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Learning/Estimation vs Decision-Making

Machine Learning: predicting patterns from passively observed dataMachine learning: Predicting patterns

Learning and decision making

Image classification, speech recognition, machine translation

Reinforcement learning: Making decisions

Robotics, game playing, clinical decision systems

Image classification, speech recognition, machine translation

Decision Making: actively gathering informationMachine learning: Predicting patterns

Learning and decision making

Image classification, speech recognition, machine translation

Reinforcement learning: Making decisions

Robotics, game playing, clinical decision systems

Machine learning: Predicting patterns

Learning and decision making

Image classification, speech recognition, machine translation

Reinforcement learning: Making decisions

Robotics, game playing, clinical decision systems

Clinical decision systems, recommendation systems, robotics, game playing
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<latexit sha1_base64="sQRFZDGuUi34DGiPO7E0IvzubxY=">AAAB6nicdVDJSgNBEO2JW4xb1KOXxiB4Ct0hZLkFvHiMaBZIxtDT6Uma9Cx014gh5BO8eFDEq1/kzb+xJ4mgog8KHu9VUVXPi5U0QMiHk1lb39jcym7ndnb39g/yh0dtEyWaixaPVKS7HjNCyVC0QIIS3VgLFnhKdLzJRep37oQ2MgpvYBoLN2CjUPqSM7DS9f0tDPIFUiSEUEpxSmi1Qiyp12slWsM0tSwKaIXmIP/eH0Y8CUQIXDFjepTE4M6YBsmVmOf6iREx4xM2Ej1LQxYI484Wp87xmVWG2I+0rRDwQv0+MWOBMdPAs50Bg7H57aXiX14vAb/mzmQYJyBCvlzkJwpDhNO/8VBqwUFNLWFcS3sr5mOmGQebTs6G8PUp/p+0S0VaKZavyoVGZRVHFp2gU3SOKKqiBrpETdRCHI3QA3pCz45yHp0X53XZmnFWM8foB5y3T7v/jhU=</latexit>

xt

<latexit sha1_base64="9kZ+lwA+TgNCBG1gj9jwQVh/mJQ=">AAAB7HicbZDNSsNAFIVv6l+tf1WXboJFqJuQiKTuLLhxWcG0hSaWyXTSDp1MwsxEKKXP0I0LRdz6FK58BHc+iHsnbRdaPTBw+M69zL03TBmVyrY/jcLK6tr6RnGztLW9s7tX3j9oyiQTmHg4YYloh0gSRjnxFFWMtFNBUBwy0gqHV3neuidC0oTfqlFKghj1OY0oRkojz0/pneqWK7Zlz2TaVs113VpuFsRZmMrlW/XrfeqfNrrlD7+X4CwmXGGGpOw4dqqCMRKKYkYmJT+TJEV4iPqkoy1HMZHBeDbsxDzRpGdGidCPK3NGf3aMUSzlKA51ZYzUQC5nOfwv62QqugjGlKeZIhzPP4oyZqrEzDc3e1QQrNhIG4QF1bOaeIAEwkrfp6SP4Cyv/Nc0zyzHtc5vnErdhbmKcATHUAUHalCHa2iABxgoTOERngxuPBjPxsu8tGAseg7hl4zXb1JNkrs=</latexit>

⇡t

<latexit sha1_base64="eU/BQXfxVYbmM9MfJPow7LIBoPM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShpu2u4MZlRfuANpbJdNIOnTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1p5e5372nQrI4ulWzhHohHkcsYAQrLd2IOzUsVyzTsmpOo4Es03Gqrutq0nCr9YsasrWVowIrtIbl98EoJmlII0U4lrJvW4nyMiwUI5zOS4NU0gSTKR7TvqYRDqn0ssWpc3SmlREKYqErUmihfp/IcCjlLPR1Z4jVRP72cvEvr5+qoO5lLEpSRSOyXBSkHKkY5X+jEROUKD7TBBPB9K2ITLDAROl0SjqEr0/R/6TjmLZrVq+rlaa7iqMIJ3AK52BDDZpwBS1oA4ExPMATPBvceDRejNdla8FYzRzDDxhvn+pxjjU=</latexit>

rt
<latexit sha1_base64="02emXtykcQvGDEHd3kakHTy/oFg=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKblxWtLXQjiWTZtrQTDIkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUNSrRlHWoEkr3AmKY4JJ1LLeC9WLNSBQIdhtMLzL/9p5pw5W8sbOY+REZSx5ySqyTrtWdHRZLqIwQwhjDjOB6DTnSbDYquAFxZjmUwArtYfF9MFI0iZi0VBBj+hjF1k+JtpwKNi8MEsNiQqdkzPqOShIx46eLU+fwzCkjGCrtSlq4UL9PpCQyZhYFrjMidmJ+e5n4l9dPbNjwUy7jxDJJl4vCRECrYPY3HHHNqBUzRwjV3N0K6YRoQq1Lp+BC+PoU/k+6lTKulatX1VKrtoojD07AKTgHGNRBC1yCNugACsbgATyBZ094j96L97pszXmrmWPwA97bJ65Jjgw=</latexit>

ot
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<latexit sha1_base64="sQRFZDGuUi34DGiPO7E0IvzubxY=">AAAB6nicdVDJSgNBEO2JW4xb1KOXxiB4Ct0hZLkFvHiMaBZIxtDT6Uma9Cx014gh5BO8eFDEq1/kzb+xJ4mgog8KHu9VUVXPi5U0QMiHk1lb39jcym7ndnb39g/yh0dtEyWaixaPVKS7HjNCyVC0QIIS3VgLFnhKdLzJRep37oQ2MgpvYBoLN2CjUPqSM7DS9f0tDPIFUiSEUEpxSmi1Qiyp12slWsM0tSwKaIXmIP/eH0Y8CUQIXDFjepTE4M6YBsmVmOf6iREx4xM2Ej1LQxYI484Wp87xmVWG2I+0rRDwQv0+MWOBMdPAs50Bg7H57aXiX14vAb/mzmQYJyBCvlzkJwpDhNO/8VBqwUFNLWFcS3sr5mOmGQebTs6G8PUp/p+0S0VaKZavyoVGZRVHFp2gU3SOKKqiBrpETdRCHI3QA3pCz45yHp0X53XZmnFWM8foB5y3T7v/jhU=</latexit>

xt

<latexit sha1_base64="9kZ+lwA+TgNCBG1gj9jwQVh/mJQ=">AAAB7HicbZDNSsNAFIVv6l+tf1WXboJFqJuQiKTuLLhxWcG0hSaWyXTSDp1MwsxEKKXP0I0LRdz6FK58BHc+iHsnbRdaPTBw+M69zL03TBmVyrY/jcLK6tr6RnGztLW9s7tX3j9oyiQTmHg4YYloh0gSRjnxFFWMtFNBUBwy0gqHV3neuidC0oTfqlFKghj1OY0oRkojz0/pneqWK7Zlz2TaVs113VpuFsRZmMrlW/XrfeqfNrrlD7+X4CwmXGGGpOw4dqqCMRKKYkYmJT+TJEV4iPqkoy1HMZHBeDbsxDzRpGdGidCPK3NGf3aMUSzlKA51ZYzUQC5nOfwv62QqugjGlKeZIhzPP4oyZqrEzDc3e1QQrNhIG4QF1bOaeIAEwkrfp6SP4Cyv/Nc0zyzHtc5vnErdhbmKcATHUAUHalCHa2iABxgoTOERngxuPBjPxsu8tGAseg7hl4zXb1JNkrs=</latexit>

⇡t

<latexit sha1_base64="eU/BQXfxVYbmM9MfJPow7LIBoPM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShpu2u4MZlRfuANpbJdNIOnTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1p5e5372nQrI4ulWzhHohHkcsYAQrLd2IOzUsVyzTsmpOo4Es03Gqrutq0nCr9YsasrWVowIrtIbl98EoJmlII0U4lrJvW4nyMiwUI5zOS4NU0gSTKR7TvqYRDqn0ssWpc3SmlREKYqErUmihfp/IcCjlLPR1Z4jVRP72cvEvr5+qoO5lLEpSRSOyXBSkHKkY5X+jEROUKD7TBBPB9K2ITLDAROl0SjqEr0/R/6TjmLZrVq+rlaa7iqMIJ3AK52BDDZpwBS1oA4ExPMATPBvceDRejNdla8FYzRzDDxhvn+pxjjU=</latexit>

rt
<latexit sha1_base64="02emXtykcQvGDEHd3kakHTy/oFg=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKblxWtLXQjiWTZtrQTDIkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUNSrRlHWoEkr3AmKY4JJ1LLeC9WLNSBQIdhtMLzL/9p5pw5W8sbOY+REZSx5ySqyTrtWdHRZLqIwQwhjDjOB6DTnSbDYquAFxZjmUwArtYfF9MFI0iZi0VBBj+hjF1k+JtpwKNi8MEsNiQqdkzPqOShIx46eLU+fwzCkjGCrtSlq4UL9PpCQyZhYFrjMidmJ+e5n4l9dPbNjwUy7jxDJJl4vCRECrYPY3HHHNqBUzRwjV3N0K6YRoQq1Lp+BC+PoU/k+6lTKulatX1VKrtoojD07AKTgHGNRBC1yCNugACsbgATyBZ094j96L97pszXmrmWPwA97bJ65Jjgw=</latexit>
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<latexit sha1_base64="sQRFZDGuUi34DGiPO7E0IvzubxY=">AAAB6nicdVDJSgNBEO2JW4xb1KOXxiB4Ct0hZLkFvHiMaBZIxtDT6Uma9Cx014gh5BO8eFDEq1/kzb+xJ4mgog8KHu9VUVXPi5U0QMiHk1lb39jcym7ndnb39g/yh0dtEyWaixaPVKS7HjNCyVC0QIIS3VgLFnhKdLzJRep37oQ2MgpvYBoLN2CjUPqSM7DS9f0tDPIFUiSEUEpxSmi1Qiyp12slWsM0tSwKaIXmIP/eH0Y8CUQIXDFjepTE4M6YBsmVmOf6iREx4xM2Ej1LQxYI484Wp87xmVWG2I+0rRDwQv0+MWOBMdPAs50Bg7H57aXiX14vAb/mzmQYJyBCvlzkJwpDhNO/8VBqwUFNLWFcS3sr5mOmGQebTs6G8PUp/p+0S0VaKZavyoVGZRVHFp2gU3SOKKqiBrpETdRCHI3QA3pCz45yHp0X53XZmnFWM8foB5y3T7v/jhU=</latexit>

xt

<latexit sha1_base64="9kZ+lwA+TgNCBG1gj9jwQVh/mJQ=">AAAB7HicbZDNSsNAFIVv6l+tf1WXboJFqJuQiKTuLLhxWcG0hSaWyXTSDp1MwsxEKKXP0I0LRdz6FK58BHc+iHsnbRdaPTBw+M69zL03TBmVyrY/jcLK6tr6RnGztLW9s7tX3j9oyiQTmHg4YYloh0gSRjnxFFWMtFNBUBwy0gqHV3neuidC0oTfqlFKghj1OY0oRkojz0/pneqWK7Zlz2TaVs113VpuFsRZmMrlW/XrfeqfNrrlD7+X4CwmXGGGpOw4dqqCMRKKYkYmJT+TJEV4iPqkoy1HMZHBeDbsxDzRpGdGidCPK3NGf3aMUSzlKA51ZYzUQC5nOfwv62QqugjGlKeZIhzPP4oyZqrEzDc3e1QQrNhIG4QF1bOaeIAEwkrfp6SP4Cyv/Nc0zyzHtc5vnErdhbmKcATHUAUHalCHa2iABxgoTOERngxuPBjPxsu8tGAseg7hl4zXb1JNkrs=</latexit>

