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Issue XXIII: Category Theory

Максим Сохацький 1

1 Нацiональний технiчний унiверситет України
Київський полiтехнiчний iнститут iменi Iгоря Сiкорського

16 червня 2025 р.

Анотацiя

Formal definition of Category.
Keywords: Category Theory

1 Category Theory
Category Theory provides a rigorous framework for abstracting and unifying
mathematical structures. Developed in the 1940s by Samuel Eilenberg and Saun-
ders Mac Lane to address coherence problems in algebraic topology, it general-
izes relationships between mathematical objects across diverse fields like algebra,
geometry, and computer science. Category Theory captures objects and their
morphisms—functions preserving structure—as a universal systems theory, akin
to a universal algebra of functions, emphasizing composition and transformation.
Interpreted as a foundational language, a tool for structural analysis, or a bridge
to computer-aided formalization, it solves problems of abstraction and gener-
alization. Categories serve as a stepping stone to topos theory, which enriches
logical and geometric insights, and higher cohesive topos theory, extending to
infinity-categories for advanced applications.
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1.1 Category
First of all very simple category theory up to pullbacks is provided. We give
here all definitions only to keep the context valid.

A category C consists of:

• A class of objects, Ob(C),

• A class of morphisms, HomC(X, Y), for each pair X, Y ∈ Ob(C),

• Composition maps ◦ : Hom(Y, Z)×Hom(X, Y)→ Hom(X,Z),

• Identity morphisms idX ∈ Hom(X,X) for each X,

satisfying associativity and identity laws.

Definition 1. (Category Signature). The signature of category is a
∑
A:UA→

A→ U where U could be any universe. The pr1 projection is called Ob and pr2
projection is called Hom(a, b), where a, b : Ob.
cat : U = (A: U) ∗ (A −> A −> U)

Definition 2. (Precategory). More formal, precategory C consists of the follow-
ing. (i) A type ObC, whose elements are called objects; (ii) for each a, b : ObC,
a set HomC(a, b), whose elements are called arrows or morphisms. (iii) For each
a : ObC, a morphism 1a : HomC(a, a), called the identity morphism. (iv) For
each a, b, c : ObC, a function HomC(b, c) → HomC(a, b) → HomC(a, c) called
composition, and denoted g ◦ f. (v) For each a, b : ObC and f : HomC(a, b),
f = 1b ◦ f and f = f ◦ 1a. (vi) For each a, b, c, d : A and f : HomC(a, b),
g : HomC(b, c), h : HomC(c, d), h ◦ (g ◦ f) = (h ◦ g) ◦ f.
de f cat : U1
:= Σ ( ob : U) (hom: ob −> ob −> U) , un i t

de f i sP r e ca t ego ry (C: cat ) : U := Σ
( id : Π ( x : C. ob ) , C.hom x x)
( ◦ : Π ( x y z : C. ob ) ,

C.hom x y −> C.hom y z −> C.hom x z )
( homSet : Π ( x y : C. ob ) , i s S e t (C.hom x y ) )
( ◦−l e f t : Π ( x y : C. ob ) ( f : C.hom x y ) ,

= (C.hom x y) ( ◦ x x y ( id x ) f ) f )
( ◦−r i gh t : Π ( x y : C. ob ) ( f : C.hom x y ) ,

= (C.hom x y) ( ◦ x y y f ( id y ) ) f )
( ◦−assoc : Π ( x y z w: C. ob ) ( f : C.hom x y)

( g : C.hom y z ) (h : C.hom z w) ,
= (C.hom x w) ( ◦ x z w ( ◦ x y z f g ) h)

( ◦ x y w f ( ◦ y z w g h ) ) ) , 1
de f precategory : U1 := Σ (C: cat ) (P: i sPr e ca t ego ry C) , un i t
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Univalent Categories:

de f i soCat (P: precategory ) (A B: P.C. ob ) : U := Σ
( f : P .C.hom A B)
( g : P .C.hom B A)
( r e t r a c t : Path (P.C.hom A A) (P.P. ◦ A B A f g ) (P.P. id A) )
( s e c t i o n : Path (P.C.hom B B) (P.P. ◦ B A B g f ) (P.P. id B) ) , 1

de f i sCategory (P: precategory ) : U
:= Σ (A: P.C. ob ) , i sContr (Π (B: P.C. ob ) , i soCat P A B)

de f category : U1
:= Σ (P: precategory ) , i sCategory P
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1.2 Pullback
Definition 3. (Categorical Pullback). The pullback of the cospan A f

−→ C
g←− B

is a object A ×C B with morphisms pb1 : ×C → A, pb2 : ×C → B, such that
diagram commutes:

A×C B B

A C

pb2

f pb1

g

Pullback (×C, pb1, pb2) must be universal, means for any (D,q1, q2) for which
diagram also commutes there must exists a unique u : D → ×C, such that
pb1 ◦ u = q1 and pb2 ◦ q2.
de f homTo (P: precategory ) (X: P.C. ob ) : U
:= Σ (Y: P.C. ob ) , P .C.hom Y X

def cospan (P: precategory ) : U
:= Σ (X: P.C. ob ) (_: homTo P X) , homTo P X

def hasCospanCone (P: precategory ) (D: cospan P) (w: P.C. ob ) : U
:= Σ ( f : P .C.hom w D. 2 . 1 . 1 ) ( g : P .C.hom w D. 2 . 2 . 1 ) ,

= (P.C.hom w D. 1 ) (P.P. ◦ w D. 2 . 1 . 1 D.1 f D. 2 . 1 . 2 )
(P.P. ◦ w D. 2 . 2 . 1 D.1 g D. 2 . 2 . 2 )

de f cospanCone (P: precategory ) (D: cospan P) : U
:= Σ (w: P.C. ob ) , hasCospanCone P D w

def isCospanConeHom (P: precategory ) (D: cospan P)
(E1 E2 : cospanCone P D) (h : P.C.hom E1 . 1 E2 . 1 ) : U

:= Σ (_ : = (P.C.hom E1 . 1 D. 2 . 1 . 1 )
(P.P. ◦ E1 . 1 E2 . 1 D. 2 . 1 . 1 h E2 . 2 . 1 ) E1 . 2 . 1 ) ,

= (P.C.hom E1 . 1 D. 2 . 2 . 1 )
(P.P. ◦ E1 . 1 E2 . 1 D. 2 . 2 . 1 h E2 . 2 . 2 . 1 ) E1 . 2 . 2 . 1

de f cospanConeHom (P: precategory ) (D: cospan P) (E1 E2 : cospanCone P D) : U
:= Σ (h : P .C.hom E1 . 1 E2 . 1 ) , isCospanConeHom P D E1 E2 h

de f i sPu l l back (P: precategory ) (D: cospan P) (E: cospanCone P D) : U
:= Σ (h : cospanCone P D) , i sContr ( cospanConeHom P D h E)

de f hasPul lback (P: precategory ) (D: cospan P) : U
:= Σ (E: cospanCone P D) , i sPu l l back P D E
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1.3 Functor
A functor F : C→ D assigns to each:

• Object X ∈ C an object F(X) ∈ D,

• Morphism f : X→ Y a morphism F(f) : F(X)→ F(Y),

such that F(idX) = idF(X) and F(g ◦ f) = F(g) ◦ F(f).

Definition 4. (Category Functor). Let A and B be precategories. A functor
F : A → B consists of: (i) A function FOb : ObhA → ObB; (ii) for each a, b :
ObA, a function FHom : HomA(a, b) → HomB(FOb(a), FOb(b)); (iii) for each
a : ObA, FOb(1a) = 1FOb

(a); (iv) for a, b, c : ObA and f : HomA(a, b) and
g : HomA(b, c), F(g ◦ f) = FHom(g) ◦ FHom(f).
de f ca t f unc to r (A B: precategory ) : U
:= Σ ( ob : A.C. ob −> B.C. ob )

(mor : Π ( x y : A.C. ob ) ,
A.C.hom x y −> B.C.hom (ob x ) ( ob y ) )

( id : Π ( x : A.C. ob ) ,
= (B.C.hom ( ob x ) ( ob x ) )

(mor x x (A.P. id x ) ) (B.P. id ( ob x ) ) )
( fcomp : Π ( x y z : A.C. ob ) ( f : A.C.hom x y) ( g : A.C.hom y z ) ,

= (B.C.hom ( ob x ) ( ob z ) )
(mor x z (A.P. ◦ x y z f g ) )
(B.P. ◦ ( ob x ) ( ob y ) ( ob z ) (mor x y f ) (mor y z g ) ) ) , 1

10



1.4 Terminals
Definition 5. (Terminal Object). Is such object ObC, that∏

x,y:ObC

isContr(HomC(y, x)).

de f i s I n i t i a l (P : precategory ) ( bot : P .C. ob ) : U
:= Π ( x : P .C. ob ) , i sContr (P.C.hom bot x )

de f i sTermina l (P: precategory ) ( top : P.C. ob ) : U
:= Π ( x : P .C. ob ) , i sContr (P.C.hom x top )

de f i n i t i a l (P : precategory ) : U
:= Σ ( bot : P .C. ob ) , i s I n i t i a l P bot

de f t e rmina l (P: precategory ) : U
:= Σ ( top : P.C. ob ) , i sTermina l P top

11



1.5 Natural Transformation
A natural transformation η : F ⇒ G between functors F,G : C → D consists
of morphisms ηX : F(X)→ G(X) such that for every f : X→ Y in C,

F(X) G(X)

F(Y) G(Y)

ηX

F(f) G(f)

ηY

commutes.
de f i sNatura lTrans format ion

(C D: precategory )
(F G: ca t f unc to r C D)
( eta : Π ( x : C.C. ob ) , D.C.hom (F . ob x ) (G. ob x ) ) : U

:= Π ( x y : C.C. ob ) (h : C.C.hom x y ) ,
= (D.C.hom (F . ob x ) (G. ob y ) )

(D.P. ◦ (F . ob x ) (F . ob y ) (G. ob y ) (F . mor x y h) ( eta y ) )
(D.P. ◦ (F . ob x ) (G. ob x ) (G. ob y ) ( eta x ) (G. mor x y h ) )

de f nat t rans (C D: precategory ) (F G: ca t f unc to r C D) : U
:= Σ (η : Π ( x : C.C. ob ) , D.C.hom (F . ob x ) (G. ob x ) )

( commute : i sNatura lTrans format ion C D F G η ) , un i t

de f na t i s o (C D: precategory ) (F G: ca t func to r C D) : U
:= Σ ( l e f t : nat t rans C D F G)

( r i g h t : nat t rans C D G F) , 1

12



1.6 Adjunction
An adjunction between categories C and D consists of functors

F : C⇆ D : G

and natural transformations (unit η and counit ε)

η : IdC ⇒ G ◦ F, ε : F ◦G⇒ IdD

satisfying the triangle identities.
ntransL (C D: precategory ) (F G: ca t f unc to r C D)

( f : ntrans C D F G) (B: precategory ) (H: ca t f unc to r B C)
: ntrans B D ( compFunctor B C D H F) ( compFunctor B C D H G)
= ( eta , p ) where

F ’ : c a t f unc to r B D = compFunctor B C D H F
G’ : c a t f unc to r B D = compFunctor B C D H G
eta (x : c a r r i e r B) : hom D (F ’ . 1 x ) (G’ . 1 x ) = f . 1 (H. 1 x )
p (x y : c a r r i e r B) (h : hom B x y ) : Path (hom D (F ’ . 1 x ) (G’ . 1 y ) )

( compose D (F ’ . 1 x ) (F ’ . 1 y ) (G’ . 1 y ) (F ’ . 2 . 1 x y h) ( eta y ) )
( compose D (F ’ . 1 x ) (G’ . 1 x ) (G’ . 1 y ) ( eta x ) (G’ . 2 . 1 x y h ) )

