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Summary

The Skewed Generalized T Distribution is a univariate 5-parameter distribution intro-
duced by Theodossiou (1998) and known for its extreme flexibility. Special and lim-
iting cases of the SGT distribution include the skewed generalized error distribution,
the generalized t distribution introduced by McDonald and Newey (1988), the skewed
t proposed by Hansen (1994), the skewed Laplace distribution, the generalized error
distribution (also known as the generalized normal distribution), the skewed normal
distribution, the student t distribution, the skewed Cauchy distribution, the Laplace
distribution, the uniform distribution, the normal distribution, and the Cauchy dis-
tribution. This vignette describe the skewed generalized t distribution and its various
special cases.
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A. Introduction

The skewed generalized t distribution (SGT) is a highly flexible distribution with
many special cases. The SGT distribution has five parameters: u, o, A, p, and q. The
graphic below shows the special cases of the SGT distribution and which parameters

must be set to obtain these distributions.
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This graphic was adapted from Hansen, McDonald, and Newey (2010).

Note that the SGT parameters have the following restrictions:

{(a,\,p,q) :0>0,—-1 <A< 1,p>0,qg>0} (1)

It is important to note that if any of the parameters are not within these bounds in
any of the [dpgrlsgt functions, then a warning message is issued and NaNs produced.
Note that p and q are allowed to be Inf.
The section that describes the SGT distribution gives the closed form definition of
the moments and shows how the parameters influence the moments. We show below
though how the parameters influence the moments of the distribution.
There are two options that are important to note in the [dpqr]sgt functions: mean.cent
and var.adj.
The mean.cent option is either TRUE or FALSE. If mean.cent is TRUE, then pu is

the mean of the distribution. If mean.cent is FALSE, then pu is the mode of the dis-



Figure 1: Visualizing the Flexibility of the Skewed Generalized T Distribution
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Explanation: This figure shows the
flexibility of the SGT distribution. The
black curve in each graph has parameter
values: p=0,0 =1, A =0, p=2, and

q = 100, with both mean.cent and var.adj
are TRUE. This approximates a standard
normal pdf very closely. All other curves

change just one parameter.



tribution. In the presence of skewness of course, the mean equals the mode and the
mean.cent option makes no difference. Importantly, mean.cent can only be TRUE
if pg > 1. If pg < 1 and mean.cent is TRUE, then a warning will be given and
NaNs produced.

The var.adj is either TRUE, FALSE, or a positive scalar (numeric of length one).
If var.adj is TRUE, then the o parameter is scaled such that o2 is the variance of the
distribution. If var.adj is FALSE, then if pg > 2, the variance, for pg > 2, is simply
proportional to o2, holding all other parameters fixed. If var.adj is a positive scalar
then, then o is scaled by the value of var.adj. The SGT section below shows how this
is done. Importantly, var.adj can only be TRUE if pg > 2. If var.adj is TRUE
and pq < 2 then a warning will be given and NalNs produced. If var.adj is a
non-positive scalar, then a warning is issued and var.adj is assumed FALSE.

It is important to note that the h** moment of the SGT distribution is only defined
if pg > h. Thus the h" moments reported in this vignette only hold true if pq > h.

The )\ parameter controls the skewness of the distribution. To see this, let M de-
note the mode of the distribution, and note that

M 1_)\

fSGT(-r;,uao—v >‘ap7 q>dl’ = T (2)

—00

Since —1 < A < 1, the probability left of the mode, and therefore right of the mode
as well, can equal any value in (0,1) depending on the value of A. Thus the SGT distri-
bution can be highly skewed as well as symmetric. If —1 < A < 0, then the distribution
is negatively skewed. If 0 < A < 1, then the distribution is positively skewed. If A = 0,
then the distribution is symmetric.

Finally, p and ¢ control the kurtosis of the distribution. As p and ¢ get smaller, the
kurtosis increases (i.e. becomes more leptokurtic). Large values of p and ¢ yield a dis-
tribution that is more platykurtic.

The remainder of this vignette outlines the properties of the SGT distribution and
its special cases. At the top of each section, a line of R code is given to show how to

obtain that special case of the SGT distribution. For example, the normal distribution



section gives the line of code:
> dsgt(x, mu, sigma, lambda = 0, p = 2, q = Inf, mean.cent, var.adj)

which shows that the normal distribution has the parameters p and o free, while the

other paramers should be equal to their given values to obtain the normal distribution.