⇡t

<latexit sha1_base64="eU/BQXfxVYbmM9MfJPow7LIBoPM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShpu2u4MZlRfuANpbJdNIOnTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1p5e5372nQrI4ulWzhHohHkcsYAQrLd2IOzUsVyzTsmpOo4Es03Gqrutq0nCr9YsasrWVowIrtIbl98EoJmlII0U4lrJvW4nyMiwUI5zOS4NU0gSTKR7TvqYRDqn0ssWpc3SmlREKYqErUmihfp/IcCjlLPR1Z4jVRP72cvEvr5+qoO5lLEpSRSOyXBSkHKkY5X+jEROUKD7TBBPB9K2ITLDAROl0SjqEr0/R/6TjmLZrVq+rlaa7iqMIJ3AK52BDDZpwBS1oA4ExPMATPBvceDRejNdla8FYzRzDDxhvn+pxjjU=</latexit>

rt
<latexit sha1_base64="02emXtykcQvGDEHd3kakHTy/oFg=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKblxWtLXQjiWTZtrQTDIkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUNSrRlHWoEkr3AmKY4JJ1LLeC9WLNSBQIdhtMLzL/9p5pw5W8sbOY+REZSx5ySqyTrtWdHRZLqIwQwhjDjOB6DTnSbDYquAFxZjmUwArtYfF9MFI0iZi0VBBj+hjF1k+JtpwKNi8MEsNiQqdkzPqOShIx46eLU+fwzCkjGCrtSlq4UL9PpCQyZhYFrjMidmJ+e5n4l9dPbNjwUy7jxDJJl4vCRECrYPY3HHHNqBUzRwjV3N0K6YRoQq1Lp+BC+PoU/k+6lTKulatX1VKrtoojD07AKTgHGNRBC1yCNugACsbgATyBZ094j96L97pszXmrmWPwA97bJ65Jjgw=</latexit>
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<latexit sha1_base64="sQRFZDGuUi34DGiPO7E0IvzubxY=">AAAB6nicdVDJSgNBEO2JW4xb1KOXxiB4Ct0hZLkFvHiMaBZIxtDT6Uma9Cx014gh5BO8eFDEq1/kzb+xJ4mgog8KHu9VUVXPi5U0QMiHk1lb39jcym7ndnb39g/yh0dtEyWaixaPVKS7HjNCyVC0QIIS3VgLFnhKdLzJRep37oQ2MgpvYBoLN2CjUPqSM7DS9f0tDPIFUiSEUEpxSmi1Qiyp12slWsM0tSwKaIXmIP/eH0Y8CUQIXDFjepTE4M6YBsmVmOf6iREx4xM2Ej1LQxYI484Wp87xmVWG2I+0rRDwQv0+MWOBMdPAs50Bg7H57aXiX14vAb/mzmQYJyBCvlzkJwpDhNO/8VBqwUFNLWFcS3sr5mOmGQebTs6G8PUp/p+0S0VaKZavyoVGZRVHFp2gU3SOKKqiBrpETdRCHI3QA3pCz45yHp0X53XZmnFWM8foB5y3T7v/jhU=</latexit>

xt

<latexit sha1_base64="9kZ+lwA+TgNCBG1gj9jwQVh/mJQ=">AAAB7HicbZDNSsNAFIVv6l+tf1WXboJFqJuQiKTuLLhxWcG0hSaWyXTSDp1MwsxEKKXP0I0LRdz6FK58BHc+iHsnbRdaPTBw+M69zL03TBmVyrY/jcLK6tr6RnGztLW9s7tX3j9oyiQTmHg4YYloh0gSRjnxFFWMtFNBUBwy0gqHV3neuidC0oTfqlFKghj1OY0oRkojz0/pneqWK7Zlz2TaVs113VpuFsRZmMrlW/XrfeqfNrrlD7+X4CwmXGGGpOw4dqqCMRKKYkYmJT+TJEV4iPqkoy1HMZHBeDbsxDzRpGdGidCPK3NGf3aMUSzlKA51ZYzUQC5nOfwv62QqugjGlKeZIhzPP4oyZqrEzDc3e1QQrNhIG4QF1bOaeIAEwkrfp6SP4Cyv/Nc0zyzHtc5vnErdhbmKcATHUAUHalCHa2iABxgoTOERngxuPBjPxsu8tGAseg7hl4zXb1JNkrs=</latexit>

⇡t

<latexit sha1_base64="eU/BQXfxVYbmM9MfJPow7LIBoPM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShpu2u4MZlRfuANpbJdNIOnTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1p5e5372nQrI4ulWzhHohHkcsYAQrLd2IOzUsVyzTsmpOo4Es03Gqrutq0nCr9YsasrWVowIrtIbl98EoJmlII0U4lrJvW4nyMiwUI5zOS4NU0gSTKR7TvqYRDqn0ssWpc3SmlREKYqErUmihfp/IcCjlLPR1Z4jVRP72cvEvr5+qoO5lLEpSRSOyXBSkHKkY5X+jEROUKD7TBBPB9K2ITLDAROl0SjqEr0/R/6TjmLZrVq+rlaa7iqMIJ3AK52BDDZpwBS1oA4ExPMATPBvceDRejNdla8FYzRzDDxhvn+pxjjU=</latexit>

rt
<latexit sha1_base64="02emXtykcQvGDEHd3kakHTy/oFg=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKblxWtLXQjiWTZtrQTDIkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUNSrRlHWoEkr3AmKY4JJ1LLeC9WLNSBQIdhtMLzL/9p5pw5W8sbOY+REZSx5ySqyTrtWdHRZLqIwQwhjDjOB6DTnSbDYquAFxZjmUwArtYfF9MFI0iZi0VBBj+hjF1k+JtpwKNi8MEsNiQqdkzPqOShIx46eLU+fwzCkjGCrtSlq4UL9PpCQyZhYFrjMidmJ+e5n4l9dPbNjwUy7jxDJJl4vCRECrYPY3HHHNqBUzRwjV3N0K6YRoQq1Lp+BC+PoU/k+6lTKulatX1VKrtoojD07AKTgHGNRBC1yCNugACsbgATyBZ094j96L97pszXmrmWPwA97bJ65Jjgw=</latexit>
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xt

<latexit sha1_base64="9kZ+lwA+TgNCBG1gj9jwQVh/mJQ=">AAAB7HicbZDNSsNAFIVv6l+tf1WXboJFqJuQiKTuLLhxWcG0hSaWyXTSDp1MwsxEKKXP0I0LRdz6FK58BHc+iHsnbRdaPTBw+M69zL03TBmVyrY/jcLK6tr6RnGztLW9s7tX3j9oyiQTmHg4YYloh0gSRjnxFFWMtFNBUBwy0gqHV3neuidC0oTfqlFKghj1OY0oRkojz0/pneqWK7Zlz2TaVs113VpuFsRZmMrlW/XrfeqfNrrlD7+X4CwmXGGGpOw4dqqCMRKKYkYmJT+TJEV4iPqkoy1HMZHBeDbsxDzRpGdGidCPK3NGf3aMUSzlKA51ZYzUQC5nOfwv62QqugjGlKeZIhzPP4oyZqrEzDc3e1QQrNhIG4QF1bOaeIAEwkrfp6SP4Cyv/Nc0zyzHtc5vnErdhbmKcATHUAUHalCHa2iABxgoTOERngxuPBjPxsu8tGAseg7hl4zXb1JNkrs=</latexit>

⇡t

<latexit sha1_base64="eU/BQXfxVYbmM9MfJPow7LIBoPM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShpu2u4MZlRfuANpbJdNIOnTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1p5e5372nQrI4ulWzhHohHkcsYAQrLd2IOzUsVyzTsmpOo4Es03Gqrutq0nCr9YsasrWVowIrtIbl98EoJmlII0U4lrJvW4nyMiwUI5zOS4NU0gSTKR7TvqYRDqn0ssWpc3SmlREKYqErUmihfp/IcCjlLPR1Z4jVRP72cvEvr5+qoO5lLEpSRSOyXBSkHKkY5X+jEROUKD7TBBPB9K2ITLDAROl0SjqEr0/R/6TjmLZrVq+rlaa7iqMIJ3AK52BDDZpwBS1oA4ExPMATPBvceDRejNdla8FYzRzDDxhvn+pxjjU=</latexit>

rt
<latexit sha1_base64="02emXtykcQvGDEHd3kakHTy/oFg=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKblxWtLXQjiWTZtrQTDIkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUNSrRlHWoEkr3AmKY4JJ1LLeC9WLNSBQIdhtMLzL/9p5pw5W8sbOY+REZSx5ySqyTrtWdHRZLqIwQwhjDjOB6DTnSbDYquAFxZjmUwArtYfF9MFI0iZi0VBBj+hjF1k+JtpwKNi8MEsNiQqdkzPqOShIx46eLU+fwzCkjGCrtSlq4UL9PpCQyZhYFrjMidmJ+e5n4l9dPbNjwUy7jxDJJl4vCRECrYPY3HHHNqBUzRwjV3N0K6YRoQq1Lp+BC+PoU/k+6lTKulatX1VKrtoojD07AKTgHGNRBC1yCNugACsbgATyBZ094j96L97pszXmrmWPwA97bJ65Jjgw=</latexit>
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Supervised Learningr Step 1: Pick set of models ෥ that capture domain knowledge.r Ex: Linear models, neural nets, ...
<latexit sha1_base64="UdFSFj/0CL82cF4xh0I0RdhQlgA="></latexit>

F =

( <latexit sha1_base64="bKKUZI+Otmt89BmkyvPjGj9PzfA="></latexit>

. . .

)

r Step 2: Gather dataset 	ԧφ
 Ԩφ

 w 
 	ԧ։
 Ԩ։
.

r Step 3: Return ࣞԕ ୮ ෥ that fits data well.

Statistical learning: If data is independent/identically distributed, generalize to
future examples.

[Vapnik & Chervonenkis ’71]
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Why is ML successful?

Capture the input-output relationshipԨ ஈ ԕ੠	ԧ

by wisely choosing a class ෥ (e.g. convolutional NN)r ԧ is high dimensional but highly structuredr model class ෥ facilitates generalization

Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?Can we use rich function classes for decision making?
e.g. can we adaptively learn patient data ޘ treatment?
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Learning vs Decision Making

Key difficulty: feedback loops / active data collection
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Learning vs Decision Making

Key difficulty: feedback loops / active data collection

Naively applying ML to decision making may produce bad decisions.
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Exploration

One of the treatments is better on average, but which one?

context

decision

reward

observation

<latexit sha1_base64="sQRFZDGuUi34DGiPO7E0IvzubxY=">AAAB6nicdVDJSgNBEO2JW4xb1KOXxiB4Ct0hZLkFvHiMaBZIxtDT6Uma9Cx014gh5BO8eFDEq1/kzb+xJ4mgog8KHu9VUVXPi5U0QMiHk1lb39jcym7ndnb39g/yh0dtEyWaixaPVKS7HjNCyVC0QIIS3VgLFnhKdLzJRep37oQ2MgpvYBoLN2CjUPqSM7DS9f0tDPIFUiSEUEpxSmi1Qiyp12slWsM0tSwKaIXmIP/eH0Y8CUQIXDFjepTE4M6YBsmVmOf6iREx4xM2Ej1LQxYI484Wp87xmVWG2I+0rRDwQv0+MWOBMdPAs50Bg7H57aXiX14vAb/mzmQYJyBCvlzkJwpDhNO/8VBqwUFNLWFcS3sr5mOmGQebTs6G8PUp/p+0S0VaKZavyoVGZRVHFp2gU3SOKKqiBrpETdRCHI3QA3pCz45yHp0X53XZmnFWM8foB5y3T7v/jhU=</latexit>

xt

<latexit sha1_base64="9kZ+lwA+TgNCBG1gj9jwQVh/mJQ=">AAAB7HicbZDNSsNAFIVv6l+tf1WXboJFqJuQiKTuLLhxWcG0hSaWyXTSDp1MwsxEKKXP0I0LRdz6FK58BHc+iHsnbRdaPTBw+M69zL03TBmVyrY/jcLK6tr6RnGztLW9s7tX3j9oyiQTmHg4YYloh0gSRjnxFFWMtFNBUBwy0gqHV3neuidC0oTfqlFKghj1OY0oRkojz0/pneqWK7Zlz2TaVs113VpuFsRZmMrlW/XrfeqfNrrlD7+X4CwmXGGGpOw4dqqCMRKKYkYmJT+TJEV4iPqkoy1HMZHBeDbsxDzRpGdGidCPK3NGf3aMUSzlKA51ZYzUQC5nOfwv62QqugjGlKeZIhzPP4oyZqrEzDc3e1QQrNhIG4QF1bOaeIAEwkrfp6SP4Cyv/Nc0zyzHtc5vnErdhbmKcATHUAUHalCHa2iABxgoTOERngxuPBjPxsu8tGAseg7hl4zXb1JNkrs=</latexit>
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<latexit sha1_base64="eU/BQXfxVYbmM9MfJPow7LIBoPM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShpu2u4MZlRfuANpbJdNIOnTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1p5e5372nQrI4ulWzhHohHkcsYAQrLd2IOzUsVyzTsmpOo4Es03Gqrutq0nCr9YsasrWVowIrtIbl98EoJmlII0U4lrJvW4nyMiwUI5zOS4NU0gSTKR7TvqYRDqn0ssWpc3SmlREKYqErUmihfp/IcCjlLPR1Z4jVRP72cvEvr5+qoO5lLEpSRSOyXBSkHKkY5X+jEROUKD7TBBPB9K2ITLDAROl0SjqEr0/R/6TjmLZrVq+rlaa7iqMIJ3AK52BDDZpwBS1oA4ExPMATPBvceDRejNdla8FYzRzDDxhvn+pxjjU=</latexit>

rt
<latexit sha1_base64="02emXtykcQvGDEHd3kakHTy/oFg=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKblxWtLXQjiWTZtrQTDIkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUNSrRlHWoEkr3AmKY4JJ1LLeC9WLNSBQIdhtMLzL/9p5pw5W8sbOY+REZSx5ySqyTrtWdHRZLqIwQwhjDjOB6DTnSbDYquAFxZjmUwArtYfF9MFI0iZi0VBBj+hjF1k+JtpwKNi8MEsNiQqdkzPqOShIx46eLU+fwzCkjGCrtSlq4UL9PpCQyZhYFrjMidmJ+e5n4l9dPbNjwUy7jxDJJl4vCRECrYPY3HHHNqBUzRwjV3N0K6YRoQq1Lp+BC+PoU/k+6lTKulatX1VKrtoojD07AKTgHGNRBC1yCNugACsbgATyBZ094j96L97pszXmrmWPwA97bJ65Jjgw=</latexit>

ot

On each round ԣ � �
 w 
 ԉ :
1. Learner selects decision ᅺՙ ୮ ဉ
2. Nature reveals reward ԡՙ ୽ Ԃ੠	ᅺՙ
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H. Robbins, “Some Aspects of the Sequential Design of Experiments,” 1951
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Measure of Performance: Regret

