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〈Σ ⇀ O,v〉 〈V# , P(S# × P#),v#〉

v# ,


s#

1 7→ p#
1

s#
2 7→ p#

2

. . .

s#
k 7→ p#

k

γ

P# , {⊥P} ∪ {p# | p# ∈ Zn → O} ∪ {>P}

= {⊥P} ∪ {p# | p# =
∑

i ω
i · f #

i , f
#
i ∈ F#} ∪ {>P}

where f # ≡ y = f (x1, . . . , xn) = m1x1 + · · ·+ mnxn + q
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join: tV

Example

v#
1 , [−∞,+∞] 7→ ω · x1 + x2

v#
2 , [−∞,+∞] 7→ ω · (x1 − 1) − x2

v#
1 tV v#

2 , ? 7→ ?

backward assignments: ASSIGNV
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Termination Semantics

〈Σ ⇀ O,v〉
Abstract Termination Semantics

〈V#,v#〉

γ

Theorem (Soundness)

the abstract termination semantics is sound
to prove the termination of programs
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Simple Loops

Example

int : x1, x2

while 1(x1 ≥ 0 ∧ x2 ≥ 0) do

if 2(?) then

3x1 := x1 − 1

else

4x2 := x2 − 1

fi

od5
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Lexicographic Ranking Functions

Example

int : x1, x2

while 1(x1 ≥ 0 ∧ x2 ≥ 0) do

if 2(?) then

3x1 := x1 − 1

4x2 := ?

else

5x2 := x2 − 1

fi

od6

f (x1, x2) =


1 x1 ≤ 0 ∨ x2 ≤ 0

3x2 + 2 x1 = 1

ω + 3x2 + 9 x1 = 2

ω · (x1 − 1) + 7x1 + 3x2 − 5 otherwise
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Sufficient Preconditions for Termination

Example

int : x

while 1(x < 10) do

2x := 2 ∗ x

od3

f (x) =

{
3 5 ≤ x ≤ 9

1 10 ≤ x

f (x) =



9 x = 1

7 x = 2

5 3 ≤ x ≤ 4

3 5 ≤ x ≤ 9

1 10 ≤ x
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Non-Linear Computational Complexity

Example

int : x1, x2

1x1 := N

while 2(x1 ≥ 0) do

3x2 := N

while 4(x2 ≥ 0) do

5x2 := x2 − 1

od

6x1 := x1 − 1

od7

f (x1, x2) =

{
1 x1 ≤ 0

ω + 2 otherwise
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http://www.di.ens.fr/~urban/FuncTion.html

written in OCaml

implemented on top of Apron6

forward reachability analysis to improve precision

Example

int : x1, x2

1x2 := 1

while 2(x1 < 10) do
3x1 := x1 + x2

od4

6http://apron.cri.ensmp.fr/library/
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Experiments

Benchmarks: 38 programs

25 always terminating programs

13 conditionally terminating programs

9 simple loops

7 nested loops

13 non-deterministic programs

Results: proved 30 out of 38 programs

proved 8 out of 9 simple loops

proved 4 out of 7 nested loops
proved 2 out of 4 using ordinals

proved 10 out of 13 non-deterministic programs
proved 5 out of 10 using ordinals
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Thank You!

Questions?



Example

int : x

while 1(x ≤ 10) do

if 2(x > 6) then
3x := x + 2

fi

od4

we map each point
to a function of x giving
an upper bound on the
steps before termination

we start at the end
with 0 steps

before terminationwe take into account
x > 10 and we have now

1 step to termination

we consider the assignment x := x + 2
or the test x ≤ 6 and we are now

at 2 steps to termination

we consider x > 6
and we do the join

we consider x ≤ 10
and we do the join
we do the widening

the analysis provides x > 6
as sufficient precondition

for termination
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