= f . 2 (H. 1 x ) (H. 1 y ) (H. 2 . 1 x y h)

ntransR (C D: precategory ) (F G: ca t f unc to r C D)
( f : ntrans C D F G) (E: precategory ) (H: ca t func to r D E)

: ntrans C E ( compFunctor C D E F H) ( compFunctor C D E G H)
= ( eta , p ) where

F ’ : c a t f unc to r C E = compFunctor C D E F H
G’ : c a t f unc to r C E = compFunctor C D E G H
eta (x : c a r r i e r C) : hom E (F ’ . 1 x ) (G’ . 1 x )

= H. 2 . 1 (F. 1 x ) (G.1 x ) ( f . 1 x )
p (x y : c a r r i e r C) (h : hom C x y ) : Path (hom E (F ’ . 1 x ) (G’ . 1 y ) )

( compose E (F ’ . 1 x ) (F ’ . 1 y ) (G’ . 1 y ) (F ’ . 2 . 1 x y h) ( eta y ) )
( compose E (F ’ . 1 x ) (G’ . 1 x ) (G’ . 1 y ) ( eta x ) (G’ . 2 . 1 x y h ) )

= < i> comp (<_> hom E (F ’ . 1 x ) (G’ . 1 y ) )
(H. 2 . 1 (F. 1 x ) (G.1 y ) ( f . 2 x y h @ i ) )

[ ( i =
0) −> H. 2 . 2 . 2 (F. 1 x ) (F. 1 y ) (G. 1 y ) (F . 2 . 1 x y h) ( f . 1 y ) ,

( i =
1) −> H. 2 . 2 . 2 (F. 1 x ) (G. 1 x ) (G.1 y ) ( f . 1 x ) (G. 2 . 1 x y h) ]

13



areAdjo int (C D: precategory )
(F : ca t f unc to r D C)
(G: ca t func to r C D)
( un i t : ntrans D D ( idFunctor D) ( compFunctor D C D F G))
( coun i t : ntrans C C ( compFunctor C D C G F) ( idFunctor C) ) : U

= prod ( ( x : c a r r i e r C) −> = (hom D (G.1 x ) (G. 1 x ) )
( path D (G.1 x ) ) ( h0 x ) )

( ( x : c a r r i e r D) −> = (hom C (F.1 x ) (F. 1 x ) )
( path C (F. 1 x ) ) ( h1 x ) ) where

h0 (x : c a r r i e r C) : hom D (G.1 x ) (G. 1 x )
= compose D (G.1 x ) (G. 1 (F. 1 (G.1 x ) ) ) (G. 1 x )

( ( ntransL D D ( idFunctor D)
( compFunctor D C D F G) uni t C G) . 1 x )

( ( ntransR C C ( compFunctor C D C G F)
( idFunctor C) coun i t D G) . 1 x )

h1 (x : c a r r i e r D) : hom C (F. 1 x ) (F. 1 x )
= compose C (F. 1 x ) (F. 1 (G.1 (F. 1 x ) ) ) (F. 1 x )

( ( ntransR D D ( idFunctor D)
( compFunctor D C D F G) uni t C F) . 1 x )

( ( ntransL C C ( compFunctor C D C G F)
( idFunctor C) coun i t D F) . 1 x )

ad j o i n t (C D: precategory ) (F : ca t f unc to r D C) (G: ca t f unc to r C D) : U
= ( un i t : ntrans D D ( idFunctor D) ( compFunctor D C D F G))
∗ ( coun i t : ntrans C C ( compFunctor C D C G F) ( idFunctor C) )
∗ areAdjo int C D F G uni t coun i t

1.7 Modification

14



1.8 The Logic of Cosmos
The Foundational 0-layer comprises categories, functors, natural transfor-

mations, adjunctions, modifications, and bicategories, where categories specify
objects and morphisms with associative composition and identities, functors
map categories preserving structure, natural transformations define morphisms
between functors, adjunctions establish paired functors with unit and counit,
modifications extend transformations to 2-categorical contexts, and bicategories
introduce 2-morphisms with weak associativity, providing the algebraic frame-
work for categorical spaces.

The Computational 1-layer includes locally cartesian closed categories,
cartesian model categories, and symmetric monoidal categories, where locally
cartesian closed categories equip slice categories with products and exponen-
tials for sequential computations like lambda calculi, cartesian model categories
incorporate Quillen model structures with cofibrant terminal objects for homo-
topical sequential models, and symmetric monoidal categories provide tensor
products with symmetry for parallel computations, such as quantum systems,
establishing a duality of computational structures.

The Metatheoretical 2-layer contrasts fibered categories with model cate-
gories, simplicial categories, and simplicial model categories, where fibered cat-
egories enable dependent type theories via cartesian morphisms over base cat-
egories, model categories define weak equivalences and fibrations for homotopy
type theory, simplicial categories enrich over simplicial sets for higher categorical
structures, and simplicial model categories combine model structures with sim-
plicial enrichment, distinguishing static, dependent type systems from dynamic,
homotopical frameworks.

The Multidimensional n-layer encompasses abelian categories, derived
categories, categories of spectra, T-spectra, spectral categories, monoidal model
categories, AT categories, monoidal relative categories, and symmetric monoidal
(∞,1)-categories, where abelian categories support exact sequences, derived cat-
egories localize chain complexes at quasi-isomorphisms, spectra and T-spectra
model stable homotopy, spectral categories enrich over spectra, monoidal mod-
el and relative categories add homotopical and monoidal structures, AT cate-
gories split into pretoposes and abelian categories, and (∞,1)-categories extend
monoidal structures, defining algebraic and geometric dimensions of spaces.

The Modal ∞-layer integrates cohesive topoi, supergeometry, and TED-K
theory, where cohesive topoi unify discrete, continuous, and homotopical struc-
tures through an adjoint quadruple of functors with modalities, supergeometry
equips spaces with Z/2Z-graded sheaves for superspaces, and TED-K theory
constructs generalized cohomology in cohesive or supergeometric contexts, pro-
viding a comprehensive framework for category and type theorists to model the
modal structure of mathematical spaces.
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Анотацiя
We introduce locally cartesian closed categories (LCCCs), a class of

categories where each slice category is cartesian closed. Definitions of cat-
egories, slice categories, and cartesian closed categories are provided, fol-
lowed by the formal definition of LCCCs. We discuss their significance in
categorical logic and dependent type theory, including a theorem on their
correspondence to type theories with dependent products

2 Locally Cartesian Closed Categories

2.1 Definitions
Locally cartesian closed categories (LCCCs) are categories where each slice cat-
egory C/x is cartesian closed, meaning it has products, exponentials, and a
terminal object. LCCCs are fundamental in categorical logic, providing models
for dependent type theories with dependent products. This article defines the
necessary structures, presents key properties, and highlights their role in type
theory, with references from the nLab.

Definition 6 (Cartesian Closed Category). A cartesian closed category (CCC)
is a category C equipped with:

• A terminal object 1 ∈ ob(C), such that for every x ∈ ob(C), there exists a
unique morphism !x : x→ 1.

• For each pair A,B ∈ ob(C), a product A × B ∈ ob(C) with projections
p1 : A × B → A, p2 : A × B → B, and a universal property: for any
X ∈ ob(C) with morphisms f : X → A, g : X → B, there exists a unique
⟨f, g⟩ : X→ A× B such that p1 ◦ ⟨f, g⟩ = f and p2 ◦ ⟨f, g⟩ = g.

X A× B

A B

⟨f, g⟩

f gp1 p2
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• For each pair A,B ∈ ob(C), an exponential object BA ∈ ob(C) with an
evaluation morphism ev : BA ×A→ B, and a universal property: for any
X ∈ ob(C) with f : X × A → B, there exists a unique λf : X → BA such
that ev ◦ (λf× idA) = f.

X×A BA ×A

B

λf× idA

f
ev

Remark 1. A CCC has finite products (via the terminal object and binary
products) and internal homs (via exponentials), making it a model for simply
typed lambda calculus.

Definition 7 (Locally Cartesian Closed Category). A category C is locally
cartesian closed if, for every object x ∈ ob(C), the slice category C/x is cartesian
closed, i.e., C/x has a terminal object, binary products, and exponential objects.

2.2 Theorems
Theorem 1 (LCCCs and Dependent Type Theory). (Seely, [3]) A locally carte-
sian closed category C provides a categorical model for a dependent type theory
with dependent products. Conversely, any dependent type theory with depen-
dent sums and products can be interpreted in an LCCC.

Sketch. In an LCCC C, the slice category C/x models the context of types over a
base type x. The terminal object in C/x corresponds to the trivial type, products
in C/x correspond to dependent pairs, and exponentials model dependent func-
tion types. The pullback functor along morphisms f : y→ x in C corresponds to
substitution in type theory. The universal properties of products and exponen-
tials in each C/x ensure the rules of dependent products are satisfied. Conversely,
a type theory with dependent sums and products constructs an LCCC via its
syntactic category, where contexts are objects and terms are morphisms.

2.3 Examples
1. The category Set of sets is locally cartesian closed. For any set X, the

slice category Set/X is equivalent to the category of X-indexed families of
sets, which has products, exponentials, and a terminal object (the identity
family).

2. The category Top of topological spaces is not locally cartesian closed, as
not all slice categories Top/X are cartesian closed (e.g., exponentials may
not exist for arbitrary spaces).

3. The category of presheaves SetC
op

on a small category C is locally carte-
sian closed, as each slice SetC

op

/F is equivalent to a presheaf category over
a comma category, which is cartesian closed.
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2.4 Conclusion
Locally cartesian closed categories bridge category theory and dependent type
theory, providing a semantic framework for modeling complex type systems.
Their slice categories’ cartesian closed structure supports dependent products,
making them a powerful tool in categorical logic. Theorem 1 underscores their
significance, and examples like Set illustrate their applicability.
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Анотацiя

We present the formal definitions of monoidal, braided, and symmetric
monoidal categories, emphasizing their coherence conditions. Key theo-
rems, including Mac Lane’s coherence theorem for monoidal categories and
the coherence theorem for symmetric monoidal categories, are discussed.
The exposition is grounded in category theory, with diagrams illustrating
the triangle, pentagon, and hexagon identities.

3 Symmetric Monoidal Categories
Monoidal categories provide a framework for studying algebraic structures with
a tensor product, such as vector spaces or abelian groups. Braided and symmet-
ric monoidal categories introduce commutativity via a braiding or symmetry,
with applications in topology, quantum algebra, and theoretical physics. This
article defines these structures and their coherence conditions, culminating in
coherence theorems that ensure the consistency of associativity, unit, and braid-
ing operations. We follow the categorical formalism pioneered by Saunders Mac
Lane and Max Kelly.

Definition 8 (Monoidal Category). A monoidal category is a category C

equipped with:

• A functor ⊗ : C× C→ C, called the tensor product.

• An object I ∈ ob(C), called the unit object.

• Natural isomorphisms:

λx : I⊗ x→ x (left unitor),

ρx : x⊗ I→ x (right unitor),

αx,y,z : (x⊗ y)⊗ z→ x⊗ (y⊗ z) (associator),

satisfying the following coherence conditions:
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• Triangle identity : For all x, y ∈ ob(C),

αx,I,y ◦ ρx ⊗ idy = idx ⊗ λy : (x⊗ I)⊗ y→ x⊗ y.

(x⊗ I)⊗ y

x⊗ y x⊗ (I⊗ y)

ρx ⊗ idy αx,I,y

idx ⊗ λy

• Pentagon identity : For all x, y, z,w ∈ ob(C),

αx,y,z⊗w◦αx⊗y,z,w = (idx⊗αy,z,w)◦αx,y⊗z,w◦αx,y,z⊗idw : ((x⊗y)⊗z)⊗w→ x⊗(y⊗(z⊗w)).

