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Introduction
Program Partial/Total Correctness

Program Partial Correctness

start
o
int : x TN
while !(x < 10) do 1 4 —>end
if 2(x > 6) then x <6 lxg 10
3, ._
X:i=x+2 2 X = x 142
fi
od* lx >0
3

Floyd - Assigning Meanings to Programs (1967)
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Program Partial Correctness

affix assertions to each |
1

 program control pomt === start

P

1

AN ~

v— 5210
- N
X . s\ ~3 S~
int : x AN . 1 4 —> end
.
a1 . N
< .
while *(x < 10) do <6 . lX <10
if 2(x > 6) then .
s 2 X:=x+2
3 :=x+2 ‘\\
fi . lx 56 | emmmmmmmmmeen
4 b ..and prove they
od 3 are consequences

when control reaches the control point of their predecessors

...............

1
1
1
1
assertion = property of the program ! of the assertions
1
[}

Floyd - Assigning Meanings to Programs (1967)
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Program Partial Correctness

- R —
......... -

start "postcondltlon .
_________ - x> 10 ----,r-----
'Ioop invariant ! l T\ ¥

int:x = 1 4 — end
while 1(x§10) do £ <6 lx<10

if 2(x > 6) then

3X::X+2 2 x:=x+4+2

fi [x>6

od* 3

assertions can be computed by abstract interpretation

Floyd - Assigning Meanings to Programs (1967)
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Program Total Correctness

start
x> 10
| 2=
int : x 1 4 — end
01
while *(x < 10) do x <6 lxgm
if 2(x > 6) then
3X:X+2 2 X::X+2
fi lX>6
od* 3

________________________________________

Floyd - Assigning Meanings to Programs (1967)
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Program Total Correctness

e
* associate a function over |
'a well-ordered set to each,
. ==--
' program control point... > start
¢~ -~

"""""" ‘\"2: RN ~:::~.~_ x > 10
\ e [ '~._

int: x 1 4 —}> end
while *(x < 10) do lX

if 2(x > 6) then

3X::X_|_2 2 X =x+2

fi lx >6 :' ...and prove that :

a4 1 its value decreases !
Od 3 1 1

1

-at each program step,

ranking functions can be computed by abstract interpretation

Floyd - Assigning Meanings to Programs (1967)
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ion Semantics

Concrete Semantics

idea = define a ranking function

that counts the number of program steps .

from the end of the program

Cousot&Cousot - An Abstract Interpretation Framework for Termination (POPL 2012)
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Trace Semantics
Termination Semantics

Concrete Semantics

the termination semantics
extracts the well-founded part
Example of the program transition relatlon

SIEAE S

Cousot&Cousot - An Abstract Interpretation Framework for Termination (POPL 2012)
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Trace Semantics
Termination Semantics

Concrete Semantics

Theorem (Soundness and Completeness)

the termination semantics is sound and complete
to prove the termination of programs

Cousot&Cousot - An Abstract Interpretation Framework for Termination (POPL 2012)
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Concrete Semantics N .
Termination Semantics

int : x

x:= 7

while (x > 0) do
x=x-—1

od

0
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Piecewise-Defined Ranking Functions

ermination Semantics
(X —~0,C)

@ States Abstract Domain

g S
o Intervals Abstract Domain* >
@ Functions Abstract Domain F
o Affine Ranking Functions
@ Piecewise-Defined Ranking Functions Abstract Domain V(S,F)

4Cousot&Cousot - Static Determination of Dynamic Properties of Programs (1976)
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Impleme

Why Piecewise-Defined Ranking Functions?

int : x 0 2 46 >
while 1(x > 0) do
2x ;= —2x+10
od? 1 x<0
5 0<x<2
fx)2{9 x=3
7 4<x<5
3 b<x
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Natural-Valued Ranking Functions

Piecewise-Defined Ranking Functions

Natural-Valued Ranking Functions Domain

o]:#é{LF} U {f# | f#EZn%N} U {TF}
where f# =y = f(x1,...,X,) = mxg + -+ myx, + q

Urban - The Abstract Domain of Segmented Ranking Functions (SAS 2013)
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Natural-Valued Ranking Functions

Piecewise-Defined Ranking Functions

\
6 8 10
Si#'_) fl# XG{;(;?S] l—>3J_|: "
x € 10,8| — —3x +
si £ v (x) £

<
B3
[I>

x €[9,10] — 4
x € [11, +00] -+ 1
sfr—>fk#
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ segmentation unification

y y y

3 + = 3

4 2 2 4
@ join: Uy
@ widening: Vy
@ backward assignments: ASSIGNy



Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ segmentation unification

@ join®: Ly

- /X > X0
X1 g7 4 X1 g4
f(xi, x2) = —%Xz +2  h(x,x)= _%Xl +2  f(x,x)= —%Xl = %Xz +4