Reg.J � ඩ ঢ় յం֏�φ ԕ੠	ᅺ੠
 ਷ ԕ੠	ᅺՙ
৞
where ԕ੠	ᅺ
 � ඩ<ԡ ] ᅺ>
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Exploration in Structured Problems
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Key message

Decision Making = Estimation + Exploration
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Multi-Armed Bandits
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decision

reward
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<latexit sha1_base64="eU/BQXfxVYbmM9MfJPow7LIBoPM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShpu2u4MZlRfuANpbJdNIOnTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1p5e5372nQrI4ulWzhHohHkcsYAQrLd2IOzUsVyzTsmpOo4Es03Gqrutq0nCr9YsasrWVowIrtIbl98EoJmlII0U4lrJvW4nyMiwUI5zOS4NU0gSTKR7TvqYRDqn0ssWpc3SmlREKYqErUmihfp/IcCjlLPR1Z4jVRP72cvEvr5+qoO5lLEpSRSOyXBSkHKkY5X+jEROUKD7TBBPB9K2ITLDAROl0SjqEr0/R/6TjmLZrVq+rlaa7iqMIJ3AK52BDDZpwBS1oA4ExPMATPBvceDRejNdla8FYzRzDDxhvn+pxjjU=</latexit>

rt
<latexit sha1_base64="02emXtykcQvGDEHd3kakHTy/oFg=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKblxWtLXQjiWTZtrQTDIkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUNSrRlHWoEkr3AmKY4JJ1LLeC9WLNSBQIdhtMLzL/9p5pw5W8sbOY+REZSx5ySqyTrtWdHRZLqIwQwhjDjOB6DTnSbDYquAFxZjmUwArtYfF9MFI0iZi0VBBj+hjF1k+JtpwKNi8MEsNiQqdkzPqOShIx46eLU+fwzCkjGCrtSlq4UL9PpCQyZhYFrjMidmJ+e5n4l9dPbNjwUy7jxDJJl4vCRECrYPY3HHHNqBUzRwjV3N0K6YRoQq1Lp+BC+PoU/k+6lTKulatX1VKrtoojD07AKTgHGNRBC1yCNugACsbgATyBZ094j96L97pszXmrmWPwA97bJ65Jjgw=</latexit>

ot

Environment
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Upper Confidence Bound (UCB) Algorithm for MAB

R
ew
ar
d

UCB Algorithm: at time ԣ choose the arm with largest m+#ՙ	ᅺ
 where
m+#ՙ	ᅺ
 � b�KTH2 K2�M � bi�M/�`/ /2pb

ࣞԕ ՙ	ᅺ
 � φ]ᇑՙ	ᇎ
] ௴֎୮ᇑՙ	ᇎ
 ԡ֎ and ᅽՙ	ᅺ
 � timesteps prior to ԣ when arm ᅺ was
chosen, � ਷ ᅮ is confidence level.
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Why does optimism work?

<latexit sha1_base64="VkKOzmYZoBQEvUOYGuo9SlWiY64="></latexit>

⇧

<latexit sha1_base64="c4FYbizQrt//5llVh/MC3hPqYKs="></latexit>

f̂ t
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UCB analysis for ဉ � \�
 w 
 Ӷ^
UCB algorithm: For each time ԣ:r Let ԝՙ	ᅺ
 ੃� # arm pulls for ᅺ and ࣞԕ ՙ	ᅺ
 ੃� sample mean.r m+#ՙ	ᅺ
 ੃� ࣞԕՙ	ᅺ
 � #QMՙ	ᅺ
, #QMՙ	ᅺ
 Ñ φఉ։ՙ	ᇎ
 .r Play ᅺՙ � argmaxᇎ୮ွ m+#ՙ	ᅺ
.
Proof sketch: Let ԕ੠	ᅺ
 � ඩ<ԡ ੮ ᅺ>.r Optimism: m+#ՙ	ᅺ
 ଯ ԕ੠	ᅺ
 ૞ᅺ
 ԣ, since ] ࣞԕՙ	ᅺ
 ਷ ԕ੠	ᅺ
] ஍ φఉ։ՙ	ᇎ
 .r Round ԣ: By optimism,

maxᇎ ԕ੠	ᅺ
 ਷ ԕ੠	ᅺՙ
 ମ maxᇎ m+#ՙ	ᅺ
 ਷ ԕ੠	ᅺՙ
 � m+#ՙ	ᅺՙ
 ਷ ԕ੠	ᅺՙ


and m+#ՙ	ᅺՙ
 ਷ ԕ੠	ᅺՙ
 � ࣞԕՙ	ᅺՙ
 ਷ ԕ੠	ᅺՙ
 � #QMՙ	ᅺՙ
 ମ � φఉ։ՙ	ᇎՙ
 .r Regret bound:

Reg.J � յం֏�φ maxᇎ ԕ੠	ᅺ
 ਷ ԕ੠	ᅺՙ
 ஍ յం֏�φ �ఉԝՙ	ᅺՙ
 ஍ అӶԉ �
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Decision Making = Estimation + Exploration
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Contextual Bandits

context

decision

reward

observation

<latexit sha1_base64="sQRFZDGuUi34DGiPO7E0IvzubxY=">AAAB6nicdVDJSgNBEO2JW4xb1KOXxiB4Ct0hZLkFvHiMaBZIxtDT6Uma9Cx014gh5BO8eFDEq1/kzb+xJ4mgog8KHu9VUVXPi5U0QMiHk1lb39jcym7ndnb39g/yh0dtEyWaixaPVKS7HjNCyVC0QIIS3VgLFnhKdLzJRep37oQ2MgpvYBoLN2CjUPqSM7DS9f0tDPIFUiSEUEpxSmi1Qiyp12slWsM0tSwKaIXmIP/eH0Y8CUQIXDFjepTE4M6YBsmVmOf6iREx4xM2Ej1LQxYI484Wp87xmVWG2I+0rRDwQv0+MWOBMdPAs50Bg7H57aXiX14vAb/mzmQYJyBCvlzkJwpDhNO/8VBqwUFNLWFcS3sr5mOmGQebTs6G8PUp/p+0S0VaKZavyoVGZRVHFp2gU3SOKKqiBrpETdRCHI3QA3pCz45yHp0X53XZmnFWM8foB5y3T7v/jhU=</latexit>

xt

<latexit sha1_base64="9kZ+lwA+TgNCBG1gj9jwQVh/mJQ=">AAAB7HicbZDNSsNAFIVv6l+tf1WXboJFqJuQiKTuLLhxWcG0hSaWyXTSDp1MwsxEKKXP0I0LRdz6FK58BHc+iHsnbRdaPTBw+M69zL03TBmVyrY/jcLK6tr6RnGztLW9s7tX3j9oyiQTmHg4YYloh0gSRjnxFFWMtFNBUBwy0gqHV3neuidC0oTfqlFKghj1OY0oRkojz0/pneqWK7Zlz2TaVs113VpuFsRZmMrlW/XrfeqfNrrlD7+X4CwmXGGGpOw4dqqCMRKKYkYmJT+TJEV4iPqkoy1HMZHBeDbsxDzRpGdGidCPK3NGf3aMUSzlKA51ZYzUQC5nOfwv62QqugjGlKeZIhzPP4oyZqrEzDc3e1QQrNhIG4QF1bOaeIAEwkrfp6SP4Cyv/Nc0zyzHtc5vnErdhbmKcATHUAUHalCHa2iABxgoTOERngxuPBjPxsu8tGAseg7hl4zXb1JNkrs=</latexit>

⇡t

<latexit sha1_base64="eU/BQXfxVYbmM9MfJPow7LIBoPM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShpu2u4MZlRfuANpbJdNIOnTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1p5e5372nQrI4ulWzhHohHkcsYAQrLd2IOzUsVyzTsmpOo4Es03Gqrutq0nCr9YsasrWVowIrtIbl98EoJmlII0U4lrJvW4nyMiwUI5zOS4NU0gSTKR7TvqYRDqn0ssWpc3SmlREKYqErUmihfp/IcCjlLPR1Z4jVRP72cvEvr5+qoO5lLEpSRSOyXBSkHKkY5X+jEROUKD7TBBPB9K2ITLDAROl0SjqEr0/R/6TjmLZrVq+rlaa7iqMIJ3AK52BDDZpwBS1oA4ExPMATPBvceDRejNdla8FYzRzDDxhvn+pxjjU=</latexit>

rt
<latexit sha1_base64="02emXtykcQvGDEHd3kakHTy/oFg=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKblxWtLXQjiWTZtrQTDIkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUNSrRlHWoEkr3AmKY4JJ1LLeC9WLNSBQIdhtMLzL/9p5pw5W8sbOY+REZSx5ySqyTrtWdHRZLqIwQwhjDjOB6DTnSbDYquAFxZjmUwArtYfF9MFI0iZi0VBBj+hjF1k+JtpwKNi8MEsNiQqdkzPqOShIx46eLU+fwzCkjGCrtSlq4UL9PpCQyZhYFrjMidmJ+e5n4l9dPbNjwUy7jxDJJl4vCRECrYPY3HHHNqBUzRwjV3N0K6YRoQq1Lp+BC+PoU/k+6lTKulatX1VKrtoojD07AKTgHGNRBC1yCNugACsbgATyBZ094j96L97pszXmrmWPwA97bJ65Jjgw=</latexit>

ot
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Contextual Bandits
On each round ԣ � �
 w 
 ԉ :
0. Nature reveals ԧՙ ୮ ෷ (either from fixed ԅ or arbitrarily)
1. Learner selects decision ᅺՙ ୮ ဉ
2. Nature reveals reward ԡՙ

Assumption: we have a model class ෥ such thatԡՙ � ԕ੠	ᅺՙ
 ԧՙ
 � ᅹՙ
for some unknown ԕ੠ ୮ ෥ and zero-mean noise ᅹՙ.

r e.g. ෥ is a class of neural networks, generalized linear models, decision
trees, kernels, etc.

Regret:

Reg.J � յం֏�φ ඩ<ԕ੠	ᅺ੠
 ԧՙ
 ਷ ԕ੠	ᅺՙ
 ԧՙ
>
where ᅺ੠	ԧ
 � argmaxᇎ ԕ੠	ᅺ
 ԧ
�
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trees, kernels, etc.

Regret:

Reg.J � յం֏�φ ඩ<ԕ੠	ᅺ੠
 ԧՙ
 ਷ ԕ੠	ᅺՙ
 ԧՙ
>
where ᅺ੠	ԧ
 � argmaxᇎ ԕ੠	ᅺ
 ԧ
�
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Contextual Bandits

<latexit sha1_base64="UefYMbJFpHoDy40L6m3YCq7wqqY="></latexit>⇡<latexit sha1_base64="qUM3rF9r3wO5dX58pXJK133+keI="></latexit>x

<latexit sha1_base64="nPi7vUZqf4U3BsdXRZ1oJTWP1sA="></latexit>

f⇤(⇡, x)

r No analogue of “upper confidence bound” (UCB) for general classes.r How does information propagate?
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A minimax optimal solution for ဉ � \�
 w 
 Ӷ^
a[m�`2*" algorithm [Abe and Long 
99], [F. and R. 
20]:

On each round ԣ � �
 w 
 ԉ :
Estimate ࣞԕ ՙ via online regression wrt data \	ԧՎ
 ᅺՎ
 ԡՎ
^֏਷φք�φ.
Given ԧՙ, compute the Inverse Gap Weighting (A:q) distributionԟՙ	ᅺ
 � �ᅶ � ᅭ ੁ 	 ࣞԕՙ	 ࣞᅺ
 ԧՙ
 ਷ ࣞԕՙ	ᅺ
 ԧՙ


with ᅶ such that ௴ᇎ ԟՙ	ᅺ
 � �.
Select decision ᅺՙ ୽ ԟ and observe reward ԡՙ.

r Decision-making without confidence or optimism!
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Multi-Armed Bandits, ဉ � \�
 w 
 Ӷ^
Given ࣞԕ , ᅭ � �, ԟ	ᅺ
 � �ᅶ � ᅭ ੁ 	 ࣞԕ	 ࣞᅺ
 ਷ ࣞԕ	ᅺ


with ᅶ such that ௴ᇎ ԟ	ᅺ
 � �.