((x⊗ y)⊗ z)⊗w

(x⊗ y)⊗ (z⊗w) x⊗ (y⊗ (z⊗w))

(x⊗ (y⊗ z))⊗w x⊗ ((y⊗ z)⊗w)

αx⊗y,z,w

αx,y,z ⊗ idw

αx,y,z⊗w

αx,y⊗z,w

idx ⊗ αy,z,w

Theorem 2 (Coherence for Monoidal Categories). (Mac Lane, [1]) In a
monoidal category, every diagram composed of instances of α, λ, ρ, their in-
verses, identities, and tensor products, that has the same source and target,
commutes.

Remark 2. The triangle and pentagon identities ensure that all ways of re-
bracketing tensor products or removing units are consistent. Theorem 2 implies
that no additional coherence conditions are needed beyond those specified.
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3.1 Definitions
Definition 9 (Braided Monoidal Category). A braided monoidal category is a
monoidal category (C,⊗, I, α, λ, ρ) equipped with a natural isomorphism

βx,y : x⊗ y→ y⊗ x (braiding),

satisfying the following hexagon identities:

• Hexagon 1 : For all x, y, z ∈ ob(C),

αx,z,y◦βx⊗y,z◦αx,y,z = (βx,z⊗idy)◦αx,z,y◦(idx⊗βy,z) : (x⊗y)⊗z→ x⊗(z⊗y).

(x⊗ y)⊗ z

(x⊗ z)⊗ y x⊗ (z⊗ y)

(y⊗ z)⊗ x x⊗ (y⊗ z)

βx⊗y,z

αx,y,z

αx,z,y

idx ⊗ βy,z

βx,y⊗z

αy,z,x

• Hexagon 2 : For all x, y, z ∈ ob(C),

α−1
x,z,y◦βx,y⊗z◦α−1

x,y,z = (idz⊗βx,y)◦α−1
z,x,y◦(βx,z⊗idy) : x⊗(y⊗z)→ (z⊗x)⊗y.

x⊗ (y⊗ z)

(z⊗ x)⊗ y (x⊗ z)⊗ y

z⊗ (x⊗ y) (x⊗ y)⊗ z

βx,y⊗z

α−1
x,y,z

α−1
x,z,y

βx⊗y,z

idz ⊗ βx,y

α−1
z,x,y

Definition 10 (Symmetric Monoidal Category). A symmetric monoidal catego-
ry is a braided monoidal category (C,⊗, I, α, λ, ρ, β) where the braiding satisfies
the symmetry condition:

βy,x ◦ βx,y = idx⊗y : x⊗ y→ x⊗ y,

for all x, y ∈ ob(C).
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3.2 Theorems
Theorem 3 (Coherence for Symmetric Monoidal Categories). (Joyal and
Street, [3]) In a symmetric monoidal category, every diagram composed of in-
stances of α, λ, ρ, β, their inverses, identities, and tensor products, that has the
same source and target, commutes.

Remark 3. The symmetry condition βy,x◦βx,y = idx⊗y ensures that the braid-
ing is its own inverse up to isomorphism, distinguishing symmetric monoidal
categories from braided ones. Theorem 3 guarantees that all braiding and asso-
ciativity operations are coherent, extending Theorem 2.

3.3 Examples
1. The category Set of sets, with cartesian product as the tensor product

and a singleton set as the unit, is a symmetric monoidal category. The
braiding βX,Y : X× Y → Y × X is given by (x, y) 7→ (y, x).

2. The category Vectk of vector spaces over a field k, with the tensor product
of vector spaces and k as the unit, is symmetric monoidal. The braiding
swaps tensor factors: v⊗w 7→ w⊗ v.

3. The category Ab of abelian groups, with tensor product ⊗Z and Z as the
unit, is symmetric monoidal.

3.4 Conclusion
Symmetric monoidal categories generalize algebraic structures with associative,
unital, and commutative operations, with coherence theorems ensuring consis-
tency. These structures are foundational in category theory and have applica-
tions in quantum mechanics, knot theory, and computer science. The coherence
theorems of Mac Lane and Joyal-Street provide a rigorous foundation for rea-
soning about such categories.
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4 Fibered Categories
The term “type dependency” refers to the ability in a calculus of types and terms
to have types that depend on term variables, as studied by de Bruijn [4] and
Martin-Löf [22]. In computer science, type dependency is useful, e.g., to define
List(n) as the type of lists of length n. Unlike polymorphic calculi, languages
with type dependency blur the distinction between compile time and run time.
This paper focuses on the categorical semantics of type dependency, referring
to [22, 31] for syntactic details.

A key challenge in categorical semantics is modeling contexts, which cannot
be simple cartesian products due to dependencies among types. Specifically,
we address context extension, i.e., the transition from Γ ⊢ σ : Type to the
extended context Γ, x : σ. In categorical logic, statements Γ ⊢ σ : Type are
viewed as objects fibred over contexts Γ , requiring a fibration p : E → B. Con-
text extension is modeled by a functor P0 : E → B, equipped with a natural
transformation P0 → p, where components are projections Γ, x : σ → Γ . This
structure corresponds to a functor E→ B→, where B→ is the arrow category of
B. By requiring projections to be stable under substitution (see Lemma 4), we
define comprehension categories.

Various categorical structures for type dependency have been proposed over
the past 15 years [5, 28, 30, 19, 15, 23, 26]. Despite differences, context extension
is a common feature. Comprehension categories provide a minimal, clean cat-
egorical framework, further developed in [16, 17], where they serve as building
blocks for arbitrary type systems.

Comprehension categories involve a weak form of comprehension, described
by disjoint unions (see after Lemma 4), handling context extension in Γ, x : σ.
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Other notions of comprehension (Pavlović, Ehrhard, Lawvere) fit within this
framework.

We view category theory as an assembly language, requiring detailed han-
dling of substitution and isomorphisms, while type theory acts as a higher-level
language for parts of category theory, with interpretation akin to compilation.
Category theory thus provides a variable-free formalism for logic and type the-
ory, central to categorical abstract machines [6, 7].

The paper begins with fibred category theory (Sections 4.1 and 4.2), covering
standard material from Grothendieck and Bénabou. Fibrations are the backbone
of comprehension categories, and fibred adjunctions ensure substitution proper-
ties like (λx : σ.P)[x :=M] = λx : σ[x :=M].(P[x :=M]). Section 4.3 introduces
comprehension categories, showing how examples fit, while Section 4.4 addresses
quantification.
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4.1 Fibrations
We present basic facts about fibrations; see [2, 11, 12, 13] for details. Parentheses
are often omitted for readability.

Definition 11. Let p : E→ B be a functor.

(i) A morphism f : D→ E in E is cartesian over u : A→ B in B if:

(a) pf = u,

(b) for every f ′ : D ′ → E with pf ′ = u, there is a unique ϕ : D ′ → D
with pϕ = idA and f ′ = f ◦ ϕ.

(ii) Dually, g : D → E is cocartesian over u if g in Eop is cartesian over u in
Bop, i.e.:

(a) pg = u,

(b) for every g ′ : D → E ′ with pg ′ = u, there is a unique ψ : E → E ′

with pψ = idB and g ′ = ψ ◦ g.

This is shown in Figure 1. A cartesian f is a terminal lifting, and a cocartesian
g is an initial lifting of u.

D ′ D

E

A B

ϕ

ff ′

u

pϕ = idA

Рис. 1: Cartesian morphism diagram.

(iii) The functor p : E→ B is a fibration if:

(a) for every E ∈ E and u : A→ pE in B, there is a cartesian f : D→ E
over u in E;

(b) the composition of two cartesian morphisms is cartesian.

B is the base category, and E is the total category. Dually, p is a cofibration
if pop : Eop → Bop is a fibration. A bifibration is both a fibration and a
cofibration.

The arrow category B→ has arrows of B as objects and commuting squares
as morphisms. The functor dom : B→ → B is a fibration. If B has pullbacks,
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cod : B→ → B is a bifibration, with cartesian morphisms as pullback squares.
Modules over rings provide another bifibration example [12].

Cartesian (cocartesian) morphisms are denoted ū(E) : u∗(E) → E (u(D) :
D → u∗(D)), unique up to isomorphism. A morphism f : D → E is strong
cartesian over u : A → B if pf = u and for any f ′ : D ′ → E with pf ′ = u ◦ v,
there is a unique ϕ : D ′ → D with pϕ = v and f ′ = f ◦ ϕ. For fibrations,
cartesian and strong cartesian morphisms coincide.

Definition 12. Let p : E → B be a functor. For B ∈ B, the fibre EB is the
category with objects E ∈ E such that pE = B and arrows f in E with pf = idB
(vertical morphisms).

For E,D ∈ E and u : pE → pD, define Eu(D,E) = {f ∈ E(D,E) | pf = u}.
If p is a fibration, Eu(D,E) ∼= EpD(D,u

∗(E)); if a cofibration, Eu(D,E) ∼=
EpE(u∗(D), E).

For a fibration p and u : A → B, define u∗(f) : u∗(E) → u∗(D) in EA for
f : E → D in EB using the cartesian morphism ū(D) : u∗(D) → D (see Figure
2). This yields a pullback in E, and u∗ : EB → EA is the reindexing functor.

u∗(E) u∗(D)

E D

u∗(f)

ū(E) ū(D)

f

Рис. 2: Reindexing functor diagram.

A cleavage is a collection {u∗, ū} satisfying certain natural isomorphisms. A
fibration is split if v̄ ◦ ū(E) = v̄(E) ◦ ū(v∗(E)) and īd(E) = idE.

The Grothendieck construction yields a split fibration from a functor Ψ :
Bop → Cat, with objects (A,X), X ∈ ΨA, and morphisms (u, f) : (A,X) →
(B, Y), where u : A→ B and f : X→ Ψ(u)(Y).

Proposition 1. Let p : E→ B be a fibration.

(i) p is a bifibration if and only if every u∗ has a left adjoint Σu.

(ii) If r : B→ A is a fibration, then rp : E→ A is a fibration.

Definition 13. (i) For fibrations p : E → B and q : D → B, a functor
H : E→ D is cartesian if q ◦H = p and H preserves cartesian morphisms.
This defines a category Fib(B). More generally, Fib has morphisms (H,K) :
(p : E→ B)→ (q : D→ A) where q◦H = K◦p and H preserves cartesian
morphisms.
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(ii) Fib(B) and Fib are 2-categories with 2-cells σ : H → H ′ (in Fib(B)) or
(σ, τ) : (H,K)→ (H ′, K ′) (in Fib) as natural transformations with vertical
components.

Lemma 1. Let p : E→ B, q : D→ B be fibrations, and F : p→ q a cartesian
functor.

(i) F restricts to F|A : EA → DA. F is full (faithful) if and only if every F|A is
full (faithful).

(ii) If F is full and faithful, f is p-cartesian if and only if Ff is q-cartesian.

Proposition 2. (i) The pullback in Cat of a fibration p : E→ B and K : A→
B yields a fibration K∗(p) : A ×

K,p
E→ A and a morphism K∗(p)→ p.

(ii) The functor Fib→ Cat, mapping a fibration to its base, is a fibration with
fibres Fib(B).

(iii) Fib(B) has finite products, preserved under change-of-base.
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4.2 Category Theory over a Basis
Since Fib(B) is a 2-category, we define fibred adjunctions.

Definition 14. For fibrations p : E → B, q : D → B, and cartesian functors
F : p→ q, G : q→ p, F is a fibred left adjoint of G if F ⊣ G with a vertical unit
η.

Definition 15. For adjunctions F ⊣ G (F : E→ D) and F ′ ⊣ G ′ (F ′ : E ′ → D ′),
a pseudo map from F ⊣ G to F ′ ⊣ G ′ is a quadruple (K, L,φ,ψ) with functors
K : E → E ′, L : D → D ′, and natural isomorphisms φ : F ′K → LF, ψ : G ′L →
KG, preserving units and counits (see Figure 3).

