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1 Category Theory

Category Theory provides a rigorous framework for abstracting and unifying
mathematical structures. Developed in the 1940s by Samuel Eilenberg and Saun-
ders Mac Lane to address coherence problems in algebraic topology, it general-
izes relationships between mathematical objects across diverse fields like algebra,
geometry, and computer science. Category Theory captures objects and their
morphisms—functions preserving structure—as a universal systems theory, akin
to a universal algebra of functions, emphasizing composition and transformation.
Interpreted as a foundational language, a tool for structural analysis, or a bridge
to computer-aided formalization, it solves problems of abstraction and gener-
alization. Categories serve as a stepping stone to topos theory, which enriches
logical and geometric insights, and higher cohesive topos theory, extending to
infinity-categories for advanced applications.



1.1 Category

First of all very simple category theory up to pullbacks is provided. We give
here all definitions only to keep the context valid.
A category C consists of:

e A class of objects, Ob(C),
e A class of morphisms, Home (X, Y), for each pair X,Y € Ob(C),
e Composition maps o : Hom(Y,Z) x Hom(X,Y) — Hom(X, Z),
e Identity morphisms idx € Hom(X, X) for each X,
satisfying associativity and identity laws.

Definition 1. (Category Signature). The signature of category isa ) ,. A —
A — U where U could be any universe. The pr; projection is called Ob and pr,
projection is called Hom(a,b), where a,b : Ob.

cat: U= (A: U) * (A—> A —> 1)

Definition 2. (Precategory). More formal, precategory C consists of the follow-
ing. (i) A type Obc, whose elements are called objects; (ii) for each a,b : Obc,
a set Homc (a, b), whose elements are called arrows or morphisms. (iii) For each
a : Obc, a morphism 14 : Home (a, a), called the identity morphism. (iv) For
each a,b,c: Obc, a function Homc¢ (b, ¢) — Home(a,b) — Home(a,c¢) called
composition, and denoted g o f. (v) For each a,b : Obc and f : Homc(a,b),
f=1pofand f = fol,. (vi) For each a,b,c,d : A and f : Homc(a,b),
g : Home¢(b,c), h: Homc(c,d), ho(gof)=(hog)of.

def cat : U;

:= X (ob: U) (hom: ob —> ob —> U), unit

def isPrecategory (C: cat) : U := X

(id: M (x: C.ob), C.hom x x)
(o: Mm(xy z: C.ob),
C.hom x y —> C.hom y z —> C.hom x z)
(homSet: TI (x y: C.ob), isSet (C.hom x y))
(o—left: T (x y: C.ob) (f: C.hom x y),
= (C.hom x y) (o x x y (id x) f) f)
(o—right: T (x y: C.ob) (f: C.hom x y),
= (C.hom x y) (o x yy f (id y)) f)
(o—assoc: Tl (x y z w: C.ob) (f: C.hom x y)
(g: C.hom y z) (h: C.hom z w),
= (C.hom x w) (o x zw (o xy z f g) h)
(oxywf (oyzwgh)),!1
def precategory: U; := X (C: cat) (P: isPrecategory C), unit



Univalent Categories:

def isoCat (P: precategory) (A B: P.C.ob) : U := X
(f: P.C.hom A B)
(g: P.C.hom B A)
(retract: Path (P.C.hom A A) (
(

ABA f g) (P.P.id A))
section: Path (P.C.hom B B) ( BABGg f)

P.P.o
P.P.o A
def isCategory (P: precategory): U

:= X (A: P.C.ob), isContr (IT (B: P.C.ob), isoCat P A B)

def category: Uj
:= X (P: precategory), isCategory P



1.2 Pullback

Definition 3. (Categorical Pullback). The pullback of the cospan A Lcds
is a object A x¢ B with morphisms pby : x¢c — A, pba : X¢ — B, such that
diagram commutes:

b
AxcB % B
f pbi
A C

Pullback (xc,pb1,pb2) must be universal, means for any (D, q1, q2) for which
diagram also commutes there must exists a unique u : D — X, such that
pb1 ou=(1 and ‘pbz 0q2.

def homTo (P: precategory) (X: P.C.ob): U
=X (Y: P.C.ob), P.C.hom Y X

def cospan (P: precategory): U
=X (X: P.C.ob) (_: homTo P X), homTo P X

def hasCospanCone (P: precategory) (D: cospan P) (w: P.C.ob) U
=X (f: P.C.hom w D.2.1.1) (g: P.C.hom w D.2.2.1),
— (P.C.hom w D.1) (P.P.o wD.2.1.1 D.1 f D.2.1.2)
(P.P.o wD.2.2.1 D.1 g D.2.2.2)
def cospanCone (P: precategory) (D: cospan P): U

:= XL (w: P.C.ob), hasCospanCone P D w

def isCospanConeHom (P: precategory) (D: cospan P)

(E1 E2: cospanCone P D) (h: P.C.hom E1.1 E2.1) : U
=X (_ : = (P.C.hom E1.1 D.2.1.1)
(P.P.o E1.1 E2.1 D.2.1.1 h E2.2.1) E1.2.1),
(P.C.hom E1.1 D.2.2.1)
(P.P.o E1.1 E2.1 D.2.2.1 h E2.2.2.1) E1.2.2.1

def cospanConeHom (P: precategory) (D: cospan P) (El1 E2: cospanCone P D) : U
:= X (h: P.C.hom E1.1 E2.1), isCospanConeHom P D El1 E2 h

def isPullback (P: precategory) (D: cospan P) (E: cospanCone P D) : U
:= X (h: cospanCone P D), isContr (cospanConeHom P D h E)

def hasPullback (P: precategory) (D: cospan P) : U
:= X (E: cospanCone P D), isPullback P D E



1.3 Functor

A functor F: C — D assigns to each:

e Object X € C an object F(X) € D,

e Morphism f: X — Y a morphism F(f) : F(X) — F(Y),
such that F(idx) = idg(x) and F(go f) = F(g) o F(f).

Definition 4. (Category Functor). Let A and B be precategories. A functor
F: A — B consists of: (i) A function Fop : ObhA — Obg; (ii) for each a,b :
Oba, a function Fyom : Homa(a,b) — Homg(Fov(a), Fou(b)); (iii) for each
a: Oba, Fov(la) = 15y, (a); (iv) for a,b,c : Oba and f : Homa(a,b) and
g: Homa (b, ¢}, F(g o f) = From(g) o From(f).

def catfunctor (A B: precategory): U
=X (ob: A.C.ob — B.C.ob)
(mor: m(x y: A.C.ob),
A.C.hom x y —> B.C.hom (ob x) (ob y))
(id: m (x: A.C.ob),
= (B.C.hom (ob x) (ob x))
(mor x x (A.P.id x)) (B.P.id (ob x)))
(fcomp: T (x y z: A.C.ob) (f: A.C.hom x y) (g: A.C.hom y z),
= (B.C.hom (ob x) (ob z))
(mor x z (A.P.o xy z f g))

(B.P.o (ob x) (ob y) (ob z) (mor x y f) (mory z g))),

10

1



1.4 Terminals

Definition 5. (Terminal Object). Is such object Obc, that

H isContr(Homc (y, x)).

x,y:0Obc

def isInitial (P: precategory) (bot: P.C.ob): U
=TI (x: P.C.ob), isContr (P.C.hom bot x)

def isTerminal (P: precategory) (top: P.C.ob): U
=TI (x: P.C.ob), isContr (P.C.hom x top)

def initial (P: precategory): U
:= X (bot: P.C.ob), isInitial P bot

def terminal (P: precategory): U
:= X (top: P.C.ob), isTerminal P top

11



1.5 Natural Transformation

A natural transformation n: F = G between functors F,G : € — D consists
of morphisms 1x : F(X) — G(X) such that for every f: X — Y in G,

F(X) 2 G(X

w ]

F(Y) —— G(Y)

)
(f)

o

commutes.

def isNaturalTransformation
(C D: precategory)
(F G: catfunctor C D)
eta: TT (x: C.C.ob), D.C.hom (F.ob x) (G.ob x)) : U
(x y: C.C.ob) (h: C.C.hom x y),
(D.C.hom (F.ob x) (G.ob y))
(D.P.o (F.ob x) (F.ob y) (G.ob y) (F.mor x y h) (eta y))
(D.P.o (F.ob x) (G.ob x) (G.ob y) (eta x) (G.mor x y h))

(
=11

def nattrans (C D: precategory) (F G: catfunctor C D): U
=X (n: MM (x: C.C.ob), D.C.hom (F.ob x) (G.ob x))
(commute: isNaturalTransformation C D F G 1), unit
def natiso (C D: precategory) (F G: catfunctor C D) : U
:= L (left: nattrans CD F G)
(right: nattrans CD G F), 1

12



1.6 Adjunction

An adjunction between categories € and D consists of functors
F:CSD:G
and natural transformations (unit n and counit )
N:lde = GoF, ¢:FoG=Idp

satisfying the triangle identities.

ntransL (C D: precategory) (F G: catfunctor C D)
(f: ntrans C D F G) (B: precategory) (H: catfunctor B C)

ntrans B D (compFunctor B C D H F) (compFunctor B C D H G)

= (eta, p) where
F’: catfunctor B D = compFunctor BCDH F
G’: catfunctor B D = compFunctor B CD H G

eta (x: carrier B): hom D (F’.1 x) (G’.1 x) = f.1 (H.1 x)

p (x y: carrier B) (h: hom B x y): Path (hom D (F’.1 x)
(compose D (F’.1 x) (F'.1 y) (G.1 y) (F’.2.1 x y h)

(G'.1 y))
(eta y))

(compose D (F’.1 x) (G’.1 x) (G’.1 y) (eta x) (G’.2.1 x y h))

=f.2 (H1 x) (H1y) (H2.1 xy h)

ntransR (C D: precategory) (F G: catfunctor C D)
(f: ntrans CD F G) (E: precategory) (H: catfunctor D E)
ntrans C E (compFunctor C D E F H) (compFunctor C D E G H)
= (eta, p) where
F’: catfunctor C E = compFunctor C D E F H
G’: catfunctor C E = compFunctor C D E G H
eta (x: carrier C): hom E (F’.1 x) (G’.1 x)
=H.2.1 (F.1 x) (G.1 x) (f.1 x)

p (x y: carrier C) (h: hom C x y): Path (hom E (F’.1 x) (G’.1 y))

(compose E (F’.1 x) (F’.1 y) (
(compose E (F’.1 x) (G’.1 x) (
= <i> comp (< > hom E (F’.1 x) (G’.1 y))
(H.2.1 (F.1 x) (G.1 y) (f.2 xy h@i))

[ (i
0) > H.2.2.2 (F.1 x) (F.1 y) (G1y) (F.2.1 xy h) (f.1 y),
(i
2

1 =

1) = H.2.2.2 (F.1 x) (G.1 x) (G.1 y) (f.1 x) (G.2.1 xy h) |

13

G’.1 y) (F’.2.1 x y h) (eta y))
G’.1 y) (eta x) (G’.2.1 x y h))



areAdjoint (C D: precategory)

(F: catfunctor D C)
(G: catfunctor C D)

(unit: ntrans D D
(counit: ntrans C
= prod ((x: carrier C) —

((x: carrier D) —>

(
C

hO (x: carrier C) : hom D
= compose D (G
((ntransL D D (idFunctor D)

(compFunctor D C D F G)

idFunctor D)

compFunctor C D C G F)
hom D (G.1 x)

hom C (F.1 x)

(
(
(path D (G.1 x)
(
(

path C (F.1 x)

(G.1 x) (G.1 x)

.1 x)

(G.1 (F.1

(G.1 x)

)
(F.1 x)
)

(G.1 x)))

((ntransR C C (compFunctor CD C G F)

(idFunctor C)

hl (x: carrier D) : hom C (F.1 x) (F.1 x)

= compose C (F.1 x)

((ntransR D D (idFunctor D)

(compFunctor D C D F G)

counit D G).1 x)

(F.1 (G.1 (F.1 x)))

((ntransL C C (compFunctor CD C G F)

(idFunctor C)

adjoint (C D: precategory) (F:
= (unit: ntrans D D (idFunctor D)

* (counit: ntrans C C (compFunctor C D C G F)

catfunctor D C)

* areAdjoint C D F G unit counit

1.7 Modification

14

counit D F).1 x)

(compFunctor D C D F G))

(idFunctor C)): U

(G.1 x)

unit C G).1 x)

(F.1 x)

unit C F).1 x)

(G: catfunctor C D): U

(compFunctor D C D F G))
(idFunctor C))



1.8 The Logic of Cosmos

The Foundational O-layer comprises categories, functors, natural transfor-
mations, adjunctions, modifications, and bicategories, where categories specify
objects and morphisms with associative composition and identities, functors
map categories preserving structure, natural transformations define morphisms
between functors, adjunctions establish paired functors with unit and counit,
modifications extend transformations to 2-categorical contexts, and bicategories
introduce 2-morphisms with weak associativity, providing the algebraic frame-
work for categorical spaces.

The Computational T-layer includes locally cartesian closed categories,
cartesian model categories, and symmetric monoidal categories, where locally
cartesian closed categories equip slice categories with products and exponen-
tials for sequential computations like lambda calculi, cartesian model categories
incorporate Quillen model structures with cofibrant terminal objects for homo-
topical sequential models, and symmetric monoidal categories provide tensor
products with symmetry for parallel computations, such as quantum systems,
establishing a duality of computational structures.

The Metatheoretical 2-layer contrasts fibered categories with model cate-
gories, simplicial categories, and simplicial model categories, where fibered cat-
egories enable dependent type theories via cartesian morphisms over base cat-
egories, model categories define weak equivalences and fibrations for homotopy
type theory, simplicial categories enrich over simplicial sets for higher categorical
structures, and simplicial model categories combine model structures with sim-
plicial enrichment, distinguishing static, dependent type systems from dynamic,
homotopical frameworks.

The Multidimensional n-layer encompasses abelian categories, derived
categories, categories of spectra, T-spectra, spectral categories, monoidal model
categories, AT categories, monoidal relative categories, and symmetric monoidal
(00,1)-categories, where abelian categories support exact sequences, derived cat-
egories localize chain complexes at quasi-isomorphisms, spectra and T-spectra
model stable homotopy, spectral categories enrich over spectra, monoidal mod-
el and relative categories add homotopical and monoidal structures, AT cate-
gories split into pretoposes and abelian categories, and (co,1)-categories extend
monoidal structures, defining algebraic and geometric dimensions of spaces.

The Modal oco-layer integrates cohesive topoi, supergeometry, and TED-K
theory, where cohesive topoi unify discrete, continuous, and homotopical struc-
tures through an adjoint quadruple of functors with modalities, supergeometry
equips spaces with Z/2Z-graded sheaves for superspaces, and TED-K theory
constructs generalized cohomology in cohesive or supergeometric contexts, pro-
viding a comprehensive framework for category and type theorists to model the
modal structure of mathematical spaces.
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AmnoTariis
We introduce locally cartesian closed categories (LCCCs), a class of
categories where each slice category is cartesian closed. Definitions of cat-
egories, slice categories, and cartesian closed categories are provided, fol-
lowed by the formal definition of LCCCs. We discuss their significance in
categorical logic and dependent type theory, including a theorem on their
correspondence to type theories with dependent products

2 Locally Cartesian Closed Categories

2.1 Definitions

Locally cartesian closed categories (LCCCs) are categories where each slice cat-
egory C/x is cartesian closed, meaning it has products, exponentials, and a
terminal object. LCCCs are fundamental in categorical logic, providing models
for dependent type theories with dependent products. This article defines the
necessary structures, presents key properties, and highlights their role in type
theory, with references from the nLab.

Definition 6 (Cartesian Closed Category). A cartesian closed category (CCC)
is a category C equipped with:

e A terminal object 1 € ob(€), such that for every x € ob(C), there exists a
unique morphism !y :x — 1.

e For each pair A,B € ob(C), a product A x B € ob(€) with projections
P1: AXxB — A, p2: Ax B — B, and a universal property: for any
X € ob(€) with morphisms f: X — A, g : X — B, there exists a unique
(fyg) : X = A x B such that py o (f,g) =f and p2 o (f,g) = g.



e For each pair A,B € ob(€), an exponential object BA € ob(C) with an
evaluation morphism ev : BA x A — B, and a universal property: for any
X € ob(@) with f : X x A — B, there exists a unique Af : X — B? such
that evo (Af x ida) = f.

Remark 1. A CCC has finite products (via the terminal object and binary
products) and internal homs (via exponentials), making it a model for simply
typed lambda calculus.

Definition 7 (Locally Cartesian Closed Category). A category C is locally
cartesian closed if, for every object x € ob(€), the slice category C/x is cartesian
closed, i.e., €/x has a terminal object, binary products, and exponential objects.

2.2 Theorems

Theorem 1 (LCCCs and Dependent Type Theory). (Seely, [3]) A locally carte-
sian closed category C provides a categorical model for a dependent type theory
with dependent products. Conversely, any dependent type theory with depen-
dent sums and products can be interpreted in an LCCC.

Sketch. In an LCCC C, the slice category €/x models the context of types over a
base type x. The terminal object in €/x corresponds to the trivial type, products
in G/x correspond to dependent pairs, and exponentials model dependent func-
tion types. The pullback functor along morphisms f : y — x in € corresponds to
substitution in type theory. The universal properties of products and exponen-
tials in each C/x ensure the rules of dependent products are satisfied. Conversely,
a type theory with dependent sums and products constructs an LCCC via its
syntactic category, where contexts are objects and terms are morphisms. O

2.3 Examples

1. The category Set of sets is locally cartesian closed. For any set X, the
slice category Set/X is equivalent to the category of X-indexed families of
sets, which has products, exponentials, and a terminal object (the identity
family).

2. The category Top of topological spaces is not locally cartesian closed, as
not all slice categories Top/X are cartesian closed (e.g., exponentials may
not exist for arbitrary spaces).

3. The category of presheaves Set®” on a small category C is locally carte-
. . op . .
sian closed, as each slice Set® /F is equivalent to a presheaf category over
a comma category, which is cartesian closed.
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2.4 Conclusion

Locally cartesian closed categories bridge category theory and dependent type
theory, providing a semantic framework for modeling complex type systems.
Their slice categories’ cartesian closed structure supports dependent products,
making them a powerful tool in categorical logic. Theorem [I| underscores their
significance, and examples like Set illustrate their applicability.
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We present the formal definitions of monoidal, braided, and symmetric
monoidal categories, emphasizing their coherence conditions. Key theo-
rems, including Mac Lane’s coherence theorem for monoidal categories and
the coherence theorem for symmetric monoidal categories, are discussed.
The exposition is grounded in category theory, with diagrams illustrating
the triangle, pentagon, and hexagon identities.

3 Symmetric Monoidal Categories

Monoidal categories provide a framework for studying algebraic structures with
a tensor product, such as vector spaces or abelian groups. Braided and symmet-
ric monoidal categories introduce commutativity via a braiding or symmetry,
with applications in topology, quantum algebra, and theoretical physics. This
article defines these structures and their coherence conditions, culminating in
coherence theorems that ensure the consistency of associativity, unit, and braid-
ing operations. We follow the categorical formalism pioneered by Saunders Mac
Lane and Max Kelly.

Definition 8 (Monoidal Category). A monoidal category is a category C
equipped with:

e A functor ® : € x € — @, called the tensor product.
e An object I € ob(€), called the unit object.
e Natural isomorphisms:
Ax i I®x — x  (left unitor),
Px :x® 1 — x (right unitor),

Oxy,z: (X®Y)®z—=x®(Yy®z) (associator),

satisfying the following coherence conditions:
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e Triangle identity: For all x,y € ob(C),

Oy Ty O Px ®idy =idx @Ay : (x @) ®Y = x @Y.

px®/ &y

x®ye———————x®1®y
dx @ Ay

e Pentagon identity: For all x,y,z,w € ob(€),

Xx,y,zwOo%x®y,z,w = (idx®(xy,7_,w)O(xx,y®z,woo‘x,y,z®idw : ((X®y)®l)®w — X®(g®(Z®W))

% »Y,Zz@wW
x®y) R (zaw) il x® (Y (ze@w))
Xx®@y,2)
((X®U)®Z)®W idx@“y,z,w
“nysl®i w
xeyez))ew x® ((y®z)@w)
"XXJJ®Z»W

Theorem 2 (Coherence for Monoidal Categories). (Mac Lane, [I]) In a
monoidal category, every diagram composed of instances of «, A, p, their in-
verses, identities, and tensor products, that has the same source and target,
commutes.

Remark 2. The triangle and pentagon identities ensure that all ways of re-
bracketing tensor products or removing units are consistent. Theorem [2| implies
that no additional coherence conditions are needed beyond those specified.
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3.1 Definitions

Definition 9 (Braided Monoidal Category). A braided monoidal category is a
monoidal category (G, ®, I, &, A, p) equipped with a natural isomorphism

Bxy 1 X®Y = y®x (braiding),
satisfying the following hexagon identities:

e Hezagon 1: For all x,y,z € ob(C),
Ox, 2y OB x@y, 200, y,z = (Bx,z®1dy)ocx 2 yo(idx @By 2) : (xDY)®z — x®(zQY).

Xx,z,y

(x®z)®yY x®(z®vy)
Bx@
xoy)®z
Xylz,x idy By,z
&x,y,z

(Y®2z) Bxyer— xQ (y®2z)

e Hezxagon 2: For all x,y,z € ob(C),

“71 OBX,UQZ)ZOOC;,] = (idz®ﬁx,y)O“;L,yo(ﬁx,z@)idy) :X®(U®Z) — (Z®X)®y'

X\Z?y y)z

—1

Cx,z,y
(zex)®y x®z)®vy
BX,y@Z
X® (y®z)
o‘;}c,y Bhoy,z
L

z®@ WEYPtr— (x@Y)®z

Definition 10 (Symmetric Monoidal Category). A symmetric monoidal catego-
ry is a braided monoidal category (C, ®, I, &, A, p, ) where the braiding satisfies
the symmetry condition:

By,x © Bxy =ldxey : X @Y = x @Y,

for all x,y € ob(C).
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3.2 Theorems

Theorem 3 (Coherence for Symmetric Monoidal Categories). (Joyal and
Street, [3]) In a symmetric monoidal category, every diagram composed of in-
stances of «, A, p, (3, their inverses, identities, and tensor products, that has the
same source and target, commutes.

Remark 3. The symmetry condition 3, x0fx,, = idxgy ensures that the braid-
ing is its own inverse up to isomorphism, distinguishing symmetric monoidal
categories from braided ones. Theorem [3] guarantees that all braiding and asso-
ciativity operations are coherent, extending Theorem

3.3 Examples

1. The category Set of sets, with cartesian product as the tensor product
and a singleton set as the unit, is a symmetric monoidal category. The
braiding Bx,y : X x Y = Y x X is given by (x,y) — (y,x).

2. The category Vecty of vector spaces over a field k, with the tensor product
of vector spaces and k as the unit, is symmetric monoidal. The braiding
swaps tensor factors: v w — w Qv.

3. The category Ab of abelian groups, with tensor product ®z and Z as the
unit, is symmetric monoidal.

3.4 Conclusion

Symmetric monoidal categories generalize algebraic structures with associative,
unital, and commutative operations, with coherence theorems ensuring consis-
tency. These structures are foundational in category theory and have applica-
tions in quantum mechanics, knot theory, and computer science. The coherence
theorems of Mac Lane and Joyal-Street provide a rigorous foundation for rea-
soning about such categories.

Jlitreparypa

[1] S. Mac Lane, Natural associativity and commutativity, Rice University Stud-
ies, Vol. 49, No. 4, 1963.

[2] S.Mac Lane, Categories for the Working Mathematician, Springer, Graduate
Texts in Mathematics, Vol. 5, 1971 (2nd ed., 1998).

[3] A. Joyal and R. Street, The geometry of tensor calculus I, Advances in Math-
ematics, Vol. 88, No. 1, 1991, pp. 55-112.

[4] P. Etingof, S. Gelaki, D. Nikshych, and V. Ostrik, Tensor Categories, Mathe-
matical Surveys and Monographs, Vol. 205, American Mathematical Society,
2015.

22



Issue XXVI: Fibered Categories

Maksym Sokhatskyi

! National Technical University of Ukraine
Igor Sikorsky Kyiv Polytechnical Institute
16 gepBHs 2025 p.

AmnoTaiiis
Keywords: Dependent Type Theory, Metatheory

4 Fibered Categories

The term “type dependency” refers to the ability in a calculus of types and terms
to have types that depend on term variables, as studied by de Bruijn [4] and
Martin-Lof [22]. In computer science, type dependency is useful, e.g., to define
List(n) as the type of lists of length n. Unlike polymorphic calculi, languages
with type dependency blur the distinction between compile time and run time.
This paper focuses on the categorical semantics of type dependency, referring
to [22] B1] for syntactic details.

A key challenge in categorical semantics is modeling contexts, which cannot
be simple cartesian products due to dependencies among types. Specifically,
we address context extension, i.e., the transition from I' = o : Type to the
extended context [[x : 0. In categorical logic, statements I' F o : Type are
viewed as objects fibred over contexts I', requiring a fibration p : E — B. Con-
text extension is modeled by a functor Py : E — B, equipped with a natural
transformation Py — p, where components are projections I[x : ¢ — I'. This
structure corresponds to a functor E — B, where B is the arrow category of
B. By requiring projections to be stable under substitution (see Lemma [4]), we
define comprehension categories.

Various categorical structures for type dependency have been proposed over
the past 15 years [5] 28] [30] 19} [15] 23], 26]. Despite differences, context extension
is a common feature. Comprehension categories provide a minimal, clean cat-
egorical framework, further developed in [16] [I7], where they serve as building
blocks for arbitrary type systems.

Comprehension categories involve a weak form of comprehension, described
by disjoint unions (see after Lemma , handling context extension in I[x : o.
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Other notions of comprehension (Pavlovié, Ehrhard, Lawvere) fit within this
framework.