@ widening: Vy
@ backward assignments: ASSIGNy

5Cousot&Halbwachs - Automatic Discovery of Linear Restraints Among Variables of a
Program (POPL 1978)
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o x T x
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ segmentation unification

@ join: Uy

@ widening: Vy

@ backward assignments: ASSIGNy

Example

A 8= 0,4 X
6 * "__t[’] 25

(x +— (—00,5], LF) (x = (—00,5], LF)
(x > [6,+00),y = 4) (x—[2,4+00),y =4+ 1)
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ segmentation unification

@ join: Uy

@ widening: Vy

@ backward assignments: ASSIGNy

Example

X x:=x+10,4] X
(x +— (—00,5], LF) (x +— (—o00,1], LF)
(x > [6,+00),y = 4) (x — [2,5], L)

{(x = [6,+00),y = 5)
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Natural-Valued Ranking Functions

Piecewise-Defined Ranking Functions

ermination Semantics hntics

Theorem (Soundness)

the abstract termination semantics is sound
to prove the termination of programs
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

int : x 1 X <0
while 1(x > 0) do
2 ( ) x=x—-1 lx>0
x=x-—1
od? 2 3

''to a function of x giving,
! an upper bound on the 1
! steps before termination

_________________ -

' we map each point |}
1
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions ation

we take into account
x < 0 and we have

1 step to termination |— .
0
-
int : x 1 X <0
while 1(x > 0) do
; x:=x-1 lx >0
x=x-—1
od® 2 3
0

we start at the end

with 0 steps

before termination
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

we consider x > 0
and we do the join -
- s
0
-
int : x 1 X<0
while 1(x > 0) do
) x:=x—1 lx >0
x:=x—1
od? 4 2 3
- 2
e 1
we consider the assignment > x
x:=x — 1 and we are 1

at 2 steps to termination




Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation
- s
02
Example T
Int : x 1 x<0
while 1(x > 0) do
2 x:=x—1 lx >0
x=x-—1

od3 £ 2 3

- A

- 1

- - 1

> X
1




Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation
A /
/
/
we do the widening =
i s x
0 2
Example T
Int : x 1 x<0
a1
while “(x > 0) do
; x:=x-1 lx >0
x=x-—1
od3 £ 2 3
- A
- 1
- - 1
> X
1
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Piecewise-Defined Ranking Functions Implementation

A /
/
/
- s x
024
-
int : x 1 X <0
while 1(x > 0) do
) x:=x—1 lx>0
x=x-—1
od3 £ / 2 3
- 2
’¢' 1
> X
13
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Piecewise-Defined Ranking Functions Impl

A /
/
/
/
- s x
02
-
int : x 1 X <0
while 1(x > 0) do
) x:=x-1 lx>0
x=x-—1
od? T/ 2 3
LT 4

" the analysis gives true |
as sufficient precondition 1 13
for termination |

-
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

x > 10
N
int : x 4
while *(x < 10) do x<6 x <10
if 2(x > 6) then . )
3

X =x+2
fi

1
|
2 X =x+2
|
od* 3
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Piecewise-Defined Ranking Functions Implementation

o —

' we map each point |
1

1
''to a function of x giving,

' an upper bound on the ,

! steps before termination 1

x > 10
TN
int: x 1 4
while *(x < 10) do x<6[ |x<10
if 2(x > 6) then
, 2 X =x+2
X:=x+2
fi lx>6
od* 3



Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

we start at the end
with O steps
before termination .

|
z

Example

int : x 1 4
while *(x < 10) do x<6[ |x<10
if 2(x > 6) then
, 2 X =x+2
X:=x+2
fi lx>6
od* 3



Piecewise-Defined Ranking Functions Implementation

we take into account
x > 10 and we have now
1 step to termination

int : x
while (x < 10) do
if ?(x > 6) then
3
f

od*

X =x+2

Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

1
41
X
L d
’
x
V
(e
(=}
~
-~

1
|
2 X =x+2
|
3
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Piecewise-Defined Ranking Functions

int : x
while *(x < 10) do
if ?(x > 6) then
3 i =x+2
f

od*

we consider the assignment x := x + 2

Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions
Implementation

<
X

6

> X

or the test x < 6 and we are now
at 2 steps to termination

0
x > 10 ,'l
SN Y
1 4
lelO
2 X:=x+4+2
lx>6
3 -~

N

10




Natural-Valued Ranking Functions
Piecewise-Defined Ranking Functions

Ordinal-Valued Ranking Functions
Implementation

int : x
while (x < 10) do <6
if 2(x > 6) then _
3 i =x+2 T
f 7
=,
6 10

we consider x > 6
and we do the join

1 >
. x > 10 ,"
YN

1 4

|x<10

2 X =x+2

10
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we consider x < 10
and we do the join

