X0)} = B[ (w1 = wa) W)BY)(X)] + 0y (07208, + Vo + Vuar)
=0, <n*1/2(bgj;1 + Vods + 19u,d,t)) =0, ('rfl/Q) ,
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where the first equality follows from Chebyshev’s inequality, and the second is derived from Lemma

D.1(ii) and the following variance calculation:

n

Var Z { w11 — wa,t) (Wi )Br(LO:z)t(X )}]

Z=

-1 (or) 2
B (- wa B x0) |
= E | (wn1 = war) (W3)? - (B (X b Vae) + Reae(Xi bags 9ar)) |
—nH{E | (w11 = wa ) (W))* BE,(Xi, bags V)| + (s.0) |
=0 (n 1(bq+1 —+ 'l90,d,t + 'lgu,d,t)2> + 0 (n_l(bg:’;l + ﬁoydyt + ﬁu,d,t)2> 7

where the first equality follows by Lemma D.1(ii) and i.i.d. sampling; The second equality follows from
the bias expansion in (D.17) with Bg, (as defined in (D.12)) representing the leading bias terms and
Ry 4 collecting the higher-order terms; The last line is obtained by directly evaluating the leading
term using the explicit expression of Bgft.

Next, for the first-order stochastic term, we define
Yyt (Wi, Wj) = (w11 — way) (W) (ngp(wj, X;) —E[GY) (W, XZ-)]XZ-]> , (D.9)

By definition,

Z{wll—wdt (W)Sflog)t(X)} ZZ@@ndt WuW)

i=1j#1

3\'—‘

By construction, E [, q.+(W;, W;)|W;] = 0. Moreover, Lemma D.1(ii) implies E [y, q.+(W;, W;)|W;] =
0, so the right-hand side of the above equation is a second-order U-statistic with a degenerate first-order
kernel. To obtain its convergence rate, we apply Lemma C.1, which requires evaluating the variance

rate:

Var [V, at (Wi, Wj)]
B[ [<¢m,d7t(wi, Wm? Wi
-E [((uﬂ 1 —wq) (W, {V (Xiybats Vae) + BY g4 (Xis bat, ﬁd’t>}]

—E[ (w11 - wd,t)(wi))2 V(X bags Vag) | + (5.0)

=0 (bgy) +o (b2

where the first equality follows by the LIE and Lemma D.1(ii); The second equality follows from the
variance expansion in (D.18) with V7 (as defined in (D.13)) representing the leading variance terms
and Ry, collecting the higher-order terms; The last equality is obtained by directly evaluating the
leading term using the explicit form of V7,

Applying Lemma C.1 with s* = 1 then leads to,

n

iZwmdt (Wi, W;) = O, ( —1b;;c/2>’

7,=1 VES
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which is o, (n_l/ 2) due to our bandwidth restrictions.

Finally, as p(d,t,x) is uniformly bounded away from zero under Assumption 2(iii), we have

2
—0, (((53? + Poap + Duar) + 4 /logn/ (mg;)) ) ,

which is o, (n_l/ 2) under Assumption 5.5. This completes our proof. |

= 2 {(wi1 = wa) M)R, (X)) = 0, (sup RU (X))
S\

D.2 Mean integrated squared error

Cross-validated bandwidth asymptotically minimizes the mean integrated squared errors (MISE).

Given user-specified weight functions w?*(-),wg(-) : X — Ry, MISE is defined as

W\ b Do anes ) = | B[Ip-(2) = p- ()] 0" (@)o
+ 3| B[asle) — maso)] (oo

(d,t)eS—

Let (h*, \* {bdtaﬂﬁt}(d,t)es,) denote the minimizer of the MISE. In the subsequent analysis, we
investigate the properties of these optimal smoothing parameters.

For (d,t) € S_, we represent the ny x 1 vector of k-th derivatives p(d,t,x) as pgt)(x) or-
dered lexicographically according to the method discussed earlier in the paper. Define g( )( ) =

k k . _

(el@). gl @).880@).  Por j = pa let o (@) = €y 1Qi(m) Myjaee), dalae) =
ef,\,jleJ(:L‘c) M, o(x¢), and 0j(we) = eQVﬁle(:r:c)_lTj(:I;C)Qj(:z:c)_leNjJ. Additionally, we define
terms associated with the asymptotic bias and variance of p_(z) — p_(z) as follows