We view category theory as an assembly language, requiring detailed han-
dling of substitution and isomorphisms, while type theory acts as a higher-level
language for parts of category theory, with interpretation akin to compilation.
Category theory thus provides a variable-free formalism for logic and type the-
ory, central to categorical abstract machines [0, [7].

The paper begins with fibred category theory (Sections and, covering
standard material from Grothendieck and Bénabou. Fibrations are the backbone
of comprehension categories, and fibred adjunctions ensure substitution proper-
ties like (Ax : 0.P)[x := M] = Ax : o[x := M].(P[x := M]). Section introduces
comprehension categories, showing how examples fit, while Section [£.4 addresses
quantification.
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4.1 Fibrations

We present basic facts about fibrations; see [2, [I1] [12} [I3] for details. Parentheses
are often omitted for readability.

Definition 11. Let p: E — B be a functor.

(i) A morphism f:D — E in E is cartesian over u: A — B in B if:

(a) pf=u,
(b) for every f’ : D/ — E with pf’ = u, there is a unique ¢ : D’ — D
with pp =ida and ' =fo ¢.

(ii) Dually, g : D — E is cocartesian over u if g in E°P is cartesian over u in
B°P, ie.:

(a) Pg=1,
(b) for every g’ : D — E’ with pg’ = u, there is a unique { : E — E’
with pyp =idg and g’ = og.

This is shown in Figure[l] A cartesian f is a terminal lifting, and a cocartesian
g is an initial lifting of u.

Puc. 1: Cartesian morphism diagram.

(iii) The functor p : E — B is a fibration if:

(a) for every E € E and u: A — pE in B, there is a cartesian f: D — E
over u in E;
(b) the composition of two cartesian morphisms is cartesian.
B is the base category, and E is the total category. Dually, p is a cofibration

if p°P : E°P — B°P is a fibration. A bifibration is both a fibration and a
cofibration.

The arrow category B~ has arrows of B as objects and commuting squares
as morphisms. The functor dom : B~ — B is a fibration. If B has pullbacks,
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cod : B7 — B is a bifibration, with cartesian morphisms as pullback squares.
Modules over rings provide another bifibration example [12].

Cartesian (cocartesian) morphisms are denoted w(E) : u*(E) — E (u(D) :
D — u.(D)), unique up to isomorphism. A morphism f : D — E is strong
cartesian over u: A — B if pf = u and for any f' : D’ — E with pf’ = uwov,
there is a unique ¢ : D’ — D with pd = v and f’ = f o ¢. For fibrations,
cartesian and strong cartesian morphisms coincide.

Definition 12. Let p : E — B be a functor. For B € B, the fibre Eg is the
category with objects E € E such that pE = B and arrows f in E with pf =idg
(vertical morphisms).

For E,D € E and u: pE — pD, define E,,(D,E) = {f € E(D,E) | pf = u}.
If p is a fibration, Ey(D,E) = Eyp(D,u*(E)); if a cofibration, E,(D,E) =
EpE(u*(D)) F—)

For a fibration p and u: A — B, define u*(f) : u*(E) — u*(D) in EA for
f:E — D in Eg using the cartesian morphism w(D) : u*(D) — D (see Figure
. This yields a pullback in E, and u* : Eg — EA is the reindexing functor.

u*(f)
u*(E) —— u*(D

)
‘u(D)
D

Puc. 2: Reindexing functor diagram.

f

A cleavage is a collection {u*, 1} satisfying certain natural isomorphisms. A
fibration is split if v o (E) = ¥(E) o iw(v*(E)) and id(E) = id.

The Grothendieck construction yields a split fibration from a functor ¥ :
B°P — Cat, with objects (A,X), X € WA, and morphisms (u,f) : (A,X) —
(B,Y), where wu: A — B and f: X — ¥(u)(Y).

Proposition 1. Let p: E — B be a fibration.
(i) p is a bifibration if and only if every u* has a left adjoint Z,,.
(ii) If r: B — A is a fibration, then rp : E — A is a fibration.

Definition 13. (i) For fibrations p : E — B and q : D — B, a functor
H:E — D is cartesian if o H = p and H preserves cartesian morphisms.
This defines a category Fib(B). More generally, Fib has morphisms (H, K) :
(p:E—B)—= (q:D — A) where qoH = Kop and H preserves cartesian
morphisms.
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(ii) Fib(B) and Fib are 2-categories with 2-cells 0 : H — H’ (in Fib(B)) or
(o,7): (H,K) = (H’,K’) (in Fib) as natural transformations with vertical
components.

Lemma 1. Let p: E — B, q: D — B be fibrations, and F: p — ¢ a cartesian
functor.

(i) Frestricts to F[, : EA — Da. Fis full (faithful) if and only if every F|, is
full (faithful).

(ii) If F is full and faithful, f is p-cartesian if and only if Ff is g-cartesian.
Proposition 2. (i) The pullback in Cat of a fibrationp: E - Band K: A —
B yields a fibration K*(p): A x E — A and a morphism K*(p) — p.

K,p

(ii) The functor Fib — Cat, mapping a fibration to its base, is a fibration with
fibres Fib(B).

(iii) Fib(B) has finite products, preserved under change-of-base.
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4.2 Category Theory over a Basis
Since Fib(B) is a 2-category, we define fibred adjunctions.

Definition 14. For fibrations p: E — B, q : D — B, and cartesian functors
F:p—4q,G:q—p, Fis a fibred left adjoint of G if F 4 G with a vertical unit

1.
Definition 15. For adjunctions F4G (F:E— D) and F' 4G’ (F/:E' — D’),
a pseudo map from F 4 G to F/ 4 G’ is a quadruple (K, L, ¢@,\) with functors

K:E—=E/,L:D — D’, and natural isomorphisms ¢ : K — LF, { : G'L —
KG, preserving units and counits (see Figure [3)).

/—\
E & D

K (p:F’é(/—> LF L
E’ p D’
P G’E — KG

Puc. 3: Pseudo map of adjunctions.

Lemma 2. In Definition @ and 1 determine each other: an isomorphism
F'K = LF induces a pseudo map if and only if the canonical transformation
KG — G’L is an isomorphism, and similarly for G'L = KG.

Proposition 3. For a cartesian functor F: p — q in Fib(B) with right adjoints
Ga for each F|,, the following are equivalent:

(i) F has a fibred right adjoint G underlying {GA}.

(ii) For every u: A — B, reindexing functors u*?, u*9 determine a pseudo
map Flg #Gg — F[, 1GAa.

(iii) For every u: A — B, the canonical transformation w*PGg — GAu*9 is
an isomorphism.

Definition 16. A fibration p : E — B admits a terminal object if the unique
morphism p — terminal in Fib(B) has a fibred right adjoint. Thus, each fibre E5
has a terminal object TA, and u*(1B) — 1A is an isomorphism for w: A — B.

Definition 17. A fibration p : E — B admits cartesian products if the mor-
phism A :p — p X p in Fib(B) has a fibred right adjoint. Thus, each fibre EA
has products (—) x A (—), and the canonical map u*(Exg D) — u*(E) x o u*(D)
is an isomorphism.
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Definition 18. A fibration p : E — B admits equalizers if the morphism A :
p — p?* in Fib(B) has a fibred right adjoint, where p2* is defined via change-
of-base.

Lemma 3. For a bifunctor F: A x P — B, the following are equivalent:
(i) For each p € P, F(—, p) has a right adjoint G(—, p).

(ii) For every groupoid subcategory |P| of P with Obj[P| = ObjP, the functor
F:A X |P| = B x |P| has a right adjoint G.

(iii) There exists such a groupoid |P| satisfying (ii).

Definition 19. A fibration p : E — B with cartesian products admits exponents
if the functor prod : p x |p| — p X [p| in Fib(B) has a fibred right adjoint.

Definition 20. Let p: E — B be a fibration, where B has pullbacks.

(i) p has sums if every u* has a left adjoint X,, and the Beck-Chevalley
condition holds: for a pullback in B, X,s* — r*%,, is an isomorphism.

(ii) p has products if u* 4TIy, and r*TT,, = TT;s* canonically.

For a category B with finite limits, cod : B™ — B has fibred finite limits

and sums. B is a locally cartesian-closed category (LCCC) if cod: B” — B isa
fibred CCC.

4.3 Comprehension Categories

Definition 21. A comprehension category is a functor P : E — B satisfying:
(i) codoP : E — B is a fibration.
(ii) If f is cartesian in E, then Pf is a pullback in B.

It is full if P is full and faithful, and cloven or split if the fibration is cloven or
split.

Notation 1. For a comprehension category P : E — B, write p = cod o,
Po = domoP. The object part of P is a natural transformation P : Py — p.
For E € E, PE are projections, PE* are weakening functors, and |E| ={u: pE —
PoE | PE ou =id} are terms of type E.

Example 1. (Term model) For a calculus with type dependency [22], [31], define
a full comprehension category P : E — B™. Objects of B are equivalence classes
[I'] of contexts. Morphisms [I'1 — [A], with A =y; : T1,...,Yn : Tn, are n-tuples
(IMq],...,[My]) where T F M : Ti[x1 := My,...,xi—1 = Mj_1]. Objects of

E are [I'F o : Type], and arrows are pairs ([M], [N]) with [M] : [Tl — [A] and

Nx:obFN:1[{j:=M]. Then P: [Tk o: Type] — ([[x: 0] — ).
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Poti(E)
A— PoE

u PE
B—— s pE
id
Puc. 4: Pullback for Lemma ]

Lemma 4. For a comprehension category P : E — B, for every E € E and
u : A — pE, there is a pullback as in Figure [ Thus, a pullback functor
PE* : B/pE — B/PoE is defined by u — Pou(E).

For E € E above B € B and u : A — B, there is an isomorphism
B/B(u, PE) = [u*(E)|, encoding a disjoint union.

Example 2. (Display-map categories) If B has pullbacks, the identity B— —
B~ is a full comprehension category. For a category B with a collection D of
display maps closed under pullbacks [30, 5] [19], the inclusion B~ (D) C B is
a full comprehension category.

Example 3. (Full internal subcategories) For an LCCC B and morphism T,
the fibration X(t) — B has a full and faithful cartesian functor L(t) — B,
forming a full comprehension category [27] [18].

Example 4. (Topos comprehension) For a topos B with subobject classifier
T:t — Q, the functor B/Q — B~ mapping ¢ : A — Q to its extension is a
comprehension category, full and faithful on Cart(B).
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4.4 Quantification

A comprehension category is closed if it has a unit, products, and strong sums
(Definition . Products and sums are defined via adjoints to weakening func-
tors, using fibred or fibrewise adjunctions with Beck-Chevalley conditions.

For a comprehension category P : E — B, define Cart(E) C E with carte-
sian arrows, yielding fibrations |p|* : Cart(E) x E — Cart(E) and |Po|*(p). The
natural transformation P : Py — p lifts to a cartesian functor (P) : |p/*(p) —
[Pol*(p). P has products (sums) if (P) has a fibred right (left) adjoint.

Fibrewise, P has products (sums) if every PE* : E,g — Ep ¢ has a right ad-
joint TTg (left adjoint X¢), and the Beck-Chevalley condition holds: for cartesian
f:E—=E, (pf)* e, — Me(Pof)* (or Zg(Pof)* — (pf)*Le) is an isomorphism.

Definition 22. For a comprehension category with products, objects E € E are

types, and |E| are terms. For E,D € E with pD = PyE, the product type TTg.D

above pE has a canonical map [TTg.D| — |D|, u s u - vart.

Lemma 5. For a comprehension category with products, |TTg.D| = |D] if and
only if P preserves products, i.e., B/pE(u, P(IMg.D)) = B/PoE(PE*(u), PD).

Lemma 6. A comprehension category with unit preserves products.
Lemma 7. A nonempty full comprehension category preserves products.

Definition 23. Weak sums follow the rules:

'-o:Type Lx:oFT1:Type TEFEM:0 TFEN:1lx:=M]
Tk Ix:o.1: Type ’ r-(Mm,N):x:o1t '

with weak elimination:
'FP:Xx:01 TkFp:Type Nx:oy:TtHQ:p
't Q where (x,y):=P:p )

Strong sums allow p to depend on w: Xx : 0.T.

Lemma 8. A full comprehension category with unit, products, and sums yields

a fibred CCC.

Lemma 9. The comprehension category Fam(C) — Cat™ has sums if C has
infinite coproducts, and similarly for products.

Definition 24. A comprehension category has strong sums if for E,D € E with
pD = PoE, the canonical map PoD — Po(Xg.D) is an isomorphism.

Definition 25. In a category C with terminal object t, a sum II{X is strong if
(t | X) — (t | II1X) is an isomorphism.

Lemma 10. If C has strong sums and small C(t,A), then C(t,—) : C — Sets
has a full and faithful left adjoint.

Lemma 11. C has strong sums if and only if Fam(C) — Sets™ has strong
sums.
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Proposition 4. In a distributive category C, strong sums exist if and only if
the terminal object is indecomposable.

Definition 26. A closed comprehension category (CCompC) is a full compre-
hension category with unit, products, and strong sums.

Example 5. (i) For B with finite limits, Idg— is a CCompC if and only if B
is an LCCC.

(i) For B with finite products, Consg : B — B~ is a CCompC if and only if
B is a CCC.

(iii) Fam(Sets) — Cat™ is a CCompC.

(iv) The term model (Example [1)) with unit, products, and strong sums is a
CCompC.

(v) Realizability models in w-Set and M yield CCompCs Fam.g(C) —
w-Set .

Lemma 12. A CCompC P : E — B~ preserves units, sums, and products.

Acknowledgment 1. This paper benefited from discussions with A. Carboni,
P.-L. Curien, Th. Ehrhard, I. Moerdijk, E. Moggi, D. Pavlovi¢, and Th. Stre-
icher.

Jliteparypa

[1] M. Barr and Ch. Wells, Toposes, Triples and Theories (Springer, Berlin,
1985).

[2] J. Bénabou, Fibred categories and the foundations of naive category theory,
J. Symbolic Logic 50 (1985) 10-37.

[3] J. Blanco, Relating categorical approaches to type dependency, Master The-
sis, Univ. Nijmegen, 1991.

[4] N.G. de Bruijn, A survey of the project AUTOMATH, in: J.R. Hindley and
J.P. Seldin, eds., To H.B. Curry: Essays on Combinatory Logic, Lambda-
Calculus and Formalism (Academic Press, New York and London, 1970)
579-606.

[5] J. Cartmell, Generalized algebraic theories and contextual categories, Ph.D.
Thesis, Univ. Oxford, 1978.

[6] P.-L. Curien, Categorical Combinators, Sequential Algorithms and Func-
tional Programming (Pitman, London, 1986).

[7] P.-L. Curien, Alpha conversion, conditions on variables and categorical log-
ic, Studia Logica XLVIII 3 (1989) 319-360.

32



18]

19]

[10]

[11]
[12]

[13]

[14]

[15]

[16]
[17]

[18]
[19]

[20]

[21]

[22]
[23]

Th. Ehrhard, A categorical semantics of constructions, in: Logic in Com-
puter Science (Computer Society Press, Washington, 1988) 264-273.

Th. Ehrhard, Dictoses, in: D.H. Pitt et al., eds., Category Theory and
Computer Science, Lecture Notes in Computer Science, Vol. 389 (Springer,
Berlin, 1989) 213-223.

P. Freyd, Aspects of topoi, Bull. Austral. Math. Soc. 7 (1972) 1-76 and
467-480.

J. Giraud, Cohomologie non abelienne (Springer, Berlin, 1971).

J.W. Gray, Fibred and cofibred categories, in: S. Eilenberg et al., eds., Proc.
Conf. on Categorical Algebra, La Jolla 1965 (Springer, Berlin, 1966) 21-83.

A. Grothendieck, Catégories fibrées et descente, Séminaire de Géométrie
algébrique de Ulnstitut des Hautes Etudes Scientifiques (SGA1, Paris,
1961), reprinted in Lecture Notes in Mathematics, Vol. 224 (Springer,
Berlin, 1971).

J.M.E. Hyland, A small complete category, Ann. Pure Appl. Logic 40 (1989)
135-165.

J.M.E. Hyland and A.M. Pitts, The theory of constructions: categorical
semantics and topos theoretical models, in: J.W. Gray and A. Scedrov, eds.,

Categories in Computer Science and Logic, Contemporary Mathematics,
Vol. 92 (AMS, Providence, RI, 1989) 137-199.

B.P.F. Jacobs, Categorical type theory, Ph.D. Thesis, Univ. Nijmegen, 1991.

B.P.F. Jacobs, E. Moggi, and Th. Streicher, Relating models of impredica-
tive type theories, in: D.H. Pitt et al., eds., Category Theory and Computer

Science, Lecture Notes in Computer Science, Vol. 530 (Springer, Berlin,
1991) 197-218.

P.T. Johunstone, Topos Theory (Academic Press, London, 1977).

F. Lamarche, Modelling polymorphism with categories, Ph.D. Thesis,
McGill Univ., Montreal, 1988.

F.W. Lawvere, Equality in hyperdoctrines and comprehension scheme as
an adjoint functor, in: A. Heller, ed., Applications of Categorical Algebra
(AMS, Providence, RI, 1970) 1-14.

S. Mac Lane, Categories for the Working Mathematician (Springer, Berlin,
1971).

P. Martin-Lof, Intuitionistic Type Theory (Bibliopolis, Naples, 1984).
E. Moggi, A category theoretic account of program modules, Math. Struct.
in Comput. Sci. 1 (1991) 103-139.

33



[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

G. Longo and E. Moggi, Constructive natural deduction and its ‘Q-set’
interpretation, Math. Struct. in Comput. Sci. 1 (1991) 215-254.

R. Paré and D. Schumacher, Abstract families and the adjoint functor the-
orems, in: P.T. Johnstone and R. Paré, eds., Indexed Categories and their
Applications, Lecture Notes in Mathematics, Vol. 661 (Springer, Berlin,
1978) 1-25.

D. Pavlovi¢, Predicates and fibrations, Ph.D. Thesis, Univ. Utrecht, 1990.

A .M. Pitts, Polymorphism is set theoretic, constructively, in: D.H. Pitt et
al., eds., Category Theory and Computer Science, Lecture Notes in Com-
puter Science, Vol. 283 (Springer, Berlin, 1987) 12-39.

R.A.G. Seely, Locally cartesian closed categories and type theory, Math.
Proc. Cambridge Philos. Soc. 95 (1984) 33-48.

Th. Streicher, Correctness and completeness of a calculus of constructions,
Ph.D. Thesis, Univ. Passau, 1988.

P. Taylor, Recursive domains, indexed categories and polymorphism, The-
sis, Univ. Cambridge, 1986.

A.S. Troelstra, On the syntax of Martin-Lof’s theories, Theoret. Comput.
Seci. 51 (1986) 1-26.

G. Winskel, A compositional proof system on a category of labelled tran-
sition systems, Inform. and Comput. 87 (1990) 2-57.

34



[ssue XXVII: Quillen Model Categories

Namdak Tonpa
16 gepsua 2025 p.

Amnoraris

Ils crarTa € oryiioM Teopil MONEJIBHUX KAaTeropiil, 3alro4aTKOBaHOI
Heniesrom Ksinernom y #toro HoBaTopchKiit nmparti 1967 poxy “I'omoromniuua
aaredopa”’. Mu po3riisiia€éMo iCTOPUYHHMII KOHTEKCT, OCHOBHI aKCiOMH Ta
3aCTOCYBAHHS MOJIEJIBHUX KaTeropiil y TomoJioril Ta CyMiKHUX Tajy3:x,
30KpeMa y JioBejieHHi KoH eKTyp Mimropa ta Biaoxa-Karo Boesomcbkum.
Tako>k 06rOBOPIOIOTHCS Cy4YaCHi y3araJibHeHHs, TakKi siK iH(diHiTi-KaTeropii
Ta MOJEJbHI CTPYKTYPH Ha CHUMIUIHIIWHUX 1 KyOIYHUX MHOXKHHAX,
3 AaKIEHTOM Ha IXHIO PeJEBAHTHICTb Yy MaTeMaTHI[l Ta TEeOPeTUYHii
indopmarurii.

5 Model Categories

PhD [lemiena Ksinena Oyma mnpucsdena gudepeHIiaIbHIM PiBHIHHSIM,
aje Bigpasy micas 1mporo BiH mepeBiBcs B MIT i mowas mparoBatn B
ajrebpaiuniit  Tomogsiorii, mix BmmBoMm Jlena Kana. Yepes Tpm poku BiH
Bugae Illupinreposenki Jeknii 3 maremaruxku "Tomoroniuna asre6pa[],
dKa Ha3aBXKIW TpaHchOpMyBajga ayredpaldHy TOIOJIOTII0 BiJ BUBYEHHS
TOTOJIOTTYHUX TPOCTOPIB 3 TOYHICTIO JI0 TOMOTOIII JI0 3araJIbHOIO IHCTPYMEHTY,
II[0 3aCTOCOBYETHCS B IHIMUX TaJIy3sdX MaTEMATUKH.

Mopenpui kaTeropil Bmepine Oy/iau ycIimHO 3acTtocoBani Boeoicbkum
Ha miaTBep/KeHHst KOH'IOHKTypu Mimsopa [2] (mist 2) 1 morim mMorusHOL
kor'toukTypu Bioxa-Karo [3] (ma n). g nokasy mis 2 Oyiaa mobynoBaHa
3pydHa TOMOTOINYHA CTablJbHA KaTeropis ysaraabHeHHX cxeM. IludiniTi
kareropii [Ixkosinst, mocurh mobpe mocmimkeni Jlype [4], e upsmum
y3araJibHeHHSIM MOJIEJIbHIUX KaTeropii.

5.1 O3HaveHHH MOJIeJIbHUX KaTeropii

Ho gacy, komu Ksimren manucas "Tomoromiuny asrebpy Bxke Oyiio jeske
VSBJIEHHS IIPO Te, SK Ma€ BUIVISIATH Teopisg romoromiit. Ilounnaemo mu
3 kareropili € Ta kosekmil mopdizmiB W — cjaabKuMu €KBiBaJIEHTHOCTSIMU.
3aBianus BhpaBu iHBepryBatm W MOp(disMy 06 OTpUMaTH TOMOTOIIYHY
Kareropit. Xotrizocs 6 mMaru crocid, mod MoxKHa OyJI0 KOHCTPYTYyBaTH MOXiTHI
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dyukTopu. g Tomosoriaaoro mpoctopy X, ioro ampoxkcumartii LX i crabkoi
ekBiBastenTHocTi LX — X 11¢ o3Havae, moO MU TOBUHHI 3aminuTu X Ha
LX. Ile awnajoriuno 0 3aMiHu MO/ abO JIAHIIONOBOIO KOMILIEKCY Ha
MIPOEKTUBHY pe30bBeHTy. [loaBiitnnM dmHOM, JUIS CHMITIIHHOT MHOKIHI K,
Kan xommiekcy RK, i cmabkoi exBiBasenTrHocTi K — RK My moBummHi 3aminnTn
K ma RK. ¥ mpoMmy BUIAAKY 1€ aHAJOTITHO 10 3aMiHU JIAHIIFOTOBOIO KOMILIEKCY
iH’€KTUBHOIO PE30JIbBEHTOIO.
modelStructure (C: category): U

= (fibrations: fib C)

* (cofibrations: cofib C)

x (weakEqivalences: weak C)

* unit

Takum IUHOM Ksinemy oTpibHo
0yJ10 OKpiM TOHATTs CJIaOKOI eKBIBAJIEHTHOCTI Ie # MOHATTS PO3IIApOBAHOTO
(RK) ta xoposmaposanoro (LX) of’ekri. Kurrouosmit iHcraifiT 3 Tomosorii
TYT HACTYIHHUN, B HeabeJeBUX CHTYaIlisX O0’€KTH He HAJAITh JOCTATHBOI
CTPYKTYPH MOHATTS TOYHOI MOCTIAOBHOCTI. ToMmy cTaso 3po3ymijo, Mo s
BiIHOB/IEHHS CTPYKTYpPU HEOOXiIHO II1e IBa K1acu MOP(di3MiB: po3mapyBaHHs Ta
KOPO3IIapyBaHHs Ha JIOJIATOK 0 CJIaOKUX eKBiBaJEHTHOCTEH, IKUM MU IIOBHHHI
inverryBaTu Jijis po30yI0BU TOMOTOIIYHOI KaTeropii. IIpuposino 11i Tpu KoJIeKIril
MOP(}I30M MOBUHHI 3a]0BOJILHSTH HAOOPY YMOB, 3BAHUX aKCIOMaMU MOJEIbHUX
kareropii: 1) HasBHiCT, Majux JiMmiTiB i KoJuMmiTiB; 2) npaBuio 3-1s-2; 3)
[PAaBUJIO PEKTPAKTIB; 4) npaBmwiio migiiomy; 5) npasmio ¢hakTopU3aIii.

Definition 27. Mouenbna kareropiss — 1e Kareropisi G, ocHalleHa TpboMa,
kjacamu Mopdizmis: 1) fib(€) — posmapysanns; 2) cof(€) — KoposmapyBaHHs;
3) W(C) — cnabki ekBiBasjeHTHOCTI, sKi 3aJ0BOJBHAIOTH AKCIOMU, HaBeJeHl
BUIIIE.

IlikaBoro BJIACTUBICTIO MOJEIBLHUX KATEropifi € Te, MO JyaJbHI JIO HUX
KaTeropil
TIepeBEPTAIOTH PO3IIAPYBAaHHS Ta KOPO3IIAPyBaHHS, TAKUM YUHOM PEAJi3yI0dn
nyanbHicTh ExMmanna-Xinrona. Po3mapyBannas Ta KOpO3IMapyBaHHsI OB’ sI3aHi,
TOoMy B3aeMoBu3HadeHi. KoposmapyBanus € Mopdi3Mu, 10 MaioTh BJIACTUBICTH
JIIBOI'O TOMOTOIIIYHOT'O TIi/IIIOMY TI0 BiJIHOIIIEHHIO JI0 AlIUKJIIYHUX PO3IIapyBaHHS
i pozmapyBaHHs € MOP(MU3MH, [0 MAKTh BJIACTUBICTH MPABOTO MOMOTOIIIYHOTO
i oMy 10 BiJHOIIEHHIO /10 alUKIIIHIX Koidparriii.