For any ԕ੠, ࣞԕ , A:q ensuresඩᇎ୽֋঳ԕ੠	ᅺ੠
 ਷ ԕ੠	ᅺ
঴৷৸৸৸৹৸৸৸৺
regret

஍ Ӷᅭ � ᅭ ੁ ඩᇎ୽֋঳	ԕ੠	ᅺ
 ਷ ࣞԕ	ᅺ

ϵ঴৷৸৸৸৹৸৸৸৺
estimation error

Lemma.
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Multi-Armed Bandits, ဉ � \�
 w 
 Ӷ^: Proof
ඩᆤ୽Օ঳ց੠	ᇎ੠
 ਷ ց੠	ᇎ
঴ � ඩᆤ୽Օ঳ ࣞց	ᇎࣨ
 ਷ ࣞց	ᇎ
঴৷৸৸৸৹৸৸৸৺

(I) exploration bias

� ඩᆤ୽Օ঳ ࣞց	ᇎ
 ਷ ց੠	ᇎ
঴৷৸৸৸৹৸৸৸৺
(II) est error on policy

� ց੠	ᇎ੠
 ਷ ࣞց	ᇎࣨ
৷৸৸৹৸৸৺
(III) est error at opt

	I
 � ంᆤ ࣞց	ᇎࣨ
 ਷ ࣞց	ᇎ
ᇊ � ᇁ ५ ࣞց	ᇎࣨ
 ਷ ࣞց	ᇎ
६ ମ բ ਷ φᇁ
	II
 ମ ఊඩᆤ୽Օ	 ࣞց	ᇎ
 ਷ ց੠	ᇎ

ɞ ମ φϵᇁ � ᇁϵ ඩᆤ୽Օ	 ࣞց	ᇎ
 ਷ ց੠	ᇎ

ɞ
	III
 � ց੠	ᇎ੠
 ਷ ࣞց	ᇎ੠
 ਷ 	 ࣞց	ᇎࣨ
 ਷ ࣞց	ᇎ੠

ମ ᇁϵ ֋	ᇎ੠
 ५ց੠	ᇎ੠
 ਷ ࣞց	ᇎ੠
६ɞ � φϵᇁ֋	ᇎ੠
 ਷ 	 ࣞց	ᇎࣨ
 ਷ ࣞց	ᇎ੠

ମ ᇁϵ ඩᆤ୽Օ	ց੠	ᇎ
 ਷ ࣞց	ᇎ

ɞ৷৸৸৸৹৸৸৸৺

est error

� φϵᇁ֋	ᇎ੠
 ਷ 	 ࣞց	ᇎࣨ
 ਷ ࣞց	ᇎ੠

৷৸৸৸৸৸৹৸৸৸৸৸৺
(IV) enough mass on ᆤ੠?

	IV
 � ᇊ � ϵᇁ	 ࣞց	ᇎࣨ
 ਷ ࣞց	ᇎ੠

ϵᇁ ਷ 	 ࣞց	ᇎࣨ
 ਷ ࣞց	ᇎ੠

 � ᇊϵᇁ ମ բϵᇁ
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Given online regression oracle, a[m�`2*" guarantees

Reg.J ஍ ఊӶ ੁ ԉ ੁ Esta[	෥
 ԉ 

for any੟ sequence ԧȯ
 w 
 ԧԿ of contexts.

Theorem (F., R. 
20).

੟ even adaptively chosen.r Analogous result with offline (classical) regression when contexts i.i.d.
[Simchi-Levi, Xu 
20]r Esta[	෥
 ԉ 
 is rate of online or offline regression, Ԟ	ԉ 
 if ෥ is learnable.r Minimax optimal if regression method is optimal.
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Estimation Error (Supervised Learning)

Estimation error

Esta[	෥
 ԉ 
 ੃� յం֏�φ ඩᇎՙ୽֋ՙ ५ԕ੠	ᅺՙ
 ਷ ࣞԕՙ	ᅺՙ
६ϵ �
Due to realizability (ԕ੠ ୮ ෥),յం֏�φ ५ԕ੠	ᅺՙ
 ਷ ࣞԕՙ	ᅺՙ
६ϵ ஍ յం֏�φ 	ԡՙ ਷ ࣞԕՙ	ᅺՙ

ϵ ਷ minց୮น յం֏�φ 	ԡՙ ਷ ԕ	ᅺՙ

ϵ
[Cesa-Bianchi & Lugosi, 
06]

Online regression. Minimax rates understood for any ෥. [R., Sridharan 
14]

34 / 119



Applying the main theorem

a[m�`2*" guarantees

Reg.J ஍ ఊӶ ੁ ԉ ੁ Esta[	෥
 ԉ 

Theorem.

Finite classes: Esta[	෥
 ԉ 
 ஍ log ]෥] ࠶ Reg.J ஍ ఉӶԉ ੁ log ]෥]

Linear functions (෥ � \ᅺ ޘ ਓᅲ
 ᅺਔ ੃ ᅲ ୮ ဌ ୢ බտ^):
Choice 1:r Online Least Squaresr Esta[	෥
 ԉ 
 ஍ ԓ ࠶ Reg.J ஍ అӶ ੁ ԉ ੁ ԓr Runtime: Ԅ	Ӷ ੁ ԓϵ
 per step
Choice 2:r Online Gradient Descentr Esta[	෥
 ԉ 
 ஍ అԉ ࠶ Reg.J ஍ అӶԉ ϯ�Κr Runtime: Ԅ	Ӷ ੁ ԓ
 per step
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Estimation and Exploration are Decoupled

Decision Making = Estimation + Exploration
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Experimentsr “A Contextual Bandit Bake-off,” Bietti, Agarwal, and Langford, 2018r re-ran experiments + included a[m�`2*"r incorporated in ?iiTb,ffpQrT�Hr�##BiXQ`;

Results on datasets with Ԁ ଯ �:

G = Greedy; B = online Bootstrap Thompson sampling; Sm = softmax / Boltzmann; ᇃG = ᇃ-Greedy;
C-nu = Online Cover without uniform exp; RO = RegCB-optimistic; Sq = a[m�`2*" ; AdaCB =
adaptive SquareCB with elim
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Sneak peak: Where does A:q come from?

Decision Making = Estimation + Exploration

Exploration = Decision Making - Estimation

For a context ԧ, estimated model ࣞԕ , and parameter ᅭ � �, consider
min֋୮း	ွ
maxց୮น ඩᇎ୽֋঳ maxᇎ੠ ԕ	ᅺ੠
 ԧ
 ਷ ԕ	ᅺ
 ԧ
৷৸৸৸৹৸৸৸৺

regret of decision

਷ ᅭ ੁ	ԕ	ᅺ
 ԧ
 ਷ ࣞԕ	ᅺ
 ԧ

ϵ৷৸৸৸৹৸৸৸৺
estimation error for obs.

঴
A:q guarantees that that this minimax value is at most բᇁ .
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Structured Multi-Armed Bandits

context

decision

reward

observation

<latexit sha1_base64="sQRFZDGuUi34DGiPO7E0IvzubxY=">AAAB6nicdVDJSgNBEO2JW4xb1KOXxiB4Ct0hZLkFvHiMaBZIxtDT6Uma9Cx014gh5BO8eFDEq1/kzb+xJ4mgog8KHu9VUVXPi5U0QMiHk1lb39jcym7ndnb39g/yh0dtEyWaixaPVKS7HjNCyVC0QIIS3VgLFnhKdLzJRep37oQ2MgpvYBoLN2CjUPqSM7DS9f0tDPIFUiSEUEpxSmi1Qiyp12slWsM0tSwKaIXmIP/eH0Y8CUQIXDFjepTE4M6YBsmVmOf6iREx4xM2Ej1LQxYI484Wp87xmVWG2I+0rRDwQv0+MWOBMdPAs50Bg7H57aXiX14vAb/mzmQYJyBCvlzkJwpDhNO/8VBqwUFNLWFcS3sr5mOmGQebTs6G8PUp/p+0S0VaKZavyoVGZRVHFp2gU3SOKKqiBrpETdRCHI3QA3pCz45yHp0X53XZmnFWM8foB5y3T7v/jhU=</latexit>

xt

<latexit sha1_base64="9kZ+lwA+TgNCBG1gj9jwQVh/mJQ=">AAAB7HicbZDNSsNAFIVv6l+tf1WXboJFqJuQiKTuLLhxWcG0hSaWyXTSDp1MwsxEKKXP0I0LRdz6FK58BHc+iHsnbRdaPTBw+M69zL03TBmVyrY/jcLK6tr6RnGztLW9s7tX3j9oyiQTmHg4YYloh0gSRjnxFFWMtFNBUBwy0gqHV3neuidC0oTfqlFKghj1OY0oRkojz0/pneqWK7Zlz2TaVs113VpuFsRZmMrlW/XrfeqfNrrlD7+X4CwmXGGGpOw4dqqCMRKKYkYmJT+TJEV4iPqkoy1HMZHBeDbsxDzRpGdGidCPK3NGf3aMUSzlKA51ZYzUQC5nOfwv62QqugjGlKeZIhzPP4oyZqrEzDc3e1QQrNhIG4QF1bOaeIAEwkrfp6SP4Cyv/Nc0zyzHtc5vnErdhbmKcATHUAUHalCHa2iABxgoTOERngxuPBjPxsu8tGAseg7hl4zXb1JNkrs=</latexit>

⇡t

<latexit sha1_base64="eU/BQXfxVYbmM9MfJPow7LIBoPM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShpu2u4MZlRfuANpbJdNIOnTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1p5e5372nQrI4ulWzhHohHkcsYAQrLd2IOzUsVyzTsmpOo4Es03Gqrutq0nCr9YsasrWVowIrtIbl98EoJmlII0U4lrJvW4nyMiwUI5zOS4NU0gSTKR7TvqYRDqn0ssWpc3SmlREKYqErUmihfp/IcCjlLPR1Z4jVRP72cvEvr5+qoO5lLEpSRSOyXBSkHKkY5X+jEROUKD7TBBPB9K2ITLDAROl0SjqEr0/R/6TjmLZrVq+rlaa7iqMIJ3AK52BDDZpwBS1oA4ExPMATPBvceDRejNdla8FYzRzDDxhvn+pxjjU=</latexit>

rt
<latexit sha1_base64="02emXtykcQvGDEHd3kakHTy/oFg=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKblxWtLXQjiWTZtrQTDIkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUNSrRlHWoEkr3AmKY4JJ1LLeC9WLNSBQIdhtMLzL/9p5pw5W8sbOY+REZSx5ySqyTrtWdHRZLqIwQwhjDjOB6DTnSbDYquAFxZjmUwArtYfF9MFI0iZi0VBBj+hjF1k+JtpwKNi8MEsNiQqdkzPqOShIx46eLU+fwzCkjGCrtSlq4UL9PpCQyZhYFrjMidmJ+e5n4l9dPbNjwUy7jxDJJl4vCRECrYPY3HHHNqBUzRwjV3N0K6YRoQq1Lp+BC+PoU/k+6lTKulatX1VKrtoojD07AKTgHGNRBC1yCNugACsbgATyBZ094j96L97pszXmrmWPwA97bJ65Jjgw=</latexit>

ot

Environment
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(Structured) Multi-Armed Bandits

On each round ԣ � �
 w 
 ԉ :
1. Learner selects decision ᅺՙ ୮ ဉ
2. Nature reveals reward ԡՙ ୽ Ԃ੠	ᅺՙ


Assumption: we have a model class ෥ such thatԡՙ � ԕ੠	ᅺՙ
 � ᅹՙ
for some unknown ԕ੠ ୮ ෥ and zero-mean noise ᅹՙ.
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Example: Linear Bandits and Optimismဉ
 ဌ ୢ බտ
 ෥ � ृԕ	ᅺ
 � ਓᅺ
 ᅲਔ ੃ ᅲ ୮ ဌॄ
LinUCB: construct confidence set ෥ՙ such that ԕ੠ ୮ ෥ՙ with high probability,
then select ᅺՙ � argmaxᇆ୮นՙӴᇎ୮ွ ਓᅺ
 ᅲਔ