B (.12 = (phfi) &1 ()" ()T ()
+ L% PSS 200 o) (0-(0) = b za)) . (DO
VS (2, B \) :I}ff);;g)) (D.11)
For the OR functions, we define
B b.0) = (i (0)
+Zd€%\xdj20u Wﬁ‘ 1i(24, 2a) 0h o (xe) (mae(@) — mag(ve, za)),  (D.12)
Vijte. ) =) D13

where o3 ,(z) = E[Iq:(Y — ma(X))*| X = z].
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Finally, we define a first-order approximation of the MISE as
X*(h‘v A {bd,t; 79d,t}(d,t)63_) = f {HBPS (1’, h, )‘) H2 + tr(vps (1’, h, )‘))} pr(x)dx
X

+ Z J {Bg;(l‘,bdﬂg,ﬂd’t)g + Vg;(x,bd7t,’lgd7t)}wgg(l')d.ib. (D14)
(dt)es_ VX

We denote the constrained minimizer of x* as (h°, \°, b‘c)wﬁg’t where each argument of the

(cl,t)eS_)7
function is constrained to be non-negative.

Assumption D.1 1. The constrained minimizer of x*, denoted as (h°, A°, {bg,wﬂz,t}(d,t)es_)? is

uniquely determined and finite.

2. The constrained minimizer resides in [0, §,]*2, where n¢§, — oo for any € > 0.

Theorem D.1 (a) Assuming that Assumptions 1, 5.1-5.4, 5.6, and D.1 hold and both p and ¢ are
odd, the optimal bandwidths (h*, A*, {b7 ;, U7, }(a,)es_) satisfy

¥ NIhOan/@p+UC+2% A* N/\on/—»(p+»1)/(2p+vc+2)’

b, o~ bg Y Qatuet2) e g9 (@ FD/Qateet2) - ofor (d ) e S

(b) Furthermore, assume that 0 < v. < 24 2min{p, ¢} and {( > 2+v./(¢+1). Under these optimal

bandwidth choices, we have:

L (h)PH = o(n7V4), X = o(n¥Y), A*/(h*)P = o(1), logn/(n(h*)"*%) = o(1) and
logn/ (n(h*)"<) = o(n~"2).

2. (b;"l’t)‘erl = o(n_1/4), 05, = o(n_1/4), logn/ (nl_z/c(b;t)%) = o(1), and logn/ <n(b:‘l’t)“6> =
0 (n*1/2), for all (d,t) e S_.

Thus, the rate conditions in Assumption 5.5 are satisfied by the optimal bandwidths.

Proof of Theorem D.1:

Proof of Part (a): From the uniform linear expansions of Lemma C.2, we know that

E|lp-(2) = p-(@)?| = IE[Z(@)A- (W, 2)]| + n~" tr (Var [Z(z) A_ (W, 2)]) + (5.0.),
where

E[Z(x)A-(W,2)] = Z(2)(I3 @ en, 1) 57 (2) " E[A_ (W, 2,7*(x))]
hp+1

(p+1)!

(@) (I3 @ en,1) (Z(2) © Qplae) fx (2)) ™ { (Z(2) @ My pia () vee (877 () fx(2)

+ Z Z NiLi(Ta, 2a) (P—(2) — P—(Tes 2a)) @ My o(ze) fx (Tes 2a) ¢ + 0 (R + Ao + M)
ZdEXd\Z‘d j=o,u

hp+1

:mé};\fp,lQp(mC)_lMp,erl(l'c)g(_erl)(l‘)I(:E)
DI W&Ij(xd,Zd)e'NpJQp(xc)—lMp,o(xc) (p— (%) — p—(T¢, 2q))

ZdEXd\:Bd Jj=o,u

+o (R + X + M)

37



=BP*(z, h,\) + o (W + X + \a) (D.15)
and

Var [Z(z)A—(W,2)] =h™"Z(2)(Is @ en,,1) 2" (2) 7" (Z(2) @ Tp(we) fx (2)) 27 (2) ' (Is ® en, 1)L ()
=h""I(z)(I3 ® en,1) (Z(x) ® Qple) fx ()" (Z(x) @ Tylxe) fx (x))
(Z(2) ® Qplae) fx ()" (Is ® e, 1)I(x) + 0 (h7)
:h_UCfX(flf)_lz(iﬁ)eg\/p,lQp(%) "Ty(2e) Qple) "en,1 + o0 (h7)
=VP*(z,h,\) + o0 (h7") . (D.16)

Analogously, for (d,t) € S—
or 2 — or
E[[fau(@) = may(@)?] = [EIGS) W,a)]] + 0 Var [657) (W,2)| + (s.00),
where

E[GY7 (W, 2)] = e, 1 E5,(2) ™ BLH (b)) X(X;) 13, (2) Kor (X; 2, baz, )]

q+1
bd t /

=0 DNt Qule ()™ { My e mlE @) fx (0)