5.2 3acTrocyBaHHS B TOIIOJIOTil

OcHOBHUM 3aCTOCYBaHHsIM MOJEJbHUX Kareropiii y pobori Ksirena 06yito
MIPUCBSIYEHO KATErOPisiM TOMOJIOTIIHIX MTPOCTOPIB. [ TOMOIOTiIHIX TPOCTOPiB
icaye nBi momenbHi kKareropil: Ksinena (1967) ta Crpoma (1972). Ilepra sik
po3ImapoBaHuii BUKOPUCTOBY€E posmapyBanis Ceppa, a K KOPO3IIapOBYBAHHSI
Mopdi3zMy sKi MalOThb JIBHM TOMOTOIIYHHUI TMiAfOM IO BiJHOIIEHHIO J10
anyMKIIHEX posmapysanHst Ceppa, €KBIBAJEHTHO e PEeTPAaKTH BiIITOBIIHUX
CW-komIutekciB, a siK cjaabKa eKBIBAJIEHTHICTh BUCTYIAE CJIaOKa IOMOTOINYHA.
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Ipyra moznens CrpoMa siK po3liapyBaHHS BUKOPHCTOBYIOTHCSI PO3IIapyBaHHS
I'ypeBuya, K KOpo3mapyBaHHsI CTaHJIAPTHI KOPO3MIapOBYBaHH:, 1 K cJabKa
€KBIBaJIEHTHICTh — CHJIbHA POMOTOINIYHA €KBIBAJIEHTHICTD.

quillen67
modelStructure Top
= ( serreFibrations
retractsCW |
weakHomotopyEquivalence )

)

strom1972
modelStructure Top
= ( hurewiczFibrations ,
cofibrations |,
strongHomotopyEquivalence )

5.3 MoaesbHi KaTeropii Jijiss MHOXKWH

Haiimrpocrimmi mojenbHi KaTeropii MoxkKHa moOyAyBaTH I KaTeropii MHOXKUH,
e KUIbKICTh i3oMopdHHUX Mojeseil 3pocrae g0 ges’stu. Hasememo jiesiki
KOHMITypaIlil MOJE/JIbHUX KATEropiil /st Kareropil MHOXKWH:

set0: modelStructure Set = (all,all,bijections)

setl: modelStructure Set = (bijections ,all,all)

set2: modelStructure Set = (all,bijections ,all)

set3: modelStructure Set = (surjections ,injections ,all)
set4: modelStructure Set = (injections ,surjections ,all)

(
(
(
(

5.4 3acrocyBaHHs B ajirebpaiuHiii reomerpil

Mogenbai kareropili Bmeprme Oysm ycmimmao 3acTtocoBaHi BoeBoiachbkum Ha
migrBepizkennst Kou'toukTypu Minnopa [2] (mas 2) 1 morim  MoTmBHOL
kon'1oHKTYpr Bioxa-Karo [3] (nyst n). st mokasy miast 2 Gyna moGymosaHa
3pydYHa TOMOTOIIYHA CTablIbHa KaTeropis y3araJbHEHHX CXEeM.

5.5 Iudiniri-kaTeropii Ta cy4yacHi y3arajJilbHeHHs

Jluist mepexo/iy Bij MOJeJIbHAX KaTeropiii /1o (00,1)-kareropiit HeoGxigHO epeiiTu
0 KaTeropiit ge MopdizMu yTBOPIOIOTH HE MHOYXKUHU, 8 CAMILII{IHI MHOXKWHUA.
IToriM MOXKHA TTEPEXOINTHU O JIOKAJII3AITii.
simplicial
modelStructure sSet
= ( kanComplexes ,

monos
simplicialBijections )

Ajte pyis1 Hac, JJIsl IPOrpaMicTiB HaMIIKaBINUMU € MOJEJIbHI KaTeropil
CUMILTIIIAJbHIX MHOXKHWH Ta MOJEJbHI KaTeropili KyOidHHX MHOXKHUH, caMme B
npomy cerrunry Hamnucano CCHM meiiiep 2016 poky, /e TMOKA3aHO MOJIEJIbHY
CTPYKTYDY Kareropii Ky6iuaux MuoxkuH [5].
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cubical
modelStructure cSet
= ( kanComplexes |,
monos
geometricRealisation )

me cSet = [[1°P, Set], a [0 — kareropis 36aradena CTpyKTypoIlo aiarebpu e
Moprama.
5.6 BucaoBkm

Mopenpai Kareropii, 3ampoBajikeni Ksimaenom, cranm dyHIaMEHTAILHIM
IHCTPYMEHTOM y CydJacHiil MaTeMaTHIll, 3a0e31edy0vn THY YKnii ppeiMBOPK JIJIst
POBOTH 3 TOMOTOIIsIME B PI3HHX KATEropisx. IXHI 3aCTOCYBaHHS BapiIOIOTHC
Biz Tomosiorii 0 anrebpaidHol TeomeTpil Ta TeopeTwdHOl iHMOpMaTHKHM, a
y3araJibHeHHs, Taki gk iHdiniTi-kareropil, BiIKpUBAIOTH HOBI TOPU30HTHU IJIs
JoctimKenb. llomanbimuit po3BUTOK Teopil, #WmoBipHO, Oyme moB’s3aHuit i3
3aCTOCYBaHHSIM MOJEJIBHUX CTPYKTYP y KOMII'IOTEDHUX HAayKaX, 30KpeMa B
CEMaHTHIII MOB IIPOTPAMYBAHHS Ta TOMOTOINYHIN Teopil THUIIIB.
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[ssue XXXIX: Topos on Category of Sets
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AmnoTaniis

The purpose of this work is to clarify all topos definitions using type
theory. Not much efforts was done to give all the examples, but one exam-
ple, a topos on category of sets, is constructively presented at the finale.

As this cricial example definition is used in presheaf definition, the
construction of category of sets is a mandatory excercise for any topos li-
brary. We propose here CubicalttEl version of elementary topos on category
of sets for demonstration of categorical semantics (from logic perspective)
of the fundamental notion of set theory in mathematics.

Other disputed foundations for set theory could be taken as: ZFC,
NBG, ETCS. We will disctinct syntetically: i) category theory; ii) set
theory in univalent foundations; iii) topos theory, grothendieck topos, ele-
mentary topos. For formulation of definitions and theorems only Martin-
Lo6f Type Theory is requested. The proofs involve cubical type checker
primitives.

Keywords: Homotopy Type Theory, Topos Theory

L Cubical Type Theory, http://github.com/mortberg/cubicaltt
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6 Topos Theory

One can admit two topos theory lineages. One lineage takes its roots from
published by Jean Leray in 1945 initial work on sheaves and spectral sequences.
Later this lineage was developed by Henri Paul Cartan, André Weil. The peak
of lineage was settled with works by Jean-Pierre Serre, Alexander Grothendieck,
and Roger Godement.

Second remarkable lineage take its root from William Lawvere and Myles
Tierney. The main contribution is the reformulation of Grothendieck topology
by using subobject classifier.

6.1 Set Theory
Here is given the co-groupoid model of sets.

Definition 28. (Mere proposition, PROP). A type P is a mere proposition if
for all x,y : P we have x =y:

isProp(P) = H (x =y).
x,y:P

Definition 29. (0-type). A type A isa O-typeisforallx,y: Aandp,q:x =a y
we have p = q.

Definition 30. (1-type). A type A isa 1-typeiffor allx,y: Aand p,q:x =a y
and 1,5 :p =—, ¢, we have r =s.

Definition 31. (A set of elements, SET). A type A is a SET if for all x,y : A
and p,q:x =y, we have p = q:

isset(A) = [ J] (p=a-

X YA P, q:x=y

Definition 32. data N=7 | S (n: N)

n grpd (A: U) (n: N): U= (a b: A) — rec A a b n where
rec (A: U) (a b: A) : (k: N) > U
= split { Z — Path A ab ; Sn-—>n grpd (Path A a b) n}

isContr (A: U): U= (x: A) * ((y: A) — Path A x y)
isProp (A: U): U=n grpd A Z

isSet (A: U): U= n grpd A (S Z)

PROP : U = (X:U) =% isProp X

SET : U= (X:U) % isSet X

Definition 33. (TT-Contractability). If fiber is set thene path space between
any sections is contractible.

setPi (A: U) (B: A —> U) (h: (

(p q: Path (Pi AB) f g)

: Path (Path (Pi A B) f g)

x: A) —> isSet (B x)) (f g: Pi A B)

P q
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Definition 34. (Z-Contractability). If fiber is set then I is set.

setSig (A:U) (B: A — U) (base: isSet A)
(fiber: (x:A) —> isSet (B x)) : isSet (Sigma A B)

Definition 35. (Unit type, 1). The unit 1 is a type with one element.

data unit = tt

unitRec (C: U) (x: C): unit — C = split tt — x

unitInd (C: unit — U) (x: C tt): (z:unit) —> C z
= split tt — x

Theorem 4. (Category of Sets, Set). Sets forms a Category. All compositional
theorems proved by using reflection rule of internal language. The proof that
Hom forms a set is taken through TT-contractability.

Set: precategory = ((Ob,Hom),id,c,HomSet,L,R,Q) where

Ob: U = SET

Hom (A B: Ob): U=A.1 — B.1

id (A: Ob): Hom A A = idfun A.1

¢ (ABC: Ob) (f: Hom A B) (g: Hom B C): Hom A C
=o0A.1B.1C.1gf

HomSet (A B: Ob): isSet (Hom A B) = setFun A.1 B.1 B.2

L (A B:Ob) (f:Hom A B): Path (Hom A B)(c A AB (id A)f)f
= refl (Hom A B) f

R (A B:Ob) (f:Hom A B): Path (Hom A B)(c¢ A B B f(id B))f
= refl (Hom A B) f

Q (AB CD: Ob) (f:Hom A B) (g:Hom B C) (h:Hom C D)
Path (Hom A D) (c ACD (¢ ABC f g) h)
(c ABDf (¢ BCD g h))
= refl (Hom AD) (c ABD f (¢ BCD g h))
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6.2 Topological Structure

Topos theory extends category theory with notion of topological structure but
reformulated in a categorical way as a category of sheaves on a site or as one
that has cartesian closure and subobject classifier. We give here two definitions.

Definition 36. (Topology). The topological structure on A (or topology) is a
subset S € A with following properties: i) any finite union of subsets of S is
belong to S; ii) any finite intersection of subsets of S is belong to S. Subets of S
are called open sets of family S.

def =1 (A : Uy) (xy : A) := PathP (< > A) x vy
def isProp; (A : Uy) :=T (a b : A), = Aab
def isSet; (A : Uy) =T (a b : A) (xy =1 A ab), =

(=1 Aab)xy
def Prop :=U—> 2
def P (X: Uy;) := X — Prop

def 0 (X: Uy) : P X
A X) (L2 U), false

def total (X: Uy) : P X
= A (_: X) (_: U), true

def € (X: Uy) (el: X) (set: P X) : Uy
== (U—=2) (set el) (\(_: U), true)

def ¢ (X: Up) (el: X) (set: P X) : Uy
== (U= 2) (set el) (\(_: U), false)

C (X: Uy) (AB: PX)
=T (x: X), (6 X x A) x (¢ X x B)

o,

(]

=
>N

C(X:U;) : PXoPX
(h : PX), A (x: X) (Y: U), not (h x7Y)
X

def U (X: Uj) : PXSPX—oPX
;= A (hl : PX) (h2: PX), A (x: X) (Y: U), or (hl xY) (h2 xY)

def N (X: Uy) : PXSPX—oPX
:= A (hl : PX) (h2: PX), A (x: X) (Y: U), and (hl xY) (h2 xY)

For fully functional general topology theorems and Zorn lemma you can refer
to the Coq library Htopology by Daniel Schepler.

2https://github.com /verimath /topology
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6.3 Grothendieck Topos

Grothendieck Topology is a calculus of coverings which generalizes the algebra
of open covers of a topological space, and can exist on much more general cat-
egories. There are three variants of Grothendieck topology definition: i) sieves;
ii) coverage; iii) covering families. A category have one of these three is called a
Grothendieck site.

Examples: Zariski, flat, étale, Nisnevich topologies.

A sheaf is a presheaf (functor from opposite category to category of sets)
which satisties patching conditions arising from Grothendieck topology, and
applying the associated sheaf functor to preashef forces compliance with these
conditions.

The notion of Grothendieck topos is a geometric flavour of topos theory,
where topos is defined as category of sheaves on a Grothendieck site with
geometric moriphisms as adjoint pairs of functors between topoi, that satisfy
exactness properties. [?]

As this flavour of topos theory uses category of sets as a prerequisite, the
formal construction of set topos is cricual in doing sheaf topos theory.

Definition 37. (Sieves). Sieves are a family of subfunctors

R C Hom¢(_,U),U € C,

such that following axioms hold: i) (base change) If R C Homc(_, U) is covering
and ¢ : V — U is a morphism of C, then the subfuntor

dTR)={y: W= V| -yeR

is covering for V; ii) (local character) Suppose that R,R’ € Homc(_,U) are
subfunctors and R is covering. If ¢! (R’) is covering for all ¢ : V — U in R,
then R’ is covering; iii) Hom¢(_, U) is covering for all U € C.
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Definition 38. (Coverage). A coverage is a function assigning to each Obc the
family of morphisms {f; : U; — U}ic called covering families, such that for any
g :V — U exist a covering family {h : Vj; — V}j¢j such that each composite
Vj * Uy
h; o g factors some fi: lh lﬂ
v—2-u
def Co (C: precategory) (cod: C.C.ob) : U
:= L (dom: C.C.ob), C.C.hom dom cod

def Delta (C: precategory) (d: C.C.ob) : Uy
:= X (index: U), index —> Co C d

def Coverage (C: precategory): U;

:= X (cod: C.C.ob) (fam: Delta C cod)
(coverings: C.C.ob — Delta C cod — U),
coverings cod fam

def site (C: precategory): U
:= X (C: precategory), Coverage C

Definition 39. (Grothendieck Topology). Suppose category C has all pullbacks.
Since C is small, a pretopology on C consists of families of sets of morphisms

{da: Uy =2 UL UEC,

called covering families, such that following axioms hold: i) suppose that ¢ :
Uy, — U is a covering family and that { : V — U is a morphism of C. Then
the collection V xy Uy — V is a cvering family for V. ii) If {¢p4 : Uy — U}
is covering, and {y«,p : Wa,g — Uy} is covering for all «, then the family of
composites

Wap ~225 U, 225U
is covering; iii) The family {1 : U — U} is covering for all U € C.
Definition 40. (Site). Site is a category having either a coverage, grothendieck
topology, or sieves.

site (C: precategory): U
= (C: precategory) * Coverage C

Definition 41. (Presheaf). Presheaf of a category C is a functor from opposite
category to category of sets: C°P — Set.

presheaf (C: precategory): U
= catfunctor (opCat C) Set

Definition 42. (Presheaf Category, PSh). Presheaf category PSh for a site C is
category were objects are presheaves and morphisms are natural transformations
of presheaf functors.
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Definition 43. (Sheaf). Sheaf is a presheaf on a site. In other words a presheaf
F:C°P — Set such that the cannonical map of inverse limit

-
FU) —» lim F(V)
VoUeR
is an isomorphism for each covering sieve R € Homc(_,U). Equivalently, all
induced functions

Homc(Home(_,U),F) —» Hom¢ (R, F)

should be bejections.

sheaf (C: precategory): U
= (S: site C)
x presheaf S.1

Definition 44. (Sheaf Category, Sh). Sheaf category Sh is a category where
objects are sheaves and morphisms are natural transformation of sheves. Sheaf
category is a full subcategory of category of presheaves PSh.

Definition 45. (Grothendieck Topos). Topos is the category of sheaves Sh(C, J)
on a site C with topology J.

Theorem 5. (Giraud). A category C is a Grothiendieck topos iff it has following
properties: i) has all finite limits; ii) has small disjoint coproducts stable under
pullbacks; iii) any epimorphism is coequalizer; iv) any equivalence relation R —
E is a kernel pair and has a quotient; v) any coequalizer R — E — Q is stably
exact; vi) there is a set of objects that generates C.

Definition 46. (Geometric Morphism). Suppose that C and D are
Grothendieck sites. A geometric morphism

f: Sh(C) — Sh(D)

consist of functors f, : Sh(C) — Sh(D) and f* : Sh(D) — Sh(C) such that f*
is left adjoint to f, and f* preserves finite limits. The left adjoint f* is called
the inverse image functor, while f, is called the direct image. The inverse image
functor f* is left and right exact in the sense that it preserves all finite colimits
and limits, respectively.

Definition 47. (Cohesive Topos). A topos E is a cohesive topos over a base
topos S, if there is a geometric morphism (p*,p.) : E — S, such that: i) exists
adjunction p' - p, and p' - p,; ii) p* and p' are full faithful; iii) p, preserves
finite products.

This quadruple defines adjoint triple:

J4b4ﬁ
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6.4 Elementary Topos

Giraud theorem was a synonymical topos definition involved only topos proper-
ties but not a site properties. That was step forward on predicative definition.
The other step was made by Lawvere and Tierney, by removing explicit depen-
dance on categorical model of set theory (as category of set is used in definition
of presheaf). This information was hidden into subobject classifier which was
well defined through categorical pullback and property of being cartesian closed
(having lambda calculus as internal language).

Elementary topos doesn’t involve 2-categorical modeling, so we can con-
struct set topos without using functors and natural transformations (what we
need in geometrical topos theory flavour). This flavour of topos theory more
suited for logic needs rather that geometry, as its set properties are hidden un-
der the predicative predicative pullback definition of subobject classifier rather
that functorial notation of presheaf functor. So we can simplify proofs at the
homotopy levels, not to lift everything to 2-categorical model.

Definition 48. (Monomorphism). An morphism f:Y — Z is a monic or mono
if for any object X and every pair of parralel morphisms g7,g; : X — Y the

fogr=foga— g1 =gz

More abstractly, f is mono if for any X the Hom(X, ) takes it to an injective
function between hom sets Hom(X,Y) — Hom(X, Z).

mono (P: precategory) (Y Z: carrier P) (f: hom PY Z): U
= (X: carrier P) (gl g2: hom P X Y)
—> Path (hom P X Z) (compose P XY Z gl f)
(compose P XY Z g2 f)
—> Path (hom P X Y) gl g2

Definition 49. (Subobject Classifier[?]). In category C with finite limits, a
subobject classifier is a monomorphism true : 1 — Q out of terminal object 1,
such that for any mono U — X there is a unique morphism xy : X — Q and

u—<—1
pullback diagram: l ltme
XQ X% 0

subobjectClassifier (C: precategory): U
(omega: carrier C)
(end: terminal C)
(trueHom: hom C end.l omega)
(chi: (V X: carrier C) (j: hom C V X) —> hom C X omega)
(square: (V X: carrier C) (j: hom C VX) — mono CV X j
—> hasPullback C (omega,(end.1l,trueHom),(X,chi VX j)))
* ((V X: carrier C) (j: hom CV X) (k: hom C X omega)

—> mono C V X j

—> hasPullback C (omega,(end.1l,trueHom),(X,k))

—> Path (hom C X omega) (chi V X j) k)

* ¥ % x |
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Theorem 6. (Category of Sets has Subobject Classifier).

Definition 50. (Cartesian Closed Categories). The category C is called carte-
sian closed if exists all: i) terminals; ii) products; iii) exponentials. Note that this
definition lacks beta and eta rules which could be found in embedding MLTT.

isCCC (C: precategory): U
(Exp: (A B: carrier C) —> carrier C)

* (Prod: (A B: carrier C) —> carrier Q)

* (Apply: (A B: carrier C) — hom C (Prod (Exp A B) A) B)
x (P1: (A B: carrier C) —> hom C (Prod A B) A)

* (P2: (A B: carrier C) — hom C (Prod A B) B)

* (Term: terminal C)

* unit

Theorem 7. (Category of Sets is cartesian closed). As you can see from exp
and pro we internalize TT and I types as SET instances, the isSet predicates are
provided with contractability. Exitense of terminals is proved by propPi. The
same technique you can find in MLTT embedding.

cartesianClosure : isCCC Set
= (expo,prod,appli,projl ,proj2 ,term,tt) where
exp (A B: SET): SET = (A.1 —> B.1, setFun A.1 B.1 B.2)
pro (A B: SET): SET = (prod A.1 B.1, setSig A.1 (\(_ : A.1)
— B.1) A.2 (\(_ : A1) — B. ))
expo: (A B: SET) — SET = \(A B: SET) — exp A B
prod: (A B: SET) — SET = \(A B: SET) — pro A B
appli: (A B: SET) —> hom Set (pro (exp A B) A) B
= \(A B: SET) — \(x:(pro(exp A B)A).1)—> x.1 x.2
projl: (A B: SET) —> hom Set (pro A B) A
= \(A B: SET) (x: (pro AB).1) — x.1
proj2: (A B: SET) —> hom Set (pro A B) B
= \(A B: SET) (x: (pro AB).1) —> x.2
unitContr (x: SET) (f: x.1 —> unit) : isContr (x.1 —> unit)

= (f, \(z: x.1 —> unit) —> propPi x.1 (\(_:x.1)—>unit)
(\(x:x.1) — propUnit) f z)
term: terminal Set = ((unit,setUnit),
\(x: SET) —> unitContr x (\(z: x.1) — tt))

Note that rules of cartesian closure forms a type theoretical langage called lamb-
da calculus.

Definition 51. (Elementary Topos). Topos is a precategory which is cartesian
closed and has subobject classifier.

Topos (cat: precategory) : U
= (cartesianClosure: isCCC cat)
* subobjectClassifier cat

Theorem 8. (Topos Definitions). Any Grothendieck topos is an elementary
topos too. The proof is sligthly based on results of Giraud theorem.

Theorem 9. (Category of Sets forms a Topos). There is a cartesian closure
and subobject classifier for a categoty of sets.
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internal : Topos Set
= (cartesianClosure ,hasSubobject)

Theorem 10. (Freyd). Main theorem of topos theory[?]|. For any topos C and
any b : Obc relative category C | b is also a topos. And for any arrow f: a — b
inverse image functor f*: C | b — ¢ | a has left adjoint )} ; and right adjoin

[T

Conclusion

We gave here constructive definition of topology as finite unions and inter-
sections of open subsets. Then make this definition categorically compatible by
introducing Grothendieck topology in three different forms: sieves, coverage, and
covering families. Then we defined an elementary topos and introduce category
of sets, and proved that Set is cartesian closed, has object classifier and thus a
topos.

This intro could be considered as a formal introduction to topos theory (at
least of the level of first chapter) and you may evolve this library to your needs or
ask to help porting or developing your application of topos theory to a particular
formal construction.
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AmnoTaiiis

Martin-Lof Type Theory (MLTT-75), a foundational system for con-
structive mathematics and programming, can be elegantly formalized us-
ing the categorical framework of Categories with Families (CwF), as intro-
duced by Peter Dybjer. This article presents MLTT-75 through the lens of
CwkFs, defining its syntax as an initial model within a category of models.
We outline the core components of the CwF structure, including contexts,
types, substitutions, and terms, and illustrate key type formers such as
IM-types, Z-types, and universes. Drawing on the algebraic signature from
recent formalizations, we provide a concise yet rigorous exposition suitable
for researchers and students of type theory and category theory.
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7 Categories with Families

Martin-Lof Type Theory, particularly its 1975 formulation (MLTT-75), is a de-
pendent type theory that serves as a foundation for proof assistants like Agda
and Coq. Categories with Families, introduced by Dybjer [I], offer a categorical
semantics for dependent type theories, modeling contexts as objects, types as
presheaves, and terms as sections. This framework captures the algebraic struc-
ture of MLTT-75, where the syntax is the initial model in a category of models,
and morphisms are structure-preserving maps.

This article formalizes MLTT-75 using CwFs, focusing on its algebraic sig-
nature and key type formers. We assume familiarity with basic category theory
and type theory, referencing the comprehensive formalization in [2] for technical
details.

A Category with Families consists of a category of contexts and substitu-
tions, equipped with presheaves of types and terms, satisfying specific structural
properties. Formally, a CwF for MLTT-75 includes:

e Contexts (€): A category where objects (IJA) represent contexts (se-
quences of typed variables), and morphisms (o : ' — A) represent substi-
tutions.

e Types (Ty): A presheaf Ty : C°P — Set, where Ty(I") is the set of types
in context I', and for 0 : ' — A, Ty(0) : Ty(A) — Ty(T') denotes type
substitution.

e Terms (Tm): For each type A € Ty(I'), a set Tm(I;A) of terms, with a
substitution action Tm(l; A) — Tm(l; Alo]) for o: T — A.

e Structural Rules: Identity substitutions (id : ' — T'), composition of
substitutions (008), and equations like associativity ((cod)ov = go(dov)).

The syntax of MLTT-75 is the initial CwF, generated by its algebraic signa-
ture, which includes type formers and their equations.
7.1 BusnayeHHd#

Definition 52 (Fam). Kareropia Fam — me kareropis cimeii MHOXKUH, i€
06’ekTH € 3ajekHUMH (QyHKIIOHATLHUMH Tpocropamu (x : A) — B(x), a
Mopdizmu 3 momenom IT(A,B) i komomenom TT(A’,B’) — me mapm dynxmiit
(f:A— A’ g(x:A):B(x) — B'(f(x))).

Definition 53 (TT-noxiznicts). g konrekcry I' i tuy A nmosuadumo ' = A =
(v:T) = Aly).