E D

E ′ D ′

F

F ′

K L
G ′

G

φ : F ′K→ LF

ψ : G ′L→ KG

Рис. 3: Pseudo map of adjunctions.

Lemma 2. In Definition 15, φ and ψ determine each other: an isomorphism
F ′K ∼= LF induces a pseudo map if and only if the canonical transformation
KG→ G ′L is an isomorphism, and similarly for G ′L ∼= KG.

Proposition 3. For a cartesian functor F : p→ q in Fib(B) with right adjoints
GA for each F|A, the following are equivalent:

(i) F has a fibred right adjoint G underlying {GA}.

(ii) For every u : A → B, reindexing functors u∗p, u∗q determine a pseudo
map F|B ⊣ GB → F|A ⊣ GA.

(iii) For every u : A → B, the canonical transformation u∗pGB → GAu
∗q is

an isomorphism.

Definition 16. A fibration p : E → B admits a terminal object if the unique
morphism p→ terminal in Fib(B) has a fibred right adjoint. Thus, each fibre EA
has a terminal object 1A, and u∗(1B)→ 1A is an isomorphism for u : A→ B.

Definition 17. A fibration p : E → B admits cartesian products if the mor-
phism ∆ : p → p × p in Fib(B) has a fibred right adjoint. Thus, each fibre EA
has products (−)×A (−), and the canonical map u∗(E×BD)→ u∗(E)×Au∗(D)
is an isomorphism.
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Definition 18. A fibration p : E → B admits equalizers if the morphism ∆ :
p→ p2+ in Fib(B) has a fibred right adjoint, where p2+ is defined via change-
of-base.

Lemma 3. For a bifunctor F : A× P→ B, the following are equivalent:

(i) For each p ∈ P, F(−, p) has a right adjoint G(−, p).

(ii) For every groupoid subcategory |P| of P with Obj|P| = ObjP, the functor
F̃ : A× |P|→ B× |P| has a right adjoint G̃.

(iii) There exists such a groupoid |P| satisfying (ii).

Definition 19. A fibration p : E→ B with cartesian products admits exponents
if the functor p̃rod : p× |p|→ p× |p| in Fib(B) has a fibred right adjoint.

Definition 20. Let p : E→ B be a fibration, where B has pullbacks.

(i) p has sums if every u∗ has a left adjoint Σu, and the Beck-Chevalley
condition holds: for a pullback in B, Σus∗ → r∗Σv is an isomorphism.

(ii) p has products if u∗ ⊣ Πu and r∗Πv ∼= Πus
∗ canonically.

For a category B with finite limits, cod : B→ → B has fibred finite limits
and sums. B is a locally cartesian-closed category (LCCC) if cod : B→ → B is a
fibred CCC.

4.3 Comprehension Categories
Definition 21. A comprehension category is a functor P : E→ B→ satisfying:

(i) cod ◦P : E→ B is a fibration.

(ii) If f is cartesian in E, then Pf is a pullback in B.

It is full if P is full and faithful, and cloven or split if the fibration is cloven or
split.

Notation 1. For a comprehension category P : E → B→, write p = cod ◦P,
P0 = dom ◦P. The object part of P is a natural transformation P : P0 → p.
For E ∈ E, PE are projections, PE∗ are weakening functors, and |E| = {u : pE→
P0E | PE ◦ u = id} are terms of type E.

Example 1. (Term model) For a calculus with type dependency [22, 31], define
a full comprehension category P : E→ B→. Objects of B are equivalence classes
[Γ ] of contexts. Morphisms [Γ ]→ [∆], with ∆ ≡ y1 : τ1, . . . , yn : τn, are n-tuples
⟨[M1], . . . , [Mn]⟩ where Γ ⊢ Mi : τi[x1 := M1, . . . , xi−1 := Mi−1]. Objects of
E are [Γ ⊢ σ : Type], and arrows are pairs ([M̄], [N]) with [M̄] : [Γ ] → [∆] and
Γ, x : σ ⊢ N : τ[ŷ := M̄]. Then P : [Γ ⊢ σ : Type] 7→ ([Γ, x : σ]→ [Γ ]).
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A P0E

pEB

P0ū(E)

u PE

id

Рис. 4: Pullback for Lemma 4.

Lemma 4. For a comprehension category P : E → B→, for every E ∈ E and
u : A → pE, there is a pullback as in Figure 4. Thus, a pullback functor
PE∗ : B/pE→ B/P0E is defined by u 7→ P0ū(E).

For E ∈ E above B ∈ B and u : A → B, there is an isomorphism
B/B(u,PE) ∼= |u∗(E)|, encoding a disjoint union.

Example 2. (Display-map categories) If B has pullbacks, the identity B→ →
B→ is a full comprehension category. For a category B with a collection D of
display maps closed under pullbacks [30, 15, 19], the inclusion B→(D) ⊂ B→ is
a full comprehension category.

Example 3. (Full internal subcategories) For an LCCC B and morphism τ,
the fibration Σ(τ) → B has a full and faithful cartesian functor Σ(τ) → B→,
forming a full comprehension category [27, 18].

Example 4. (Topos comprehension) For a topos B with subobject classifier
⊤ : t → Ω, the functor B/Ω → B→ mapping φ : A → Ω to its extension is a
comprehension category, full and faithful on Cart(B).
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4.4 Quantification
A comprehension category is closed if it has a unit, products, and strong sums
(Definition 26). Products and sums are defined via adjoints to weakening func-
tors, using fibred or fibrewise adjunctions with Beck-Chevalley conditions.

For a comprehension category P : E → B→, define Cart(E) ⊂ E with carte-
sian arrows, yielding fibrations |p|∗ : Cart(E)× E → Cart(E) and |P0|

∗(p). The
natural transformation P : P0 → p lifts to a cartesian functor ⟨P⟩ : |p|∗(p) →
|P0|

∗(p). P has products (sums) if ⟨P⟩ has a fibred right (left) adjoint.
Fibrewise, P has products (sums) if every PE∗ : EpE → EP0E has a right ad-

joint ΠE (left adjoint ΣE), and the Beck-Chevalley condition holds: for cartesian
f : E→ E ′, (pf)∗ΠE ′ → ΠE(P0f)

∗ (or ΣE(P0f)∗ → (pf)∗ΣE ′) is an isomorphism.

Definition 22. For a comprehension category with products, objects E ∈ E are
types, and |E| are terms. For E,D ∈ E with pD = P0E, the product type ΠE.D
above pE has a canonical map |ΠE.D|→ |D|, u 7→ u · varE.

Lemma 5. For a comprehension category with products, |ΠE.D| ∼= |D| if and
only if P preserves products, i.e., B/pE(u,P(ΠE.D)) ∼= B/P0E(PE

∗(u),PD).

Lemma 6. A comprehension category with unit preserves products.

Lemma 7. A nonempty full comprehension category preserves products.

Definition 23. Weak sums follow the rules:

Γ ⊢ σ : Type Γ, x : σ ⊢ τ : Type
Γ ⊢ Σx : σ.τ : Type

,
Γ ⊢M : σ Γ ⊢ N : τ[x :=M]

Γ ⊢ ⟨M,N⟩ : Σx : σ.τ
,

with weak elimination:

Γ ⊢ P : Σx : σ.τ Γ ⊢ ρ : Type Γ, x : σ, y : τ ⊢ Q : ρ

Γ ⊢ Q where ⟨x, y⟩ := P : ρ
.

Strong sums allow ρ to depend on w : Σx : σ.τ.

Lemma 8. A full comprehension category with unit, products, and sums yields
a fibred CCC.

Lemma 9. The comprehension category Fam(C) → Cat→ has sums if C has
infinite coproducts, and similarly for products.

Definition 24. A comprehension category has strong sums if for E,D ∈ E with
pD = P0E, the canonical map P0D→ P0(ΣE.D) is an isomorphism.

Definition 25. In a category C with terminal object t, a sum ⨿IX is strong if
(t ↓ X)→ (t ↓ ⨿IX) is an isomorphism.

Lemma 10. If C has strong sums and small C(t,A), then C(t,−) : C → Sets
has a full and faithful left adjoint.

Lemma 11. C has strong sums if and only if Fam(C) → Sets→ has strong
sums.
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Proposition 4. In a distributive category C, strong sums exist if and only if
the terminal object is indecomposable.

Definition 26. A closed comprehension category (CCompC) is a full compre-
hension category with unit, products, and strong sums.

Example 5. (i) For B with finite limits, IdB→ is a CCompC if and only if B
is an LCCC.

(ii) For B with finite products, ConsB : B → B→ is a CCompC if and only if
B is a CCC.

(iii) Fam(Sets)→ Cat→ is a CCompC.

(iv) The term model (Example 1) with unit, products, and strong sums is a
CCompC.

(v) Realizability models in ω-Set and M yield CCompCs Fameff(C) →
ω-Set→.

Lemma 12. A CCompC P : E→ B→ preserves units, sums, and products.
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Issue XXVII: Quillen Model Categories

Namdak Tonpa

16 червня 2025 р.

Анотацiя

Ця стаття є оглядом теорiї модельних категорiй, започаткованої
Денiелом Квiлленом у його новаторськiй працi 1967 року “Гомотопiчна
алгебра”. Ми розглядаємо iсторичний контекст, основнi аксiоми та
застосування модельних категорiй у топологiї та сумiжних галузях,
зокрема у доведеннi кон’єктур Мiлнора та Блоха-Като Воєводським.
Також обговорюються сучаснi узагальнення, такi як iнфiнiтi-категорiї
та модельнi структури на симплiцiйних i кубiчних множинах,
з акцентом на їхню релевантнiсть у математицi та теоретичнiй
iнформатицi.

5 Model Categories
PhD Денiела Квiлена була присвячена диференцiальним рiвнянням,
але вiдразу пiсля цього вiн перевiвся в МIТ i почав працювати в
алгебраїнiй топологiї, пiд впливом Дена Кана. Через три роки вiн
видає Шпрiнгеровськi лекцiї з математики "Гомотопiчна алгебра"[1],
яка назавжди трансформувала алгебраїчну топологiю вiд вивчення
топологiчних просторiв з точнiстю до гомотопiй до загального iнструменту,
що застосовується в iнших галузях математики.

Модельнi категорiї вперше були успiшно застосованi Воєводським
на пiдтвердження кон’юнктури Мiлнора [2] (для 2) i потiм мотивної
кон’юнктури Блоха-Като [3] (для n). Для доказу для 2 була побудована
зручна гомотопiчна стабiльна категорiя узагальнених схем. Iнфiнiтi
категорiї Джояля, досить добре дослiдженi Лур’є [4], є прямим
узагальненням модельних категорiй.

5.1 Означення модельних категорiй
До часу, коли Квiллен написав "Гомотопiчну алгебру вже було деяке
уявлення про те, як має виглядати теорiя гомотопiй. Починаємо ми
з категорiї C та колекцiї морфiзмiв W – слабкими еквiвалентностями.
Завдання вправи iнвертувати W морфiзму щоб отримати гомотопiчну
категорiю. Хотiлося б мати спосiб, щоб можна було конструтувати похiднi
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функтори. Для топологiчного простору X, його апроксимацiї LX i слабкої
еквiвалентностi LX → X це означає, що ми повиннi замiнити X на
LX. Це аналогiчно до замiни модуля або ланцюгового комплексу на
проективну резольвенту. Подвiйним чином, для симплiцiйної множини K,
Кан комплексу RK, i слабкої еквiвалентностi K → RK ми повиннi замiнити
K на RK. У цьому випадку це аналогiчно до замiни ланцюгового комплексу
iн’єктивною резольвентою.
modelStructure (C: category ) : U

= ( f i b r a t i o n s : f i b C)
∗ ( c o f i b r a t i o n s : c o f i b C)
∗ ( weakEqivalences : weak C)
∗ un i t

Таким чином Квiлену потрiбно
було окрiм поняття слабкої еквiвалентностi ще й поняття розшарованого
(RK) та корозшарованого (LX) об’єктiв. Ключовий iнстайт з топологiї
тут наступний, в неабелевих ситуацiях об’єкти не надають достатньої
структури поняття точної послiдовностi. Тому стало зрозумiло, що для
вiдновлення структури необхiдно ще два класи морфiзмiв: розшарування та
корозшарування на додаток до слабких еквiвалентностей, яким ми повиннi
iнverтувати для розбудови гомотопiчної категорiї. Природно цi три колекцiї
морфiзом повиннi задовольняти набору умов, званих аксiомами модельних
категорiй: 1) наявнiсть малих лiмiтiв i колимiтiв; 2) правило 3-для-2; 3)
правило ректрактiв; 4) правило пiдйому; 5) правило факторизацiї.