B. Skewed Generalized T Distribution
> dsgt(x, mu, sigma, lambda, p, q, mean.cent, var.adj)
The Skewed Generalized T Distribution has the pdf:

p
fSGT(x;M707 )‘7p7 q) = lig

1 |z—ptml” ?
2v0q!/7 B (5"1) (q(w)p(xsign@—wm)ﬂ)p + 1)

where

21)0’)\qu (%, q— i)
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B (3.9)

if mean.cent = TRUE and O otherwise. Note that mean.cent = TRUE and pg < 11is an

m =

error and NaNs will be produced. Also
B(s 2 B(2 1)\ 2
s g-2) (20-1)
PR PEPCI ka7 BEFTCY il Vil )

if var.adj = TRUE, v = 1 if var.adj = FALSE, and v is the value of var.adj if var.adj
is a positive scalar. Note that var.adj = TRUE and pg < 2 is an error and NaNs will be

produced.
The A" moment (i.e. E[(X — E(X))"]), for pg > h, is:

h UUh% B m,q—ﬁ B 27q_;h_r
TZ:(J <];) ((1 + N (=) - )\)r+1) (— )" <(2T)hfl ) ( r 5 (;)q>h<]:~+1 p>

The mean, for pg > 1, is:

thus if mean.cent = TRUE, the mean, for pg > 1, is simply pu.



The variance, for pg > 2, is:
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thus if var.adj = TRUE, the variance, for pg > 2, is simply o2.

The skewness, for pq > 3, is:

The kurtosis, for pg > 4, is:
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C. Skewed Generalized Error Distribution

> dsgt(x, mu, sigma, lambda, p, q = Inf, mean.cent, var.adj)

The Skewed Generalized Error Distribution has the pdf:

lim fSGT(x; M, o, )\,p, Q)
q—0

< Jo—ptm] )
pe vo (14+Asign(z—p+m))

200l (1/p)

= fSGED(x; M, 0, /\7p) =
where
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if mean.cent = TRUE and 0 otherwise. Also
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al (%)

if var.adj = TRUE, v = 1 if var.adj = FALSE, and v is the value of var.adj if var.adj

is a positive scalar.

The A" moment (i.e. E[(X — E(X))"]) is:

h—r
zh: (r) ( (1+ A 4 (—1)7(1 - )\)r+1> (CA) <2(Tvgh)fl> r (%) r (;1)

h+1—r
r=0 T (l)
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The mean is:

2%’00'/\F <% + %)
VT
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thus if mean.cent = TRUE, the mean is simply pu.



The variance is:

thus if var.adj = TRUE, the variance is simply o2.

The skewness is:

3 P 1 3 1
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The kurtosis is:
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D. Generalized T Distribution

> dsgt(x, mu, sigma, lambda = 0, p, q, mean.cent, var.adj)

The Generalized T Distribution has the pdf:

fSGT(x;,u70—7 A= Oap7 Q)

b
1 |z—p” bt
2u0q'/PB (]—),q> < E- + 1)

q(vo)P

= fGT(m;,uao—apa Q) =

where

) 1/2
1 [ B (E’q)

ql/p B <3 q— 2)

p’ p

Vv =

if var.adj = TRUE, v =1 if var.adj = FALSE, and v is the value of var.adj if var.adj
is a positive scalar. Note that var.adj = TRUE and pg < 2 is an error and NaNs will be

produced.
The A" moment (i.e. E[(X — E(X))"]), for pg > h, is:

(1+ (1) <<va>2hqz> (B (;(qq) Z))

The mean, for pqg > 1, is pu.

The variance, for pqg > 2, is:

2 2 B@’q_%)
(vo) /| AN T

1 1
B (34)
thus if var.adj = TRUE, the variance, for pg > 2, is simply o2.

The skewness, for pg > 3, is 0.
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The kurtosis, for pq > 4, is:

11



E. Skewed T Distribution

> dsgt(x, mu, sigma, lambda, p = 2, q, mean.cent, var.adj)

The Skewed T Distribution has the pdf:

fSGT(x;,uao—> Aap = 27Q)

I'(3+49)

Tr— m 2
va(mq)' /2T (q) (q(va)Q(ALign;E;;ler)H)Q + 1>

= fST(x;/L,U,)\,Q) =

[un
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where

200Ag"?T (¢ — 1)
m =
(D)

if mean.cent = TRUE and 0 otherwise. Note that mean.cent = TRUE and ¢ < 1/2 is an

error and NaNs will be produced. Also

~1/2 2 1 4N F(q—%) :
v <”'*”(m—z)‘7r<—FGrJ

if var.adj = TRUE, v = 1 if var.adj = FALSE, and v is the value of var.adj if var.adj

is a positive scalar. Note that var.adj = TRUE and ¢ < 1 is an error and NaNs will be

produced.
The h*" moment (i.e. E[(X — E(X))"]), for ¢ > h/2, is:

h
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The mean, for ¢ > 1/2, is:
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thus if mean.cent = TRUE, the mean, for ¢ > 1/2, is simply u.
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The variance, for ¢ > 1, is:

I'(q)
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thus if var.adj = TRUE, the variance, for ¢ > 1, is simply o2

The skewness, for ¢ > 3/2, is:
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F. Skewed Laplace Distribution

> dsgt(x, mu, sigma, lambda, p = 1, q = Inf, mean.cent, var.adj)

The Skewed Laplace Distribution has the pdf:

lim fSGT(];; , 7, Aap = 17 Q)
g—o0

—lz—ptm|
e vo(1+Asign(z—pt+m))

= fSLaplace(m; u, o, >‘) - Qo

where
m = 200\
if mean.cent = TRUE and 0 otherwise. Also
1
o= [2(142)] 2

if var.adj = TRUE, v =1 if var.adj = FALSE, and v is the value of var.adj if var.adj

is a positive scalar.

The A" moment (i.e. E[(X — E(X))"]) is:

Zh: (h> ((1 + ) (1)1 - /\)’”“) (=N <2(“j‘h)f1) I'(r+1)

r
r=0

The mean is:
1+ 2vo0A —m

thus if mean.cent = TRUE, the mean is simply u.

The variance is:

2(v0)? (1 + A%)
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thus if var.adj = TRUE, the variance is simply o2.

The skewness is:

4(va)>*A(3 + \?)

The kurtosis is:

24(vo) (14 4X* + A1)

15



G. Generalized Error Distribution

> dsgt(x, mu, sigma, lambda = 0, p, q = Inf, mean.cent, var.adj)

The Generalized Error Distribution has the pdf:

lim fsgr(z;pu,0,A=0,p,q)
q—00

Im—u\)p

-(=
= feep(¥; p,0,p) = SZ?(UP)

where

"))
°(3)

if var.adj = TRUE, v =1 if var.adj = FALSE, and v is the value of var.adj if var.adj

V=

is a positive scalar.

The A" moment (i.e. E[(X — E(X))"]) is:

The mean is pu.

The variance is:
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thus if var.adj = TRUE, the variance is simply o2.
The skewness is 0.

The kurtosis is:
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H. Skewed Normal Distribution

> dsgt(x, mu, sigma, lambda, p = 2, q = Inf, mean.cent, var.adj)

The Skewed Normal Distribution has the pdf:

lim fSGT('T; K, a, Avp - 2a q)
q—o0

_( |lz—p+m| )2
e vo (14+Asign(z—p+m))

= orma. s My a)‘ =
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if mean.cent = TRUE and 0 otherwise. Also

(7 — 8)2 + 37A2)] 2
27
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if var.adj = TRUE, v = 1 if var.adj = FALSE, and v is the value of var.adj if var.adj

is a positive scalar.

The A moment (i.e. E[(X — E(X))"]) is:
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thus if mean.cent = TRUE, the mean is simply .

The variance is:
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thus if var.adj = TRUE, the variance is simply o2.

The skewness is:

(v )2 X (16A2 — 7 (=1 + 5A?))

13/2

The kurtosis is:

(vo)* (192X 4+ 16mA? (=5 + A?) + 372 (1 + 10A% + 5A1))

472
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I. Student T Distribution

We present two parameterizations of the Student T Distribution. The first parame-
terization has the parameters u, o, and ¢ free. The second is consistent with the typi-
cal student t distribution parameterization, where p and o are fixed at 0 and 1 respec-
tively, and ¢ = d/2, where d is the degrees of freedom and the only free parameter.

First Parameterization:

> dsgt(x, mu, sigma, lambda = 0, p = 2, q, mean.cent, var.adj)

The Student T Distribution has the pdf:

fSGT(fL.;,uao'a)‘ = Oap = 27Q)

T (i
:fT(x§M70>Q): <2+Q) 1

3+a
vo(mq)/2I(q) ('x;(ijjfﬁ'Q + 1) ’

where

99 — 9\ /2
=)
q

if var.adj = TRUE, v = 1 if var.adj = FALSE, and v is the value of var.adj if var.adj
is a positive scalar. Note that var.adj = TRUE and ¢ < 1 is an error and NaNs will be

produced.
The h*" moment (i.e. E[(X — E(X))"]), for ¢ > h/2, is:

(vo)qz \ (T ()T (¢—4)
(H(_l)h)( 2 )( VT () )

The mean, for ¢ > 1/2, is p.

The variance, for ¢ > 1, is:
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thus if var.adj = TRUE, the variance, for ¢ > 1, is simply o2.

The skewness, for ¢ > 3/2, is 0.

The kurtosis, for ¢ > 2, is:

3(vo)tq?
A(¢—2)(q—1)

Second Parameterization:
Let df equal d, the degrees of freedom of a typical student t distribution parameter-

ization.