<latexit sha1_base64="VkKOzmYZoBQEvUOYGuo9SlWiY64="></latexit>

⇧

<latexit sha1_base64="5K1Bcg6NYOVWcw+/VDS7q0W12+o="></latexit>

ucbt

<latexit sha1_base64="c4FYbizQrt//5llVh/MC3hPqYKs="></latexit>

f̂ t

<latexit sha1_base64="7O9vQd/0qADC33r5YiCoEpXGK20="></latexit>

f⇤

<latexit sha1_base64="CrLtaJzoNgRi917mWwMTGzYeeMA="></latexit>

⇡t <latexit sha1_base64="WUZ8Xd1KFmgFudB/n13XDvNRRfs="></latexit>

⇡⇤

յం֏�φ �ఉԝՙ	ᅺՙ
 ஍ అӶԉ ݄ յం֏�φ ఉ	ᅺՙ
hဋ਷φՙ ᅺՙ ஍ అԓԉ 
 ဋՙ � ֏਷φం֎�φ ᅺՙ	ᅺՙ
h
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Is Optimism the right principle for Structured Multi-Armed Bandits?
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Information vs regret

<latexit sha1_base64="N14pDfZyV9equaxjWbOwOI0NXbI="></latexit>

⇧

<latexit sha1_base64="Q9aHI/pven4MIIZWkDNV3WhCNsA="></latexit>

f⇤(⇡)
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Failure of UCB

<latexit sha1_base64="N14pDfZyV9equaxjWbOwOI0NXbI="></latexit>

⇧

<latexit sha1_base64="Q9aHI/pven4MIIZWkDNV3WhCNsA="></latexit>

f⇤(⇡)

r does not take advantage of structurer cannot always construct shrinking confidence sets

Is there a generic solution?Is there a generic solution?Is there a generic solution?Is there a generic solution?Is there a generic solution?Is there a generic solution?Is there a generic solution?Is there a generic solution?Is there a generic solution?Is there a generic solution?Is there a generic solution?Is there a generic solution?Is there a generic solution?Is there a generic solution?Is there a generic solution?Is there a generic solution?Is there a generic solution?
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Decision-Estimation Coefficient

Recall: in unstructured problems, A:q is a minimizer of

/2+ᇁ	෥
 ࣞԕ
 � min֋୮း	ွ
maxց୮น ඩᇎ୽֋঳ maxᇎ੠ ԕ	ᅺ੠
 ਷ ԕ	ᅺ
৷৸৸৹৸৸৺
regret of decision

਷ ᅭ ੁ 	ԕ	ᅺ
 ਷ ࣞԕ	ᅺ

ϵ৷৸৸৹৸৸৺
estimation error for obs.

঴
for an estimated model ࣞԕ and parameter ᅭ � �.

/2+ᇁ	෥
 � maxࣞց୮น /2+ᇁ	෥
 ࣞԕ
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Estimation-to-Decisions Meta-Algorithm (1k.)

For ԣ � �
 w 
 ԉ :r Get estimator ࣞԕ ՙ ୮ ෥ from supervised estimation algorithm.r Solve min-max optimization problem:ԟՙ � argmin֋୮း	ွ
 maxց୮น ඩᇎ୽֋ॱԕ	ᅺ੠
 ਷ ԕ	ᅺ
 ਷ ᅭ ੁ 	ԕ	ᅺ
 ਷ ࣞԕՙ	ᅺ

ϵॲ�
r Sample ᅺՙ ୽ ԟՙ and update estimation algorithm with ԡՙ.

1k. regret:

Reg.J	ԉ 
 ମ /2+ᇁ	෥
 ੁ ԉ � ᅭ ੁ Esta[	෥
 ԉ 
�
Regret controlled by estimation error + DEC

Decision Making ମ Estimation + Exploration
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Easy Proof

Reg.J	ԉ 
 � յం֏�φ ඩᇎ୽֋ՙ <ԕ੠	ᅺ੠
 ਷ ԕ੠	ᅺ
>
� յం֏�φ ඩᇎ୽֋ՙ ॱԕ੠	ᅺ੠
 ਷ ԕ੠	ᅺ
 ਷ ᅭ ੁ 	ԕ੠	ᅺ
 ਷ ࣞԕՙ	ᅺ

ϵॲ � ᅭ ੁ Esta[	෥
 ԉ 


For each step ԣ, since ԕ੠ ୮ ෥,ඩᇎ୽֋ՙ ॱԕ੠	ᅺ੠
 ਷ ԕ੠	ᅺ
 ਷ ᅭ ੁ 	ԕ੠	ᅺ
 ਷ ࣞԕՙ	ᅺ

ϵॲମ maxց୮น ඩᇎ୽֋ՙ ॱԕ	ᅺ੠
 ਷ ԕ	ᅺ
 ਷ ᅭ ੁ 	ԕ	ᅺ
 ਷ ࣞԕՙ	ᅺ

ϵॲ� min֋୮း	ွ
maxց୮น ඩᇎ୽֋ॱԕ	ᅺ੠
 ਷ ԕ	ᅺ
 ਷ ᅭ ੁ 	ԕ	ᅺ
 ਷ ࣞԕՙ	ᅺ

ϵॲ� /2+ᇁ	෥
 ࣞԕՙ
�
Summing,

Reg.J	ԉ 
 ମ յం֏�φ /2+ᇁ	෥
 ࣞԕՙ
 � ᅭ ੁEsta[	෥
 ԉ 
 ମ /2+ᇁ	෥
 ੁ ԉ � ᅭ ੁEsta[	෥
 ԉ 
�
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DEC examples

Multi-armed bandit

/2+ᇁ	น
 ஍ բᇁ ࠶ Reg.J	յ 
 ஍ բఅյ (can improve to
అբյ )

Linear bandits (น � GBM2�` 7mM+iBQMb QM බտ)
/2+ᇁ	น
 ஍ տᇁ ࠶ Reg.J	յ 
 ஍ տఅյ ӳ

Many classes have similar
/2+ᇁ	น
 ஍ 2z@/BKᇁ

scaling (cvx. bandits, generalized linear, ...)

Nonparametric bandits (น � GBTb+?Bix 7mM+iBQMb QM බտ).
/2+ᇁ	น
 ஍ φᇁ ȯՉ�ȯ ࠶ Reg.J	յ 
 ஍ յ Չ�ȯՉ�ɞ ӳ
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Optimism
Ensure that for all ԣ, shrinking confidence sets ෥֏ ୦ ෥ satisfy ԕ੠ ୮ ෥֏.
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.
Conclusion: UCB upper bounds DEC for finite-armed bandits, but not an
optimal strategy in general.
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Posterior Sampling and the Information Ratio
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ϵ঴

Posterior Sampling [Thompson 
33, Agrawal-Goyal 
13, Russo-Van Roy 
14]ԕ ୽ ᅷ
 choose argmax ԕ
Yields /2+ᇁ	෥
 ࣞԕ
 ମ բᇁ , but does not give primal (frequentist) algorithm.

Information ratio [Russo & Van Roy ’14, ’18, Lattimore & Zimmert ’19, Lattimore & György ’20]r Complexity measure used to analyze posterior sampling and variants.r Coincides with convexified DEC /2+ᇁ	co	෥

. [F., R., Sekhari, Sridharan ’22]
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Summary of Part I

Decision Making = Estimation + Exploration

r Contextual Bandits and Structured Bandits can be solved by combining
online/offline regression and DEC.r DEC can be analyzed via A:q, Optimism/UCB, or Posterior Sampling

Next hour: more general decision making and Reinforcement Learning
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Decision Making with Structured Observations (DMSO)
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decision

reward

observation
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Environment

On each round ԣ � �
 w 
 ԉ :
1. Learner selects decision ᅺՙ ୮ ဉ
2. Nature reveals reward ԡՙ ୮ බ and observation Ԟՙ ୮ ෮, where	ԡՙ
 Ԟՙ
 ୽ Ԃ੠	ᅺՙ
.



Decision Making with Structured Observations (DMSO)

On each round ԣ � �
 w 
 ԉ :
1. Learner selects decision ᅺՙ ୮ ဉ
2. Nature reveals reward ԡՙ ୮ බ and observation Ԟՙ ୮ ෮, where	ԡՙ
 Ԟՙ
 ୽ Ԃ੠	ᅺՙ
.

Realizability: Assume Ԃ੠ ୮ ෬, where ෬ is a known model class (captures
prior knowledge).

Regret:

Reg.J � յం֏�φ ඩᇎՙ୽֋ՙ ॅԕԸ੠ 	ᅺԸ੠ 
 ਷ ԕԸ੠ 	ᅺՙ
ॆ
where for each model Ԃ ,ԕԸ	ᅺ
 ੃� ඩԸ<ԡ ] ᅺ>
 and ᅺԸ ੃� argmaxᇎ୮ွ ԕԸ	ᅺ
�
Shorthand: ᅺ੠ ੃� ᅺԸ੠ , ԕ੠ ੃� ԕԸ੠ (generalizes notation from Part I).
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Example: Multi-Armed Bandit

R
ew
ar
d

In DMSO framework:r ෮ � \ૢ^r ဉ � \�
 w 
 Ӷ^r ෬ � ǳ�HH R@bm#;�mbbB�M `2r�`/ /Bbi`B#miBQMbǴ or similar



Example: Structured Bandits

Linear banditsr ෮ � \ૢ^r ဉ ୦ බտr ෥ภ ੃� \ԕԸ ੮ Ԃ ୮ ෬^ � HBM2�` 7mM+iBQMb
[Abe & Long ’99, Auer ’02, Dani et al. ’08, Chu et al. ’11, Abbasi-Yadkori et al. ’11, ...]

Nonparametric banditsr ෮ � \ૢ^r ဉ ୦ බտr ෥ภ � GBTb+?Bix Q` >ƺH/2` 7mM+iBQMb
[Kleinberg ’04, Auer et al. ’07, Kleinberg et al. ’08, ...]



Example: Reinforcement Learning

Finite-horizon episodic MDP:r Ԃ � ृෲ
 ෠
 \ԅ Ըփ ^թփ�φ
 \ԇԸփ ^թփ�φ
 ԓφॄr ෲ is state space, ෠ is action space.r ԅ Ըփ ੃ ෲ ੎ ෠ ݂ င	ෲ
 is prob. transition kernel.r ԇԸփ ੃ ෲ ੎ ෠ ݂ င	බ
 is reward distribution.r ԓφ ୮ င	ෲ
 is initial state distribution.
Dynamics for each episode ԣ � �
 w 
 ԉ :r For ԗ � �
 w 
 ӽ, (with Ԣφ ୽ ԓφ)Ԑփ ୽ ᅺփ	Ԣփ
, ԡփ ୽ ԇԸ੠փ 	Ԣփ
 Ԑփ
 and Ԣփ�φ ୽ ԅ Ը੠փ 	ੁ ੮ Ԣփ
 Ԑփ
.

With this notation:r ဉ is set of all non-stationary policies ᅺ � 	ᅺφ
 w 
 ᅺթ
, ᅺփ ੃ ෲ ݂ င	෠
r Observation Ԟՙ � 	Ԣφ̔
 Ԑφ̔
 ԡφ̔

 w 
 	Ԣթ̔
 Ԑթ̔
 ԡթ̔
 when ᅺՙ is executed in Ԃ੠.r Reward ԡՙ � ௴թփ�φ ԡփ̔
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Example: Reinforcement Learning

Many examples of ෬ for reinforcement learning:r Finite State/Action (tabular)r Low-Rank MDP [Jin et al. ’20]r Linear Quadratic Regulator (LQR)
[Dean et al. ’19]r Linear Mixture MDP
[Modi et al. ’20, Ayoub et al. ’20]r State Aggregation
[Li ’09, Dong et al. ’20]r Block MDP [Jiang et al. ’17]r Factored MDP [Kearns & Koller ’99]

r Predictive State Rrepresentations
[Littman et al. ’01]r Bellman Complete
[Munos ’05, Zanette et al ’20]r Low Occupancy Complexity
[Du et al. ’21]r Kernelized Nonlinear Regulator
[Kakade et al. ’20]ੇ