Definition 27. Модельна категорiя — це категорiя C, оснащена трьома
класами морфiзмiв: 1) fib(C) — розшарування; 2) cof(C) — корозшарування;
3) W(C) — слабкi еквiвалентностi, якi задовольняють аксiоми, наведенi
вище.

Цiкавою властивiстю модельних категорiй є те, що дуальнi до них
категорiї
перевертають розшарування та корозшарування, таким чином реалiзуючи
дуальнiсть Екманна-Хiлтона. Розшарування та корозшарування пов’язанi,
тому взаємовизначенi. Корозшарування є морфiзми, що мають властивiсть
лiвого гомотопiчного пiдйому по вiдношенню до ациклiчних розшарування
i розшарування є морфизми, що мають властивiсть правого гомотопiчного
пiдйому по вiдношенню до ациклiчних кофiбрацiй.

5.2 Застосування в топологiї
Основним застосуванням модельних категорiй у роботi Квiлена було
присвячено категорiям топологiчних просторiв. Для топологiчних просторiв
iснує двi модельнi категорiї: Квiлена (1967) та Строма (1972). Перша як
розшарований використовує розшарування Серра, а як корозшаровування
морфiзму якi мають лiвий гомотопiчний пiдйом по вiдношенню до
ациклiчних розшарування Серра, еквiвалентно це ретракти вiдповiдних
CW-комплексiв, а як слабка еквiвалентнiсть виступає слабка гомотопiчна.
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Друга модель Строма як розшарування використовуються розшарування
Гуревича, як корозшарування стандартнi корозшаровування, i як слабка
еквiвалентнiсть — сильна гомотопiчна еквiвалентнiсть.
qu i l l e n 6 7

: modelStructure Top
= ( s e r r eF i b r a t i o n s ,

retractsCW ,
weakHomotopyEquivalence )

strom1972
: modelStructure Top
= ( hurew iczF ibra t i ons ,

c o f i b r a t i o n s ,
strongHomotopyEquivalence )

5.3 Модельнi категорiї для множин
Найпростiшi модельнi категорiї можна побудувати для категорiї множин,
де кiлькiсть iзоморфних моделей зростає до дев’яти. Наведемо деякi
конфiгурацiї модельних категорiй для категорiї множин:
s e t0 : modelStructure Set = ( a l l , a l l , b i j e c t i o n s )
s e t1 : modelStructure Set = ( b i j e c t i o n s , a l l , a l l )
s e t2 : modelStructure Set = ( a l l , b i j e c t i o n s , a l l )
s e t3 : modelStructure Set = ( s u r j e c t i o n s , i n j e c t i o n s , a l l )
s e t4 : modelStructure Set = ( i n j e c t i o n s , s u r j e c t i o n s , a l l )

5.4 Застосування в алгебраїчнiй геометрiї
Модельнi категорiї вперше були успiшно застосованi Воєводським на
пiдтвердження кон’юнктури Мiлнора [2] (для 2) i потiм мотивної
кон’юнктури Блоха-Като [3] (для n). Для доказу для 2 була побудована
зручна гомотопiчна стабiльна категорiя узагальнених схем.

5.5 Iнфiнiтi-категорiї та сучаснi узагальнення
Для переходу вiд модельних категорiй до (∞,1)-категорiй необхiдно перейти
до категорiй де морфiзми утворюють не множини, а симплiцiйнi множини.
Потiм можна переходити до локалiзацiї.
s i m p l i c i a l

: modelStructure sSet
= ( kanComplexes ,

monos ,
s i m p l i c i a l B i j e c t i o n s )

Але для нас, для програмiстiв найцiкавiшими є модельнi категорiї
симплiцiальних множин та модельнi категорiї кубiчних множин, саме в
цьому сеттингу написано CCHM пейпер 2016 року, де показано модельну
структуру категорiї кубiчних множин [5].
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cub i c a l
: modelStructure cSet
= ( kanComplexes ,

monos ,
g eomet r i cRea l i s a t i on )

де cSet = [□op, Set], а □ — категорiя збагачена структурою алгебри де
Моргана.

5.6 Висновки
Модельнi категорiї, запровадженi Квiлленом, стали фундаментальним
iнструментом у сучаснiй математицi, забезпечуючи гнучкий фреймворк для
роботи з гомотопiями в рiзних категорiях. Їхнi застосування варiюються
вiд топологiї до алгебраїчної геометрiї та теоретичної iнформатики, а
узагальнення, такi як iнфiнiтi-категорiї, вiдкривають новi горизонти для
дослiджень. Подальший розвиток теорiї, ймовiрно, буде пов’язаний iз
застосуванням модельних структур у комп’ютерних науках, зокрема в
семантицi мов програмування та гомотопiчнiй теорiї типiв.
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Анотацiя

The purpose of this work is to clarify all topos definitions using type
theory. Not much efforts was done to give all the examples, but one exam-
ple, a topos on category of sets, is constructively presented at the finale.

As this cricial example definition is used in presheaf definition, the
construction of category of sets is a mandatory excercise for any topos li-
brary. We propose here cubicaltt1 version of elementary topos on category
of sets for demonstration of categorical semantics (from logic perspective)
of the fundamental notion of set theory in mathematics.

Other disputed foundations for set theory could be taken as: ZFC,
NBG, ETCS. We will disctinct syntetically: i) category theory; ii) set
theory in univalent foundations; iii) topos theory, grothendieck topos, ele-
mentary topos. For formulation of definitions and theorems only Martin-
Löf Type Theory is requested. The proofs involve cubical type checker
primitives.

Keywords: Homotopy Type Theory, Topos Theory

1Cubical Type Theory, http://github.com/mortberg/cubicaltt
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6 Topos Theory
One can admit two topos theory lineages. One lineage takes its roots from
published by Jean Leray in 1945 initial work on sheaves and spectral sequences.
Later this lineage was developed by Henri Paul Cartan, André Weil. The peak
of lineage was settled with works by Jean-Pierre Serre, Alexander Grothendieck,
and Roger Godement.

Second remarkable lineage take its root from William Lawvere and Myles
Tierney. The main contribution is the reformulation of Grothendieck topology
by using subobject classifier.

6.1 Set Theory
Here is given the ∞-groupoid model of sets.

Definition 28. (Mere proposition, PROP). A type P is a mere proposition if
for all x, y : P we have x = y:

isProp(P) =
∏
x,y:P

(x = y).

Definition 29. (0-type). A type A is a 0-type is for all x, y : A and p, q : x =A y
we have p = q.

Definition 30. (1-type). A type A is a 1-type if for all x, y : A and p, q : x =A y
and r, s : p ==A

q, we have r = s.

Definition 31. (A set of elements, SET). A type A is a SET if for all x, y : A
and p, q : x = y, we have p = q:

isSet(A) =
∏
x,y:A

∏
p,q:x=y

(p = q).

Definition 32. data N = Z | S (n : N)

n_grpd (A: U) (n : N) : U = ( a b : A) −> r e c A a b n where
r ec (A: U) ( a b : A) : ( k : N) −> U

= s p l i t { Z −> Path A a b ; S n −> n_grpd (Path A a b) n }

i sContr (A: U) : U = ( x : A) ∗ ( ( y : A) −> Path A x y )
isProp (A: U) : U = n_grpd A Z
i s S e t (A: U) : U = n_grpd A (S Z)
PROP : U = (X:U) ∗ isProp X
SET : U = (X:U) ∗ i s S e t X

Definition 33. (Π-Contractability). If fiber is set thene path space between
any sections is contractible.
s e tP i (A: U) (B: A −> U) (h : ( x : A) −> i s S e t (B x ) ) ( f g : Pi A B)

(p q : Path ( Pi A B) f g )
: Path (Path ( Pi A B) f g ) p q
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Definition 34. (Σ-Contractability). If fiber is set then Σ is set.
s e t S i g (A:U) (B: A −> U) ( base : i s S e t A)

( f i b e r : ( x :A) −> i s S e t (B x ) ) : i s S e t ( Sigma A B)

Definition 35. (Unit type, 1). The unit 1 is a type with one element.
data un i t = t t
unitRec (C: U) (x : C) : un i t −> C = s p l i t t t −> x
unit Ind (C: un i t −> U) (x : C t t ) : ( z : un i t ) −> C z

= s p l i t t t −> x

Theorem 4. (Category of Sets, Set). Sets forms a Category. All compositional
theorems proved by using reflection rule of internal language. The proof that
Hom forms a set is taken through Π-contractability.
Set : precategory = ( (Ob,Hom) , id , c , HomSet , L ,R,Q) where

Ob: U = SET
Hom (A B: Ob) : U = A.1 −> B.1
id (A: Ob) : Hom A A = i d fun A.1
c (A B C: Ob) ( f : Hom A B) ( g : Hom B C) : Hom A C

= o A.1 B. 1 C. 1 g f
HomSet (A B: Ob) : i s S e t (Hom A B) = setFun A.1 B. 1 B. 2
L (A B:Ob) ( f :Hom A B) : Path (Hom A B) ( c A A B ( id A) f ) f

= r e f l (Hom A B) f
R (A B:Ob) ( f :Hom A B) : Path (Hom A B) ( c A B B f ( id B) ) f

= r e f l (Hom A B) f
Q (A B C D: Ob) ( f :Hom A B) ( g :Hom B C) (h :Hom C D)

: Path (Hom A D) ( c A C D ( c A B C f g ) h)
( c A B D f ( c B C D g h ) )

= r e f l (Hom A D) ( c A B D f ( c B C D g h ) )
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6.2 Topological Structure
Topos theory extends category theory with notion of topological structure but
reformulated in a categorical way as a category of sheaves on a site or as one
that has cartesian closure and subobject classifier. We give here two definitions.

Definition 36. (Topology). The topological structure on A (or topology) is a
subset S ∈ A with following properties: i) any finite union of subsets of S is
belong to S; ii) any finite intersection of subsets of S is belong to S. Subets of S
are called open sets of family S.
de f =1 (A : U1 ) ( x y : A) := PathP (<_> A) x y
de f i sProp 1 (A : U1 ) := Π ( a b : A) , =1 A a b
de f i s S e t 1 (A : U1 ) := Π ( a b : A) (x y : =1 A a b ) , =1
(=1 A a b) x y
de f Prop := U → 2
de f P (X: U1 ) := X → Prop

de f ∅ (X: U1 ) : P X
:= λ (_: X) (_: U) , f a l s e

de f t o t a l (X: U1 ) : P X
:= λ (_: X) (_: U) , t rue

de f ∈ (X: U1 ) ( e l : X) ( s e t : P X) : U1
:= =1 (U → 2 ) ( s e t e l ) (\ (_: U) , t rue )

de f /∈ (X: U1 ) ( e l : X) ( s e t : P X) : U1
:= =1 (U → 2 ) ( s e t e l ) (\ (_: U) , f a l s e )

de f ⊆ (X: U1 ) (A B: P X)
:= Π ( x : X) , (∈ X x A) × (∈ X x B)

de f ⊆ (X: U1 ) : P X → P X
:= λ (h : P X) , λ ( x : X) (Y: U) , not (h x Y)

de f ∪ (X: U1 ) : P X → P X → P X
:= λ ( h1 : P X) (h2 : P X) , λ ( x : X) (Y: U) , or ( h1 x Y) ( h2 x Y)

de f ∩ (X: U1 ) : P X → P X → P X
:= λ ( h1 : P X) (h2 : P X) , λ ( x : X) (Y: U) , and ( h1 x Y) ( h2 x Y)

For fully functional general topology theorems and Zorn lemma you can refer
to the Coq library 2topology by Daniel Schepler.