> dsgt(x, mu = 0, sigma = 1, lambda = 0, p = 2, q = df/2,

+ mean.cent = FALSE, var.adj = sqrt(2))

The Student T Distribution has the pdf:

fser(x;p=0,0 =1,A=0,p=2,q=d/2)

(%)

= fT(x; d) = di1

(rd)'/20(d/2) (% + 1) 2

Note that we substituted v = /2 from the first parameterization into this one.

The h'" moment (i.e. E[(X — E(X))"]), for d > h, is

NCAYREONCE
(1+(_1) > (d2 > < (ﬁl)“(d(/z) )>

The mean, for d > 1, is 0.

The variance, for d > 2, is:

The skewness, for d > 3, is 0.

20



The kurtosis, for d > 4, is:

3d?
(d—4)(d-2)
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J. Skewed Cauchy Distribution

> dsgt(x, mu, sigma, lambda, p = 2, q = 1/2, mean.cent = FALSE,

+ var.adj = FALSE)

The Skewed Cauchy Distribution has the pdf:

fSGT(x;MW 07/\7p = 27q = 1/2)

V2

2lz—p?
vom ((UU)Q(Asign(x—u)H)Q + 1)

- fSCauchy(x; M, 0, /\) -

The h'" moment (i.e. E[(X —FE(X))"]) is undefined. Thus the mean, variance, skew-
ness, and kurtosis are all undefined. If mean.cent or var.adj are TRUE, NaNs are pro-

duced.
NOTE: If var.adj = sqrt(2), then v = /2, which gives a pdf more consistent

with the standard parameterization of the Cauchy distribution:

1

= fSCauchy(m; u, o, >\) = \:v—/t|2
om <o2(>\sign(r—#)+1)2 + 1)
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K. Laplace Distribution

> dsgt(x, mu, sigma, lambda = 0, p = 1, q = Inf, mean.cent, var.adj)

The Laplace Distribution has the pdf:

lim fSGT(x;Maaa)\ = 07p = 17Q)
q—00

—lz—pl
€ wvo

— fLaplace(x; H, U) = 200

where

if var.adj = TRUE, v = 1 if var.adj = FALSE, and v is the value of var.adj if var.adj

is a positive scalar.

The A" moment (i.e. E[(X — E(X))"]) is:

(14 (=1)") (vo)"T (R +1)
2

The mean is pu.

The variance is:

2(vo)?

thus if var.adj = TRUE, the variance is simply o2.
The skewness 0.

The kurtosis is:

24(vo)*
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L. Uniform Distribution

> dsgt(x, mu, sigma, lambda, p = Inf, mean.cent, var.adj)

The Uniform has the pdf:

lim fsgr(z; pu, 0, A, p,q)
p—>00

2 if o — p| <vo

- funzf(xaM7O-> = {21}0

0 otherwise

where
v=13

if var.adj = TRUE, v = 1 if var.adj = FALSE, and v is the value of var.adj if var.adj

is a positive scalar.

The A" moment (i.e. E[(X — E(X))"]) is:

22}0(}11 +1) ((v0>h+1 B (_UU)hH)

The mean is pu.

The variance is:

thus if var.adj = TRUE, the variance is simply 0.
The skewness is 0.

The kurtosis is:
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M. Normal Distribution

> dsgt(x, mu, sigma, lambda = 0, p = 2, q = Inf, mean.cent, var.adj)

The Normal Distribution has the pdf:

lim fSGT(x;,UJaO—7 A= 07p = 27 Q)
q—00

e_(%f

vo/T

= fNormal(x; M, U) =

where

v=v2

if var.adj = TRUE, v =1 if var.adj = FALSE, and v is the value of var.adj if var.adj

is a positive scalar.

The A moment (i.e. E[(X — E(X))"]) is:

The mean is pu.

The variance is:

—

Vo)

thus if var.adj = TRUE, the variance, for pg > 2, is simply o2.

The skewness is 0.

The kurtosis is:
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N. Cauchy Distribution

> dsgt(x, mu, sigma, lambda = 0, p = 2, q = 1/2, mean.cent = FALSE,

+ var.adj = FALSE)

The Cauchy Distribution has the pdf:

fSGT(x;ﬂwo-v)‘ = pr: 27(] = 1/2)

V2
| 2

2]x—p
wor + 1)

- fCauchy(x; 2 U) =
VOT (

The h'" moment (i.e. E[(X — E(X))")), for pg > h, is: undefined. Thus the mean,
variance, skewness, and kurtosis are all undefined. If mean.cent or var.adj are TRUE,
NaNs are produced.

NOTE: If var.adj = sqrt(2), then v = /2, which gives the standard parameteri-

zation of the Cauchy pdf:

= fCauchy(x; M, U) =
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