Definition 54 (X-oxorurenns). s xorrekcry I' i tumy A maemo A = (v :
") % A(y). OxomieHHs He € aCOIlaTUBHUM:

IA;B #T;B; A
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Definition 55 (Konrekcr). Kareropis kontekcrie C — me kareropis, me
00’€KTH € KOHTeKCTaMu, a MOpdi3Mu — IMijicTaHOBKamMu. TepMiHaJbHUI 00 €KT
I'= 0y C HasuBaerThcs MOPOXKHIM KOHTeKCTOM. Orepallist OXOIIeHHsT KOHTEKCTY
MA = (x : T) * A(x) mae emiminaropu: p : A F T, q : TA B A(p),
O 3aJ0BOJIbHAIOTH YHIBEpCAJIbHY BJACTHBICTB: mid Oymab-gaxoro A : ob(C),
mopdismy vy : A — T'itepmy a: A — A icaye enunnit mopdiszm 6 = (y, a) : A —
I A, Takwmii o po0® =y i q(0) = a. Teep/KeHHs: MiICTAHOBKA € ACOITIATUBHOIO:

’Y(’Y(I-;X) a)JJ»b) = Y(Y(Ry»b))xy Cl)

Definition 56 (CwF-06’ekr). CwF-06'ekr — me napa X(C,C — Fam),
ne C — kareropis KOHTEKCTIB 3 00’€KTaMu-KOHTEKCTaMu Ta Mopdizmamm-
migcranoBkamu, a I : C — Fam — dyukrop, axuit Bigobpaxkae konrtexct I
y C Ha ciMm’'to mHOXKHH TepMmiB I F A a mizcranoBky v : A — ' — Ha mapy
GYHKIII, TII0 BUKOHYIOThH IIJICTAHOBKY Y y TEPMaX 1 THUIAX BiIITOBIIHO.

Definition 57 (CwF-mopdism). Hexaii (C,T) : ob(C), ne T: C — Fam. CwF-
mopdism m: (C,T) = (C,T') —ume mapa (F: C = C';o: T — T/(F)), ne F —
dbyHKTOpP, 8 0 — HaTypaJbHa TpaHcHOpPMAITis.

Definition 58 (Kareropia tumis). g CwF 3 o6’exkramu (C, T) i mopdizmanmu
(C,T) — (C',T"), ana samanoro kourekcry I' € Ob(C) moxna 1mobymysaTn
kareropito Type(I') — kareropito Tumis y kourekcri I, e 06’€éKTH — MHOXKHMHA
THIIIB y KOHTEKCTI, & Mopdizmu — dyukmii f: ;A — B(p).

Definition 59 (Tepmu ta tutm). ¥ CwF s xorrekcry I' repmu I'E a: A €
enemenTamu MHOXKUHU A(Y), me v : I. Tumu ' F A e ob’ekramu B Type(T), a
migcraHoBka Y : A — ' mie Ha Tunm Ta TepMmu uepe3 GyHKTOP T.

Definition 60 (3anexui rtumm). Bagexxkuuiit Tan y kKourekcri ' — 1e
Bimobpaxkennst ' — Fam, ge gy xoxkmoro vy : I' samaersea muoxkuaa A(Y).
V xareropii Type(I") sanexni Tunm € 06’ekramu, a mopdismm mixk A i B — ne
dyukuii f: T; A — B(p), mo 36epiratorh CTpyKTYpy MiICTAHOBOK.

Martin-Lof Type Theory (MLTT-75) is a dependent type theory with TI-
types, I-types, Id-types, and additional type formers like T, universe types
(U), and Bool. Its categorical semantics can be modeled using Categories with
Families (CwF), a framework designed to capture contexts, types, terms, and
context extension in a unified way [3 ?]. Unlike Grothendieck fibrations or
comprehension categories, CwFs use a presheaf of families to represent types
and terms, with context comprehension for type dependency. We formalize a
CwF model for MLTT-75 in Agda, supporting all specified type formers, based
on [3]. Pullback diagrams, styled after Awodey’s natural models [5], illustrate
the type formers, with constructors on upper arrows and type formers on lower
arrows.

A Category with Families (CwF) models dependent type theory by assigning
types and terms to contexts, with context comprehension for type dependency.
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Definition 61 (Category with Families). A Category with Families (CwF)
consists of:

e A category C with a terminal object 1 € C.Ob.

e A presheaf Ty : C°P — Set, assigning to each ' € C.Ob a set Ty(I") of
types, and to each ¢ : A — T" a function o* : Ty(I') — Ty(A), preserving
identities and composition.

e For each I' € €.Ob and A € Ty(T'), a set Tm(I;A) of terms, with rein-
dexing: for 0 : A — T, a function Tm(I;A) — Tm(A, c*A), preserving
identities and composition.

e For each ' € C.Ob and A € Ty(I'), a context comprehension consisting of:
— An object A € C.ODb.
— A projection morphism pa : A — T.

— A universal term qa € Tm(NA,p3 A).

— For any A € C.Ob, 0 : A = T, and t € Tm(A, c*A), there exists a
unique (o, t) : A — A such that pa o (o,t) = 0 and (o,t)*qa = t.
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7.2 Algebraic Signature of MLTT-75

The CwF for MLTT-75 is defined by an algebraic signature, indexing contexts
and types by universe levels to handle predicative universes. We present the core
components and type formers, adapted from [2].

def algebra : U; := %
— a semicategory of contexts and substitutions:
(Con: U)

(Sub: Con — Con — U)
(0: M(r®A : Con), Sub © A — Sub ' ® = Sub T' A)
(O0—assoc: M (T'® A® : Con) (o: Sub T ®) (6: Sub © A)
(v: Sub A @), PathP (< >Sub ' @) (O TADdv (O TOAS o))
(OCreo (0OADV S 0))
— identity morphisms as identity substitutions:
(id: M (I' : Con), Sub I' T')
(id—left: T (@ A : Con) (& : Sub © A),
= (Sub ©®@ A) & (0 ®©AA (id A) b))
(id—right: T (@ A : Con) (& : Sub © A),
= (Sub ©®A) § (0 ®O A 5 (id ©)))
a terminal oject as empty context:
e: Con)
e: T (I' : Con), Sub T e)
en: IT (I': Con) (6: Sub I' @), = (Sub I' @) (e T) &)
Ty: Con — U)
|T: M (A : Con), Ty A— Sub ' A = Ty T)
id|T: T (A: Con) (A: Ty A), (Ty A) (_|_|T AAA (id A)) A)
|[T: T (' A®: Con) (A : Ty ®) (o : Sub T A) (& : Sub A @),
=P (<>Ty T) (_|_|TTOA(OT A®S o))
(I_ITTa(|_ITADAS) o)
a (covariant) presheaf on the category of elements as terms:
( : 1T (I' : Con), Ty ' = U)
(]It T (rA : Con) (A: Ty A) (B : Tm A A)
(0: Sub T A), Tm T (_| |T T A A 0))
(]id|': T (A : Con) (A : Ty A) (t: Tm A A),
PathP (<i> Tm A (]id|T A A @ i))
(] It AAA¢t (id A)) t)
(10]t: T (I A @: Con) (A : Ty @) (t: Tm @ A)
(0 : Sub I"'' A) (& : Sub A @),
PathP (<i>Tm T (|0|T T A® Ao
(] I*'TOAt (OT ADS
(Cl_1sra i ImaoAs) (]|

v |

~ o~ N~~~ o~

o
(
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7.3 Core Components
The signature includes:
e Con : N — Set, contexts indexed by universe levels.
e Ty :N — Coni — Set, types in a context at level 1.
e Sub: Coni— Conj — Set, substitutions between contexts.
e Tm: (I':Coni) — TyjI' — Set, terms of a type in a context.
Structural operations include:
e Identity: id : SubT'T.
e Composition: o :Sub@®A — Subl'® — SubT A.
e Type substitution: [ ]:TyiA — Subl'A — TyiTl.
e Term substitution: [ ]:TmAA — SubT'A — TmT (Alo]).
Equations ensure categorical properties, e.g., ido ¢ = 0, 0 oid = 0, and
Alid] = A.
7.4 Context Extension
Contexts can be extended by types:
e Empty context: e : Con 0.
e Extension: > :(I':Coni) — Tyjl' = Con (1Uj).
e Weakening: p : Sub (I'> A)T.
e Zeroth de Bruijn index: q: Tm (I'> A) (Alp]).
Substitutions are extended by terms: (o,t) : SubT" (A > A), with equations
like p o (o,t) = 0.
7.5 Type Formers

MLTT-75 includes several type formers, formalized as follows:

7.6 TI-Types

Dependent function types are defined by:
e Formation: TT: (A : Tyil') - Tyj(IT'>A) - Ty (iuj)T.
e Introduction: lam : Tm (I'>A)B — TmT (TTAB).
e Elimination: app : TmT (TTAB) — Tm (I'> A) B.

Equations include B-reduction (app(lamt) = t) and mn-expansion
(lam (app t) = t).

94



7.7 X-Types
Dependent pair types:
e Formation: X : (A : Tyil') - Tyj(I'>A) —» Ty (iUj)T.
e Introduction: (u,v): TmT'A — TmT (Blid,u]) —» TmT (ZAB).

e Projections: fst : TmTl (XAB) — TmTA, snd : TmTl (£AB) —
TmT (B[id, fst t]).

Equations include fst (u,v) =u, snd (u,v) = v.

7.8 TUniverses

A hierarchy of universes:
e Formation: U: (i:N) —» Ty (i+1)T.
e Coding: ¢c: Tyil' = TmT (U1).
e Decoding: :TmT (Ui) — Tyirl.

Equations: cA = A, ca = a.

7.9 Booleans and Identity Types

e Booleans: Bool : Ty 0T, with true, false : Tm T Bool, and an eliminator if.
e Identity: Id : (A : Tyil') - TmTl'A — TmTl'A — Tyil, with refl :
TmT (Id Auu) and eliminator J.

7.10 Semantics via the Standard Model

The standard model interprets the CwF in a type theory like Agda, mapping
contexts to types, types to type families, and substitutions to functions. For
example:

e Coni = Seti.

o TyjI'=T — Setj.

e SublN'A=T— A.

e TmlIMIA =(y:T) — Avy.

Type formers are interpreted directly, e.g., TTAB = Ay.(x : Ay) — B(y,x).
This model ensures that all equations hold definitionally, simplifying metathe-
oretic reasoning.
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7.11 Applications

The CwF formulation enables concise proofs of metatheoretic properties like
canonicity (every closed Bool term is true or false) and parametricity (terms
respect type abstractions). These proofs leverage the initiality of the syntax,
allowing induction over the algebraic structure.

7.12 Conclusion

The Categories with Families framework provides a robust and elegant formal-
ization of MLTT-75, capturing its syntax and semantics as an initial model. By
structuring contexts, types, and terms categorically, CwFs facilitate rigorous
metatheoretic analysis, making them invaluable for type theory research and
implementation in proof assistants.
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AmnoTanis

This article presents a modern categorical framework, termed Cat-
egories with Representable Maps (CwR), designed to model structures
for dependent type theories. Inspired by Uemura’s work, the framework
unifies related models such as categories with families, categories with
attributes, comprehension categories, and natural models. We provide a
comprehensive set of classical mathematical definitions and theorems, fo-
cusing on specialized categorical structures like fibrations, indexed cat-
egories, and representable maps, while establishing their properties and
equivalences.

As example we present a categorical model of Martin-Lof Type The-
ory (MLTT-75) with dependent products (TI-types), dependent sums (-
types), and identity types (Id-types). The model is based on Grothendieck
fibrations and Uemura’s categories with representable maps, generalizing
Awodey’s natural models. Formal definitions are provided, with pullback
diagrams resembling Awodey’s style.

8 Categories with Representable Maps

The Categories with Representable Maps (CwR) framework offers a robust foun-
dation for categorical semantics, generalizing prior models used in type theory.
Assuming a base category € with all pullbacks, this framework builds on spe-
cialized structures to define representable maps and their properties, ensuring
flexibility and unification across related categorical models. This article delin-
eates the core definitions and theorems of the CwR framework, providing a
concise yet complete theory.

Martin-Lof Type Theory (MLTT-75) is a dependent type theory with TI-
types, X-types, and Id-types. We model its categorical semantics using a cate-
gory with representable maps (CwR), starting from Grothendieck fibrations, as
described in [I].
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8.1 Definitions

Definition 62 (Fiber Category). For a functor p : € — € and an object ¢ € C,
the fiber category E. has:

e Objects: e € € such that p(e) = c.
e Morphisms: f: e’ — e in & such that p(f) = id..

Definition 63 (Cartesian Morphism). For a functor p : € — €, a morphism
¢ :e’ — ein & is Cartesian if, for any g:e” — ein € and h: p(e”) — p(e’)
in € with p(g) = p(d) o h, there exists a unique k : e — e’ in & such that
p(k)=hand g=¢ok.

Definition 64 (Grothendieck Fibration). A functor p : € — Cis a Grothendieck
fibration if, for every e € € and f : ¢/ — p(e) in C, there exists a Cartesian
morphism ¢ : e’ — e in € such that p($) =f.

Definition 65 (Grothendieck Construction). For an indexed category @ :
C°? — Cat, the Grothendieck construction produces a category fd) with:

e Objects: Pairs (c,x), where ¢ € €, x € O(c).

e Morphisms: From (c¢’,x’) — (c,x), pairs (f,«), where f : ¢/ — ¢ in G,
a:x" — O(f)(x) in O(c’).

e Composition: For (g,p) : (¢”,x”) — (¢/,x’) and (f,«) : (¢/,x") — (¢, %),
the composite is (f o g, ®(g)(a) o B).

The functor p : [® — €, mapping (c,x) — ¢, (f,&) — f, is a Grothendieck
fibration.

Definition 66 (Discrete Fibration). A functor p: & — € is a discrete fibration
if, for every e € € and f: ¢’ — p(e) in @, there exists a unique f: e’ — e in &

such that p(f) = f.

Definition 67 (Indexed Category). An indexed category over C is a functor
@ : C°? — Cat. For each ¢ € €, @(c) is a category, and for each f: c’ — c,
DO(f) : d(c) — D(c’) is a functor.

Definition 68 (Representable Functor). A functor F : C°° — Set is repre-
sentable if there exists ¢ € € such that F = Home(—,c).

Definition 69 (Representable Map). In a category € with pullbacks, a mor-
phism f: A — B is representable if it belongs to a class Rep(f) satisfying:

o Pullback stability: For every g : C — B, the pullback P = C xg A exists
with projections h; : P — A, hy : P — C, and Rep(h;).

e Universality: For any Q with q1: Q — A, q2: Q — C such that foq; =
go (2, there exists a unique u: Q — P such that hjou = qq, hpou = q3.
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Definition 70 (CwR). A category with representable maps (CwR) is a cate-
gory with a class of morphisms (representable maps) that are pullback-stable
and exponentiable, generalizing Awodey’s natural models. A category with rep-
resentable maps (CwR) is a structure with:

e A category C.
e A predicate Rep : C.Hom(A, B) — Prop for representable maps.

e Pullback stability: For every f: A — B with Rep(f) and g : C — B, there
exists a pullback P with morphisms h; : P — A, hy : P — C such that
foh; =goh,, Rep(hz), and P is universal.

e FEzxponentiability: For every f : A — B with Rep(f), there exists TT¢ : Ob
and 7 : TTf — B with Rep(7), such that for any g : C — A, there exists
h:C—Tlf withmoh=fog.

structure CwR where
cat : Category
Rep : V {A B : cat.Ob}, cat.Hom A B — Prop
pullback : V {A B C : cat.Ob} {f : cat.Hom A B},
Rep f —» (g : cat.Hom C B) —
3 (P : cat.Ob) (3 (hl : cat.Hom P A) (3 (h2 : cat.Hom P C)
(cat.comp f hl = cat.comp g h2 A
Rep h2 A
vV (Q : cat.Ob) (ql : cat.Hom Q A) (g2 : cat.Hom Q C),
cat.comp f gql = cat.comp g q2 —
3 (u : cat.Hom Q P)
(cat.comp hl u = ql A cat.comp h2 u =q2))))
exponentiable : V {A B : cat.Ob} {f : cat.Hom A B},

Rep f —
3 (Pi_f : cat.Ob) (3 (pi : cat.Hom Pi f B)
(Rep pi A

vV (C : cat.Ob) (g : cat.Hom C A),
3 (h : cat.Hom C Pi_f) (cat.comp pi h =cat.comp f g)))
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8.2 Theorems

The CwR framework is supported by five theorems that establish its properties
and connections to related categorical structures.

Theorem 11 (Fibration-Indexed Category Equivalence). For any indexed cat-
egory @ : C°P — Cat, the Grothendieck construction produces a Grothendieck
fibration p : [® — €, and every Grothendieck fibration arises as the
Grothendieck construction of some indexed category.

Theorem 12 (Representable Map Stability). In a CwR (G, Rep, TT), the class
of representable maps is closed under pullback stability, and every representable
map f: A — B induces a representable morphism 7t¢ : T — B.

Theorem 13 (Discrete Fibration Representation). Every discrete fibration p :
& — € corresponds to a representable map in the slice category C/c for some
¢ € @, and every representable map induces a discrete fibration in a suitable
slice category.

Theorem 14 (Framework Equivalence). Every CwR (C,Rep,TT) can be
equipped with a structure equivalent to a category with families, or natural
model under the existence of terminal objects.
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8.3 Example MLTT-75 Model

We model MLTT-75 in a CwR, interpreting contexts, types, terms, and type
formers.

Definition 71 (MLTT-75 Model). Given a CwR €, the model of MLTT-75 is
defined as:

e Contexts: Objects I € C.Ob.

Types: Pairs (A,f: A — I') with Rep(f), representing A in context T
e Terms: Morphisms t: "' — A such that f ot =idr, i.e., sections of f.

Context extension: For I' = A, the context I[x : A is the pullback of
f: A — T along idr.

Type formers: Tl-types, Z-types, and Id-types, defined via exponentials,
pullbacks, and diagonals.

structure MLTT75 (cwr : CwR) where
Context : Type
Context := cwr.cat.Ob

Type : Context — Type
Type I' := 3 (A : cwr.cat.Ob)
(3 (f : cwr.cat.Hom A T) (cwr.Rep f))

Term : V (I' : Context), Type ' — Type
Term ' (3 A (3 £ 1))
=3 (t : cwr.cat.Hom I' A)
(cwr.cat.comp f t = cwr.cat.id)

ContextExt : V (I' : Context), Type I' — Context
ContextExt T' (3 A (3 f rf)) := (cwr.pullback rf cwr.cat.id). fst
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8.4 TI-Types

For ' A : Type and I[x : A B : Type, the TT-type TTx.A B is formed using the
exponential in the slice category.
PiType : V (I' : Context) (A : Type I'), Type (ContextExt ' A) — Type T
PiType I' (3 A (3 f rf)) (I B (3 g rg)) :=
let exp := cwr.exponentiable rf
3 exp.fst (3 exp.snd.fst exp.snd.snd.fst)
The constructor A forms terms of TTy.o B. The pullback diagram is:

rxALfs

|

[ ————TIAB
T

8.5 X-Types

For T A : Type and Ix : A F B : Type, the Z-type L,.AB is the composition
via pullback.

SigmaType : V (I' : Context) (A : Type I'), Type (ContextExt ' A) — Type T
SigmaType I' (3 A (3 f rf)) (I B (3 g rg)) :=

let pull := cwr.pullback rg (cwr.cat.id)

3 pull.fst (3 pull.snd.fst pull.snd.snd.snd. fst)

The constructor pair forms terms of Xy.oB. The pullback diagram is:

pair
AB—— B

T

FTFXA
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8.6 Id-Types

For T'H A : Type and a,b : A, the identity type Ida (a,b) is formed using the
diagonal map.
Diagonal : V (I' : Context) (A : Type I'),
cwr.cat .Hom (A.fst) (cwr.pullback A.snd.fst cwr.cat.id). fst
Diagonal ' (3 A (3 £ ))
:= (cwr.cat.id, cwr.cat.id, rfl)

IdType : V (I' : Context) (A : Type I') (a b : Term I' A), Type T
IdType ' (3 A (3 f rf)) (T a _) (T b ) :=

let pull := cwr.pullback rf (Diagonal T' (3 A (3 f rf)))

3 pull.fst (3 pull.snd.fst pull.snd.snd.snd. fst)

The constructor refl forms terms of Ida (a, a). The pullback diagram is:

Tda(a, b 5 A

|AA

FTAxrA

8.7 Conclusion

The CwR framework provides a unified and flexible foundation for categorical
semantics, integrating fibrations, indexed categories, and representable maps.
Its definitions and theorems ensure robustness and connectivity to related cat-
egorical models, making it a powerful tool for theoretical and applied category
theory.
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[ssue XXIX: Comprehension Categories

Namdak Tonpa

Amnorairis

Comprehension categories provide a powerful categorical framework
for modeling dependent type theories, bridging the gap between categori-
cal logic, topos theory, and type-theoretic semantics. This paper presents
a unified theoretical framework for comprehension categories, offering pre-
cise definitions, key theorems, and novel applications.

We define a comprehension category as a category C equipped with a
fibration p : € — € and a comprehension map that assigns to each type
A € EA € € over a context I' € C an extended context A € C, satis-
fying pullback stability. We introduce variants, including split and non-
split comprehension categories, and contextual categories, to accommo-
date strict and non-strict type theories. Key theorems include the equiva-
lence theorem, establishing that every comprehension category induces a
model of dependent type theory, and the splitting theorem, demonstrat-
ing that any comprehension category can be replaced by an equivalent
split comprehension category. We further explore the relationship between
comprehension categories and related structures, such as Categories with
Representations (CwR) and Categories with Families (CwF), highlighting
their functorial and computational interpretations. Applications are pre-
sented in categorical semantics, homotopy type theory, and topos theory,
including the interpretation of univalence axioms and the construction
of syntactic categories. This framework unifies existing approaches, clari-
fies the categorical underpinnings of dependent types, and paves the way
for future developments in type-theoretic and geometric foundations of
mathematics.

As instantiation example we present a categorical model of Martin-Lof
Type Theory (MLTT-75) with dependent products (TT-types), dependent
sums (X-types), and identity types (Id-types) using Comprehension Cate-
gories. The model uses a comprehension category, a Grothendieck fibration
with a comprehension functor, to capture type dependency and context
extension. Formal definitions are provided, with pullback diagrams resem-
bling Awodey’s natural models.

9 Comprehension Categories

Martin-Lof Type Theory (MLTT-75) is a dependent type theory with TI-
types, Z-types, and Id-types. Its categorical semantics is often modeled using
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Grothendieck fibrations, with comprehension categories providing a structured
framework for type dependency and context extension [?, [d]. We formalize a
model using a comprehension category, based on a split Grothendieck fibration
with a comprehension functor, inspired by the codomain fibration. The model is
implemented in Lean 4 without dependencies, ensuring a minimal presentation.
Pullback diagrams, styled after Awodey’s natural models [5], illustrate the type
formers, with constructors (e.g.7 A, pair, reﬂ) on upper arrows and type formers
on lower arrows.
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9.1 Definitions

A split Grothendieck fibration p : € — B models dependent types, with functo-
rial Cartesian lifts for strict substitution.

Definition 72 (Cleavage). A cleavage for a Grothendieck fibration p : € — €
assigns to each e € € and f: ¢’ — p(e) in € a Cartesian morphism ¢¢ : f*e — e
in € such that p(¢d¢) = f, where f*e € E.-.

Definition 73 (Split Fibration 1). A Grothendieck fibration p : € — Cis a
split fibration if it has a cleavage such that the assignment f — f*e defines a
functor *: €, () — € for each fiber category €., and (go f)* = f* o g*.

Definition 74 (Split Fibration 2). A split fibration p : € — B is a functor p
with:

e For every e € £.0b and f: b’ — p(e) in B, a chosen lift (', : e’ — e)
with p(¢) =f.

e Uniqueness: For any two lifts (e1,d1), (e2, d2) with p(d1) = p(d2) = f,
there exists x : e2 — e7 with p(x) =id and ¢ o x = ¢3.

structure SplitFibration (E B : Category) where
functor : Functor E B
lift : V {e : E.Ob} {b’ : B.Ob} (f : B.Hom b’ (functor.obj e)),
(e’ : E.Ob) x (phi : E.Hom e’ e) x (functor.map phi =f)
lift unique : V {e : E.Ob} {b’ : B.Ob} (f : B.Hom b’ (functor.obj e))
(el e2 : E.Ob) (phil : E.Hom el e) (phi2 : E.Hom e2 e),
functor .map phil = f — functor.map phi2 =f —
3 (chi : E.Hom e2 el), functor.map chi =
B.id A E.comp phil chi =phi2

Definition 75 (Arrow Category). The arrow category €~ of a category C has:
e Objects: Morphisms f: A — B in C.

e Morphisms: From f: A = B to g: C — D, a pair (hj : A > C,h, : B —
D) such that gohy =h, of.

e Composition: For (hy,hy) : f — g and (ki,kz) : g — 1, the composite is
(k1 o hi, k2 o ha).

Definition 76 (Comprehension Functor). For a split fibration p : € — C, a
comprehension functor is a functor {—}: & — €7 that maps each object A € &
to a morphism 7t : I'" — p(A) in €, and each morphism f: A — B in € to a
morphism (hy,hy) : {A} — {B} in €.

Definition 77 (Comprehension Category). A comprehension category consists
of:

e A split fibration p: &€ — C.
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e A terminal object T € C.

e A comprehension functor {—}: & — €7, mapping A € € to (I',m: T —
p(A)).

e An adjunction: For 0: A — T'in € and A € &r, there exists A’ € Eo with
p(A’) = A and a morphism f: A’ — A such that p(f) = 0.

Definition 78 (Comprehension Category). A comprehension category models
MLTT-75 with a fibration and a comprehension functor for context extension.
A comprehension category consists of:

e A split fibration p: € — B.
e A terminal object T € B.Ob.

e A comprehension functor {—}: & — B, mapping A € &€ to (I',m: T —
p(A)).