2https://github.com/verimath/topology
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6.3 Grothendieck Topos
Grothendieck Topology is a calculus of coverings which generalizes the algebra
of open covers of a topological space, and can exist on much more general cat-
egories. There are three variants of Grothendieck topology definition: i) sieves;
ii) coverage; iii) covering families. A category have one of these three is called a
Grothendieck site.

Examples: Zariski, flat, étale, Nisnevich topologies.
A sheaf is a presheaf (functor from opposite category to category of sets)

which satisties patching conditions arising from Grothendieck topology, and
applying the associated sheaf functor to preashef forces compliance with these
conditions.

The notion of Grothendieck topos is a geometric flavour of topos theory,
where topos is defined as category of sheaves on a Grothendieck site with
geometric moriphisms as adjoint pairs of functors between topoi, that satisfy
exactness properties. [?]

As this flavour of topos theory uses category of sets as a prerequisite, the
formal construction of set topos is cricual in doing sheaf topos theory.

Definition 37. (Sieves). Sieves are a family of subfunctors

R ⊂ HomC( , U), U ∈ C,

such that following axioms hold: i) (base change) If R ⊂ HomC( , U) is covering
and ϕ : V → U is a morphism of C, then the subfuntor

ϕ−1(R) = {γ :W → V∥ϕ · γ ∈ R}

is covering for V; ii) (local character) Suppose that R, R ′ ⊂ HomC( , U) are
subfunctors and R is covering. If ϕ−1(R ′) is covering for all ϕ : V → U in R,
then R ′ is covering; iii) HomC( , U) is covering for all U ∈ C.
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Definition 38. (Coverage). A coverage is a function assigning to each ObC the
family of morphisms {fi : Ui → U}i∈I called covering families, such that for any
g : V → U exist a covering family {h : Vj → V}j∈J such that each composite

hj ◦ g factors some fi:
Vj Ui

V U

k

h fi

g

de f Co (C: precategory ) ( cod : C.C. ob ) : U
:= Σ (dom: C.C. ob ) , C.C.hom dom cod

de f Delta (C: precategory ) (d : C.C. ob ) : U1
:= Σ ( index : U) , index −> Co C d

de f Coverage (C: precategory ) : U1
:= Σ ( cod : C.C. ob ) ( fam : Delta C cod )

( cove r i ng s : C.C. ob −> Delta C cod −> U) ,
cove r i ng s cod fam

de f s i t e (C: precategory ) : U1
:= Σ (C: precategory ) , Coverage C

Definition 39. (Grothendieck Topology). Suppose category C has all pullbacks.
Since C is small, a pretopology on C consists of families of sets of morphisms

{ϕα : Uα → U}, U ∈ C,

called covering families, such that following axioms hold: i) suppose that ϕα :
Uα → U is a covering family and that ψ : V → U is a morphism of C. Then
the collection V ×U Uα → V is a cvering family for V . ii) If {ϕα : Uα → U}
is covering, and {γα,β : Wα,β → Uα} is covering for all α, then the family of
composites

Wα,β
γα,β
−−−→ Uα

ϕα
−−→ U

is covering; iii) The family {1 : U→ U} is covering for all U ∈ C.

Definition 40. (Site). Site is a category having either a coverage, grothendieck
topology, or sieves.
s i t e (C: precategory ) : U

= (C: precategory ) ∗ Coverage C

Definition 41. (Presheaf). Presheaf of a category C is a functor from opposite
category to category of sets: Cop → Set.
pre shea f (C: precategory ) : U

= ca t f unc to r ( opCat C) Set

Definition 42. (Presheaf Category, PSh). Presheaf category PSh for a site C is
category were objects are presheaves and morphisms are natural transformations
of presheaf functors.
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Definition 43. (Sheaf). Sheaf is a presheaf on a site. In other words a presheaf
F : Cop → Set such that the cannonical map of inverse limit

F(U)→ ←
lim

V→U∈R
F(V)

is an isomorphism for each covering sieve R ⊂ HomC(_, U). Equivalently, all
induced functions

HomC(HomC(_, U), F)→ HomC(R, F)

should be bejections.
shea f (C: precategory ) : U

= (S : s i t e C)
∗ pre shea f S . 1

Definition 44. (Sheaf Category, Sh). Sheaf category Sh is a category where
objects are sheaves and morphisms are natural transformation of sheves. Sheaf
category is a full subcategory of category of presheaves PSh.

Definition 45. (Grothendieck Topos). Topos is the category of sheaves Sh(C, J)
on a site C with topology J.

Theorem 5. (Giraud). A category C is a Grothiendieck topos iff it has following
properties: i) has all finite limits; ii) has small disjoint coproducts stable under
pullbacks; iii) any epimorphism is coequalizer; iv) any equivalence relation R→
E is a kernel pair and has a quotient; v) any coequalizer R → E → Q is stably
exact; vi) there is a set of objects that generates C.

Definition 46. (Geometric Morphism). Suppose that C and D are
Grothendieck sites. A geometric morphism

f : Sh(C)→ Sh(D)

consist of functors f∗ : Sh(C) → Sh(D) and f∗ : Sh(D) → Sh(C) such that f∗
is left adjoint to f∗ and f∗ preserves finite limits. The left adjoint f∗ is called
the inverse image functor, while f∗ is called the direct image. The inverse image
functor f∗ is left and right exact in the sense that it preserves all finite colimits
and limits, respectively.

Definition 47. (Cohesive Topos). A topos E is a cohesive topos over a base
topos S, if there is a geometric morphism (p∗, p∗) : E → S, such that: i) exists
adjunction p! ⊢ p∗ and p! ⊣ p∗; ii) p∗ and p! are full faithful; iii) p! preserves
finite products.

This quadruple defines adjoint triple:∫
⊣ ♭ ⊣ ♯
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6.4 Elementary Topos
Giraud theorem was a synonymical topos definition involved only topos proper-
ties but not a site properties. That was step forward on predicative definition.
The other step was made by Lawvere and Tierney, by removing explicit depen-
dance on categorical model of set theory (as category of set is used in definition
of presheaf). This information was hidden into subobject classifier which was
well defined through categorical pullback and property of being cartesian closed
(having lambda calculus as internal language).

Elementary topos doesn’t involve 2-categorical modeling, so we can con-
struct set topos without using functors and natural transformations (what we
need in geometrical topos theory flavour). This flavour of topos theory more
suited for logic needs rather that geometry, as its set properties are hidden un-
der the predicative predicative pullback definition of subobject classifier rather
that functorial notation of presheaf functor. So we can simplify proofs at the
homotopy levels, not to lift everything to 2-categorical model.

Definition 48. (Monomorphism). An morphism f : Y → Z is a monic or mono
if for any object X and every pair of parralel morphisms g1, g2 : X→ Y the

f ◦ g1 = f ◦ g2 → g1 = g2.

More abstractly, f is mono if for any X the Hom(X,_) takes it to an injective
function between hom sets Hom(X, Y)→ Hom(X,Z).
mono (P: precategory ) (Y Z : c a r r i e r P) ( f : hom P Y Z ) : U

= (X: c a r r i e r P) ( g1 g2 : hom P X Y)
−> Path (hom P X Z) ( compose P X Y Z g1 f )

( compose P X Y Z g2 f )
−> Path (hom P X Y) g1 g2

Definition 49. (Subobject Classifier[?]). In category C with finite limits, a
subobject classifier is a monomorphism true : 1 → Ω out of terminal object 1,
such that for any mono U → X there is a unique morphism χU : X → Ω and

pullback diagram:
U 1

XΩ Ω

k

true

χU

s u b o b j e c tC l a s s i f i e r (C: precategory ) : U
= ( omega : c a r r i e r C)
∗ ( end : t e rmina l C)
∗ ( trueHom : hom C end . 1 omega )
∗ ( ch i : (V X: c a r r i e r C) ( j : hom C V X) −> hom C X omega )
∗ ( square : (V X: c a r r i e r C) ( j : hom C V X) −> mono C V X j

−> hasPul lback C (omega , ( end . 1 , trueHom ) , (X, ch i V X j ) ) )
∗ ( (V X: c a r r i e r C) ( j : hom C V X) (k : hom C X omega )

−> mono C V X j
−> hasPul lback C (omega , ( end . 1 , trueHom ) , (X, k ) )
−> Path (hom C X omega ) ( ch i V X j ) k )
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Theorem 6. (Category of Sets has Subobject Classifier).

Definition 50. (Cartesian Closed Categories). The category C is called carte-
sian closed if exists all: i) terminals; ii) products; iii) exponentials. Note that this
definition lacks beta and eta rules which could be found in embedding MLTT .
isCCC (C: precategory ) : U

= (Exp : (A B: c a r r i e r C) −> c a r r i e r C)
∗ (Prod : (A B: c a r r i e r C) −> c a r r i e r C)
∗ (Apply : (A B: c a r r i e r C) −> hom C (Prod (Exp A B) A) B)
∗ (P1 : (A B: c a r r i e r C) −> hom C (Prod A B) A)
∗ (P2 : (A B: c a r r i e r C) −> hom C (Prod A B) B)
∗ (Term : te rmina l C)
∗ un i t

Theorem 7. (Category of Sets is cartesian closed). As you can see from exp
and pro we internalize Π and Σ types as SET instances, the isSet predicates are
provided with contractability. Exitense of terminals is proved by propPi. The
same technique you can find in MLTT embedding.
c a r t e s i anC l o su r e : isCCC Set

= ( expo , prod , appl i , proj1 , proj2 , term , t t ) where
exp (A B: SET) : SET = (A. 1 −> B.1 , setFun A.1 B.1 B. 2 )
pro (A B: SET) : SET = ( prod A.1 B. 1 , s e t S i g A.1 (\ (_ : A. 1 )

−> B. 1 ) A. 2 (\ (_ : A. 1 ) −> B. 2 ) )
expo : (A B: SET) −> SET = \(A B: SET) −> exp A B
prod : (A B: SET) −> SET = \(A B: SET) −> pro A B
app l i : (A B: SET) −> hom Set ( pro ( exp A B) A) B

= \(A B: SET) −> \(x : ( pro ( exp A B)A).1) −> x . 1 x . 2
pro j1 : (A B: SET) −> hom Set ( pro A B) A

= \(A B: SET) (x : ( pro A B) . 1 ) −> x . 1
pro j2 : (A B: SET) −> hom Set ( pro A B) B

= \(A B: SET) (x : ( pro A B) . 1 ) −> x . 2
unitContr ( x : SET) ( f : x . 1 −> uni t ) : i sContr ( x . 1 −> uni t )

= ( f , \( z : x . 1 −> uni t ) −> propPi x . 1 (\ (_: x.1)−>un i t )
(\ ( x : x . 1 ) −> propUnit ) f z )

term : te rmina l Set = ( ( unit , s e tUni t ) ,
\( x : SET) −> unitContr x (\ ( z : x . 1 ) −> t t ) )

Note that rules of cartesian closure forms a type theoretical langage called lamb-
da calculus.

Definition 51. (Elementary Topos). Topos is a precategory which is cartesian
closed and has subobject classifier.
Topos ( cat : precategory ) : U

= ( c a r t e s i anC l o su r e : isCCC cat )
∗ s u b o b j e c tC l a s s i f i e r cat

Theorem 8. (Topos Definitions). Any Grothendieck topos is an elementary
topos too. The proof is sligthly based on results of Giraud theorem.