DMSO: Further Examples

context

decision

reward

observation

<latexit sha1_base64="sQRFZDGuUi34DGiPO7E0IvzubxY=">AAAB6nicdVDJSgNBEO2JW4xb1KOXxiB4Ct0hZLkFvHiMaBZIxtDT6Uma9Cx014gh5BO8eFDEq1/kzb+xJ4mgog8KHu9VUVXPi5U0QMiHk1lb39jcym7ndnb39g/yh0dtEyWaixaPVKS7HjNCyVC0QIIS3VgLFnhKdLzJRep37oQ2MgpvYBoLN2CjUPqSM7DS9f0tDPIFUiSEUEpxSmi1Qiyp12slWsM0tSwKaIXmIP/eH0Y8CUQIXDFjepTE4M6YBsmVmOf6iREx4xM2Ej1LQxYI484Wp87xmVWG2I+0rRDwQv0+MWOBMdPAs50Bg7H57aXiX14vAb/mzmQYJyBCvlzkJwpDhNO/8VBqwUFNLWFcS3sr5mOmGQebTs6G8PUp/p+0S0VaKZavyoVGZRVHFp2gU3SOKKqiBrpETdRCHI3QA3pCz45yHp0X53XZmnFWM8foB5y3T7v/jhU=</latexit>

xt

<latexit sha1_base64="9kZ+lwA+TgNCBG1gj9jwQVh/mJQ=">AAAB7HicbZDNSsNAFIVv6l+tf1WXboJFqJuQiKTuLLhxWcG0hSaWyXTSDp1MwsxEKKXP0I0LRdz6FK58BHc+iHsnbRdaPTBw+M69zL03TBmVyrY/jcLK6tr6RnGztLW9s7tX3j9oyiQTmHg4YYloh0gSRjnxFFWMtFNBUBwy0gqHV3neuidC0oTfqlFKghj1OY0oRkojz0/pneqWK7Zlz2TaVs113VpuFsRZmMrlW/XrfeqfNrrlD7+X4CwmXGGGpOw4dqqCMRKKYkYmJT+TJEV4iPqkoy1HMZHBeDbsxDzRpGdGidCPK3NGf3aMUSzlKA51ZYzUQC5nOfwv62QqugjGlKeZIhzPP4oyZqrEzDc3e1QQrNhIG4QF1bOaeIAEwkrfp6SP4Cyv/Nc0zyzHtc5vnErdhbmKcATHUAUHalCHa2iABxgoTOERngxuPBjPxsu8tGAseg7hl4zXb1JNkrs=</latexit>

⇡t

<latexit sha1_base64="eU/BQXfxVYbmM9MfJPow7LIBoPM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShpu2u4MZlRfuANpbJdNIOnTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1p5e5372nQrI4ulWzhHohHkcsYAQrLd2IOzUsVyzTsmpOo4Es03Gqrutq0nCr9YsasrWVowIrtIbl98EoJmlII0U4lrJvW4nyMiwUI5zOS4NU0gSTKR7TvqYRDqn0ssWpc3SmlREKYqErUmihfp/IcCjlLPR1Z4jVRP72cvEvr5+qoO5lLEpSRSOyXBSkHKkY5X+jEROUKD7TBBPB9K2ITLDAROl0SjqEr0/R/6TjmLZrVq+rlaa7iqMIJ3AK52BDDZpwBS1oA4ExPMATPBvceDRejNdla8FYzRzDDxhvn+pxjjU=</latexit>

rt
<latexit sha1_base64="02emXtykcQvGDEHd3kakHTy/oFg=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKblxWtLXQjiWTZtrQTDIkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUNSrRlHWoEkr3AmKY4JJ1LLeC9WLNSBQIdhtMLzL/9p5pw5W8sbOY+REZSx5ySqyTrtWdHRZLqIwQwhjDjOB6DTnSbDYquAFxZjmUwArtYfF9MFI0iZi0VBBj+hjF1k+JtpwKNi8MEsNiQqdkzPqOShIx46eLU+fwzCkjGCrtSlq4UL9PpCQyZhYFrjMidmJ+e5n4l9dPbNjwUy7jxDJJl4vCRECrYPY3HHHNqBUzRwjV3N0K6YRoQq1Lp+BC+PoU/k+6lTKulatX1VKrtoojD07AKTgHGNRBC1yCNugACsbgATyBZ094j96L97pszXmrmWPwA97bJ65Jjgw=</latexit>

ot

Additional examples:r Contextual bandits (RL with ӽ � �)r Graphical banditsr Partial monitoring੠r POMDPs



DMSO: Further Examples

context

decision

reward

observation

<latexit sha1_base64="sQRFZDGuUi34DGiPO7E0IvzubxY=">AAAB6nicdVDJSgNBEO2JW4xb1KOXxiB4Ct0hZLkFvHiMaBZIxtDT6Uma9Cx014gh5BO8eFDEq1/kzb+xJ4mgog8KHu9VUVXPi5U0QMiHk1lb39jcym7ndnb39g/yh0dtEyWaixaPVKS7HjNCyVC0QIIS3VgLFnhKdLzJRep37oQ2MgpvYBoLN2CjUPqSM7DS9f0tDPIFUiSEUEpxSmi1Qiyp12slWsM0tSwKaIXmIP/eH0Y8CUQIXDFjepTE4M6YBsmVmOf6iREx4xM2Ej1LQxYI484Wp87xmVWG2I+0rRDwQv0+MWOBMdPAs50Bg7H57aXiX14vAb/mzmQYJyBCvlzkJwpDhNO/8VBqwUFNLWFcS3sr5mOmGQebTs6G8PUp/p+0S0VaKZavyoVGZRVHFp2gU3SOKKqiBrpETdRCHI3QA3pCz45yHp0X53XZmnFWM8foB5y3T7v/jhU=</latexit>

xt
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Additional examples:r Contextual bandits (RL with ӽ � �)r Graphical banditsr Partial monitoring੠r POMDPs



Decision Making with Structured Observations (DMSO)

On each round ԣ � �
 w 
 ԉ :
1. Learner selects decision ᅺՙ ୮ ဉ
2. Nature reveals reward ԡՙ ୮ බ and observation Ԟՙ ୮ ෮, where	ԡՙ
 Ԟՙ
 ୽ Ԃ੠	ᅺՙ
.

Questions

Algorithm designAlgorithm designAlgorithm designAlgorithm designAlgorithm designAlgorithm designAlgorithm designAlgorithm designAlgorithm designAlgorithm designAlgorithm designAlgorithm designAlgorithm designAlgorithm designAlgorithm designAlgorithm designAlgorithm design: General algorithmic principles that work for anyc sc l ass ෬?

Statistical complexityStatistical complexityStatistical complexityStatistical complexityStatistical complexityStatistical complexityStatistical complexityStatistical complexityStatistical complexityStatistical complexityStatistical complexityStatistical complexityStatistical complexityStatistical complexityStatistical complexityStatistical complexityStatistical complexity : Optimal regret as a function of horizon ԉ , class ෬?



Understanding statistical complexity: Challenges

Reward structure and information sharing (recall structured bandits)
! Hard: Many models, many optimal decisions.
" Easy: Many models, few optimal decisions.
! Hard: Selecting ᅺ only reveals ᅺ’s own reward.
" Easy: Select single ᅺ reveals information about all rewards.

Information-theoretic considerationsr Noise/observations can leak identity of true model.r Handling large, structured decision/observation spaces (e.g., RL).

Statistical complexity is tied to algorithm design
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The Decision-Estimation Coefficient (DEC)

Given Ԃࣼ ୮ ෬ and ᅭ � �,
/2+ᇁ	෬
 Ԃࣼ
 � min֋୮း	ွ
 maxծ୮ภ ඩᇎ୽֋঳ԕԸ	ᅺԸ
 ਷ ԕԸ	ᅺ
৷৸৸৹৸৸৺

regret of decision

਷ᅭ ੁӹϵ
>2H५Ԃ	ᅺ

 Ԃࣼ	ᅺ
६৷৸৸৸৹৸৸৸৺
information gain for obs.

঴
where:r ᇎԸ is optimal decision for ծ.r եϵ

>2H	ձӴ ղ
 ੃� ௩	ఉ֋	֕
 ਷ ఉ֌	֕

ϵտ֕ is Hellinger distance.
(KL leads to slight differences)

/2+ᇁ	෬
 � maxआծ୮ภ /2+ᇁ	෬
 Ԃࣼ


Features:r Lower bound on regret in terms of (a localized version) of DECr Achievability: Given an estimate Ԃࣼ , minimize over ԟ, draw ᅺ, update Ԃࣼ
with an online method, repeat (1k.).

Generalizes IGW strategy [Abe & Long ’99, F. & R. ’20], information ratio [Russo & Van Roy ’14, ’18].
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DEC: Lower bounds

Localized version of DEC lower bounds regret for any problem
(for appropriate choice of ᇁ)

Setting Lower Bound from DEC Tight?
Multi-Armed Bandit

అӶԉ "
Multi-Armed Bandit w/ gap Ӷ�င "

Linear Bandit
అԓԉ ! (ԓఅԉ )

Lipschitz Bandit ԉ Չ�ȯՉ�ɞ "
ReLU Bandit �տ "

Tabular RL
అӽԈӶԉ "

Linear MDP
అԓԉ ! (ԓఅԉ )

RL w/ linear Ԇ੠ �տ "
Deterministic RL w/ linear Ԇ੠ ԓ "



DEC: Algorithms

Estimation-to-Decisions Meta-Algorithm (1k.)
For ֏ � φӴ w Ӵ յ :r Get estimator आծՙ ୮ ภ from supervised estimation algorithm.r Solve min-max optimization problem:֋ՙ � argmin֋୮း	ွ
 maxծ୮ภ ඩᇎ୽֋঳ցԸ	ᇎԸ
 ਷ ցԸ	ᇎ
 ਷ ᇁ ੁ եϵ

>2H५ծ	ᇎ
Ӵ आծՙ	ᇎ
६঴ӳ
(corresponds to /2+ᆗ	ภӴ आծՙ
)r Sample ᇎՙ ୽ ֋ՙ and update estimation algorithm with 	ᇎՙӴ ֍ՙӴ ֊ՙ
.

1k. guarantee: Regret is controlled by estimation error + DEC



DEC: Regret bound

Define estimation error:

Est>2H	෬
 ԉ 
 ੃� յం֏�φ ඩᇎՙ୽֋ՙ ইӹϵ
>2HঁԂ੠	ᅺՙ

 Ԃࣼՙ	ᅺՙ
ংঈ�

The 1k. algorithm (w/ parameter ᇁ � Ј) has
Reg.J	յ 
 ମ /2+ᇁ	ภ
 ੁ յ � ᇁ ੁ Est>2H	ภӴ յ 
ӳ

Theorem (F., Kakade, Qian, R. ’21).

Can guarantee Est>2H	ภӴ յ 
 ମ bK�HH using online learning/estimation (sequential
prediction) [Vovk ’98, Cesa-Bianchi-Lugosi ’06, R-Sridharan ’14,...].



Estimation

Can guarantee Est>2H	ภӴ յ 
 ମ bK�HH using online density estimation (sequential
prediction w/ log loss) [Vovk ’98, Cesa-Bianchi-Lugosi ’06, R-Sridharan ’14,...].

If ծ੠ ୮ ภ, then with probability at least φ ਷ ᇂ,յం֏�φ եϵ
>2Hिծ੠	ᇎՙ
Ӵ आծՙ	ᇎՙ
ी ମ RegEG	յ 
 � ϵ log	ᇂ਷φ
Ӵ

where

RegEG	յ 
 ੃� յం֏�φ ӵl̔og	आծՙ
 ਷ minծ୮ภ յం֏�φ ӵl̔og	ծ
Ӵ
and ӵl̔og	ծ
 ੃� ਷ log	ֈԸ	֍ՙӴ ֊ՙ ੮ ᇎՙ

Ӵ
where ֈԸ	ੁӴ ੁ ੮ ᇎ
 is the conditional density for 	֍Ӵ ֊
 under ծ.

Examples:r Exponential weights (Vovk’s aggregating algorithm) has RegEG ମ log]ภ] [Vovk’96].r For linear (or parametric) classes in බտ, Est>2H	ภӴ յ 
 � հ࣠	տ

[e.g., Cesa-Bianchi & Lugosi ’06].



DEC: Learnability

Under appropriate assumptions, any algorithm must have

Reg.J	յ 
 எ maxᇁ�Ј minঅ/2+ᇁӴᇗᆗ 	ภ
 ੁ յ Ӵ ᇁআӴ
and 1k. achieves

Reg.J	յ 
 ஍ maxᇁ�Ј minঅ/2+ᇁӴᇗᆗ 	ภ
 ੁ յ Ӵ ᇁ ੁ Est>2H	ภӴ յ 
আӴ
where /2+ᇁӴᇗᆗ 	ภ
 is a “localized” variant of the DEC.

Theorem (F., Kakade, Qian, R. ’21).

Example: Multi-armed bandit w/ ွ � \φӴ w Ӵ բ^:
/2+ᇁӴᇗᆗ 	ภ
 ϑ բᇁ ࠶ Reg.J	յ 
 ଯ maxᇁ�Ј minছ բյᇁ Ӵ ᇁজ � అբյ ӳ



DEC: Learnability

Under appropriate assumptions, any algorithm must have

Reg.J	յ 
 எ maxᇁ�Ј minঅ/2+ᇁӴᇗᆗ 	ภ
 ੁ յ Ӵ ᇁআӴ
and 1k. achieves

Reg.J	յ 
 ஍ maxᇁ�Ј minঅ/2+ᇁӴᇗᆗ 	ภ
 ੁ յ Ӵ ᇁ ੁ Est>2H	ภӴ յ 
আӴ
where /2+ᇁӴᇗᆗ 	ภ
 is a “localized” variant of the DEC.