+ Z Z Va il (Ta, 20) (Mae(T) — mai(Te, 24)) Mgo(ze) fx (Te, Zd)}

ZdEXd\ZBd j:O u

+o(b§” +19dt0+19dtu>

bg"rl
:ﬁ (equ 1Qq(x6)71Mq q+1($0)mfiq;rl)(x)>

+ Z Z Ix xc’Zd)ﬂ I; (l’dazd)eN 1Qq(xc) My o(zc) (mas(z) — may(ze, 2a))

24€Xg\rq J=05u x (@)

+o (bfljl + 0400+ ﬁd,t,u) ,
=B, bas, Da) + 0 (B4 + Vaso + daca) (D.17)
and
Var |G (W) | =bg ey, 1 X (@)™ BLH (b X (X)) Tao(Y = mas (X))
+ H(ba,y)X(X;) Kor(X;2,bas, 9a)* S5 (x) e, 1 + o (b7)
=bay €N, 1 (Qq(we) fx () (07, (2)Ty(we) fx (%)) (Qqlwe) fx ()" + 0 (b7)

:bgfcfX(ff) og.+()en, 1Qq(xe) T Tylwe)Qq(ze) en, 1 + 0 (b7%)
—th(x bdtﬂ9dt) + o0 (b UC) . (D.18)

Now, we define

AN bT 19T — 3 +u +2h,n? +ZI+2)\ p) +11; 2)h 2 fglﬁﬂ
( , ’{ it di}(d,t)eS_)_ n 2p+ve n 2p+ve n2atvet2hyy, n2atve dt (@05 .
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It follows from (D.15)-(D.18) and standard analysis that

X(hs A {baes Vi (d,yes_)

__2(p+1)

—n 2p+vc+zf {HBPS(x,hT,AUHQ+tr(vw(x,m,ﬂ))}ww(x)da;

+o ( et (hh+ A+ )\T))

2(q+1)
N Tatveiz Z J B (x b:r“,z?j“)Q + Vg;(x,bgt,ﬁzlt)}wgg(x)dm
(d,t)eS—

2(q+1

+ Z 0<n_2q+vc+2 (bzlt+19dto+19dtu>>>
(d,t)eS—

. Since x* is separable in (h,\) and ({bd,ta"gd,t}(d t)es_)7 and its constrained

uniformly over [0, §,]'2

minimizer is well-defined, unique, and finite under Assumption D.1, the proof is completed by minimiz-

ing x with respect to (hf, AT, {bzl o 192 +}(at)es_) and recalling the definition of (h%, A%, {bg ;, U7, }(d,)es_)-

Proof of Part (b): Given the optimal bandwidths and the condition that v, < 2 + 2min{p,q} and
¢>2+v./(q+1), we have

(P = 0 (n—<p+1>/(2p+vc+2)> -0 (n,1/4> 7

A= O (nHares D) o (nm14),

NS = 0 (nEED) < o(1),

logn/ (n(h*)"*) = O (logn - (n~#@+v+2))) — o(1),

logn/ (n(h*)*) = O (logn - (n~2wD/@rtecs2)) ) — g (p=12)
(b3)" =0 (nf(q+1)/(2q+vc+2)> 0 <n71/4> 7

95, =0 (n—<q+1>/<2q+Uc+2>) — 0 (n—1/4) :

logn/ (n'=2<(v5,)") = O (logn - n?/<~Grd/@rrecs2)) _o(1),

logn/ (n(b%,)") = O (bgn. (n—2(q+1)/(2q+uc+2))) Y (n—1/2) .

This concludes the proof. |

D.3 DGPs for Monte Carlo simulation

In this section, we describe the DGP used by Simulation 1 in Section 5.1. Let X = (X7, Xo, ..., X¢),
where X; and Xp are drawn from Uniform|[—1, 1], X3 and X, are binary variables, following
Bernoulli (0.5), and the remaining two, X5 and Xg, are distributed as Binomial (3, 0.5). The six
variables are mutually independent.

Define

2 6
=043 (X=X 402> Xp+01 | D) (-1 X;X;44
s=1 k=3 je{3,5}
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2 6 4 6
+ Z Z (—1)l+1Xle/ + Z Z (—1)E+Z/X[Xg/> 7
1=11'=3

(=3 /0'=5
PUX) =0.4(2X1 + X5 + X7 — X5 + X1 X)

6 6 4
+0.2 Z (—=1)*1X, +0.1 (Z XoX; + Z X5X6> ,
k=3

=3 (=3
70(X) =0.4(X; +2X, — X7 + X3 — X1 X))

+022 ’“Xk+01<ZX1Xl+ZXgX5)

=3 =3

and for the OR models,
o (X)) = f(X) = 274X, + 27.4X5 + 13.7X7 + 13.7X2 + 13.7X, X,

6
(X)) = 274X, + 13.7X5 + 6.85 Y X, — 15.
k=3
We consider the following data generating process
oxp(fg;(X))
N x)={ T Z(d,t)esflexp(fg,i(X ))’

L+ Y anes exp(fii(X))

if (d,t) e S—

if (d,t) = (1,1).