Theorem 9. (Category of Sets forms a Topos). There is a cartesian closure
and subobject classifier for a categoty of sets.
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i n t e r n a l : Topos Set
= ( ca r t e s i anC lo su r e , hasSubobject )

Theorem 10. (Freyd). Main theorem of topos theory[?]. For any topos C and
any b : ObC relative category C ↓ b is also a topos. And for any arrow f : a→ b
inverse image functor f∗ : C ↓ b → c ↓ a has left adjoint

∑
f and right adjoin∏

f.

Conclusion
We gave here constructive definition of topology as finite unions and inter-
sections of open subsets. Then make this definition categorically compatible by
introducing Grothendieck topology in three different forms: sieves, coverage, and
covering families. Then we defined an elementary topos and introduce category
of sets, and proved that Set is cartesian closed, has object classifier and thus a
topos.

This intro could be considered as a formal introduction to topos theory (at
least of the level of first chapter) and you may evolve this library to your needs or
ask to help porting or developing your application of topos theory to a particular
formal construction.
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Анотацiя

Martin-Löf Type Theory (MLTT-75), a foundational system for con-
structive mathematics and programming, can be elegantly formalized us-
ing the categorical framework of Categories with Families (CwF), as intro-
duced by Peter Dybjer. This article presents MLTT-75 through the lens of
CwFs, defining its syntax as an initial model within a category of models.
We outline the core components of the CwF structure, including contexts,
types, substitutions, and terms, and illustrate key type formers such as
Π-types, Σ-types, and universes. Drawing on the algebraic signature from
recent formalizations, we provide a concise yet rigorous exposition suitable
for researchers and students of type theory and category theory.
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7 Categories with Families
Martin-Löf Type Theory, particularly its 1975 formulation (MLTT-75), is a de-
pendent type theory that serves as a foundation for proof assistants like Agda
and Coq. Categories with Families, introduced by Dybjer [1], offer a categorical
semantics for dependent type theories, modeling contexts as objects, types as
presheaves, and terms as sections. This framework captures the algebraic struc-
ture of MLTT-75, where the syntax is the initial model in a category of models,
and morphisms are structure-preserving maps.

This article formalizes MLTT-75 using CwFs, focusing on its algebraic sig-
nature and key type formers. We assume familiarity with basic category theory
and type theory, referencing the comprehensive formalization in [2] for technical
details.

A Category with Families consists of a category of contexts and substitu-
tions, equipped with presheaves of types and terms, satisfying specific structural
properties. Formally, a CwF for MLTT-75 includes:

• Contexts (C): A category where objects (Γ, ∆) represent contexts (se-
quences of typed variables), and morphisms (σ : Γ → ∆) represent substi-
tutions.

• Types (Ty): A presheaf Ty : Cop → Set, where Ty(Γ) is the set of types
in context Γ , and for σ : Γ → ∆, Ty(σ) : Ty(∆) → Ty(Γ) denotes type
substitution.

• Terms (Tm): For each type A ∈ Ty(Γ), a set Tm(Γ,A) of terms, with a
substitution action Tm(Γ,A)→ Tm(Γ,A[σ]) for σ : Γ → ∆.

• Structural Rules: Identity substitutions (id : Γ → Γ), composition of
substitutions (σ◦δ), and equations like associativity ((σ◦δ)◦ν = σ◦(δ◦ν)).

The syntax of MLTT-75 is the initial CwF, generated by its algebraic signa-
ture, which includes type formers and their equations.

7.1 Визначення
Definition 52 (Fam). Категорiя Fam — це категорiя сiмей множин, де
об’єкти є залежними функцiональними просторами (x : A) → B(x), а
морфiзми з доменом Π(A,B) i кодоменом Π(A ′, B ′) — це пари функцiй
⟨f : A→ A ′, g(x : A) : B(x)→ B ′(f(x))⟩.

Definition 53 (Π-похiднiсть). Для контексту Γ i типу A позначимо Γ ⊢ A =
(γ : Γ)→ A(γ).

Definition 54 (Σ-охоплення). Для контексту Γ i типу A маємо Γ ;A = (γ :
Γ) ∗A(γ). Охоплення не є асоцiативним:

Γ ;A;B ̸= Γ ;B;A
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Definition 55 (Контекст). Категорiя контекстiв C — це категорiя, де
об’єкти є контекстами, а морфiзми — пiдстановками. Термiнальний об’єкт
Γ = 0 у C називається порожнiм контекстом. Операцiя охоплення контексту
Γ ;A = (x : Γ) ∗ A(x) має елiмiнатори: p : Γ ;A ⊢ Γ , q : Γ ;A ⊢ A(p),
що задовольняють унiверсальну властивiсть: для будь-якого ∆ : ob(C),
морфiзму γ : ∆→ Γ i терму a : ∆→ A iснує єдиний морфiзм θ = ⟨γ, a⟩ : ∆→
Γ ;A, такий що p◦θ = γ i q(θ) = a. Твердження: пiдстановка є асоцiативною:

γ(γ(Γ, x, a), y, b) = γ(γ(Γ, y, b), x, a)

Definition 56 (CwF-об’єкт). CwF-об’єкт — це пара Σ(C,C → Fam),
де C — категорiя контекстiв з об’єктами-контекстами та морфiзмами-
пiдстановками, а T : C → Fam — функтор, який вiдображає контекст Γ
у C на сiм’ю множин термiв Γ ⊢ A, а пiдстановку γ : ∆ → Γ — на пару
функцiй, що виконують пiдстановку γ у термах i типах вiдповiдно.

Definition 57 (CwF-морфiзм). Нехай (C, T) : ob(C), де T : C→ Fam. CwF-
морфiзм m : (C, T) → (C ′, T ′) — це пара ⟨F : C → C ′, σ : T → T ′(F)⟩, де F —
функтор, а σ — натуральна трансформацiя.

Definition 58 (Категорiя типiв). Для CwF з об’єктами (C, T) i морфiзмами
(C, T) → (C ′, T ′), для заданого контексту Γ ∈ Ob(C) можна побудувати
категорiю Type(Γ) — категорiю типiв у контекстi Γ , де об’єкти — множина
типiв у контекстi, а морфiзми — функцiї f : Γ ;A→ B(p).

Definition 59 (Терми та типи). У CwF для контексту Γ терми Γ ⊢ a : A є
елементами множини A(γ), де γ : Γ . Типи Γ ⊢ A є об’єктами в Type(Γ), а
пiдстановка γ : ∆→ Γ дiє на типи та терми через функтор T .

Definition 60 (Залежнi типи). Залежний тип у контекстi Γ — це
вiдображення Γ → Fam, де для кожного γ : Γ задається множина A(γ).
У категорiї Type(Γ) залежнi типи є об’єктами, а морфiзми мiж A i B — це
функцiї f : Γ ;A→ B(p), що зберiгають структуру пiдстановок.

Martin-Löf Type Theory (MLTT-75) is a dependent type theory with Π-
types, Σ-types, Id-types, and additional type formers like ⊤, universe types
(U), and Bool. Its categorical semantics can be modeled using Categories with
Families (CwF), a framework designed to capture contexts, types, terms, and
context extension in a unified way [3, ?]. Unlike Grothendieck fibrations or
comprehension categories, CwFs use a presheaf of families to represent types
and terms, with context comprehension for type dependency. We formalize a
CwF model for MLTT-75 in Agda, supporting all specified type formers, based
on [3]. Pullback diagrams, styled after Awodey’s natural models [5], illustrate
the type formers, with constructors on upper arrows and type formers on lower
arrows.

A Category with Families (CwF) models dependent type theory by assigning
types and terms to contexts, with context comprehension for type dependency.
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Definition 61 (Category with Families). A Category with Families (CwF)
consists of:

• A category C with a terminal object 1 ∈ C.Ob.

• A presheaf Ty : Cop → Set, assigning to each Γ ∈ C.Ob a set Ty(Γ) of
types, and to each σ : ∆ → Γ a function σ∗ : Ty(Γ) → Ty(∆), preserving
identities and composition.

• For each Γ ∈ C.Ob and A ∈ Ty(Γ), a set Tm(Γ,A) of terms, with rein-
dexing: for σ : ∆ → Γ , a function Tm(Γ,A) → Tm(∆, σ∗A), preserving
identities and composition.

• For each Γ ∈ C.Ob and A ∈ Ty(Γ), a context comprehension consisting of:

– An object Γ.A ∈ C.Ob.

– A projection morphism pA : Γ.A→ Γ .

– A universal term qA ∈ Tm(Γ.A, p∗AA).

– For any ∆ ∈ C.Ob, σ : ∆ → Γ , and t ∈ Tm(∆, σ∗A), there exists a
unique ⟨σ, t⟩ : ∆→ Γ.A such that pA ◦ ⟨σ, t⟩ = σ and ⟨σ, t⟩∗qA = t.

52



7.2 Algebraic Signature of MLTT-75
The CwF for MLTT-75 is defined by an algebraic signature, indexing contexts
and types by universe levels to handle predicative universes. We present the core
components and type formers, adapted from [2].
de f a lgebra : U1 := Σ

−− a semicategory o f context s and s ub s t i t u t i o n s :
(Con : U)
(Sub : Con → Con → U)
(♢ : Π ( Γ Θ ∆ : Con ) , Sub Θ ∆ → Sub Γ Θ → Sub Γ ∆)
(♢−assoc : Π ( Γ Θ ∆ Φ : Con) (σ : Sub Γ Θ) ( δ : Sub Θ ∆)

(ν : Sub ∆ Φ) , PathP (<_>Sub Γ Φ) (♢ Γ ∆ Φ ν (♢ Γ Θ ∆ δ σ ) )
(♢ Γ Θ Φ (♢ Θ ∆ Φ ν δ ) σ ) )

−− id en t i t y morphisms as i d e n t i t y s ub s t i t u t i o n s :
( id : Π ( Γ : Con ) , Sub Γ Γ )
( id−l e f t : Π (Θ ∆ : Con) ( δ : Sub Θ ∆) ,

= (Sub Θ ∆) δ (♢ Θ ∆ ∆ ( id ∆) δ ) )
( id−r i gh t : Π (Θ ∆ : Con) ( δ : Sub Θ ∆) ,

= (Sub Θ ∆) δ (♢ Θ Θ ∆ δ ( id Θ) ) )
−− a termina l o j e c t as empty context :
( • : Con)
( ε : Π ( Γ : Con ) , Sub Γ • )
( •−η : Π ( Γ : Con) ( δ : Sub Γ • ) , = (Sub Γ • ) ( ε Γ ) δ )
(Ty : Con → U)
(_|_| T : Π ( Γ ∆ : Con ) , Ty ∆ → Sub Γ ∆ → Ty Γ )
( | id | T : Π (∆ : Con) (A: Ty ∆) , = (Ty ∆) (_|_| T ∆ ∆ A ( id ∆) ) A)
( |♢ | T : Π ( Γ ∆ Φ: Con) (A : Ty Φ) (σ : Sub Γ ∆) ( δ : Sub ∆ Φ) ,

=P (<_>Ty Γ ) (_|_| T Γ Φ A (♢ Γ ∆ Φ δ σ ) )
(_|_| T Γ ∆ (_|_| T ∆ Φ A δ ) σ ) )

−− a ( covar i ant ) p r e shea f on the category o f e lements as terms :
(Tm: Π ( Γ : Con ) , Ty Γ → U)
(_|_| t : Π ( Γ ∆ : Con) (A : Ty ∆) (B : Tm ∆ A)

(σ : Sub Γ ∆) , Tm Γ (_|_| T Γ ∆ A σ ) )
( | id | t : Π (∆ : Con) (A : Ty ∆) ( t : Tm ∆ A) ,

PathP (< i> Tm ∆ ( | id | T ∆ A @ i ) )
(_|_| t ∆ ∆ A t ( id ∆) ) t )

( |♢ | t : Π ( Γ ∆ Φ: Con) (A : Ty Φ) ( t : Tm Φ A)
(σ : Sub Γ ∆) ( δ : Sub ∆ Φ) ,
PathP (< i> Tm Γ ( |♢ | T Γ ∆ Φ A σ δ @ i ) )

(_|_| t Γ Φ A t (♢ Γ ∆ Φ δ σ ) )
(_|_| t Γ ∆ (_|_| T ∆ Φ A δ ) (_|_| t ∆ Φ A t δ ) σ ) )
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7.3 Core Components
The signature includes:

• Con : N→ Set, contexts indexed by universe levels.