Theorem (F., Kakade, Qian, R. ’21).

Characterization for learnability:
Suppose ภ is convex and has bounded estimation complexity.

Sublinear regret is possible iff limᇁ݂� /2+ᆗ	ภ
ᇁՕ � � for some ԟ � �.



DEC and 1k.: Summary

Bridges learning and decision making!
Use any out-of-the-box supervised estimation algorithm for ෬.࠶ 1k. takes care of the rest.

Decision Making = Estimation + Exploration



Connection to statistical estimation

Modulus of Continuity [Donoho & Liu ’87, ’91, Juditsky-Nemirovski ’09, Polyanskiy-Wu ’19]ᆂᇗ	෬
 Ԃࣼ
 ੃� maxծ୮ภ९ੵԕԸ ਷ ԕ आԸੵ ੮ ӹϵ
>2H५Ԃ
 Ԃࣼ६ ମ ᆃϵ॰

Gives lower bounds (in some cases, upper bounds) on rates for nonparametric
functional estimation.

DEC extends classical theory of statistical estimation [Le Cam ’73] to interactive
decision making (in a general setting).



Connections to other approaches

Optimism and UCBr Can combine 1k. meta-algorithm with confidence sets; optimism/UCB leads to
upper bounds on DEC.

Posterior sampling and information ratio
[Thompson 
33, Agrawal-Goyal 
13, Russo-Van Roy 
’14, ’18, Lattimore & Zimmert ’19, Lattimore & György ’20]r Bayesian approaches (posterior sampling, information-directed) sampling lead to

bounds on DEC via minimax theorem.r Information ratio (complexity measure used to analyze posterior sampling and
variants) coincides with convexified DEC /2+ᇁ	co	ภ

. [F., R., Sekhari, Sridharan ’22]

Adversarial bandit algorithms [Auer et al. ’02, Kleinberg ’04, Flaxman et al. ’05, Abernethy et
al. ’08, Audibert & Bubeck ’09, Bubeck et al. ’16,…]r DEC upper and lower bounds extend to adversarial setting via alternative algorithm:

exploration-by-optimization [Lattimore & György ’20, F.-R.-Sekhari-Sridharan ’22]r Recovers adversarial (structured) bandit algorithms (Exp3, Exp4, …).



Additional remarks

Why Hellinger distance?
If all ծ ୮ ภ admit densities bounded above by գ, can derive similar results using DEC
with KL divergence, with extra log	գ
 factors.
Caveats
Depending on assumptions, various gaps between upper and lower bounds (and
opportunities for improvement)r Localization radiusr Convex ภ vs. general ภ.r In-expectation vs. in-probability.r Est>2H	ภӴ յ 
 vs. weaker notions of estimation error

See [F., Kakade, Qian, R. ’21] for more details.
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DEC: Illustrative Examples

Examples

1. Bandits: Capturing complexity of reward-based feedback

2. Structure in noise

3. Tabular (Finite State/Action) RL



Example #1: Structured Bandits

Mean rewards act as sufficient statistic; replace Hellinger with squared error.

/2+ᇁ	ภӴ आծ
 � min֋୮း	ွ
 maxծ୮ภ ඩᇎ୽֋঳ցԸ	ᇎԸ
 ਷ ցԸ	ᇎ
 ਷ ᇁ ੁ եϵ
>2H५ծ	ᇎ
Ӵ आծ	ᇎ
६঴

Linear bandits [Auer ’02, Dani et al. ’08, Chu et al. ’11, Abbasi-Yadkori et al. ’11]r ย � \ૢ^.r ွ ୦ බտ.r นภ ੃� \ցԸ ੮ ծ ୮ ภ^ � HBM2�` 7mM+iBQMb.

/2+ᇁ	ภ
 ϑ տᇁ ࠶ Reg.J	յ 
 ଯ maxᇁ�Ј minছ յ տᇁ Ӵ ᇁজ ଒ అտյ ӳ
Nonparametric bandits [Kleinberg ’04, Auer et al. ’07, Kleinberg et al. ’08, ...]r ย � \ૢ^.r ွ ୦ බտ.r นภ � GBTb+?Bix 7mM+iBQMb.

/2+ᇁ	ภ
 ϑ φᇁ ȯՉ�ȯ ࠶ Reg.J	յ 
 ଯ յ Չ�ȯՉ�ɞ ӳ



Example #1: Structured Bandits

Mean rewards act as sufficient statistic; replace Hellinger with squared error.

/2+ᇁ	ภӴ आծ
 ஈ min֋୮း	ွ
 maxծ୮ภ ඩᇎ୽֋঳ցԸ	ᇎԸ
 ਷ ցԸ	ᇎ
 ਷ ᇁ ੁ 	ցԸ	ᇎ
 ਷ ց आԸ	ᇎ

ϵ঴
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 ϑ φᇁ ȯՉ�ȯ ࠶ Reg.J	յ 
 ଯ յ Չ�ȯՉ�ɞ ӳ



Example #2: Structure in Noise

For examples so far, only mean reward function mattered.

Another bandit variant: ွ � \φӴ w Ӵ բ^, ย � \ૢ^, for all ծ ୮ ภ:ծ	ᇎ
 ੃� ৓ Ber	φ�ϵ � ᇗ
Ӵ ᇎ � ᇎԸӴม	φ�ϵӴ φ
Ӵ ᇎ ଈ ᇎԸӴ
Computing the DEC:

/2+ᇁ	ภ
 ϑ ත\ᇁ ମ բ�ϵ^ ࠶ Reg.J	յ 
 எ բӳ
(compare to

అբյ for MAB)

Hellinger (information-theoretic divergence) strongly distinguishes changes in distribution.եϵ
>2Hिծ	ᇎ
Ӵ आծ	ᇎ
ी ϑ ත\ᇎ � ᇎԸ^, while 	ցԸ	ᇎ
 ਷ ց आԸ	ᇎ

ϵ depends on scale.



Generalizing further, can encode arbitrary auxiliary information in lower bits of
reward signal.



Example #3: Tabular (Finite State/Action) Reinforcement Learning

Setup:r ෬: Episodic horizon-ӽ MDPs with ]ෲ] � Ԉ, ]෠] � Ӷ, ෱ � <�
 �>.r ဉ � \MQM@bi�iBQM�`v TQHB+B2b ᅺփ ੃ ෲ ݂ ෠^.r Ԟՙ � 	Ԣφ̔
 Ԑφ̔
 ԡφ̔

 w 
 	Ԣթ̔
 Ԑթ̔
 ԡթ̔
.r ԡՙ � ௴թփ�φ ԡփ̔.

Dynamics for each episode ԣ � �
 w 
 ԉ :r For ԗ � �
 w 
 ӽ, (with Ԣφ̔ ୽ ԓφ)Ԑփ̔ ୽ ᅺփ̔	Ԣփ̔
, ԡփ̔ ୽ ԇԸ੠փ 	Ԣփ̔
 Ԑփ̔
 and Ԣփ̔�φ ୽ ԅ Ը੠փ 	ੁ ੮ Ԣփ̔
 Ԑփ̔
.



Example #3: Tabular (Finite State/Action) Reinforcement Learning

Setup:r ෬: Episodic horizon-ӽ MDPs with ]ෲ] � Ԉ, ]෠] � Ӷ, ෱ � <�
 �>.r ဉ � \MQM@bi�iBQM�`v TQHB+B2b ᅺփ ੃ ෲ ݂ ෠^.r Ԟ � 	Ԣφ
 Ԑφ
 ԡφ

 w 
 	Ԣթ
 Ԑթ
 ԡթ
.
Lower bound:

/2+ᇁ	෬
 ଯ ӽԈӶᅭ ࠶ Reg.J	ԉ 
 ଯ అӽԈӶԉ �
Upper bounds:r /2+ᇁ	ภ
 ஍ թɘմբᇁ via Policy-Cover Inverse Gap Weighting (“PC-IGW”).r /2+ᇁ	ภ
 ஍ թɞմբᇁ via posterior sampling.

Incorporating observations is critical!
Allows us to break a big decision (policy) into a sequence of small decisions (actions).



Example #3: Tabular (Finite State/Action) Reinforcement Learning

Policy Cover Inverse Gap Weighting

Idea: Apply inverse gap weighting to small set of representative policiessmall set of representative policiessmall set of representative policiessmall set of representative policiessmall set of representative policiessmall set of representative policiessmall set of representative policiessmall set of representative policiessmall set of representative policiessmall set of representative policiessmall set of representative policiessmall set of representative policiessmall set of representative policiessmall set of representative policiessmall set of representative policiessmall set of representative policiessmall set of representative policies .



Example #3: Tabular (Finite State/Action) Reinforcement Learning

Policy Cover Inverse Gap Weighting

Given tabular MDP आծ ୮ ภ, ᇁ � Ј:r For each փ ୮ <թ>, ֎ ୮ ฦ, ռ ୮ ด, computeᇎփӴ֎Ӵռ ੃� argmaxᇎ ප आԸӴᇎ	֎փ � ֎Ӵ ռփ � ռ
φ � ᇁ ੁ 	ց आԸ	ᇎ आԸ
 ਷ ց आԸ	ᇎ


Policy cover: ှ ੃� \ᇎ आԸ^ ૌ \ᇎփӴ֎Ӵռ^փ୮<թ>Ӵ֎୮ฦӴռ୮ด.r For each ᇎ ୮ ှ, set ֋	ᇎ
 � φᇊ � ᇁ ੁ 	ց आԸ	ᇎ आԸ
 ਷ ց आԸ	ᇎ

 Ӵ
w/ ᇊ � Ј chosen such that ௴ᇎ ֋	ᇎ
 � φ.

Key ideas:r Balances exploration (reaching all parts of the MDP) and exploitation.r Change of measure: Either have good coverage on ծ੠, or estimation error is big.r Certifies that /2+ᇁ	ภӴ आծ
 ஍ թɘմբᇁ .



Example #3: Tabular (Finite State/Action) Reinforcement Learning

Policy Cover Inverse Gap Weighting

Given tabular MDP आծ ୮ ภ, ᇁ � Ј:r For each փ ୮ <թ>, ֎ ୮ ฦ, ռ ୮ ด, computeᇎփӴ֎Ӵռ ੃� argmaxᇎ ප आԸӴᇎ	֎փ � ֎Ӵ ռփ � ռ
φ � ᇁ ੁ 	ց आԸ	ᇎ आԸ
 ਷ ց आԸ	ᇎ


Policy cover: ှ ੃� \ᇎ आԸ^ ૌ \ᇎփӴ֎Ӵռ^փ୮<թ>Ӵ֎୮ฦӴռ୮ด.r For each ᇎ ୮ ှ, set ֋	ᇎ
 � φᇊ � ᇁ ੁ 	ց आԸ	ᇎ आԸ
 ਷ ց आԸ	ᇎ

 Ӵ
w/ ᇊ � Ј chosen such that ௴ᇎ ֋	ᇎ
 � φ.

Remarks:r Can find ᇎփӴ֎Ӵռ efficiently using linear programming.r Optimal rates: [Azar et al. ’17]
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Recap: Tabular (Finite-State/Action) RL

Tabular RL:r ෬: Episodic horizon-ӽ MDPs with ]ෲ] � Ԉ, ]෠] � Ӷ, ෱ � <�
 �>.r ဉ � \MQM@bi�iBQM�`v TQHB+B2b ᅺփ ੃ ෲ ݂ ෠^.r Ԟ � 	Ԣφ
 Ԑφ
 ԡφ

 w 
 	Ԣթ
 Ԑթ
 ԡթ
.
/2+ᇁ	෬
 Ñ poly	ӽ
 Ԉ
 Ӷ
ᅭ ࠶ Reg.J	ԉ 
 Ñ ఉpoly	ӽ
 Ԉ
 Ӷ
 ੁ ԉ �

Challenge: States are typically rich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensional .r Ex: robotics: Ԣփ � camera image, ෲ � all possible images࠶ ]ෲ] � intractably large

Conclusion: Need to restrict ෬ to avoid intractable sample complexity.
How to generalize across states?



RL: The need for modeling and generalization

Challenge: States are typically rich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensional .r Ex: robotics: Ԣփ � camera image, ෲ � all possible images࠶ ]ෲ] � intractably large



RL: The need for modeling and generalization

Challenge: States are typically rich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensional .r Ex: robotics: Ԣփ � camera image, ෲ � all possible images࠶ ]ෲ] � intractably large

Consider an exponentially large binary
tree with reward at a single leaf.

Need to try all leaves to get reward.