Piecewise-Defined Ranking Functions

int: x

while !(x < 10) do
if 2(x > 6) then

fi

od*

3

X =x+2

Implementation

=,
8 10
x<6
,
-
5> X
6 10

Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

xX:=x+2

10
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Piecewise-Defined Ranking Functions

int: x

while !(x < 10) do
if 2(x > 6) then

fi

od*

3 i =x+2

Natural-Valued Ranking Functions

Ordinal-Valued Ranking Functions

Implementation

<

6 8 10

X:=x+4+2
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Natural-Valued Ranking Functions
Piecewise-Defined Ranking Functions

Ordinal-Valued Ranking Functions

Implementation
— \ ~ 52
we do the widening 5 ”
\‘ ;
x| x> 10 s
int : x 1 4
a1
while “(x < 10) do x<6 lxﬁlO
if 2(x > 6) then
3 ~ 2 X =x+2
X =x+2
. A
fi Rs lX > 6
od* s 3 N
6 810 R
> X
8 10

17 /30



Piecewise-Defined Ranking Functions

int: x

while !(x < 10) do
if 2(x > 6) then

fi

od*

3 i =x+2

Natural-Valued Ranking Functions

Ordinal-Valued Ranking Functions

Implementation

<

6 8 10

X:=x+4+2

6 8 10
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions
Implementation

Piecewise-Defined Ranking Functions

I the analysis provides x > 6. \
| R
i as sufficient precondition : i
1 . | o -
i for termination 1 '\ -
TTEmmmmmmmmmmmmmmm T . mrgVl IR x> 10 e
int : x 1 4
a1
while “(x < 10) do X <6 lXS 10
if 2(x > 6) then
3 ~ 2 X =x+2
Xi=x+2
. A
fi Rs lX > 6
. ——
Od > X 3 VN \
6 810 R

6 8 10




Natural-Valued Ranking Functions
o al-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

¢ ' we need ordmals,‘

int : x

x:= 7

while (x > 0) do
x=x—-1

od

0
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Piecewise-Defined Ranking Functions Implementation

Ordinal Numbers
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Ordinal Arithmetic

o addition

a+0=a (zero case)
a+(B+1)=(a+p8)+1 (successor case)
a+p= U (a+7) (limit case)

v<B

e multiplication

@ exponentiation



Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

Ordinal Arithmetic

o addition

a+0=a (zero case)
a+(B+1)=(a+p8)+1 (successor case)
a+p= U (a+7) (limit case)

v<B

e associative: (a+B)+vy=a+(8+7)
e not commutative: 1+ w=w #w+1

e multiplication

@ exponentiation
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Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions

Ordinal Arithmetic

@ addition
e multiplication
a-0=0
a-(B+1)=(a-p)+
a-g=J(a7)

y<B

@ exponentiation

Implementation

(zero case)

(successor case)

(limit case)



Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

Ordinal Arithmetic

o addition

e multiplication

a-0=0 (zero case)
a-(B+1)=(a-B)+a (successor case)
a-fB= U(a-’y) (limit case)

¥<B

e associative: (a x B) xy=ax (8x7)

o left distributive: o x (8 + ) = (a x 8) + (a x 7)

e not commutative: 2 X w =w # w X 2

o not right distributive: (W+ 1) Xw=wxXw #w X w+w
@ exponentiation

21/30



Piecewise-Defined Ranking Functions

Ordinal Arithmetic

o addition
o multiplication

@ exponentiation

a®=1
ot = (P«
af = ()

Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions
Implementation

(zero case)

(successor case)

(limit case)
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Piecewise-Defined Ranking Functions Implementation

Ordinal-Valued Ranking Functions Domain
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Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions

Ordinal-Valued Ranking Functions Domain

o P* £ {1p} U {p¥ | p? €Z"— O} U {Tp}
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Piecewise-Defined Ranking Functions