An adjunction: For 0 : A — T and A € &, there exists A’ € € with
p(A’) = A and a morphism f: A’ — A such that p(f) = o.

Pullbacks in B for context extension.

Structure for TT-types (fiber exponentials), X-types (composition), and Id-
types (diagonals).

Definition 79 (Beck-Chevalley Condition). Let p : &€ — € be a fibration, and
consider a pullback square in C:

A— 5T

Jo s
where foh = go q. For a functor F : Er» — & with a left or right adjoint
G : & — E&r/, the Beck-Chevalley condition holds if the canonical natural

transformation induced by the pullback, h* o G — q* o F (for right adjoints) or
q*oF — h* o G (for left adjoints), is an isomorphism.
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Definition 80 (Dependent Sum). In a comprehension category with fibration
p: €& — C, a dependent sum for a type o € Er is a functor X5 : Erg — Er, left
adjoint to the substitution functor p} : &r — Er., such that for all morphisms
f: A — T in €, the Beck-Chevalley condition holds, i.e., the canonical natural
transformation X¢+y o q(f, 0)* = f* 0 L is an isomorphism.

Definition 81 (Dependent Product). In a comprehension category with fi-
bration p : € — €, a dependent product for a type o € Er is a functor
My : Ere — Er, right adjoint to the substitution functor p¥ : Er — Ers, such
that for all morphisms f: A — T' in C, the Beck-Chevalley condition holds, i.e.,
the canonical natural transformation f*olTs = TTg«s0q(f, 0)* is an isomorphism.

Definition 82 (Identity Type). In a split comprehension category with fibra-
tion p : € — C, an identity type for a type o € Er consists of:

e A type Ids € Erg.o, where [Lo.0 = plo.
e A morphism 15 : Lo — 15, where I = TN0.0.1ds, such that prg, ore =id.

e For any commutative square (f,M) : A — To, (g,N) : At — To.o, a
diagonal lifting h : I — A.T making both triangles commute.

All data must be stable under substitutions.

Definition 83 (Category with Attributes). A category with attributes is a full
split comprehension category, where the comprehension functor {—}: & — €7 is
fully faithful, and types over I' € € are determined by a functor Ty : C°P — Set.

Definition 84 (Display Map Category). A display map category is a compre-
hension category where the comprehension functor {—}: & — €7 is the inclusion
of a full subcategory of €, and all morphisms in the image are display maps.

Definition 85 (Contextual Category). A contextual category is a category with
attributes equipped with:

e A terminal object o € C.

e A length function £ : obj(€) — N such that {(e) = 0, and for any type
océr, {To)=LT)+1.

e For any non-empty context I'; a unique context A (the father) and type
o € EA such that ' = A.o.

Definition 86 (Weakening Morphism). In a comprehension category, a weak-
ening morphism is defined inductively:

e A display map ps : Lo — T is a weakening morphism.

e If f: A — T is a weakening morphism and o € &, then q(f,0) : A.f*o —
Lo is a weakening morphism.
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Definition 87 (Variable). In a comprehension category, for a type o € Er, the
variable of type o is the unique term vq : Lo — pg0 such that py: o ve =1id.

Definition 88 (Universe). In a split comprehension category with terminal
object ® € C, a universe consists of:

e A type U € &,, the context o.U also denoted U.
e A type El € &y, with context U.El denoted u.

For a morphism f: " — U, the type of € Er is the substitution of El along f.

9.2 Theorems

Theorem 15 (Split Fibration Cleavage). Every split fibration p : € — € has
a cleavage such that the reindexing functors f* : €,y — €./ satisfy (go f)* =
f*og*, and every Grothendieck fibration with such a cleavage is a split fibration.

Theorem 16 (Framework Equivalence). Every comprehension category can be
equipped with a structure equivalent to a category with families (CwF), category
with representable maps (CwR), or Awodey’s natural model under the existence
of terminal objects.
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9.3 Example MLTT-75 Model

We model MLTT-75 using a comprehension category, interpreting contexts,
types, and terms via the fibration and comprehension functor.

Definition 89 (MLTT-75 Comprehension Model). Given a comprehension cat-
egory with categories €, B, a split fibration p : & — B, and a comprehension
functor {—}, the model of MLTT-75 is defined as:

e Contexts: Objects I € B.Ob.
e Types: Pairs (A,pa : p(A) =T), representing a type A in context I'.

e Terms: Morphisms t: ' — A in & such that p(t) =idr, i.e., sections.

Context extension: For I' = A, the context T} x : A is {A}, the domain of
the comprehension.

Type formers: Tl-types via fiber exponentials, X-types via composition,
Id-types via diagonals.

9.4 TI-Types

For ' A : Type and I[x : A - B : Type, the Tl-type TTx.aoB is formed using
exponentials in the fiber category Er.
The constructor A forms terms of TTy.o B. The pullback diagram is:

FXALJ(B

|

FTHTAB

9.5 X-Types

For ' H A : Type and I[x : A F B : Type, the Z-type Z,.oB is formed via
composition in the fibration.
The constructor pair forms terms of X,.aoB. The pullback diagram is:

pair
AB—— B

l

FTFXA

9.6 Id-Types

For T'H A : Type and a,b : A, the identity type Ida (a,b) is formed using the
diagonal map in the fibration.
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The constructor refl forms terms of Ida (a, a). The pullback diagram is:

Tda(a, b 5 A

|AA

FTAxrA
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structure ComprehensionCategory (E B : Category) where
fib : SplitFibration E B
terminal : 3 (T : B.Ob), V (A : B.Ob), 3! (t : B.Hom A T), True
comp_ functor : V (A : E.Ob), £ (I'” : B.Ob) (m : B.Hom I'" (fib.functor.obj A))
comp_adj : V (I' : B.Ob) (A : E.Ob) (pA : fib.functor.obj A =T
) (0 : B.Hom A T),
3 (A’ : E.Ob) (pA’ : fib.functor.obj A” =A) (f : E.Hom A’ A),
fib . functor .map f = o
pullback : VvV {ABC : B.Ob} (f : B.Hom A B) (g : B.Hom C B),
3 (P : B.Ob) (hl : B.Hom P A) (h2 : B.Hom P C),
B.comp f hl = B.comp g h2 A
vV (Q : B.Ob) (ql : B.Hom Q A) (g2 : B.Hom Q C),
B.comp f ql = B.comp g g2 — 3 (u : B.Hom Q P), B.comp hl u =
ql N B.comp h2 u =q2
pi : V(I': B.Ob) (A e : EOb) (f : E.-Hom A e) (pA pe : fib.functor.obj A =
A fib.functor.obj e =T),
3 (Pi : E.Ob) (pi : E.Hom Pi I'), fib.functor.obj Pi =I' A
vV (C : E.Ob) (g : E.Hom C A) (pC : fib.functor.obj C =I'),
3 (h : E.Hom C Pi), E.comp pi h =E.comp { g
sigma : V (I' : B.Ob) (A e : E.Ob) (f : E.Hom A e) (pA pe : fib.functor.obj A =T
A fib.functor.obj e =I),
3 (Sigma : E.Ob) (sigma : E.Hom Sigma I'), fib.functor.obj Sigma =I
id : V (I' : B.Ob) (A : E.Ob) (pA : fib.functor.obj A =T),
3 (Id : E.Ob) (id : E.Hom Id A), fib.functor.obj Id =I

Context : Type
Context := B.Ob

Type : Context — Type
Type I' := £ (A : E.Ob), fib.functor.obj A =l

Term : V (I' : Context), Type I' — Type

Term I' (A, pA) := X (t : E.-Hom ' A), fib.functor.map t =B.id

ContextExt : V (I' : Context), Type ' — Context

ContextExt T' (A, pA) := (comp functor A).1

PiType vV (I' : Context) (A : Type I'), Type (ContextExt I' A) — Type T

PiType T' (A, pA) (e, pe) := let res := pi ' A e E.id (pA, pe) in (res.l, res.2.1)
SigmaType : V (I' : Context) (A : Type I'), Type (ContextExt ' A) — Type T

SigmaType I' (A, pA) (e, pe) := let res := sigma ' A e E.id (pA, pe) in (res.l, res.2.1)

IdType : V (I' : Context) (A : Type ') (a b : Term I' A), Type T
IdType I' (A, pA) (a, pa) (b, pb) := let res :=id ' A pA in (res.l, res.2.1)
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9.7 Conclusion

The Lean 4 formalization provides a minimal, dependency-free model of MLTT-
75 using a comprehension category, explicitly capturing type dependency and
context extension via a Grothendieck fibration and comprehension functor. This
contrasts with the representable maps approach, aligning more closely with tra-
ditional fibration-based models. The pullback diagrams, styled after Awodey,
clarify the categorical constructions. Future work includes verifying the model
with concrete examples and extending it to homotopy type theory.
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[ssue XXXIII: Structure Preserving Theorems
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AmnoTanis

This article unifies algebra and geometry by characterizing algebra
as the domain of homomorphisms preserving structure and geometry as
the domain of inverse images of homomorphisms preserving structure. We
introduce two new theorems: the Homomorphism Preservation Theorem
(HPT) for Algebraic Categories and the Inverse Image Preservation The-
orem (IIPT) for Geometric Categories. These build on foundational re-
sults like the First Isomorphism Theorem, Continuity Theorem, Pullback
Theorem, Stone Duality, Gelfand Duality, and Adjoint Functor Theorem.
Aimed at advanced graduate students, this exposition uses category the-
ory to illuminate the algebraic-geometric duality.

10 Algebra and Geometry

Algebra and geometry, foundational to pure mathematics, differ in focus: al-
gebra on abstract structures and their transformations, geometry on spatial
properties and invariants. We propose a unifying perspective: algebra is defined
by homomorphisms preserving structure, and geometry by the inverse images of
homomorphisms preserving structure. This article formalizes this view through
two explicit theorems—the Homomorphism Preservation Theorem (HPT) for Al-
gebraic Categories and the Inverse Image Preservation Theorem (IIPT) for Ge-
ometric Categories—building on established results. Assuming familiarity with
category theory, algebraic topology, and commutative algebra, we provide a
framework for graduate students to explore these fields’ interplay.

10.1 Homomorphisms in Algebra

Definition 90. Let C be a category, and let A, B be objects in €. A homomor-
phism ¢ : A — B is a morphism in € that preserves the structure defined by
the category’s operations and relations.

In algebraic categories (e.g., Grp, Ring, Modg), homomorphisms preserve
operations like group multiplication or module scalar multiplication.
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Example 6. In Grp, a group homomorphism ¢ : G — H satisfies $(g192) =
®(g1)d(g2) for all g7, g2 € G, preserving the group operation.

Theorem 17 (First Isomorphism Theorem). Let ¢ : G — H be a group homo-
morphism with kernel K = ker(¢). Then G/K = im(¢).

Theorem 18 (Universal Property of Free Objects). In an algebraic category
(e.g., Grp, Ring), for a free object F(X) on a set X, any map f: X — A (where
A is an object) extends uniquely to a homomorphism ¢ : F(X) — A.

We now introduce a theorem encapsulating the algebraic perspective.

Theorem 19 (Homomorphism Preservation Theorem for Algebraic Cate-
gories). Let C be an algebraic category (e.g., Grp, Ring, Modg) with a forget-
ful functor U : € — Set. For any surjective homomorphism ¢ : A — B in C with
kernel K (a normal subobject), there exists an isomorphism ¢ : A/K — B such
that P o = ¢, where w: A — A/K is the canonical projection. Moreover, any
object A can be generated by a free object F(X) via a surjective homomorphism
whose structure is preserved by ¢.

Jlosedenns. The first part follows from the First Isomorphism Theorem [1]: for
a surjective homomorphism ¢ : A — B with kernel K, the quotient A/K =
B via the isomorphism 1V : aK — ¢(a). The second part follows from the
Universal Property of Free Objects [2]: for any object A, there exists a set X
and a free object F(X) with a surjective homomorphism n : F(X) — A, and
any homomorphism ¢ : A — B extends the structure-preserving maps from
F(X). O

Remark 4. The HPT formalizes that homomorphisms in algebraic categories
preserve structure forward, inducing isomorphisms on quotients and respecting
generators, unifying the First Isomorphism Theorem and Universal Property.
The name avoids confusion with the Structure-Identity Principle in category
theory [2].

10.2 Homomorphisms in Geometry

Geometry emphasizes spaces where structure is preserved under inverse images
of homomorphisms, as in Top or Sch.

Definition 91. Let ¢ : X — Y be a morphism in a category C. The inverse
image of a subobject S C Y (if it exists) is the subobject ¢—'(S) C X defined
via the pullback of S <— Y along ¢.

Example 7. In Top, a continuous map ¢ : X — Y ensures that ¢—'(V) C X is
open for every open set V C Y.

Theorem 20 (Continuity in Topology). A function ¢ : X — Y between topo-
logical spaces is continuous if and only if for every open set V C Y, the inverse
image ¢—'(V) is open in X.
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Theorem 21 (Pullback Theorem in Sheaf Theory). For a morphism ¢ : X =Y
in a category with sheaves (e.g., Top, Sch), the inverse image functor ¢~ :
Sh(Y) — Sh(X) is exact, preserving the structure of sheaves.

We now define a theorem for geometric categories.

Theorem 22 (Inverse Image Preservation Theorem for Geometric Categories).
Let C be a geometric category (e.g., Top, Sch) with pullbacks. For any mor-
phism ¢ : X — Y in €, the inverse image functor ¢! : Sub(Y) — Sub(X)
preserves the lattice structure of subobjects. If € admits sheaves, ¢~ : Sh(Y) —
Sh(X) is exact and preserves sheaf isomorphisms, ensuring that the geometric
structure of Y is reflected in X.

JMosedenna. In Top, the Continuity Theorem [4] ensures that ¢ : X — Y is con-
tinuous if and only if ¢~ (V) is open for every open set V C Y, so ¢~ preserves
the lattice of open sets. In categories with sheaves (e.g., Top, Sch), the Pullback
Theorem [5] guarantees that ¢—' : Sh(Y) — Sh(X) is exact, preserving sheaf
structures. For schemes, ¢~ maps prime ideals to prime ideals [3], preserving
geometric properties. Since ¢! is functorial and preserves monomorphisms, it
maintains isomorphisms of subobjects or sheaves. U

Remark 5. The IIPT captures the geometric essence of inverse images pre-
serving structure, unifying the Continuity Theorem and Pullback Theorem. The
name distinguishes it from the Structure-Identity Principle [2].

Example 8. For a morphism of schemes ¢ : X — Y, the inverse image of a
prime ideal under the induced map on stalks is prime, preserving geometric
structure [3].

10.3 Categorical Unification

Category theory bridges algebra and geometry through dualities, where the HPT
and IIPT interplay.

Theorem 23 (Stone Duality). The category of Boolean algebras, BoolAlg,
is dually equivalent to the category of Stone spaces, Stone, via the spectrum
functor.

Theorem 24 (Gelfand Duality). The category of commutative C*-algebras is
dually equivalent to the category of compact Hausdorff spaces via the spectrum
functor.

Theorem 25 (Adjoint Functor Theorem). In a complete category, a functor
has a left adjoint if it preserves limits, and a right adjoint if it preserves colimits.

Remark 6. Stone and Gelfand Dualities [6] [7] connect algebraic homomor-
phisms (HPT) to geometric inverse images (ITPT). The Adjoint Functor Theo-
rem [2] underpins dualities like Spec, where algebraic and geometric structures
are preserved [3].
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Example 9. The Spec functor maps a ring homomorphism ¢ : R — S to a
morphism SpecS — SpecR, with inverse images of prime ideals preserving
geometric structure.

10.4 Applications and Implications

The HPT and ITPT, supported by prior results, impact advanced research:

e Algebraic Topology: The HPT governs homology maps, while the IIPT
defines covering spaces.

e Algebraic Geometry: The ITPT underpins étale cohomology via inverse
images, while the HPT applies to ring homomorphisms.

e Category Theory: Stone, Gelfand, and Adjoint Functor Theorems reveal
algebra-geometry correspondences.

Corollary 1. In any category with pullbacks, ' : Sub(Y) — Sub(X) preserves
subobject lattices, as per the IIPT.

10.5 Conclusion

The Homomorphism Preservation Theorem and Inverse Image Preservation
Theorem formalize that algebra preserves structure via homomorphisms and
geometry via inverse images. Building on the First Isomorphism Theorem, Con-
tinuity Theorem, Pullback Theorem, and dualities, these theorems unify pure
mathematics. Graduate students are encouraged to apply this framework to
algebraic topology, algebraic geometry, and category theory, deepening their
research.
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[ssue XXXI: Abelian Categories

Namdak Tonpa

16 gepsrga 2025 p.

Amnoraiiis

Il crarTsa € ornsgoM abeleBUX KaTeropiii, BBeAeHMX AJIEKCAHIPOM
I'porenaikom y 1957 pormi, K GYHIAMEHTAILHOIO IHCTPYMEHTY
rOMOJIOTTYHOI  aJirebpu, ajredbpaidHol reomerpii, Teopil IpeICcTaB/IEHb,
TOHNOJIOTIYHOI KBAHTOBOI Teopil moJist Ta Teopil kaTeropiit. Mu posrisiaeMo
dopmasibHe O3HAUYEHHs abeleBUX KATEeropiit, iXHIO poiab y moOyI0Bi
MOXiTHUX KaTeropiit i pyHKTOpIB, a TAKOXK KJIOYOBI 3aCTOCYBAaHHS B
PI3HEX Trajiy3sX MaTeMaTHUKU Ta (Pi3UKH.

11 Abelian Categories

Abenesi xareropii, Bmepmie Beejgeni Ajekcangpom ['poremjikoMm y #oro
crarri 1957 poxy «Sur quelques points d’algebre homologique» [I], cramu
OCHOBOIO i yHidikarii romosorigHol anrebpm B Pi3HUX MaTEeMATHIHUX
JUCIUIIIHAX, TaKuX $K ajrebpaidna reomeTpisd, aJjrebpaidHa TOIIOJIOTis
Ta Teopid TpeacTaBieHb. BoHU 3a0e3MevUyioTh TPUPOIHE CEPEJIOBUINE JIJIst
BUBYEHHsI TOMOJIOT'1 1, KOTOMOJIOT1#, MOXITHUX KAaTeropiit i (yHKTOPIB, 10 MAalTh
IITPOKE 3aCTOCYBAHHS B MaTEMATHUIlN Ta MAaTeMATHIHIA hizurii.

11.1 O3sHaueHHs abejieBUX KaTeropiii

AbGesieBi kareropil — e 30aradene mnoHsiTTsi Kareropii Canmepca-Makieiina
MOHSITTSIMUA HYJIBOBOTO O0’€KTY, IO OJHOYACHO IHIIaJbHUI Ta TepMiHAJIBHUIA,
BJIACTUBOCTSIMU ICHYBAaHHSI BCiX JOOYTKIB Ta KOJOOYTKIB, sijiep Ta KOSIEP, a
TaKOXK, IO BCi MOHOMOP®i3Mu i emiMopdi3mMu € sapaMu i KOsApaMu BiIITOBITHO
(T06TO HOPMAJILHIMN).

®opmasbHO, abejieBa KaTeropis BUSHAYAETHCA HACTYIIHUM YNHOM:

def isAbelian (C: precategory): U;

:= X (zero: hasZeroObject C)
(prod: hasAllProducts C)
(coprod: hasAllCoproducts C)
(ker: hasAllKernels C zero)

(coker: hasAllCokernels C zero)
(monicsAreKernels:
m(AS: C.C.ob) (k: C.C.hom S A),
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Ils curnarypa BritO9a€: 1) icHyBaHHsI HyJIbOBOTO 06’€KTa; 2) iCHYBaHHsI BCIX
100y TKiB; 3) icHyBaHHa BCix KOmOOYTKIB; 4) iCHYBaHHs BCIiX sijep; b) icHyBaHHS
BCix Kosiziep; 6) BAaCTUBICTD, 10 KOKEeH MOHOMOPMI3M € A1poM; 7) BIACTUBICTD,

~ (B: C.C.ob) (f: C.C.hom A B),

isKernel C zero A B S f k)
(epicsAreCoKernels:

m (B S: C.C.ob) (k: C.C.hom B S),

£ (A: C.C.ob) (f: C.C.hom A B),

isCokernel C zero ABS f k), U

110 KOXKEH ermMop(dizM € KOsaapoM.

11.2 lerasizoBaHe popMasibHE O3HAYEHHS

st 9iTkoCTi HaBEIEMO KJIIOYOBI KOMIIOHEHTH abesieBoi KaTeropili B Cy<IacHOMY
dopmastiaMi, HapUKIal, y Kybidniit Armii, sik olmrcaHo B MaricrepcbKiit poboTi

Hesina Exingepa 2021 poky [2]:

module abelian where
import lib/mathematics/categories/category
import lib/mathematics/homotopy/truncation

def

def

zeroObject (C: precategory) (X: C.C.ob): U
L (bot: isInitial C X) (top: isTerminal C X), U

hasZeroObject (C: precategory) : U
Z (ob: C.C.ob) (zero: zeroObject C ob), unit

hasAllProducts (C: precategory) : U

L (product: C.C.ob —> C.C.ob —> C.C.ob)
(my: M (AB : C.C.ob), C.C.hom (product A B) A)
(mz: M (A B : C.C.ob), C.C.hom (product A B) B), U

hasAllCoproducts (C: precategory) : U

L (coproduct: C.C.ob — C.C.ob —> C.C.ob)
(o7: M (AB : C.C.ob), C.C.hom A (coproduct A B))
(o2: M (AB : C.C.ob), C.C.hom B (coproduct A B)), U

isMonic (P: precategory) (Y Z : P.C
m(X : P.C.ob) (gl g2 : P.C.hom X Y),

Path (P.C.hom X Z) (P.P.o XY Z gl f) (P.P.o XY Z g2 f)
Path (P.C.hom X Y) gl g2

.ob) (f : P.C.hom Y Z)

isEpic (P : precategory) (XY : P.C.ob) (f : P.C.hom X Y)
m(Z : P.C.ob) (gl g2 : P.C.hom Y Z),
Path (P.C.hom X Z) (P.P.o XY Z f gl) (P.P.o XY Z f g2)

Path (P.C.hom Y Z) gl g2

kernel (C: precategory) (zero: hasZeroObject C)
(ABS: C.C.ob) (f: C.C.hom A B) : U
Z (k: C.C.hom S A) (monic: isMonic C S A k), unit

cokernel (C: precategory) (zero: hasZeroObject C)

(ABS: C.C.ob) (f: C.C.hom A B) : U
Z (k: C.C.hom B S) (epic: isEpic C B S k), unit
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def isKernel (C: precategory) (zero: hasZeroObject C)
(ABS: C.C.ob) (f: C.C.hom A B) (k: C.C.hom S A) : Uy
:= X (ker: kernel C zero AB S f), Path (C.C.hom S A) ker.k k

def isCokernel (C: precategory) (zero: hasZeroObject C)

(AB S: C.C.ob) (f: C.C.hom A B) (k: C.C.hom B S) : U,
=X
(coker: cokernel C zero A B S f), Path (C.C.hom B S) coker.k k

def hasKernel (C: precategory) (zero: hasZeroObject C)
(A B: C.C.ob) (f: C.C.hom A B) : U,
= ||_|l-1 (£ (monic: isMonic C A B f), unit)

def hasCokernel (C: precategory) (zero: hasZeroObject C)
(A B: C.C.ob) (f: C.C.hom A B) : U
= || _|l-1 (£ (epic: isEpic C A B f), unit)

def hasAllKernels (C : precategory) (zero: hasZeroObject C) : U
=X (AB : C.C.ob) (f : C.C.hom A B), hasKernel C zero A B f

def hasAllCokernels (C : precategory) (zero: hasZeroObject C) : U
;=X (AB : C.C.ob) (f : C.C.hom A B), hasCokernel C zero A B f

IIi o3HaYeHHs YTOYHIOIOTH IIOHATTA HYJIBOBOIO 00’€KTa, J10OYTKIB,
KOJOOYTKiB, MOHOMOP®i3MiB, emiMopdi3miB, sijep 1 Kosiiep, HeOOXiTHUX IIJIst
abejieBUX KaTeropiit.

11.3 MoruBalisg Ta 3aCTOCyBaHHS

Abenesi kareropil MarOTh UHCIEHHI 3aCTOCYBAHHS B PI3HOX TaIy3saX
MaTeMaTuku Ta Gizuku. Och I'ATh KIIOYOBUX HAIPSIMIB:

1) Tomosoriuna asnrebpa: abeseBi Kareropil 3abe3Ne4yIOTb OCHOBY ISt
TOMOJIOTIYHOI aJIrebpH, sTKa BUBYAE BJIACTUBOCTI I'PYI TOMOJIOTIT Ta KOIOMOJIOTI.
Teopist moximanx GYHKTOPIB, (YHIAMEHTAJIHHUN IHCTPYMEHT T'OMOJIOTI9HOT
airebpu, 6a3yeThCsd Ha MOHATTI abesieBoOl KaTeropii.

2) Aurebpaluna reomerpis: abesieBi KarTeropii BHKOPHUCTOBYIOTHCS LISt
BHUBYEHHSI KOI'OMOJIOTIH IIy4Ka, IO € HOTYKHHUM 1HCTPYMEHTOM JJIsi PO3yMiHHS
FeOMETPUIHUX BJIACTUBOCTEl ajredpaidHUX MHOTOBHJIB. 30KpeMa, KaTeropis
My4KiB abejieBuX rpyl Ha TOMOJOTIYHOMY IIPOCTOPI € abeIeBO0 KATEropi€ro.

3) Teopiz upezcrasiennb: abejeBl Kareropil BHHHMKAIOTH y  Teopil
MIPeICTABIIEHD, AKa, JOCI KY€ aJredpaiaHi CTPYKTYPH, OB’ I3aHI 3 CHMETPIsSIMU.
Hamnpukam, kaTeropiss MoaymaiB HaJ KiablieM € abe/leBoI0 KaTeropiero.