Let U ~ Uniform [0, 1]. The treatment groups are assigned as follows

(1,0), if U <p*1(1,0,X),
by = | O HPL0.X) < U <p1(1,0,5) 4570, X),
’ (0,0), if p™(1,0,X) +p*(0,1,X) <U <1—p*(1,1,X),
(1,1), if1—p(1,1,X) < U.
Next, building on Kang and Schafer (2007), we consider the following potential outcomes

Yo(j) = 210 + firee(X) + €net + €50, for j = 0,1, (D.19)
Y (0) =210 + 2fbase(X) + €het + €0,1, (DZO)
Yi(1) =210 + 2fpre o (X) + for(X) + €het + €11, (D.21)

where €per ~ N(D - fi7,,1) and €q4, (d,t) € S are independent standard normal random variables.

D.4 Rescaled cross validation

To perform bandwidth selection using rescaled cross validation (RCV), the dataset is first split
into a training set, J;. of size ny., and a validation set, J,4; of size n,q = n — ny-. The rescaled loss

functions are defined as follows:

CrEt (hy A {bagPasapes. )
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= o Z 2 Id,t,z d t, X Z Idtz Y mﬁlrt(X ))2 ) (D'22)
val i€Jypar | (d;t)eS (d,t)eS—
crevm(p, A, {ba,t, 04t} (dt)es)
1 ~
= - D= D Lapilog(PT (., Xi)) + D Tau(Y; — (X)) b
val 5. (d,t)eS (d,t)esS_
(D.23)

where p'" and m!" are calculated using (3.9) and (3.11), with the corresponding local polynomial

coefficient estimates 4" and 4" obtained by
A(X ;) = arg max —— DWW, X5 7) Kps (X5 X, b, V),
VERJNP nt’l" zefhr

~ . 1 2 ~
7(X;) = arg min — Z (Vi —X,:(Xej) B)" T iKor(Xi; X, bag, Vat),

n
BeRNp T oy

for each j € Jyu.
The rescaled cross-validated bandwidths, (hm”] Arevd {bm}’j 19“” }(d t)es), are defined by

1 p+1
/ﬁrcv,j _ }Nlrcv,j <ntr> 2p+uc+2 ’A\rcv,j _ chv,j (ntr> 2p+uc+2
)
n n

Y

p+1
191“01),] 51"01},]’ % 2p+uc+2
) d,t dit n

)

1
brcv,] brcv,j (ntr> 2ptvc+2
d,t d,t n

where (hrevd | \rev: {bm}’] ﬁm }(dt cs) minimizes C;™7 for j = s, mi.

D.5 Plug-in estimators

When employing the frequency method (i.e., A = ¥4+ = 0), a straightforward plug-in rule can
be used to determine the bandwidths (h, {ba,}(4s)es_). Notably, local polynomial estimators with an
odd degree of fit are adaptive to boundaries, implying that the convergence rate of bias and variance
remains constant regardless of the location of z. By solving Equation (D.14) and applying Theorem

D.1, the following results are obtained

—1/(2p+ve+2)
I A e I e T T
Str (Z(x)ay(ze)) /fx (x) - wPs(2)da ve {(p + 1)1} ’
—1/(2q+vc+2)
. S Qq, 1(5Uc)m§lq;r1)(5'3)‘ : a (z)dx 2(g+ 1)n
K Jop(ze)/fx(@) - wi(@de v, {(q + 1)1} for (d 1) €S-

These bandwidths, however, are infeasible due to the presence of unknown quantities related to the
derivatives of the nuisance functions and local Fisher information. To estimate the optimal bandwidths,
preliminary approximations of these quantities are necessary. An additional challenge arises from the
complicated dependence of the plug-in bandwidths on the location of 2 (through ¢” and ¢¥). One
possible solution is to substitute the values evaluated at a boundary point with those associated with

interior points. This replacement has a negligible impact on the consistency of the optimal bandwidth
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in general. The bandwidth selection process can be outlined in the following algorithm:

Algorithm D.1 1. Let &, collect all the unique values of {X;}!' ;. Construct standard kernel
estimates of covariate density with mixed data, fx (x), for x € X,, following, e.g., Racine and Li
(2004).