Ordinal-Valued Ranking Functions Domain

o P* 2 {1p} U {p¥ | p? €Z"— O} U {Tp}
—{Le] U {p* | p* = X £ 67 € FF) U {Th)
where f# =y = f(x1,...,X,) = mxg + -+ myx, + q
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Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions

st Pt

S A Sf'—W’jﬁ

sf - pff

X € [—00,—1],y € [-00,0] — 1

x € [-00,—1],y € [1,40] = w? +w - (y — 1) —4x + 9y — 2
v¥(x) £ { x € [0,0],y € [~00, +00] = 1

x € [1,+00],y € [-00,0] — 1

x€[l,400),y €[l,40) »w-(x—1)+9x+4y — 7
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

Lexicographic Ranking Functions
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

Lexicographic Ranking Functions
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ join: Uy
i 2 [-o0,400] = w - x1 + x
v 2 [-o0,400] = w - (x-—1) - X
vl# Ly v2# £ ? = 7

@ backward assignments: ASSIGNy
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ join: Uy
vl# £ [~oo,400] = w - X1 + X
vz# L2 [~oo,400] = w - (xq—1) - X

vl#l_lvvz# £ [—oo,+00] = 7

@ backward assignments: ASSIGNy
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ join: Uy
e £ [-oo,400] = w - X1 +  x2
v £ [~oo,400] = w - (a-—1) — X
iy v 2 [—oo,+00] — '+ 0

@ backward assignments: ASSIGNy
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@ join: Uy

Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

vi* £ [-oo,+00] = w - X1 + X

v £ [~o0,400] = w - (x1—1) - X
iuvvf 2 [coo,4o0] = w o - X1 '+ 0
@ backward assignments: ASSIGNy
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ join: Uy
vi* £ [~oo,4+00] = w - X1 + x
v £ [~o0,400] = w - (x1—1) - X
iiuvvf 2 [coo,4o0] = w - (xi+1) + 0

@ backward assignments: ASSIGNy
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ join: Uy
vt £ [-oo,400] = w - X1 + x
v £ [~o0,400] = w - (a-—1) - X

vy v 2 [—oo,400] = w - (xa+1)

@ backward assignments: ASSIGNy
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ join: Ly
@ backward assignments: ASSIGNy

B S

U, X1 := ?

(1>
~

p#
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ join: Ly
@ backward assignments: ASSIGNy

p? £ w X1+ X

~U« X1 = ?

p#

[I>
+
—
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ join: Ly
@ backward assignments: ASSIGNy

p#

[I>

w - X3 T+ X2

[>
L
&
+
—

p#
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ join: Ly
@ backward assignments: ASSIGNy

pt = w X1+ X
U/ X1 = ?
p* £ A w 0 + x» + 1
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ join: Ly
@ backward assignments: ASSIGNy

p? £ w X1 + X
~U« X1 := ?
pt £ w? .1 4 w 0 + x + 1
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

@ join: Ly
@ backward assignments: ASSIGNy

Ba— w X1t oXx
~U X1::?

p# é w2 + X2 + 1
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Ordinal-Valued Ranking Functions
Piecewise-Defined Ranking Functions

ermination Semantics hntics

Theorem (Soundness)

the abstract termination semantics is sound
to prove the termination of programs
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Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions
Implementation

int : xq, xo

Piecewise-Defined Ranking Functions

while 1(x; > 0 A x; > 0) do

if 2(?) then
3X1 =x3 —1
4% = ?
else
5X2 =x —1
fi
od®

X € [-00,0],y € [-00,0] — 1
Flx, ) = x € [-00,0],y € [1,400] — 1
x €[l,4o00],y € [-00,0] — 1
x €[l,400),y €[l,40) —w-(x1 —1)+7x1 +3x2 — 5



Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

Non-Linear Computational Complexity

int : xg, X0
lxl = N
while 2(x; > 0) do
3X2 = N
while #(x, > 0) do
5X2 =x —1
od

6X1 =x1 — 1

od? ! the loop terminates ina !
' finite number of iterations

F(x0, %0) = x € [-00,0],y € [ oo—|—oo]»—>1:
b x €[l,4+00),y € [— oo+oo)|—>w+2



al-Valued Ranking Functions
o al-Valued Ranking Functions

Piecewise-Defined Ranking Functions Implementation

http://www.di.ens.fr/~urban/FuncTion.html

@ written in OCaml

@ implemented on top of Apron®

Shttp://apron.cri.ensmp.fr/library/
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Natural-Valued Ra unctions
Ordinal-Valued Ranl inctions

Piecewise-Defined Ranking Functions Implementation

http://www.di.ens.fr/~urban/FuncTion.html

@ written in OCaml

@ implemented on top of Apron®

e forward reachability analysis to improve precision

int : xq,x

le =1

while 2(x; < 10) do

3 .
X1 = X1 + X

od*

Shttp://apron.cri.ensmp.fr/library/
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