4) Tomosoriuna KBaHTOBa Teopist moss: abeseBl Kareropil BimirpaioThb
IIEHTPAJbHY POJIb y TOIMOJIOTIYHINl KBAHTOBINf TeOpil MoJIs, &6 BOHU BUHUKAIOTH
AK KaTeropil rpaHUYHUX YMOB JIJISI IEBHUX THUINB TE€OPIifl TOMOJIOTIIHOTO ITOJIS.

5) Teopis kaTeropiii: abesieBi Kareropil € BaxKJIMBUM 00’€KTOM JIOCIIZKEHHS
B Teopil KaTeropii, 30KpeMa pinic BUBYEHHS
aauTuBHUX (PyHKTOpPiB. Pekomennyernca pobora Bakypa i Hensany «Beryn B
Teopito Kareropiit Ta GyHKTOPiBY> [3] A1 ITOrIMGIEHOrO O3HAKOMIIEHHSI.
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11.4 IloxigHi KaTeropii Ta dpyHKTOPHU

Abeneni kareropil 3a0€3Me4yIOTh TPUPOJIHY OCHOBY Il TOMOJIOITYIHOT ajirebpu,
KA € PO3/ILIIOM ajaredpu, IO Ma€ CIIpaBy 3 aareOpaldyHNMu BJIACTHBOCTSMA TPy
TOMOJIOTI# Ta KOromoJioriit. 3okpema, abesieBi KaTeropii CTBOPIOIOTH CETTIHT, J1€
MOKHA BU3HAYUTHU MOHATTS TTOXiTHUX KaTeropiit i moximunx GpyHKTOPIB.

OcHOBHa i/iesi TOXIJHUX KaTeropiii IoJjiArae B TOMY, 00 BBECTH HOBY
KaTeropiro, sika MMOOyJoBaHa 3 abesieBOl KaTeropil NUISIXOM <«IHBEDPTYBaHHS»
meBHUX MOP(dI3MiB, MaiizKe TaK CcaMoO, sik OYIyETbCsS TOJI€é JACTOK Ha 00JiacTi
nimicaocti. [loxigaa kareropis abesieBoi kareropii (ikcye «mpaBuibHEY TOHATTS
TOMOJIOTIYHIX 1 KOTOMOJIOTITHUX TPYI i 3abe3medye MOTyKHU iIHCTPYMEHT JI/Tst
BUBYEHHSI aJreOpaidHuX BJAACTUBOCTEH IUX TPYII.

IMoxigai dyskTOPE € QyHIAMEHTAJbHUM I1HCTPYMEHTOM T'OMOJIOTIYHOT
aarebpu, i IX MOXKHA BU3HAYUTHU 38 JOIMIOMOIOI0 KOHIIEHIN MOXiZHOI KaTeropii.
OcHoBHa izmesi mOXimHUX (YHKTOPIB mOJsgrae B TOMYy, 00 B3aTH (DYHKTOD,
AKWA BU3HAYEHO B abeseBiit Kareropii, i «migusTm» #oro m0 yHKTOpa, SKUit
BU3HAUeHUH y moxiauiit kareropil. [loxizunit GyHKTOp MOTIM BUKOPUCTOBYETHCS
JJIsi ODYHCJIEHHsST BUIUX TI'PYII TOMOJIOrT Ta KOromoJiorii o6’ekTiB B abesesiit
KaTeropil.

Bukopucranns moxigamx Kareropiit i ¢GyHKTOPIB 3pOOHIO PEBOJIIOIHIO Y
BUBYEHHI TOMOJIOTIYHOI ajredOpW, 1 Ie MPHU3BEJO 10 0araTboxX BarKJINBUX
3acTOCYBaHb B ajredbpaivdniii reomerpii, Tomosorii Ta mMaTeMaTwdHiN Gi3uUI.
Hampukam, ITOXi/TH1
KaTeropil BUKOPUCTOBYBAJIUCS JJIsl JIOBeJeHHsT (PyHIAMEHTAJbHIX Pe3yJIbTaTiB
ajrebpaivHOl TeoMeTpil, TaKWxX $K 3HaAMeHuTa Teopema | poreniika-Pimana-
Poxa. Bonn Takok BHKOPHUCTOBYBaJIUCH [IJIsi BUBYEHHS I3€PKAJIBHOI CHMeTDil
B TeOpii CynepcTpyH.

11.5 BucuosBku

Abeneni kareropii, Beeseni ['porenjiikom, € GyHIaMEHTATILHAM IHCTPYMEHTOM
CcyJacHOl MaTeMaTHKH, IO 3abe3revye yHi(pIKOBAHUN IMiIXig 70 MOMOJIOTIYHOT
ajrebpu, ajaredbpaiaHol TeoMeTpil, Teopil mpeICTaB/IeHb, TOMOJIOITYHOI KBAHTOBOT
Teopii mosst Ta Teopil KaTeropiit. Ixms posk y moGymoBi moxizHMX Kareropii i
GYHKTOPIB BiAKpUIa HOBI MOXKJINBOCTI JIJTsT BUBYEHHS TOMOJIOTIH i KOTOMOJTOTiA,
a TakoXK IXHiX 3acTocyBaHb y maTeMarurl Ta ¢dizuri. [loganbinumit po3BuTOK
Teopil abesieBUX KaTeropiii, 30kpeMa B KOHTEKCT1 YHIBAJIEHTHOI Teopil THUIIIB, K
nokaszano B pobori Eningepa [2], obinse HOBI nepcrexrusu Jyisi GopMaibHOL
MaTEeMATHKU Ta KOMIT IOTePHUX HAayK.
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[ssue XXXII: Grothendieck Yogas

Namdak Tonpa

16 gepsua 2025 p.

AmnoTanis

s crarra npucesiuena orysany dyHKTOpianpHuX ior I'porenpuixa,
30KpeMa IecTH (PYHKTOPIB, KOTe3WBHUX TOIOCIB Ta IXHBOI PpOJi B
Teopil moximHUX Kareropiit. Mwu po3risgaeMo OCHOBHI KOHITEIMINil, Taki
AK KOTOMOJIOTil Ta iX y3araJibHEHHsI, a TaKOXX 3B’s30K i3 CyYacHOIO
arebpalIHO TeOMETPIEI Ta MOTUBHOK MOMOTOIMIYHO Teopiero. CrarTs
0a3yeTbCsi HA CydJacHHUX JpKepeslax, 30KpeMa Ha JekIisgx Maprina
Tasutayepa 1ipo mectudyHKTOpHU hopMaIi3M.

12 Grothendieck Yogas

TectudyurTOpHMIIT dopmastiam I'porenmika € OTHUM
i3 KJII0Y0BUX IHCTPYMEHTIB cydacHOI ajredpaidHol reomeTpii, MO 03BOJISE
y3araJbHUTH KJIACMYHI KOIOMOJIOTIYHI Teopil Ta 3aCTOCOBYBATH IX Yy PI3HUX
KOHTEKCTaX, BiJ TOMOJIOTIT 10 MOTUBHOI roMoTomivnol Teopil. Lleit dopmastism,
po3pobisienuit Anekcamnapom ['poTeHIKOM, BKJIIOYA€E NICTH OCHOBHUX OMEPAIliil
(dbyukropis), gxi Ail0Tb HAa KaTeropil mydkis abo iX y3arajbHeHb, 3a6e31e1yi0n
baraTuit Habip IHCTPYMEHTIB /IJIsT BUBYEHHS T€OMETPUIHAX 00’€KTIB.
VY miit cTarTi MU 30CepeIuMOCs Ha TPHOX OCHOBHUX ACIIEKTAX:

1. Homy mrectudyukropHuii popmasizm Bakausuii? Bin yzaraibaioe
KOI'OMOJIOTiI, JIO3BOJISIOYM IIPAIOBATU 3 BIJIHOCHOIO TOYKOIO 30Dy Ta
3aCTOCOBYBATH IX y CKJIQJIHUX T€OMETPUYHAX KOHTEKCTAX.

2. IITo Take mectudyHKkTopHuii dpopmastiam? Mu po3risiHeMO OCHOBHI
dyHKTOPH TAa IX BJIACTUBOCTI, TaKi $K JIOKAJI3allisd, IyaJbHICTH Ta
BITHOCH& YHCTOTA.

3. dx iioro xkoHcTpyOOTB? Mun o006roBopuMo MeTOaM TOOYIOBH
dopmastiamy, 30KpeMa depe3 cucTeMu KOeillieHTiB Ta KOTe3UBHI TOTIOCH.

83



12.1 V3arajbHeHHI KOrOMOJIOTi

Koromosorii € dyHmaMeHTa IbHIM IHCTPYMEHTOM Y TOIOJIOTIT Ta ajrebpaldHiit
reomerpii. Hampukman, mis tomosoriaaoro mpocropy X umcna Berri by, (X)
BUMIPIOIOTH KIJIBKICTh TM-BAMIpHEX IIipoK, aje romosorii H,, (X) e 6Gararmmm
iHBapiaHTOM, OCKIJIbKM MiCTATH iH(MOPMAIIIO PO MUKJIN Ta TPAHMUIII.

Example 10. [Ira pisnomanitta X naj ckindemnmm momem k = Fg, ¢
dyukiia (x(T) komye KIbKICTh parioHAIBHUX TOYOK. ['pOTEH K TIOKA3aB, 110
BractuBoCTi 1€l yHKIil BummBaoTh i3 {-ammarmnx koromostoriit H* (Xg; Qe),
AKi, y CBOIO Wepry, oXoAaTh i3 moxignoi kareropii DY (Xi; Qq).

IMTectudyukTopunit  ¢dopmasisaM  y3arajbHIOE I ijel, J103BOJSIOYN
[IPAIFOBATU 3 KATErOpisiIMU PiBHS, sIKi KEPYIOTh IIOBEIIHKOK KOI'OMOJIOTIA.

12.2 BiagnocHa To4Yka 30py

I'porenpix marosomyBaB Ha BaXKJIMBOCTI BiTHOCHOI TOYKH 30Dy, J€ 3aMiCTh
oKpeMuXx 06’eKTiB (HAIIPUKJIIA, CXeM) PO3MJIIAIOThed Mopdismu Mixk HuMmu. Ile
JIO3BOJISIE BUBYATH KOTOMOJIOTIT He i307I1b0BaHO, & pa3oM i3 jiero Mopdi3Mis:

£ HA(Y) — HY(X).

Remark 7. Hasito mmsa ommiel cxemm X 9acTo HEOOXITHO PO3TTISIATH
KOTOMOJIOTIT TIOB’SI3aHMX 00’ €KTiB, HAITPUKJIAI, TIPX 1HYKIT1 38 pO3MIPHICTIO a00
PO3OUTTI HA TPOCTIIT YACTUHU.

12.3 OcHoBHi dyHKTOPU

[MTectudynrTopHMit HOPMATI3M CKIAITAETHCS 3 MIECTA OCHOBHUX (DYHKTOPIB, SKi
JHI0TH Ha KaTeropil mydkis (abo IX y3arajbHeHb, TaKUX K HOXijHI KaTeropii):

o f*: o6epuenuit 06pas (pull-back),

e f,: mpsivuit 06pa3 (push-forward),

e f|: mpsiMuit 06pa3 i3 KOMIIAKTHOO ITiITPUMKOIO,
e f': BUHATKOBHII 0bGepHeHnit 06pas,

e ®: TeH30pHUIT TOOYTOK,

e Hom: BuyTpimmiit rom.

Ili dyrrTOpPM NOB’s13aH] MiXK CODOO a1 FOHKITISIMU:

*f, fAf.

Definition 92. Ina npocropy X (HAOPUKIIAJ, TOIOJOIIYHOIO HPOCTOPY abo
cxemn) Kareropist C(X) € 3aMKHEHOI0 TEH30PHOI TPHAHTYJIATHBHOIO KATETOPIE,
ocHaleHow omeparisvMu @ Ta Hom. [Ips mopdiszmy f : X — Y BusHadeno
ap'roukmii f* - f,, f; 4 f', a Taxox npupomny Tpancdopmario f; — f,.
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12.4 Kore3susHi Tomocu

KoresuBHi Tomocu € UTpUPOIHUM KOHTEKCTOM Jjisl  MIeCTU(DYHKTOPHOTO
dopMmaiaMy, OCKIIbKH BOHEH 3a0€3MeuyloTh KaTeropiajabHy CTPYKTYDPY, $SKa
MATpUMYy€E TeoMeTpudHi Ta Koromojoridgai omeparii. Tomoc € HasmBaeTHCs
KOTE€3WBHUM, SKIO BiH Ma€ HAOIp a/I0OHKTHUX (DYHKTOPIB, IO MOJIETIOIOTH
reoMeTpudHi TpaHcdopMarrii.

Example 11. Kareropiz myuxis Sh(X) ma Ttomosorigmomy mpocropi X €
KOIe3WBHUM TOTOcoM, e f* ra f, BiamoBinaroTh obepHEHNM 1 IIpsiMuM 00pas3aM.

Y KOHTEKCTI aJireOpaiaHol reoMeTpil KOre3uBHI TOIIOCH YaCTO BUHUKAIOTDH STK
KaTeropil myJkiB Ha cxemax abo CTeKax, OCHAINEH] T0JATKOBUMU CTPYKTYPaMH,
TAaKUMU K CTablIbHI 0O-KaTeropii.

12.5 Poap abesieBux Kareropiii

AbGesieBi kareropil Bimirpatorb (PyHIAMEHTAJIBHY POJIb Yy IMECTU(YHKTOPHOMY
dopmastiami, OCKLIBKYA BOHU € OCHOBOIO JIJTst TTOOY/IOBH TTOXiTHUX KaTeropii, ski
BUKOPHUCTOBYIOTBHCS JIJIsI OIKCY IIyYKiB Ta IX KOroMoJoriit. AbejieBa KaTeropist —
e KaTeropisi, B gkiii MopdizMu MaKTh sijipa Ta KOKEPHAJIU, a KOXXHA MOHAJIA
Ta emiMopdi3zM € HOpMAJTHHUMHA. THUIOBHM MPUKJIAJIOM € KaTeropis abeseBux
nyukis Ab(X) ma TomosoriunoMy mpocropi X ab0 KaTeropis KOrepeHTHHX Ty 9KiB
Ha cxeMi.

YV mecrudyukropaomy dopmaiiami abesesi kareropil, Taki sk Sh(X),
CIIYTYIOTh BUXIIHUM IIYHKTOM JiJid BusHadeHus ¢gpyukropis f* Ta f,. Hanpukiasz,
Iy HemepepBHOrO Bimobpaxkennss f : X — Y, dyHKTOp mpsimoro obpasy
f.F Busmauaerbca depes cekmii '(f~'(U),F), ne F € Sh(X), a f* €
ftoro miBoro as’toHkTol0. OjHAK, MO0 BpaxyBaTH TOMOTOIIYHI BJIACTHBOCTI
Ta BUHATKOBY (yHKTOpiambHicTh (fi, fl), HeOoOXiTHO TepeifiTu 10 TOXiTHUX
kareropiit D(Sh(X)), siki 6yayioTbes 3 abeieBUX KaTeropiil NuIsgxoM JioKasizaril
3a KBaziizomopdizmamu.

Remark 8. Ab6esesi kaTeropil 3a6e3me4yOTh CTPOTY ajrebpaldHy CTPYKTYDPY,
aje ix OOMeKeHHS (manpukIa, BifCyTHICTB MIPUPOITHOT
TPUAHTYJIATUBHOI CTPYKTYPHU) pOOJIATH HOXijHI Kareropil Gibil npuIaTHUMU
I ecTUGYHKTOPHOrO (opMasiisMy, 0CO0JUBO B KOHTEKCTI {-ajudHuX abo
MOTUBHUX ITyYKiB.

12.6 IloxigHi kaTeropii

IMoxinuma kareropis D(Sh(X)) mnyuxkie ma mnpocropi X € NIpUPOIHUM
y3araJibHEeHHSIM KaTeropii myJKis, 0 BpaxoBy€e TOMOTOIIYHI BiacTuBocTi. Bona
IO3BOJISIE IPAIIOBATH 3 HOXiTHUMEU DYHKTOPAMHU, TAKAMU SIK:

R, (F) ~ H*(X;F), R (F) ~HNX;F).
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Example 12. [Ina {-aquannx myuxis #a cxemi X moxignaa kateropis DY (X; Q)
€ OCHOBOIO JII1 {-aIMIHUX KOIOMOJIOTIi, IKI BUKOPUCTOBYBAJIUCH JIJIsl JIOBEJICHHST
rinore3 Beits.

12.7 KoHcTpykKiIiis mectudyHKTOPHOTO (popMasIizmy

Koncrpyknis mrecrndyHKTOPHOrO (GOpPMAi3My € CKIaJIHAM 3aBIAHHAM, AKE

4acTO MoTpedye 3HaYHUX 3ychib. OIHUM 13 KJIIOYOBUX BHUKJHKIB € MOOYI0Ba
. . . |

BUHATKOBOI dbyHKTOpiagbHoCTi (), ).

Remark 9. 3a [esainem, juisg mopdizmy f @ X — Y MoKHA BUKOPHCTATH
kommakTudikarito Hararu, mob posksactu f Ha BigkpuTe BKJIAJEHHA j Ta
BJyracHuit Mopdi3m p:

f=poj, fii=pds.
1T

KOHCTPYKIIisI BUMAra€ JIOBEJICHHSI HE3aJIe2KHOCTi Bij BuOOpPY dakTopusarii ta
. . !
icHyBaHHS TTpaBOl a1 FOHKTH .

12.8 3acrocyBaHHS B MOTUBHIiil TOMOTOITIiYHiil Teopil

MotuBaa romoTomiuHa Teopis, po3pobiaena Mopenem 1 Boeoacbkum,
BUKOPHUCTOBYE MIeCTUMYHKTOPHUI (POPMAI3M JJIsi y3arajJbHEHHA KJIACHIHUX
roMoTONmiYHUX Teopiii Ha asrebpaiuni cxemu. Kareropis SH(X) crabiibaux
MOTHBHHUX TOMOTOIIIYHUX IIYYKiB € TPUKJIAJIOM CUCTeMHU KoedillieHTiB, sKa
MiATPUMYE BCi IICTh (DYHKTOPIB.

Example 13. [lna mona k xareropis DM(k;Q) reomerpudHux MOTHBIB
BoeBoacbkoro exsipajienTHa KoMuakTHiil yacruai DMg(k), mo € ocHoBoIO 1151
PAaIliOHAIBHIX MOTHBHAX KOTOMOJIOTIH.

12.9 BucuHoBku

TectudyukTopumit popmastiam I'poTeHika € TOTYyKHUM IHCTPYMEHTOM, STKUit
y3araJbHIOE KONOMOJIOTI] Ta J03BOJISIE TIPAIIOBATH 3 BiJIHOCHUMH iHBapiaHTaMu
B anrebpaiumiii reomerpii. 1loro 3B’sI30K 13 KOI€3WBHEMHI TOIIOCAME Ta
TOXITHUMHU KATeropisiMi BiJIKDUBA€ HOBI MOXKJIMBOCTI JUIST JOCJIiJIXKEHHST
CKJIQJIHIX T€OMETPUIHUX CTPYKTYDP. ¥ MalldyTHhOMY et hopMasti3M, IMOBIpHO,
3aJIUIIATAMETHCS KJIIOYOBUM Y PO3BUTKY MOTHBHOI TOMOTOINYHOI Teopil Ta
iHmux obslacreit MaTeMaTUKH.
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AmnoTanis

We present Grothendieck’s functorial definition of schemes as sheaves
on the category of affine schemes, structured according to the functor of
points perspective. We also outline a path toward formalizing these objects
within Homotopy Type Theory (HoTT).

13 Grothendieck Schemes

We view schemes as sheaves on the category of affine schemes, satisfying
a gluing condition analogous to the usual descent condition in topology.

13.1 Affine Schemes

Let:
Aff:= (CRing)°?

denote the category of affine schemes, i.e., the opposite of the category of com-
mutative rings.
An affine scheme is of the form Spec(A), for a commutative ring A.

13.2 Zariski Covers

A presheaf of sets on Aff is a functor:
F: Aff® — Set.

This is the functor of points perspective: each affine scheme Spec(A) represents
the "test ring"A, and F(Spec(A)) can be thought of as the A-points of F.

A Zariski sheaf is a presheaf that satisfies descent for Zariski covers: if
{Spec(A¢,) — Spec(A)} is a Zariski open affine cover, then the diagram

F(Spec(A)) — Eq | [ [F(Spec(Ar,)) = [ [ F(Spec(Ar,r,))

i'?j

is an equalizer diagram.
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13.3 Grothendieck Scheme

A scheme is a Zariski sheaf
F: Aff°® — Set
such that:

e There exists a Zariski cover {U; — F} where each U; is representable,
i.e., Uj = Spec(A;) for some ring A;.

e Each morphism U; — F is an open immersion (in the sheaf-theoretic
sense).

This means F is locally isomorphic to affine schemes and satisfies Zariski
descent.

Equivalently: Schemes are Zariski sheaves on Aff that are locally repre-
sentable by affine schemes.

13.4 Formalization in HoTT

Categories and Presheaves in HoTT

In HoTT, a category can be defined as a type of objects together with types
of morphisms and operations satisfying associativity and identity laws up to
higher homotopies. A presheaf is then a functor:

FZGOp—>uO

where Up is the universe of O-types (sets). For € = Aff, this gives us the functor-
of-points view.

Sheaf Conditions in HoTT

A sheaf in HoTT is a presheaf that satisfies a descent condition with respect
to a Grothendieck topology, formalized via homotopy limits or truncations, de-
pending on the level of the types involved.

Defining Schemes in HoTT
Within HoTT, a scheme is a sheaf F : Aff°® — U, satisfying:

o A Zariski descent condition.

e Local representability: there exists a family of open immersions
{Spec(A;) — F} covering F.

This mirrors the classical definition but is grounded in type-theoretic and
higher-categorical constructions.
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13.5 Conclusion

Grothendieck’s functorial approach to schemes provides a clean and general
definition that is well-suited for formalization in Homotopy Type Theory. This
opens the way for a synthetic and structured foundation for algebraic geometry

in type-theoretic settings.
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AmnoTaniis

This article presents formal definitions and theorems for ordinary and
generalized cohomology theories, unstable and stable spectra, and spectral
sequences in Abelian categories, including the Serre, Atiyah-Hirzebruch,
Leray, Eilenberg-Moore, Hochschild-Serre, Filtered Complex, Chromatic,
Adams, and Bockstein spectral sequences. We define slopes, sheets, coordi-
nates, quadrants, complex filtrations, and double complexes. Additionally,
we explore the categorical foundations of cohomology theories and spectra,
including their relationships to algebra, homological algebra, and stable
homotopy theory, through isomorphisms, analogies, and instances.
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14 Stable Homotopy Type Theory

14.1 Ordinary Cohomology Theories

Definition 93. An ordinary cohomology theory on the category of topological
spaces and pairs is a contravariant functor H*(—; G) : Top®® — GrAb, assign-
ing to each pair (X,A) a sequence of abelian groups {H™ (X, A; G)}necz, with
coefficient group G, satisfying:

1. Homotopy: If f ~ g : (X,A) — (Y,B), then f* = g* : H*(Y,B;G) —
H™ (X, A; G).

2. FExactness: For (X, A), there is a long exact sequence: - - - — H™ (X, A; G) —
H™(X;G) — H"(A; G) 2, yn+t (X,A;G) — -

3. Excision: For U C A with U C int(A), the inclusion (X\U, A\U) — (X,A)
induces isomorphisms H™ (X, A; G) = H™ (X \ U, A\ U; G).

4. Additivity: For X = | X;, H™(X;G) = @ H™(X;; G).

G n=0

5. Dimension: For a point pt, H"(pt; G) = .
point p (pt; G) {0 n£0

14.2 Generalized Cohomology Theories

Definition 94. A generalized cohomology theory is a contravariant functor
h* : Top°® — GrAb, assigning to each pair (X,A) a sequence {h™(X,; A)}Incz,
satisfying:

1. Homotopy, Ezxactness, Excision, and Additivity as in Definition 1.

2. Suspension: There is a natural isomorphism h™(X,A) = h"+!(ZX,ZA),
where X is the reduced suspension.

The groups h™(pt) form a graded ring, the coefficients of h*.

Theorem 26. Every generalized cohomology theory h* is representable by a
spectrum B = {E,,on : ZE,, — Eni1}, with h™(X) = [X, En]s, where [—, —],
denotes pointed homotopy classes.

14.3 Unstable and Stable Spectra

Definition 95. A spectrum is a sequence of pointed spaces {En}tner, where
I C Z, with structure maps oy, : L&, — En 1. It is:

o Unstable if 1 C Z>o.
e Stable if I = Z and each o, is a homotopy equivalence.

Theorem 27. For an unstable spectrum E, the functor X — [X, E,. ], defines a
cohomology theory on spaces of dimension < n. For a stable spectrum E, the
functor h™(X) = [X, En]« defines a generalized cohomology theory.
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14.4 Categorical Interpretation

This section explores the categorical foundations of ordinary and generalized
cohomology theories, their associated spectra, and the relationships between
algebraic and topological categories through isomorphisms, analogies, and in-
stances. We formalize these structures and highlight their categorical nuances
isomorphisms and non-isomorphic relationships, drawing on frameworks like al-
gebra, homological algebra, and stable homotopy theory.

Definition 96. The category of spectra, denoted Spectra, is the category whose
objects are stable spectra E = {E,,, 0, : ZE;, — En41}, where E,, are pointed
spaces and 0, are homotopy equivalences. Morphisms are collections of maps
fn : En — Fn compatible with structure maps. The stable homotopy category is
the localization of Spectra at weak equivalences (maps inducing isomorphisms
on homotopy groups).