࠶ minृ]ෲ]
 ]෠]թॄ episodes required!
[e.g., Kearns et al. ’02, Krishnamurthy et al.’16]

Conclusion: Need to restrict ෬ to avoid exponential sample complexity.࠶ RL is a family of problems.



RL: The need for modeling and generalization

Challenge: States are typically rich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensionalrich/complex/high-dimensional .r Ex: robotics: Ԣփ � camera image, ෲ � all possible images࠶ ]ෲ] � intractably large

Approach: Use hypothesis class ෬ to model:r Rewards/responsesr Dynamicsr Long-term rewardsੇ
In general, model class might consist of:r Deep neural networksr Generalized linear modelsr Kernelsੇ



RL: Modeling and generalization

Approach: Use hypothesis class ෬ to model:r Rewards/responsesr Dynamicsr Long-term rewardsੇ
In general, model class might consist of:r Deep neural networksr Generalized linear modelsr Kernelsੇ

Decision Making = Estimation + Exploration



RL: Modeling approaches

Want to handle large state spaces ࠶ Use modeling / function approx.

Model-based methodsr Model class ภ directly parameterizes transition dynamics.r Ex: ภ � J.Sb rBi? HBM2�` /vM�KB+b

Value-based methodsr Model state-action value functions with value fn. class ฤ ୢ \ฦ ੎ ด ݂ බ^.ղԸӴᇎփ 	֎Ӵ ռ
 ੃� ඩԸӴᇎই௴թփ஬ଯփ ֍փ஬ ੮ ֎փ � ֎Ӵ ռփ � ռঈӳr Induced model class: ภ � \ծ ੮ ղԸӴᇎ ୮ ฤ ૞ᇎ^ or similar

Many examples of both:r Low rank MDPr LQRr Linear mixture MDPr State aggregationr Block MDP

r Factored MDPr Predictive state
representationsr Linear bellman
complete

r Low occupancy
complexityr Kernelized nonlinear
regulatorੇ
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complexityr Kernelized nonlinear
regulatorੇ





Value functions and dynamic programming

Value functions: For MDP Ԃ :r շ Ըӱᆤ੠փ 	֎
 � ඩԸӴᇎ੠ ই௴թփ஬�փ ֍փ஬ ੮ ֎փ � ֎ঈ (state value function)r ղԸӱᆤ੠փ 	֎Ӵ ռ
 � ඩԸӴᇎ੠ ই௴թփ஬�փ ֍փ஬ ੮ ֎փ � ֎Ӵ ռփ � ռঈ (state-action value function)

Define շ ੠ ੃� շ Ը੠ӱᆤ੠ , ղ੠ ੃� ղԸ੠ӱᆤ੠ .



Value functions and dynamic programming

Dynamic programming (“value iteration”): [Bellman ’54, Puterman ’94, Sutton & Barto ’98]

Starting with շ ੠թ�φ	֎
 ੃� Ј, iterateղ੠փ	֎Ӵ ռ
 � ඩ<֍փ � շ ੠փ�φ	֎փ�φ
 ੮ ֎փ � ֎Ӵ ռփ � ռ>Ӵ շ ੠փ 	֎
 � maxռ୮ด ղ੠փ	֎Ӵ ռ
ӳ
Optimal policy is ᇎ੠փ	֎
 ੃� argmaxռ୮ด ղ੠փ	֎Ӵ ռ
.



RL: Modeling approaches

Want to handle large state spaces ࠶ Use modeling / function approx.
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Distribution shift: How much do we need to explore?

What we would like:
1. Gather data using policy ᇎՙ.
2. Fit model आծՙ ୮ ภ (value fn., transition dynamics) to data (supervised estimation).
3. Update policy ᇎՙ�ȯ using आծՙ.
4. Performance improves?

Why doesn’t this work?
1. आծՙ is only guaranteed to generalize on data collected with ᇎՙ.
2. No guarantee on performance on dataset induced by ᇎՙ�ȯ.࠶ fail to improve performance or explore.
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RL: Distribution shift and solutions

Solution #1: Extrapolationr For linear contextual bandits with թ � φ (ඩ<֍	ռ
 ੮ ֎> � ਓᇓ	֎Ӵ ռ
Ӵ ᇆਔ), LinUCB has

Reg.J	յ 
 ମ տ ੁ అյ ӳ
r Idea: Can extrapolate once we have info from all տ dimensions.

From bandits to RL (ӽ � �).
Assume access to value function classฤ � ख़ղփ	֎Ӵ ռ
 � ਓᇓ	֎Ӵ ռ
Ӵ ᇆփਔ ੮ ᇆփ ୮ බտग़
with ղ੠ ୮ ฤ.

Negative result: Even if Linear-ղ੠ assumption holds, any algorithm must have:

Reg.J	յ 
 ଯ min\exp	տ
Ӵ exp	թ
^ӳ
[Weisz et al. ’20, ’21, Wang et al. ’21]

Intuition: Induced model class ภ � \ծ ੮ ղԸӴ੠ ୮ ฤ^ is too big:
/2+ᇁ	ภ
 எ min\exp	տ
Ӵ exp	թ
^ӳ
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Extrapolation: Linear models

Low-Rank MDP: Have (i) ԅ Ը੠ 	Ԣ஥ ੮ Ԣ
 Ԑ
 � ਓᅿ	Ԣ
 Ԑ

 ᅷ	Ԣ஥
ਔ, (ii) ԇԸ੠ 	Ԣ
 Ԑ
 � ਓᅿ	Ԣ
 Ԑ

 ᅲਔ.
(ᇓ	ੁӴ ੁ
 known, ᇋ	ੁ
 & ᇆ unknown)

Under low-rank MDP assumption, can achieve [Jin et al. ’20]

Reg.J	ԉ 
 ମ ఉpoly	ԓ
 ӽ
 ੁ ԉ �
Idea: Combine optimism (LinUCB-type confidence bonuses) with dynamic programming.r Low-rank MDP structure prevents statistical errors from accumulating.r Can also show /2+ᇁ	ภ
 ମ poly	տӴթ
ᇁ (currently need UCB-type ideas to get best

rates).
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Extrapolation: Eluder dimension

Eluder dimension: Combinatorial parameter controlling extrapolation.
For a class น ୦ 	อ ݂ බ
, eluder dimension տ1	นӴ ᇗ
 is the length of the longest
sequence ֕ȯӴ w Ӵ ֕Թ such that for all ֏ ମ կ ,ૠցӴ ց஥ ୮ น ੃ ੵց	֕ՙ
 ਷ ց஥	֕ՙ
ੵ � ᇗӴ and ఌంք�֏ ੵց	֕Վ
 ਷ ց஥	֕Վ
ੵϵ ମ ᇗӳ
Results:r Russo & Van Roy ’13: ఉտ1	ฤ
 ੁ յ regret for bandits.r Wang et al ’20, Jin et al. ’21: ఉpoly	տ1	ฤ
Ӵ թ
 ੁ յ for RL (w/ additional assns.).r Under appropriate conditions, /2+ᇁ	ภ
 ஍ տ1	ฤ
ᇁ .

Examples:r Linear: տ1	ฤӴ ᇗ
 � հࣴ	տ
.r Extends to generalized linear:r ղ	֎Ӵ ռ
 � ᇐ	ਓᇓ	֎Ӵ ռ
Ӵ ᇆਔ
 for ᇐ ੃ බ ݂ බ w/ Ј � վ ମ ᇐ஥ ମ դr ReLU: տ1	ฤӴ ᇗ
 � exp	տ
 [Dong et al. ’21, LKFS’21]. (ᇐ	֕
 � max\֕Ӵ Ј^)
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Distribution shift: Bellman rank

Observation: In a low rank MDP, for any function ւ	֎
, can write ඩᇎ<ւ	֎փ
> asඩᇎ<ඩ<ւ	֎փ
 ੮ ֎փ਷φӴ ռփ਷φ>> � ඩᇎঝ௷ਓᇓ	֎փ਷φӴ ռփ਷φ
Ӵ ᇋ	֎
ւ	֎
ਔտ֎ঞ� ਧඩᇎ<ᇓ	֎փ਷φӴ ռփ਷φ
>Ӵ ௷ ᇋ	֎
ւ	֎
տ֎ਨ � ਓչ	ᇎ
Ӵ ո	ւ
ਔӳ
Bellman residual: For ղ ୮ ฤ and ᇎ, define (ᇎԼ � opt policy for ղ)ธփ	ᇎӴ ղ
 � ඩ֎Ս୽ᇎӴռՍ୽ᇎԼ	֎Ս
ইղփ	֎փӴ ռփ
 ਷ ঁ֍փ � maxռ ղփ�φ	֎փ�φӴ ռ
ংঈӳ
Low-Rank MDP has ธփ	ᇎӴ ղ
 � ਓչփ	ᇎ
Ӵ ոփ	ղ
ਔ.
Motivation: ෤փ	ᅺ
 Ԇ੠
 � � ૞ᅺ.
Bellman rank: [Jiang et al. ’17]տ"2 ੃� maxփ rank	ธփ	ੁӴ ੁ

ӳ



Distribution shift: Bellman rank

Under low Bellman rank, can achieve [Jiang et al. 17]

Reg.J	ԉ 
 ମ poly	ԓ"2
 Ӷ
 ӽ
Est	෰

 ੁ ԉ ϵ�ϯ�
Ideas:r Explore optimistically; eliminate value functions with large residual.r Only հ	տ"2
 effective distributions; can only be “surprised” հ	տ"2
 times.

Further results:r Variants: Witness Rank [Sun et al. ’19], Bilinear rank [Du et al. ’21], Bellman-Eluder
dimension [Jin et al. ’21].r Decision-Estimation Coefficient:

/2+ᇁ	ภ
 ஍ poly	տ"2Ӵ բӴ թ
ᇁ ӳ



Tabular: #states

P(s′ ∣ s, a) μ(s′ ) ϕ(s, a)= ⋅

Low-Rank MDP: Dimension 
(even w/  unknown)ϕ

xh+1 = Axh + Bah + wh

Linear-Quadratic Regulator (LQR): 
state*action dimension

Further examples:
• Low occupancy complexity
• Linear 
• State abstraction

• Linear Bellman-Complete
• Predictive state representations
• Reactive POMDP

Q⋆ & V⋆

[Jiang et al. ’17, Jin et al. ’21, Du et al.’21]

Block MDP: 
# latent states

Bellman rank: Examples



Bellman rank: Bounding the DEC

Expanding the DEC:

/2+ᇁ	ภӴ आծ
 � min֋୮း	ွ
 maxծ୮ภ ඩᇎ୽֋ॱցԸ	ᇎԸ
 ਷ ցԸ	ᇎ
 ਷ ᇁ ੁ եϵ
>2H५ծ	ᇎ
Ӵ आծ	ᇎ
६ॲஈ min֋୮း	ွ
 maxծ୮ภ ඩᇎ୽֋ॱցԸ	ᇎԸ
 ਷ ց आԸ	ᇎԸ
 ਷ ᇁ ੁ եϵ

>2H५ծ	ᇎ
Ӵ आծ	ᇎ
६ॲӳ
Using Bellman rank property for आծ ୮ ภ, can writeցԸ	ᇎԸ
 ਷ ց आԸ	ᇎԸ
 � թంփ�φ ඩ आԸӴᇎԸ ইղԸӴ੠փ 	֎փӴ ռփ
 ਷ ֍փ ਷ maxռ ղԸӴ੠փ�φ	֎փ�φӴ ռ
ঈ

� թంփ�φਟչ आԸփ 	ᇎԸ
Ӵ ո आԸփ 	ծ
ਠӴ
so that

/2+ᇁ	ภӴ आծ
 ஈ min֋୮း	ွ
 maxծ୮ภ ඩᇎ୽֋ঢ় թంփ�φਟչ आԸփ 	ᇎԸ
Ӵ ո आԸփ 	ծ
ਠ ਷ ᇁ ੁ եϵ
>2H५ծ	ᇎ
Ӵ आծ	ᇎ
६৞ӳ

Ideas:r Only տ"2 effective state distributions—similar to DEC for linear bandits.r Explore using a representative basis for ९չ आԸփ 	ᇎ
॰ᇎ୮ွ.
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RL Landscape: Summary

Multiple ways to handle distribution shift:r Extrapolation: Linear models, eluder dimension.r Effective # distributions: Bellman rank and friends.
Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.Decision-estimation coefficient provides necessary conditions.

Questions:r Right models to capture real-world problems (e.g., continuous control)?r Computational efficiency?
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Conclusion

Decision Making = Estimation + Exploration

Steps toward RL/decision-making with large/deep models?r Lots of room for new theoretical/algorithmic insights.r Bridging theory + practice.

Further questions:r Extend development beyond basic setting (offline data, multiple agents, ...)

?iiTb,ff/vH�M7Qbi2`XM2if#H/KX?iKH

https://dylanfoster.net/bldm.html
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