2. Use a polynomial multinomial logit regression of order £ = p + 2 to get preliminary estimates

f( ),g(_pﬂ)( ), g(_erz)( ), for z € X,. Run polynomial regressions of order £ = g + 2 to obtain

v (g+1) (g+2 )( )

m;, (z) and my, , for z € X,.

3. Compute preliminary bandwidths

- [H@b 1é9’”)(x)i(x)m st 1 —V@ptuet?)
h= SB[ £ 0 o (200) | el + DY ,
—1/(2q+vc+2)
- AR .
" q ve{(q+1)! )
G, [F'x)]  vella+ D
h [ngﬂg p+2 )Hj o —1/(@2ptvetd)
h = [En[’\;( (X)tl"< (X)-1 ® ey, )]UC(2p+3)[(p+2)!] ,
—~1/(2q+vc+4)
by = [ngﬂm q+2 H ] o
v [ X QqHH] ve(2q +3)[(q +2)'] )

where we omitted the dependence of o® and ¢’ on z. to signify that the boundary ef-
fect is disregarded. Furthermore, in the preceding equations, gj = I, ]JQ 1M ji+ls @ =
I jJQJ I, QJ 1INJ.7 , and Iy, 5 is a N;j X nj matrix consisting of the last n; columns of the
N; x Nj identity matrix.

4. Run a local polynomial logistic regression of order ¢ = p + 1, with bandwidth h, to obtain

A(pH)( ). For each (d,t) € S_, run a local polynomial regression of order { = ¢ + 1, using

bandwidth bd + to get m(qu )( ), for z € X,

5. Run a local polynomial logistic regression of order ¢ = p, with bandwidth %, to obtain 7 (z), for
reX,.

6. Compute the optimal bandwidth h and gdﬂj, following

Ap+1
[H@p 2] e

[fX( ) tr (I(X))] vc{(p+1)'}

—1/(2p+v.+2)

>
Il
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Y etD) 9 —1/(2¢+ve+2)
E”[ng’lmd»t (X)H] 2(q + 1)n

o E, [f;l(X)] ve {(q + 1)1}

dt =

D.6 Cluster-robust inference: bootstrap procedures

In this section, we introduce two bootstrap procedures that are suitable for cluster-robust inference.
The first algorithm uses a multiplier-bootstrap method to compute studentized and cluster-robust stan-
dard errors. This method has been previously described in Kline and Santos (2012) and Callaway, Li
and Oka (2018). The second procedure is a bootstrap Hausman-type test, which provides bootstrapped
p-values.

Let V™, be a sequence of ¢.7.d. random variables with zero mean and unit variance, which is
independent of the original sample. One example is i.i.d. Bernoulli random variables with P(V =
vg) = 1—wp/v/5 and P(V = 1—wg) = vp/+/5, where vg = (v/5+1)/2, as suggested by Mammen (1993).
Now, given a generic ATT estimator, 7, and an estimator of its influence function, 7)(-), we compute

the clustered standard errors as follows:

Algorithm D.2 1. In iteration b, draw a realization of V4 for each cluster. All observations within

the same cluster share the same value of V.
2. Calculate a bootstrap estimate for ATT as
Ty =7+ En[Ve - 5(W)].
Form a bootstrap draw of the limiting distribution as
Ry = Vn (7 - 7).
3. Repeat Steps 1-2 B times.

4. Calculate the bootstrapped standard error, 6*, as the bootstrap interquartile range normalized by
the interquartile range of the standard normal distribution: 6* = (go.75(R*) — qo.25(R*))/(z0.75 —
20.25), Where qp(lsb*) is the p-th sample quantile of the bootstrap draws {R;}Iip and z, is the

p-th quantile of the standard normal distribution.

Given the two DR DID estimators, 74, based on (3.1), 75, based on (4.1), and their respective linear
expansions, 7)4-(+) given in (3.13) and 75, (-) given in (4.3), we conduct a cluster-robust Hausman-type

test as follows
Algorithm D.3 1. Calculate the Hausman test statistic, 7y, following (4.2).

2. In iteration b, generate a realization of V} for each cluster. Observations within the same cluster

share the same value of Vj,.

3. Calculate bootstrap estimates of the ATT as
Tho = Tj + En[Vy - 05(W)],
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Ve = Enl((Vh (g s W) = (W),
Form a bootstrap test statistic, 7,*, as
T =n (?;r,b - ?s*z,b)2 /%*
4. Repeat Steps 2-3 B times.

5. Calculate the bootstrapped p-value, p*, as the proportion of the bootstrap test statistics, {7,* }bB:p

that are greater than or equal to 7,.
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