Definition 97. An ordinary cohomology theory is a functor H*(—; G) : Top® —
GrAb satisfying the Eilenberg-Steenrod axioms (Definition 1). Categorically, it
is represented by the Eilenberg-MacLane spectrum H, where A € Ab, with
H™(X;A) = [X, Hpls.

Definition 98. A generalized cohomology theory is a functor h* : Top®® —
GrAb satisfying the axioms of Definition 2. It is representable in Spectra, with
h"(X) = [X, E,]« for a spectrum E.

Theorem 28 (Brown Representability). Every generalized cohomology theory
h* on Top is representable by a spectrum E € Spectra, i.e., there exists E such
that h"™(X) = [X, E,], for all X € Top.

Theorem 29. The stable homotopy category Spectra is a triangulated category,
with distinguished triangles corresponding to cofiber sequences. It is equivalent
to the category of spectra localized at weak equivalences.

Theorem 30. The functor A — H from Ab to Spectra, mapping an abelian
group to its Eilenberg-MacLane spectrum, is faithful but not full. The induced
functor on ordinary cohomology theories to generalized cohomology theories is
an embedding of categories.

14.4.1 Algebraic and Spectral Correspondences

Mathematics is unified through isomorphisms (categorical equivalences), analo-
gies (functorial similarities), and instances (specific subcategories or objects).
We present a correspondence table linking Algebra (Ab), Homological Algebra
(Ch(Z)), Ordinary Cohomology, K-Theory, Superalgebra, and Stable Spectra
(Spectra).

Definition 99 (Isomorphism). An isomorphism in a category € is a morphism
f: A — B with an inverse g : B — A such that gof =ida and fo g =1idg. For
categories, an isomorphism is an equivalence, i.e., a functor F : ¢ — D with a
quasi-inverse G : D — C.
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Definition 100 (Analogy). A non-isomorphic analogy is a structural simi-
larity between objects or categories, captured by functors that preserve some
properties but not all, ensuring no categorical equivalence.

Definition 101 (Instance). An instance is a specific object or subcategory
within a broader category, embedded via a faithful functor. A column in the
table is an instance of another if its structures are special cases of the latter’s,
maintaining non-isomorphic distinctions from other categories.

Tabus. 1: Algebraic and Spectral Correspondences

Category Object Ring | Initial Unit | Operations
Algebra Abelian group Ring Z e,Q
Homological Algebra Chain complex dg-ring Z0] D,
Superalgebra 7./27-graded Ab 7./27-graded Ring Z D, ®
Ordinary Cohomology | Cohomology H*(—; A) Graded ring H*(—;Z) D, ®
Complex K-Theory Graded abelian group Graded ring KU VA
Real K-Theory Graded abelian group Graded ring KO VA
Stable Spectra Stable spectrum Ring spectrum S V, A

e [somorphisms: Rare, e.g., Ab

isomorphic.

Modyz. Most relationships are non-

e Analogies: The tensor product ® in Ab and smash product A in Spectra
are analogous, but Ab Z Spectra due to Spectra’s triangulated structure.

o Instances: KU, KO, and H are instances of Spectra. Superalgebra is an
instance of Ab via the forgetful functor.

Example 14. The functor A — A[0] embeds Ab into Ch(Z), but Ch(Z) % Ab
due to differentials. Similarly, H : Ab — Spectra embeds abelian groups as
Eilenberg-MacLane spectra, but Spectra’s stable phenomena (e.g., suspension
equivalences) distinguish it.

Remark 10. Non-isomorphic analogies require careful handling. Conflating A
in Spectra with ® in Ab can lead to errors in spectral sequence computations,
as /\ introduces higher Tor terms.
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14.5 Spectral Sequences

Definition 102. A spectral sequence in an Abelian category A is a collection
of objects {EP T} >1 p,qez, EP'? € A, with differentials:

P9 . EP»9 p+ar,q+b
dTv 'ETY _)Er Ty r)

such that:
1. dyod, =0.
2. EP9 = HP9(E,, d,) = ker(dP>?) /im(dP 97 "),

3. There exists a graded object H™ € A with filtration F,HP™9 C HP*9,
such that:
P9 = F,HP 9 /F,_ HP*,

The sequence is first-quadrant if EP>9 =0 for p < 0 or q < 0.

Definition 103. The r-th sheet of a spectral sequence is the collection {Ef‘q}p,q .
The indices (p, q) are coordinates, with p the filtration degree and q the com-

plementary degree, satisfying total degree n = p + q. The slope of d, : EP>9 —
E]TI‘)‘FT,quJr] is —r+1
.

Definition 104. A filtered complex in A = Ab is a chain complex (C,,0) with
a filtration --- C F,_1Cy, € FpCyy € Fpi1Cyy C -+, compatible with 9. A
double complex is a bigraded object Cp, 4 with differentials dh: Cp,q — Cp-1,qs
dv: Cpq — Cp g1, satisfying dhd" = dvd¥ = d"dv + dvd"™ = 0. The total
complex is Tot(C),, = @p+q:n Ch.q-

Theorem 31. A filtered complex (C,, Fp,) induces a spectral sequence with:
B =FpCprq/Fp-1Cprqy, EPT =Hpig(FyC/Fp1C) = Hyiq(C).
A double complex Cy, 4 with filtration by p-index induces:

EPY =HY(Cp ), di =H(d") = Hpq(Tot(C)).
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14.5.1 Serre Spectral Sequence

Theorem 32. For a fibration F — E — B with B path-connected, there exists
a first-quadrant spectral sequence:

EDY = HP(BiHI(RZ)) = HPHI(E;2),

with d, : EP>9 — EPHma—T+1

14.5.2 Atiyah-Hirzebruch Spectral Sequence

Theorem 33. For a generalized cohomology theory h* and a CW-complex X,
there exists a spectral sequence:

EP9 =HP(X;h(pt)) == hPT9(X),

with d, : EP>9 — EPHma—T+1

14.5.3 Leray Spectral Sequence

Theorem 34. For a continuous map f: X — Y and a sheaf F on X, there exists
a spectral sequence:

EDd = HP(V;RIf,F) = HPHI(X;F),

with d, : EP>9 — gprma-T+1

14.5.4 Eilenberg-Moore Spectral Sequence

Theorem 35. For a pullback diagram with fibration F — E — B, there exists
a spectral sequence:

E‘zp’q :TOFE[‘:‘](B](H*(F))R) == Hp+q(F;R))
with dy : EP9 — BP9

14.5.5 Hochschild-Serre Spectral Sequence

Theorem 36. For a group extension T - N — G — Q — 1, there exists a
spectral sequence:

E59 =HP(Q;HI(N;R)) = HP'9(G;R),
with d, : EP9 — ERTDaTTH
14.5.6 Spectral Sequence of a Filtered Complex

Theorem 37. For a filtered complex (C,, Fp,), there exists a spectral sequence:
E?,q = Hp+q(FpC/Fp71 C) = Hp+q(c)>

with d, : EP>9 — gp—matr—1,
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14.5.7 Chromatic Spectral Sequence

Theorem 38. For a spectrum X, there exists a spectral sequence:
EMR =i (LX) = mtax(X),

where Ly (k)X is the localization at the k-th Morava K-theory, with d, : EMk
E:Hr] ,kfr'

14.5.8 Adams Spectral Sequence

Theorem 39. For a spectrum X and prime p, there exists a spectral sequence:
F—?t = Eth\’t(HOm* (X, Z/p), Z/p) = Ti—s (X(p) ),
where A is the Steenrod algebra, with d, : ESt — ESHmt+T—1,

14.5.9 Bockstein Spectral Sequence

Theorem 40. For a short exact sequence 0 — R — R’ — R” — 0 of coefficient
rings, there exists a spectral sequence:

EDI=HPTI(X;R") = HPTI(XR),

. . N +1,q—7r
with d, : EP9 — ERTHITT,
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We propose a synthetic framework for simplicial homotopy theory
within homotopy type theory, axiomatizing a directed interval type to
define higher simplices and probe the simplicial structure of types. We
introduce Segal types, where binary composites are unique up to homo-
topy, ensuring coherent associativity; Rezk types, where categorical iso-
morphisms coincide with type-theoretic identities; and Kan types, satis-
fying a horn-filling condition modeling co-groupoids. We define covariant
fibrations as functorial type families and prove a dependent Yoneda lem-
ma, providing a directed analogue of identity elimination. Semantically,
our types correspond to Segal spaces, complete Segal spaces, and Kan
complexes in bisimplicial sets, offering a synthetic language for simplicial
homotopy theory.

Keywords: Simplicial Homotopy Theory
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15 Simplicial Homotopy Type Theory

Homotopy type theory (HoTT) [1] extends Martin-Lof type theory with axioms,
such as the univalence axiom, enabling it to serve as a synthetic language for
oo-groupoids, as modeled by simplicial sets in Voevodsky’s model [2]. This paper
develops a synthetic simplicial homotopy theory within HoTT, focusing on three
flavors: Kan complexes (modeling co-groupoids), Segal spaces (modeling weak
categories), and complete Segal spaces or quasi-categories (modeling (oo, 1)-
categories).

In standard HoTT, types are synthetic oco-groupoids, with identity types
providing paths and higher homotopies. However, simplicial homotopy theory
requires richer structures, such as directed arrows and compositions, as in Segal
or Rezk spaces. Following [3], we interpret HoTT in the Reedy model struc-
ture on bisimplicial sets, where types are simplicial spaces, and identify specific
types—Segal, Rezk, and Kan types—corresponding to Segal spaces, complete
Segal spaces, and Kan complexes, respectively.

Our approach axiomatizes a directed interval type 2, a strict totally ordered
set with endpoints 0,1 : 2, modeled by the simplicial 1-simplex A' in the cate-
gorical direction of bisimplicial sets [4]. This allows us to define higher simplices,
e.g., A> ={(s,t): 2x 2|t < s}, and probe the simplicial structure of types via
maps A™ — A.

We define:

e Segal types, where composable arrows have contractible spaces of compos-
ites, ensuring categorical coherence.

o Rezk types, Segal types where isomorphisms are equivalent to identities,
modeling quasi-categories.

e Kan types, where horn inclusions Al* — A™ lift uniquely up to homotopy,
modeling oco-groupoids.

We study functors (type-theoretic functions), natural transformations (A x
2 — B), and covariant fibrations (functorial type families), proving a dependent
Yoneda lemma. In Appendix A, we show that our types correspond to their
semantic counterparts in bisimplicial sets, leveraging the Reedy and Rezk model
structures.

This synthetic framework simplifies reasoning about simplicial homotopy
theory, as type-theoretic operations are automatically functorial, mirroring the
internalization benefits of [3].
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15.1 Simplicial Types

We extend HoTT with a strict interval type 2, a totally ordered set with distinct
elements 0,1 : 2, satisfying the coherent theory of a strict interval |5l [6]. Seman-
tically, 2 is the simplicial 1-simplex A' in the categorical direction of bisimplicial
sets.

Definition 105. The strict interval 2 is equipped with:
{0,1 2, distinct endpoints,
<:2x2—1U, total order, with 0 < 1.
Higher simplices are defined internally:
A" ={(s1y...y8n) 2™ |51 <s2 < --- <sph

For example, A2 = {(s,t) : 2x 2|t < s}. A map o : A> — A represents a
commutative triangle in A, with edges At.o(t,0), At.e(1,1), and At.o(t, ).

We use extension types to define hom-types. For x,y : A, the type of arrows
from x to y is:

hOHlA(X,y) = < H u | {O)]}(_} 2> {f(O) :X>f(1) :U}>

f:2—5A

where {0, 1} < 2 is a cofibration, and the type family enforces f(0) = x, (1)
judgmentally, avoiding identity type data [3].

Y

15.1.1 Segal Types

Segal types model synthetic Segal spaces, where composition is unique up to
homotopy.

Definition 106. A type A is a Segal type if, for any composable arrows f, g :
2 — A with f(1) = g(0), the type of composites

> ) (ta(t,0) =) x (M.x(1,1) = g) x (At.(t,t) = h)
h:2—A x:2—A

is contractible.

This ensures that composition is associative and unital up to all higher
2
homotopies, as the contractibility condition implies the Segal map A% —
AL x AAO A% is an equivalence in bisimplicial sets.

Theorem 41. In a Segal type A, composition is coherently associative and
unital.

Jlosedenns. The contractibility of the composite type implies that the Segal
3 1 1 1

maps for higher simplices (e.g., A4 — A? X A 40 AL X A 40 AL ) are equiva-

lences, ensuring associativity and unit laws hold up to homotopy, as in [7]. O
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15.1.2 Rezk Types

Rezk types model complete Segal spaces, where isomorphisms coincide with
identities.

Definition 107. A Segal type A is a Rezk type if the type of isomorphisms

isoa (x,y) := Z Z (inverses up to homotopy)
f:homa (x,y) g:homa (y,x)

is equivalent to the identity type x =y.

This “local univalence” condition ensures A models a quasi-category, where
invertible arrows are precisely paths.

Theorem 42. Rezk types correspond to complete Segal spaces in the Rezk
model structure on bisimplicial sets.

Zlosedenns. The completeness condition corresponds to the map AEDA®
AA°DA° being a trivial fibration, as in [3], matching Definition A.24 of the
original paper. O
15.1.3 Kan Types

Kan types model synthetic Kan complexes, satisfying a horn-filling condition.

Definition 108. A type A is a Kan type if, for allm > 1 and 0 < i < n, the
horn inclusion Al* — A™ induces a contractible type of fillers:

> ) (g=fou.

f: A" A gAT—A

Kan types model oco-groupoids, as every horn has a unique filler up to ho-
motopy, corresponding to Kan complexes in simplicial sets.

Theorem 43. Kan types are Segal types, and every Kan type is a Rezk type.

osedenns. The Kan condition implies the Segal condition, as horn-filling for
/\% ensures unique composites. The Kan condition also implies all arrows are
invertible, satisfying the Rezk completeness condition trivially. O
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15.2 Covariant Fibrations and the Yoneda Lemma

We define covariant fibrations as functorial type families over Segal types.

Definition 109. A type family C : A — U over a Segal type A is a covariant
fibration if, for any a: A, C(a) is a Kan type, and for any f : homa (a, b), there
is a transport map C(f) : C(a) — C(b) satisfying functoriality up to homotopy.

Theorem 44 (Dependent Yoneda Lemma). For a covariant fibration C : A — U
and a: A, there is an equivalence

C((l) = homFibA (y(fl)» C)»

where y(a) : A — U, y(a)(b) = homa (a,b), is the Yoneda embedding, and
Fiba is the type of covariant fibrations over A.

JHosedenna. The proof follows [3], constructing a natural equivalence via the
contractibility of hom-types and functoriality of C, internalized in the type the-
ory. O

15.3 Synthetic Categorical Structures

We extend the framework to include synthetic analogues of categorical struc-
tures, such as natural transformations, adjunctions, limits, and discrete types,
which enrich the simplicial homotopy theory.

Definition 110. For Segal types A,B and functors F,G : A — B (i.e., type-
theoretic functions preserving Segal structure), a natural transformationn : F —
G is a map

n: | [homg(F(a), G(a)),
a:A

such that for any f : homa (a, a’), the following diagram commutes up to homo-
topy:
Fla) — G(a)

lF(f) lG(f)
)

Fla’) - G(a’

Theorem 45. For Segal types A,B, the type of natural transformations
]_[F)G:A_}B [1,.A homg(F(a),G(a)) is a Segal type.

Jlosedenns. The naturality condition ensures that the type of transformations
satisfies the Segal condition, as the hom-types homg (F(a), G(a)) are contractible
for composable arrows, and the functoriality of F, G preserves this structure,
following [7]. O
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Definition 111. For Segal types A, B, an adjunction consists of functors F :
A — B, G:B — A, and natural transformations

n:ida — GoF unit,
€:FoG —idg, counit,

satisfying the triangle identities up to homotopy:
(Ge) o (nG) ~idg, (eF)o(Fn) ~idg.

Theorem 46. An adjunction (F, G,1, €) between Segal types A, B induces an

equivalence
homg (F(a),b) ~ homa (a, G(b))

forall a: A, b:B.

Jlosedenns. The unit and counit induce a bijection on hom-types via the trian-
gle identities, which holds up to homotopy in the Segal type structure, mirroring
the categorical adjunction in [4]. O

Definition 112. For a Segal type A and a diagram D : I — A (where I is a Segal
type), a limit of D is a Kan type L with a natural transformation 7t : consty — D
such that, for any Kan type X and natural transformation o : constx — D, there
exists a unique map f: X — L with 7t o consts ~ o.

Theorem 47. In a Rezk type A, the limit of any diagram D : I — A is a Kan
type.

Llosedenns. The limit L inherits the Kan condition from the fibers of the pro-
jection 7, as Rezk types ensure isomorphisms are identities, and the universal
property enforces contractibility of the mapping space, as in [3]. O

Definition 113. A type A is discrete if its identity types a =a b are proposi-
tions (0-truncated), i.e., for all a,b: A and p,q:a =a b, we have p = q.

Theorem 48. For any discrete type A, there exists a Segal type A and an
embedding i: A — A such that homy (i(a),i(b)) ~ (a =a b).

Jlosedenns. Construct A as the Segal type generated by A with hom-types
homg (i(a),i(b)) := (a =a b), which is contractible for a = b and empty oth-
erwise, satisfying the Segal condition and embedding A via the Yoneda lemma,
as in [2]. O
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15.4 Synthetic co-categories
15.4.1 Strict Interval

Definition 114 (Interval Formation). The strict interval type is formed as:

I ctx
r=2:U

def Interval form : U := 2

Definition 115 (Interval Introduction). Endpoints and order are introduced:

" ctx I' ctx Nes,t:2
Fr'0:2 TH1:2 TrEs<t:U

def Interval intro 0 : Interval form :=0
def Interval intro_1 : Interval form :=1
def Interval order (s t: Interval form) : U :=s <t

Definition 116 (Interval Elimination). The interval is eliminated by case anal-
ysis:
NlNFa:2 THEFC:2—-5U Trco:C(O) TEecy:C(T)
't indz(a, Ax.C(x),co,c1) : C(a)

def Interval elim (C: Interval form —> U)
(c0: C Interval intro 0) (cl: C Interval intro 1) (a: Interval form)
: Ca :=split {0-—>1¢c0 | 1—>cl}

Theorem 49 (Interval Computation). Elimination reduces on endpoints:

N-C:2—-U TFc:C0O0) Trkcr:C(1)
't ind3 (0, Ax.C(x), co,c1) = ¢o : C(0)

N-C:2—-U T'kc¢o:C(0) They:C(1)
't indz (1, Ax.C(x),co,c1) = ¢1 : C(1)

def Interval comp 0 (C: Interval form —> U)
(c0: C Interval intro 0) (cl: C Interval intro 1)
: Z (C Interval intro_ 0)
(Interval elim C c0 cl Interval intro_ 0) cO
:= refl (C Interval intro_0) cO

def Interval comp_1 (C: Interval form —> U)
(c0: C Interval intro 0) (cl: C Interval intro 1)
: Z (C Interval intro 1)
(Interval elim C ¢0 ¢l Interval intro 1) cl
refl (C Interval intro 1) cl
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Theorem 50 (Interval Uniqueness). Elimination is unique for dependent types:

MFa:2 TFC:2—U Tkc:Cla)
't ¢ =indz(a,Ax.C(x), c[0/x],c[1/x]) : C(a)

def Interval uniq (C: Interval form —> U) (a: Interval form) (c: C a)
(C a) ¢ (Interval elim C (c[0/x]) (c[l/x]) a)

= refl (C a) c
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15.4.2 Shape Cubes
Definition 117 (Cube Formation). Cube types are formed for shapes:

= cube ctx Zcubectx ZFI:Cube ZF]J:Cube
ZF1:Cube ZF1:Cube =k Ix]J:Cube

def Cube_form_ I : Cube :=1
def Cube form unit : Cube :=1
def Cube_form_prod (I J: Cube) : Cube :=1 x J

Definition 118 (Cube Introduction). Cube terms are introduced:

Zcubectx Zks:I =ZFt:]
Zhx: ZE(s,t): Ix]

def Cube intro unit : Cube form unit := *
def Cube_intro_ pair (I J: Cube) (s: I) (t: J)
: Cube_form_prod I J := <s, t>

Definition 119 (Cube Elimination). Cube projections extract components:

ZHEt:Ix] ZFt:Ix]
SEmit) T ZEm(t) ]

def Cube elim fst (I J: Cube) (t: Cube form prod I J) : I
def Cube _elim snd (I J: Cube) (t: Cube form prod I J) : J

Mt
Ty t
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15.4.3 Shape Topes
Definition 120 (Tope Formation). Tope types encode logical constraints:

= cube ctx = cube ctx Zks,t:l

ZFET:Tope ZF L:Tope ZFs=t:Tope
ZF¢:Tope ZFHP:Tope =ZF d:Tope =ZF:Tope

ZF & AP : Tope ZF ¢ VU : Tope

def Tope form true : Tope :=T
def Tope form false : Tope := L
def Tope form eq (I: Cube) (s t: I) : Tope :=
def Tope form and (¢ ¢: Tope) : Tope := @ A
def Tope form or (@ P: Tope) : Tope := ¢ V |

s =t

Definition 121 (Tope Introduction). Tope entailments are introduced:
ZFd:Tope ZFs=t:Tope
SEd=>T Zks=t=t=s
Zks=t ZFt=u ZF¢:Tope ZFV:Tope ZHP=>V ZHFYP=x
Zks=u P =%

def Tope intro true (@: Tope) : ¢ =
def Tope intro sym (I: Cube) (s t:
Tope form eq I t s

= A p, sym p
def Tope intro trans (I: Cube) (s t u: I)

: Tope form eq I s t = Tope form eq I t u= Tope form eq I s u
:= A p q, trans p q

T = A T
)

I) : Topgiformieq I st=

Definition 122 (Tope Disjunction Elimination). Tope disjunction is eliminated
via a pushout-like rule:

ZFoVYP:Tope Z,dFx:Tope Z,PFx:Tope =, édAWYPFx:Tope
= F x : Tope

PAY ———
x|
b —— ¢V

def Tope elim or (¢ P x: Tope)
(cl: @ =x) (c2: b=x) (c3: ¢ A= x)
P VYy=x i=A X

Theorem 51 (Tope Computation). Disjunction elimination reduces on cases:
ZF ¢ :Tope Z,¢ F x: Tope
ZFxlp V/dl =x : Tope

def Tope comp or (@ ¥ x: Tope) (c: ¢ = X)
: Z Tope (Tope elim or @ v x ¢ ¢ ¢) x := refl Tope X
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15.4.4 Extension Types

Definition 123 (Extension Type Formation). Extension types generalize de-
pendent functions:

ZH¢:Tope ZHY:Tope ZFHi:¢p—=Y THC:p—-U l"l—d:]_[x:d)C(i(x))

M (T CW) 1) U

def Ext form (¢ ¥: Tope) (i: @ =) (C: ¢
— U) (d: (x: ¢) = C (i x))
U =41 (y: ), Cy | i>

Definition 124 (Extension Type Introduction). Elements are functions satis-
fying boundary conditions:
ZFEd:Tope ZFHYP:Tope ZHi:dp =P
r-C:yv—Uu Fl—f:Hy:q)C(y) F}—pzl_[x:(bf(i(x)) = d(x)
I ext(f,p) : <H,_,,:¢ Cly) | i>

def Ext_intro (¢ ¥: Tope) (i: ¢ =) (C: ¢
—> U) (d: (x: @) —> C (i x))
(£: (v: 9) = Cy) (p: (x: ®) == (C (i x)) (£ (i x)) (d x))
: Ext form @ ¢ i Cd :=ext f p

Definition 125 (Extension Type Elimination). Extension types are applied or
restricted:

F}—e:<]_[y:wC(y)|i> ey Fl—e:<1_[y:q)C(y)|i> Mex:d
'+ app(e,y) : C(y) 'k restr(e,x) : C(i(x))

;)q)

¢
o e
xt U

u =,

def Ext elim _app (¢ P: Tope) (i: @ =) (C: P — U)
(d: (x: @) — C (i x)) (e: Ext form o v i Cd) (y: ¥)
: Cy = app e y

def Ext_elim restr (¢ ¢: Tope) (i: ¢ =) (C: v — U)
(d: (x: @) = C (i x)) (e: Ext form o ¢ i Cd) (x: @)
: C (i x) := restr e x

Theorem 52 (Extension Type Computation). Application and restriction re-
duce appropriately:

I f: Hyrlb Cly) Tkp: Hx:cb flix))=d(x) Tky:p
I+ app(ext(f,p),y) = f(y) : Cly)
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M=~ Hy:lb Cly) Tkp: Hx:cb filx))=d(x) TkEx:¢
I'F restr(ext(f,p),x) = d(x) : C(i(x))

def Ext comp app (¢ P: Tope) (i: @ =) (C: P — U)
(4 (x5 9) > C (i x)) (I (y: ¥) >Cy)

(p: (x: @) =2 (C (i x)) (f (i x)) (dx)) (y: )
= ( ) (Ext_elim _app ¢ v i C d (Ext_intro ¢ ¥

d fp)y) (fy)

refl (Cy) (fy)

def Ext comp restr (¢ 1p: Tope) (i: ¢

(d: (x: @) = C (i x)) (f: (y: )*>CY)

gp& (x: @) = Z (C (i x)) (f (i x)) (dx)) (x: ¢)
5 f p) x) (d x)

p x

i

ma-

(i x)) (Ext_elim restr ¢ Y i C d (Ext_intro ¢ ¥

ha-

Theorem 53 (Extension Type Uniqueness). Extension types are uniquely de-
termined:

Me: (Tl Cy) 1)
't e = ext(Ay.app(e, y), Ax.restr(e,x)) : <]_[y:¢ Cy) | i>

def Ext uniq (¢ P: Tope) (i: @ =) (C:
— U) (d: (x: @) — C (i x))
(e: Ext form ¢ ¢ i C d)
: Z (Ext_form @ ¢ i C d) e
(Ext_intro ¢ v i Cd (A y, Ext elim app ¢ ¥ i
(A x, Ext_elim restr ¢ ¥
:= refl (Ext_form ¢ ¢ i C d) e

C
i

dey)
i Cde

x))

15.4.5 TUniverse Types

Definition 126 (Universe Formation). The universe type is formed as:

I ctx
'k U : Usuce

def Univ_form : U; :=U

Definition 127 (Universe Introduction). Types are elements of the universe:

r'CEA:U
r-A:U

def Univ_intro (A: U) : Univ_form := A
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Definition 128 (Universe Elimination). Types in the universe are used in type
formation:

FrA: U Ox:AFB:U
METaB:U

def Univ_elim (A: Univ_form) (B: A — U) : Univ_form :=1TI
(x: A), Bx

Theorem 54 (Universe Computation). Universe elimination aligns with type
formation:

'NFA:U x:AFB:U
I'F Univ_elim(A,B) =TI,.AB: U

def Univ_comp (A: U) (B: A — U)
: Z U (Univ_elim A B) (IT (x: A), B x)
= refl U (IT (x: A), B x)
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15.5 Simplicial Type Theory

This document formalizes the inference rules for Martin-L6f Type Theory
(MLTT) and its extension to Simplicial Type Theory (STT) as presented in
“The Yoneda embedding in simplicial type theory” (2025) by Gratzer, Wein-
berger, and Buchholtz.

15.5.1 Judgments
The type system uses:
o T Context I is well-formed.
e ['F 5 :A: Substitution 6 maps I' to A.
e ' A type: Type A is well-formed in T.

e 'Ha:A: Term a has type A in T.

15.5.2 Context Formation with Extension

e Modal context extension: FT' = F T} {u}
e Variable annotation: - [T {u} - A type = Fx: A
e Variable rule: p <mods(lh) = To,x:p A, T Fx:A

where mods(I'7) = vgo vy o--- is the composite of modal restrictions {v;} in Iy
(or id if none).
15.5.3 Dependent Function Types (IT-Types)
Definition (Inference Rules):
e Formation: I' - A type,[[x: AF B type = T'F[],.A B type
e Introduction: [x:AFb:B = T'FAx.b:[[,.A B
e Elimination: '~ f:[[,. A B,lFa:A = T'F f(a):Bla/x]

e Computation: [x: A+Fb:B,TFa:A = T+ (Ax.b)(a) = bla/x] :
Bla/x]

e Uniqueness: 'Ff:[[,L,AB = THFAx.f(x)=f:[[,.AB

Theorem (Type Safety): For any TI', if I' = [] ., B type and " F f :
[I,.A B, then for any ' - a : A, there exists a unique b : Bla/x] such that
' f(a)=b:Bla/x].

Proof Sketch: Formation ensures A, B are well-typed. Introduction constructs f.
Elimination applies f to a. Computation reduces f(a). Uniqueness follows from
the n-rule.
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15.5.4 Dependent Pair Types (X-Types)

Definition (Inference Rules):
e Formation: I' - A type,[x: AF B type = T'F} .. B type
e Introduction: ' a:A,T+Fb:Bla/x] = T+ (a,b):) .o B

e Elimination: [z: ) ., B+ Ctype,[x:A,y:Btc:Clx,y)/zl,Fp:
> waB = Thlet (x,y) «—pinc:Clp/z

e Computation: [z : Y B F Ctype,[x:Ay:BFc:Cllx,y)/z,T F
a:ATEDV :Bla/x] = TF let(x,y) « (a,b)inc = cla/x,b/y] :
Cl(a,b)/z]

e Uniqueness: TFp:} .. B = Thklet (x,y) —pin(x,y)=p:) .o B

Theorem (Fibration Property): ' = > _ ., B type is a fibration in the
locally cartesian closed category of contexts.
Proof Sketch: Formation defines the fibration. Introduction constructs sections.
Elimination performs dependent elimination. Computation ensures coherence.
Uniqueness reflects the universal property.

15.5.5 Universes

Definition (Inference Rules):

e Formation: true = TI' U; type

Introduction: I' = A type,level(A) <i —= THA: U;

Elimination: '+ A : U; = T F El(A) type

Computation: ' A : Ui, TF A type = T'F EI(A) = A type
e Uniqueness: 'FA:U; = THA=EI(A): U;

Theorem (Consistency): The hierarchy U; ensures MLTT consistency by
stratifying types.
Proof Sketch: Formation introduces the hierarchy. Introduction embeds types.
Elimination decodes them. Computation ensures idempotence. Uniqueness guar-
antees coherence.

15.5.6 Interval Type (I)

Definition[Inference Rules]
e Formation: true = T k1 type

e Introduction: true = T'FO0: I, true = ' 1: [ THFi:LTHj: I =
FrEiAN:LTHL:LTHJ: I = THiVj:1
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e Elimination: [x : I - B type,I" + by : BIO/x],T - by : B[1/x],T}x,y :
IFDba:BxAy/x,Lx,y:IFby:BxVyx,I'ci: I = TF
I“eC]I(B,bo,bhb/\,bv,i) . B[i/X]

e Computation: (as above) = T I recy(B, bg,b1,ba, by, 0) = b : B[0/x],
..., 'Frec(B,bo,b1,ba, by, iV i) = byli/x,j/yl : BAVy/x]

e Uniqueness: 't f: [[, B, T+ f(0) = by : B[O/x],...,TFf(xVy)=by:
Blx Vy/x] = T F reci(B,bo,b1,ba, by, 1) unique up to =

Theorem|Bounded Lattice] I forms a bounded distributive lattice, satisfying
]_[i’].:ﬂ(i <j)V ([ <1i) (Axiom A).
Proof Sketch: Introduction defines lattice operations. Elimination and compu-
tation ensure well-definedness. Uniqueness respects the lattice structure.

15.5.7 Modal Types ({(1|A))
Definition[Inference Rules|
e Formation: [{u}F A type = T'F (u| A) type
e Introduction: N{p}Fa: A = TFmody(a): (n|A)

e Elimination: [x : {(p | A) F Btype,[ly ou A F D
Blmod, (y)/x],[{viFa: (u|A) = Tk let mody(y) « ain b: Bla/x]

e Computation: [x  (u | A) F Btype,ly ou A F b
Blmod, (y)/x],[{voulFa:A = Tt let mody(y) + mod,(a)inb =
bla/y] : Blmod, (a)/x]

e Uniqueness: ' - f : (u | A) — B,[Yy vou A F f(mody(y))
b : Blmod,(y)/xl,{v} F a: (p | A) = T F let mod,(y)
a in b unique up to =

T

Theorem|[Modal Equivalence| For p, mod, : A — (1| A) is an equivalence
if mod, (a) =mod, (b) — (1| a =">) is an equivalence (Axiom B).
Proof Sketch: Formation and introduction define the modal type. Elimination
and computation ensure injectivity. Axiom B guarantees surjectivity.

15.5.8 Modal TI-Types
Definition[Inference Rules]
e Formation: I' = A type,[[x:y A B type = T I HX:uA B type
e Introduction: [x: At-b:B = T'EAxb: ], A B
e Elimination: I'F f: HXZ“A B, {u}Fa:A = T f(a): Bla/x]
o CE)mp}utation: Nx:y AFb:B{ujFa:A = T'F (Ax.b)(a) = bla/x] :
Bla/x
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e Uniqueness: ' f: [, AB = THEAf(x)=f:], A B

Theorem|Pointwise Invertibility] For a category C, if f : []. (b |
homc (x,y)) is pointwise invertible, then f is globally invertible (Example 2.22).
Proof Sketch: Modal TI-types ensure f respects b. Elimination applies f. Com-
putation preserves equalities. The b-modality extracts isomorphisms.

15.5.9 Precategory and Category Types

Definition|Inference Rules]

e Formation (Precategory): I' = C type,I' F isSegal(C) : Hx,y,z:C(H —
home(x,y)) X (I — home(y,z)) = home(x,z) = T+ C precategory

e Formation (Category): TI' F  C precategory,I’ F  isRezk(C)
[1,y.c isEquiv(isoxy — (x =y)) = T'F C category

where homc (x,y) = (| C), isox,y = (b [ homc¢(x,y)).

Theorem[Yoneda Embedding] For a category C, there exists a fully faithful
y:C— C where C is the precategory of presheaves (f | C), defined by y(x)(y) =
homc (y,x ) R
Proof Sketch: Precategory formation defines C. Yoneda uses modal types and f.
Rezk ensures homg(y(x),y(y)) ~ homc(x,y).

15.5.10 Key Theorems

¢ Yoneda Lemma: For a category C, homga(y(x),F) — F(x) is an equiva-
lence for all x : C, F: (| C).
Proof Sketch: Uses tw modality and Axiom G for twisted arrow categories.

e Free Cocompletion: C is the free cocompletion of C, i.e., Fun(é, D) ~
Fun(C, D) for cocomplete D.
Proof Sketch: Modal TI-types and § define functor categories. Yoneda en-
sures universality.
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16 Modal Homotopy Type Theory

16.1 Preliminaries

A category C consists of:
e A class of objects, Ob(C),
e A class of morphisms, Home(X,Y), for each pair X,Y € Ob(C),
e Composition maps o : Hom(Y, Z) x Hom(X,Y) — Hom(X, Z),
e Identity morphisms idx € Hom(X, X) for each X,

satisfying associativity and identity laws.
A functor F: C — D assigns to each:

e Object X € € an object F(X) € D,
e Morphism f: X — Y a morphism F(f) : F(X) — F(Y),

such that F(idx) = idg(x) and F(go f) = F(g) o F(f).
A natural transformation n : F = G between functors FG : ¢ — D
consists of morphisms nx : F(X) — G(X) such that for every f: X — Y in G,

F(X) 2 G(X

o |

F(Y) —— G(Y)

)
(f)

9]
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commutes.
An adjunction between categories € and D consists of functors

F:CsSD:G
and natural transformations (unit n and counit )
N:lde=GoF ¢€:FoG=1Idp

satisfying the triangle identities.

16.2 Topos
A topos € is a category that:

e Has all finite limits and colimits,
e Is Cartesian closed: has exponential objects [X, Y],

e Has a subobject classifier Q.

16.3 Geometric Morphism

A geometric morphism f: & — F between topoi consists of an adjoint pair
f* . Fs & f,

with f* - f,, where f* preserves finite limits (i.e., is left exact).
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16.4 Cohesive Topos

A cohesive topos is a topos € equipped with a quadruple of adjoint functors:
M4AAT AV : & = Set

such that:
e [ is the global sections functor,
e A is the constant sheaf functor,
e V sends a set to a codiscrete object,
e [T is the shape or fundamental groupoid functor,
e A and V are fully faithful,
e A preserves finite limits,

e TT preserves finite products (in some variants).

16.5 Cohesive Adjunction Diagram and Modalities

B
& 47 Set
=
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16.6 Cohesive Modalities

The above adjoint quadruple canonically induces a triple of endofunctors on €&:
(J d4pH44):E— &
defined as follows:

J::Aoﬂ
b:=Aol
g=Vol

This yields an adjoint triple of endofunctors on &:

J4b4u

These are:

e [ — the shape modality: captures the fundamental shape or homotopy
type,

e b — the flat modality: forgets cohesive structure while remembering dis-
crete shape,

e  — the sharp modality: codiscretizes the structure, reflecting the full
cohesion.

Each of these is an idempotent (co)monad, hence a modality in the internal
language (type theory) of &.
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16.7 Differential Cohesion

A differential cohesive topos is a cohesive topos & equipped with an addi-
tional adjoint triple of endofunctors:

RHATA&):E—E

These are:
e A: the reduction modality — forgets nilpotents,
e J: the infinitesimal shape modality — retains infinitesimal data,
e &: the infinitesimal flat modality — reflects formally smooth structure.
Important object classes:
e An object X is reduced if R(X) = X.
e It is coreduced if &(X) = X.

e It is formally smooth if the unit map X — &X is an effective epimor-
phism.

Formally étale maps are those morphisms f : X — Y such that the square

X

<%
[

[}

=

is a pullback.
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16.8 Graded Differential Cohesion

In graded differential cohesion, such as used in synthetic supergeometry,
one introduces an adjoint triple:
10) = 4~ 4 Rh

(=4~4Rh): & = €
These are:
e —: the fermionic modality — captures anti-commuting directions,
e ~: the bosonic modality — filters out fermionic directions,
e Rh: the rheonomic modality — encodes constraint structures.

These modal operators form part of the internal logic of supergeometric or
supersymmetric type theories.
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16.9 Adjoint String of Identity Modalities

In Homotopy Type Theory (HoTT), identity systems (Contractible, Strict Id,
Quotient, Isomorphism, Path = Equivalence) are modeled as modalities in the
oo-topos € = coGrp. We construct an adjoint quadruple extending the Jacobs-
Lawvere triple C 4 Ida 4 Q(—/ ~), incorporating Isomorphism and Path =
Equivalence. The modalities are ordered by adjointness: Contractible < Strict Id
< Quotient < Isomorphism < Path = Equivalence, reflecting their structure in
HoTT, where Strict Id, Quotient, and Path = Equivalence are mere propositions
for h-sets, while Isomorphism is not.

Homotopy Type Theory (HoTT) provides a framework for reasoning about
equality via the identity type Ida(x,y). In the oco-topos €& = coGrp, identity
systems are modalities (monads), ordered by adjointness. The classical Jacobs-
Lawvere adjunction triple C 4 1Ida 4 Q(—/ ~) captures Contractible, Strict,
and Quotient. We extend this to a quadruple, including Isomorphism and
Path = Equiv, respecting the HoTT equivalence of Path and Equivalence and
the propositional nature of Strict Id, Quotient, and Path = Equivalence for
h-sets.

Definition 129. In HoTT, the identity systems are:
e Contractible: (-1)-truncated types, mere propositions.
e Strict: Ida (x,y) for h-sets (0-truncated), a mere proposition.
e Quotient: Set-quotients A/ ~, O-truncated, equivalent to Strict Id.
e Isomorphism: Isoa (x,y), a triple (f, g,p), not a mere proposition.
e Path = Equiv: Patha (x,y) =~ (x ~y), equivalent in HoTT.
In € = coGrp, we define categories:
® Ccontr = E<_1: Mere propositions.
o Eurict = E<o = Set: h-sets (Strict Id).

o Equot = <o = Set: h-sets (Quotient).

Eiso = &: co-groupoids with isomorphisms.

® &hath/equiv = €: co-groupoids with paths/equivalences.
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The Jacobs-Lawvere triple C 4 Ida 4 Q(—/ ~) is extended to an adjoint
quadruple:

F F F F
8contr ‘4) 8strict “3> 8quot “2) Eiso “]) 8path/equiv
Theorem 55. The functors form an adjoint quadruple with adjunctions:
Fs 4U4, Fz Uz, FrAUz, F AU,

e Fs: Econtr — Estrict: Inclusion of (-1)-truncated objects into O-truncated
objects. Right adjoint Uy: (-1)-truncation, U4 (X) = ||X]|—1.

® F3: Estrict — Equot: Canonical map to quotient structure, viewing h-sets
as quotiented by trivial relations. Right adjoint Us: Inverse map preserving
h-set structure.

o F7 1 Equot — Ciso: Inclusion of h-sets into €, core(X) = X. Right adjoint
U,: O-truncation, U, (X) = || X||o.

o T : &iso — Epath/equiv: Canonical inclusion of co-groupoids with isomor-
phisms into full co-groupoids with paths/equivalences. Right adjoint U;:
Core map, preserving isomorphism structure.

The adjunctions induce the ordering:

Contractible < Strict Id < Quotient < Isomorphism < Path = Equivalence

e Contractible: Coarsest, mere propositions ((-1)-truncated).

Strict: h-sets, Ida (x,y) is a mere proposition.

Quotient: Equivalent to Strict Id, O-truncated set-quotients.

Isomorphism: Isoa (x,y) is not a mere proposition for general types.

Path = Equivalence: Finest, full co-groupoid structure, equivalent via
univalence.

The adjoint quadruple extends the Jacobs-Lawvere triple, capturing the
structure of identity systems in HoTT. The ordering reflects their increasing
complexity, with Strict Id, Quotient, and Path = Equivalence collapsing to mere
propositions for h-sets, while Isomorphism retains higher structure. Future work
could explore these adjunctions in other co-topoi or specific CTT models.
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17 Local Homotopy Type Theory

Motivic homotopy theory, introduced by Morel and Voevodsky, extends classi-
cal homotopy theory to the setting of algebraic geometry, treating schemes as
analogous to topological spaces. A central object in this framework is the cat-
egory of T-spectra, which generalizes the notion of spectra in stable homotopy
theory to the motivic context, where the circle S is replaced by the Tate object
T =A'/(A"\{0}). John F. Jardine’s work on motivic symmetric spectra provides
a categorical model for the motivic stable category, equipped with a symmet-
ric monoidal smash product, enabling rich interactions between algebraic and
topological structures [I].

This article formalizes the category of T-spectra, emphasizing Jardine’s con-
tributions. We define T-spectra and symmetric T-spectra, describe their mod-
el category structure, and present key theorems on stable equivalences and
monoidal properties. Applications to algebraic geometry, such as the study of
motivic cohomology and algebraic K-theory, are discussed.

We assume familiarity with basic category theory and algebraic geometry.
Below, we outline essential concepts.

Definition 130. Let S be a Noetherian scheme of finite Krull dimension. The
category Smg consists of smooth schemes of finite type over S, with morphisms
being scheme morphisms over S.

Definition 131. A simplicial presheaf on Smg is a contravariant functor from
Sms to the category of simplicial sets. The category of simplicial presheaves,
denoted Sp(Sms), is equipped with a proper closed simplicial model structure,
as constructed by Morel and Voevodsky [3].

Remark 11. The Nisnevich topology on Sms, denoted Nis, is a Grothendieck
topology coarser than the Zariski topology but finer than the étale topology. It
is crucial for defining the motivic model category.
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17.1 Definition of T-Spectra

In motivic homotopy theory, the Tate object T plays the role of the suspension
functor. We define T-spectra as follows.

Definition 132. A T-spectrum over a scheme S is a sequence of pointed
simplicial presheaves E = {EnJn>0 on Sms, equipped with structure maps
on: TAEL — Ena1, where A denotes the smash product of pointed presheaves.
The category of T-spectra, denoted Spg, has morphisms given by sequences of
maps f,, : Ex — F,, compatible with the structure maps.

Example 15. The motivic sphere spectrum S is a T-spectrum with S,, = T/\",
where T/\" is the n-fold smash product of T, and structure maps given by the
identity.

17.2 Symmetric T-Spectra

Jardine’s work focuses on symmetric T-spectra, which incorporate symmetric
group actions to define a robust smash product.

Definition 133. A symmetric T-spectrum over S is a T-spectrum E = {En Jn>0
where each E,;, is equipped with an action of the symmetric group X,,, and the
structure maps o, : T A E,, — Enyq are Ly-equivariant with respect to the
trivial action on T. The category of symmetric T-spectra is denoted Spjsr’z.

Remark 12. The symmetric structure allows for a well-defined internal smash
product, making Sp1sr,z a symmetric monoidal category [I].

17.3 Model Category Structure

Jardine establishes a model category structure on Spqsr and Spjsr‘z.

Theorem 56. The category Spjsr admits a proper closed simplicial model struc-
ture where:

o Weak equivalences are maps f : E — F inducing isomorphisms on stable
homotopy groups in the Nisnevich topology.

e (Cofibrations are monomorphisms.

e Fibrations are defined via the right lifting property with respect to trivial
cofibrations.

A Bousfield localization of this model structure with respect to stable weak
equivalences yields the motivic stable category [1].

Theorem 57. The category Spqsr’z is a cofibrantly generated, symmetric
monoidal model category satisfying the monoid axiom. The smash product A is
an internal symmetric monoidal structure, with unit the sphere spectrum S.
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17.4 Key Theorems

Jardine’s results provide a categorical foundation for motivic stable homotopy
theory.

Theorem 58. The motivic stable category, obtained as the homotopy category
of Sstm:7 is equivalent to the localization of Spg at stable weak equivalences.
Stable equivalences in this category are stable homotopy isomorphisms in the
Nisnevich topology [1].

Theorem 59. The symmetric smash product A on SpTSF‘Z is associative, com-
mutative, and unital up to homotopy, making the motivic stable category a
symmetric monoidal category with unit S.

Example 16. The Eilenberg-MacLane spectrum H for an abelian group A is a
symmetric T-spectrum, with H,, = K(A,n), the simplicial presheaf representing
motivic cohomology. Its homotopy groups recover motivic cohomology groups.

17.5 Conclusion

T-spectra provide a framework for studying phenomena in algebraic geometry
and stable homotopy theory: - Motivic Cohomology: The spectrum H represents
motivic cohomology, connecting algebraic cycles to homotopy theory. - Algebra-
ic K-Theory: Voevodsky’s motivic spectrum for K-theory, refined by Jardine’s
symmetric structures, links K-theory to stable homotopy [1]. - Algebraic Geom-
etry: The motivic stable category facilitates the study of Gysin triangles and
oriented spectra, generalizing classical results in algebraic topology [I].

The category of T-spectra, as developed by Jardine, provides a powerful
framework for motivic homotopy theory. By equipping T-spectra with a sym-
metric monoidal smash product and a robust model category structure, Jardine’s
work bridges algebraic geometry and stable homotopy theory. Future directions
include exploring representability theorems for presheaves of spectra and appli-
cations to topological modular forms [2].
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The Cosmic Cube is a conceptual framework that organizes various
forms of higher category theory, homotopy theory, and type theory along
three independent structural axes: strictness, groupoidality, and stability.
In this article, we articulate the homotopy-theoretic and computational
significance of the cube, map its vertices to familiar categorical and type-
theoretic structures, and propose a unifying perspective relevant to both
category theorists and type theorists.

18 Cosmic Cube

The development of higher category theory, homotopy type theory (HoTT),
and related computational systems reveals a landscape structured by three key
dimensions:

e Strictness: distinguishing between strict and weak composition laws.
e Groupoidality: determining whether morphisms are invertible.

e Stability: whether the theory admits additive or stable (symmetric
monoidal) structure.

The Cosmic Cube organizes the eight possible combinations of these prop-
erties, resulting in a conceptual taxonomy of type theories, logical systems, and
homotopy-theoretic models.

18.1 Axes

Each axis of the cube represents a binary structural distinction:

1. Groupoidality: Passing from general n$ — categorieston$-groupoids,
reflecting the invertibility of morphisms.

2. Strictness: Moving from weak higher categories to strictly associative
and unital structures.

3. Stability: Enhancing categories with stable or symmetric monoidal struc-
ture, reflecting additivity or loop space objects.
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18.2 Vertices

Each vertex of the cube corresponds to a combination of the above properties
and can be interpreted both categorically and computationally. We describe
these as follows:

Configuration | Model

(A,2,1) Simply typed A-calculus (STLC)

(A, 2, H) A-calculus, resource-sensitive computation
(AN, 1) Homotopy Type Theory (HoTT)

(A, N, H) Linear HoTT

(V,2,1) Modal STLC

(V, 2, H) oo-toposes, QFT

(V,N, 1) Synthetic Differential Geometry (Modal HoTT)
(V, N, H) Modal Linear HoTT

18.3 Homotopy-Theoretic Realization

The cube also arises naturally from the classification of higher-categorical struc-
tures:

e Strict co-categories: basic directed homotopy theory.
e Strict co-groupoids: modeled by crossed complexes.
e Stable co-groupoids: spectra (e.g., infinite loop spaces).

e Strictly stable strict oo-groupoids: chain complexes (via Dold-Kan
correspondence).

The inclusions among these structures (e.g., from chain complexes to spectra,
or from strict to weak groupoids) correspond to forgetful functors or structure-
preserving embeddings (e.g., via the nerve, stabilization, or Q).

18.4 Computational Interpretation

From the viewpoint of type theory and programming languages:
e Strictness governs syntactic vs coherent compositions.
e Groupoidality relates to equality vs higher identity types.

e Stability corresponds to additivity or quantum effects.

Thus, the Cosmic Cube serves not only as a classification of categorical
models, but also as a blueprint for designing new type theories with specific
logical and computational properties.
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19 Colored Spectra

The Colored Spectra consists of five flavours (layers): 1) Fibrational (Pi, Sigma),
2) Identificational (Strict Equality, Path Spaces, Equivalence, Isomorphism, Ho-
motopy), 3) Polynomial (W, General Induction, Higher Inductive Types), 4)
Modal (Bose, Fermi, Flat, Sharp, Shape, Crisp, Reduction, Infinitesimal), 5)
Localizational (Local, Graded, Stable, Simplicial).

Fibrational:
e Functional Spaces (TT)
e Contextual Spaces (X)
Identificational:
e Strict Equality (=)
e Path Spaces (=), Homotopy (~), Equivalence (=), Isomorphism (=)
¢ Bisimulation (=)
e Gluing (Glue)
e Quotient (Q)
Polynomial:
e TTW-Pretopos: Induction (W), Coinduction (M)
e CIC: Induction (CIC), Coinduction (CCoIC)
e CW-Complexes: Induction (CW), Coinduction (CM)
Modal:
e Cohesive: Flat (b), Sharp (#), Shape ([), Crisp (V)
o Differential: Reduction (2R), Infinitesimal Shape (J), Infinitesimal Flat (&)
o Graded: Fermi (=), Bose (~»), Rheonomy (Rh)
Localizational:
e Stable Homotopy Theory (Sp)
e Simplicial Homotopy Theory (A™)
e Local Homotopy Theory (A')
e Graded Homotopy Theory (Z;)
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19.1 Conclusion

The Cosmic Cube provides a unifying language for relating different regions of
categorical and homotopical logic. It highlights deep dualities (such as LCCC vs
SMC), computational distinctions (classical vs quantum), and modalities (dis-
crete, cohesive, stable) that structure modern type theories and their semantics.
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