• Ty : N→ Con i→ Set, types in a context at level i.

• Sub : Con i→ Con j→ Set, substitutions between contexts.

• Tm : (Γ : Con i)→ Ty j Γ → Set, terms of a type in a context.

Structural operations include:

• Identity: id : Sub Γ Γ .

• Composition: _ ◦ _ : SubΘ∆→ Sub Γ Θ→ Sub Γ ∆.

• Type substitution: _[_] : Ty i ∆→ Sub Γ ∆→ Ty i Γ .

• Term substitution: _[_] : Tm∆A→ Sub Γ ∆→ Tm Γ (A[σ]).

Equations ensure categorical properties, e.g., id ◦ σ = σ, σ ◦ id = σ, and
A[id] = A.

7.4 Context Extension
Contexts can be extended by types:

• Empty context: • : Con 0.

• Extension: _ ▷ _ : (Γ : Con i)→ Ty j Γ → Con (i ⊔ j).

• Weakening: p : Sub (Γ ▷A) Γ .

• Zeroth de Bruijn index: q : Tm (Γ ▷A) (A[p]).

Substitutions are extended by terms: ⟨σ, t⟩ : Sub Γ (∆ ▷ A), with equations
like p ◦ ⟨σ, t⟩ = σ.

7.5 Type Formers
MLTT-75 includes several type formers, formalized as follows:

7.6 Π-Types
Dependent function types are defined by:

• Formation: Π : (A : Ty i Γ)→ Ty j (Γ ▷A)→ Ty (i ⊔ j) Γ .

• Introduction: lam : Tm (Γ ▷A)B→ Tm Γ (ΠAB).

• Elimination: app : Tm Γ (ΠAB)→ Tm (Γ ▷A)B.

Equations include β-reduction (app (lam t) = t) and η-expansion
(lam (app t) = t).
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7.7 Σ-Types
Dependent pair types:

• Formation: Σ : (A : Ty i Γ)→ Ty j (Γ ▷A)→ Ty (i ⊔ j) Γ .

• Introduction: ⟨u, v⟩ : Tm Γ A→ Tm Γ (B[id, u])→ Tm Γ (ΣAB).

• Projections: fst : Tm Γ (ΣAB) → Tm Γ A, snd : Tm Γ (ΣAB) →
Tm Γ (B[id, fst t]).

Equations include fst ⟨u, v⟩ = u, snd ⟨u, v⟩ = v.

7.8 Universes
A hierarchy of universes:

• Formation: U : (i : N)→ Ty (i+ 1) Γ .

• Coding: c : Ty i Γ → Tm Γ (U i).

• Decoding: _ : Tm Γ (U i)→ Ty i Γ .

Equations: cA = A, ca = a.

7.9 Booleans and Identity Types
• Booleans: Bool : Ty 0 Γ , with true, false : Tm Γ Bool, and an eliminator if.

• Identity: Id : (A : Ty i Γ) → Tm Γ A → Tm Γ A → Ty i Γ , with refl :
Tm Γ (IdAuu) and eliminator J.

7.10 Semantics via the Standard Model
The standard model interprets the CwF in a type theory like Agda, mapping
contexts to types, types to type families, and substitutions to functions. For
example:

• Con i = Set i.

• Ty j Γ = Γ → Set j.

• Sub Γ ∆ = Γ → ∆.

• Tm Γ A = (y : Γ)→ Ay.

Type formers are interpreted directly, e.g., ΠAB = λγ.(x : Aγ) → B(γ, x).
This model ensures that all equations hold definitionally, simplifying metathe-
oretic reasoning.
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7.11 Applications
The CwF formulation enables concise proofs of metatheoretic properties like
canonicity (every closed Bool term is true or false) and parametricity (terms
respect type abstractions). These proofs leverage the initiality of the syntax,
allowing induction over the algebraic structure.

7.12 Conclusion
The Categories with Families framework provides a robust and elegant formal-
ization of MLTT-75, capturing its syntax and semantics as an initial model. By
structuring contexts, types, and terms categorically, CwFs facilitate rigorous
metatheoretic analysis, making them invaluable for type theory research and
implementation in proof assistants.
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Анотацiя

This article presents a modern categorical framework, termed Cat-
egories with Representable Maps (CwR), designed to model structures
for dependent type theories. Inspired by Uemura’s work, the framework
unifies related models such as categories with families, categories with
attributes, comprehension categories, and natural models. We provide a
comprehensive set of classical mathematical definitions and theorems, fo-
cusing on specialized categorical structures like fibrations, indexed cat-
egories, and representable maps, while establishing their properties and
equivalences.

As example we present a categorical model of Martin-Löf Type The-
ory (MLTT-75) with dependent products (Π-types), dependent sums (Σ-
types), and identity types (Id-types). The model is based on Grothendieck
fibrations and Uemura’s categories with representable maps, generalizing
Awodey’s natural models. Formal definitions are provided, with pullback
diagrams resembling Awodey’s style.

8 Categories with Representable Maps
The Categories with Representable Maps (CwR) framework offers a robust foun-
dation for categorical semantics, generalizing prior models used in type theory.
Assuming a base category C with all pullbacks, this framework builds on spe-
cialized structures to define representable maps and their properties, ensuring
flexibility and unification across related categorical models. This article delin-
eates the core definitions and theorems of the CwR framework, providing a
concise yet complete theory.

Martin-Löf Type Theory (MLTT-75) is a dependent type theory with Π-
types, Σ-types, and Id-types. We model its categorical semantics using a cate-
gory with representable maps (CwR), starting from Grothendieck fibrations, as
described in [1].
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8.1 Definitions
Definition 62 (Fiber Category). For a functor p : E→ C and an object c ∈ C,
the fiber category Ec has:

• Objects: e ∈ E such that p(e) = c.

• Morphisms: f : e ′ → e in E such that p(f) = idc.

Definition 63 (Cartesian Morphism). For a functor p : E → C, a morphism
ϕ : e ′ → e in E is Cartesian if, for any g : e ′′ → e in E and h : p(e ′′) → p(e ′)
in C with p(g) = p(ϕ) ◦ h, there exists a unique k : e ′′ → e ′ in E such that
p(k) = h and g = ϕ ◦ k.

Definition 64 (Grothendieck Fibration). A functor p : E→ C is a Grothendieck
fibration if, for every e ∈ E and f : c ′ → p(e) in C, there exists a Cartesian
morphism ϕ : e ′ → e in E such that p(ϕ) = f.

Definition 65 (Grothendieck Construction). For an indexed category Φ :
Cop → Cat, the Grothendieck construction produces a category

∫
Φ with:

• Objects: Pairs (c, x), where c ∈ C, x ∈ Φ(c).

• Morphisms: From (c ′, x ′) → (c, x), pairs (f, α), where f : c ′ → c in C,
α : x ′ → Φ(f)(x) in Φ(c ′).

• Composition: For (g, β) : (c ′′, x ′′) → (c ′, x ′) and (f, α) : (c ′, x ′) → (c, x),
the composite is (f ◦ g,Φ(g)(α) ◦ β).

The functor p :
∫
Φ → C, mapping (c, x) 7→ c, (f, α) 7→ f, is a Grothendieck

fibration.

Definition 66 (Discrete Fibration). A functor p : E→ C is a discrete fibration
if, for every e ∈ E and f : c ′ → p(e) in C, there exists a unique f̃ : e ′ → e in E

such that p(f̃) = f.

Definition 67 (Indexed Category). An indexed category over C is a functor
Φ : Cop → Cat. For each c ∈ C, Φ(c) is a category, and for each f : c ′ → c,
Φ(f) : Φ(c)→ Φ(c ′) is a functor.

Definition 68 (Representable Functor). A functor F : Cop → Set is repre-
sentable if there exists c ∈ C such that F ∼= HomC(−, c).

Definition 69 (Representable Map). In a category C with pullbacks, a mor-
phism f : A→ B is representable if it belongs to a class Rep(f) satisfying:

• Pullback stability : For every g : C → B, the pullback P = C ×B A exists
with projections h1 : P → A, h2 : P → C, and Rep(h2).

• Universality : For any Q with q1 : Q→ A, q2 : Q→ C such that f ◦ q1 =
g◦q2, there exists a unique u : Q→ P such that h1 ◦u = q1, h2 ◦u = q2.
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Definition 70 (CwR). A category with representable maps (CwR) is a cate-
gory with a class of morphisms (representable maps) that are pullback-stable
and exponentiable, generalizing Awodey’s natural models. A category with rep-
resentable maps (CwR) is a structure with:

• A category C.

• A predicate Rep : C.Hom(A,B)→ Prop for representable maps.

• Pullback stability : For every f : A → B with Rep(f) and g : C → B, there
exists a pullback P with morphisms h1 : P → A, h2 : P → C such that
f ◦ h1 = g ◦ h2, Rep(h2), and P is universal.

• Exponentiability : For every f : A → B with Rep(f), there exists Πf : Ob
and π : Πf → B with Rep(π), such that for any g : C → A, there exists
h : C→ Πf with π ◦ h = f ◦ g.

s t r u c tu r e CwR where
cat : Category
Rep : ∀ {A B : cat .Ob} , cat .Hom A B → Prop
pul lback : ∀ {A B C : cat .Ob} { f : cat .Hom A B} ,

Rep f → ( g : cat .Hom C B) →
∃ (P : cat .Ob) (∃ ( h1 : cat .Hom P A) (∃ ( h2 : cat .Hom P C)

( cat . comp f h1 = cat . comp g h2 ∧

Rep h2 ∧

∀ (Q : cat .Ob) ( q1 : cat .Hom Q A) ( q2 : cat .Hom Q C) ,
cat . comp f q1 = cat . comp g q2 →
∃ (u : cat .Hom Q P)

( cat . comp h1 u = q1 ∧ cat . comp h2 u =q2 ) ) ) )
exponent iab l e : ∀ {A B : cat .Ob} { f : cat .Hom A B} ,

Rep f →
∃ ( Pi_f : cat .Ob) (∃ ( p i : cat .Hom Pi_f B)

(Rep pi ∧

∀ (C : cat .Ob) ( g : cat .Hom C A) ,
∃ (h : cat .Hom C Pi_f ) ( cat . comp pi h =cat . comp f g ) ) )
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8.2 Theorems
The CwR framework is supported by five theorems that establish its properties
and connections to related categorical structures.

Theorem 11 (Fibration-Indexed Category Equivalence). For any indexed cat-
egory Φ : Cop → Cat, the Grothendieck construction produces a Grothendieck
fibration p :

∫
Φ → C, and every Grothendieck fibration arises as the

Grothendieck construction of some indexed category.

Theorem 12 (Representable Map Stability). In a CwR (C,Rep, Π), the class
of representable maps is closed under pullback stability, and every representable
map f : A→ B induces a representable morphism πf : Πf → B.

Theorem 13 (Discrete Fibration Representation). Every discrete fibration p :
E → C corresponds to a representable map in the slice category C/c for some
c ∈ C, and every representable map induces a discrete fibration in a suitable
slice category.

Theorem 14 (Framework Equivalence). Every CwR (C,Rep, Π) can be
equipped with a structure equivalent to a category with families, or natural
model under the existence of terminal objects.
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8.3 Example MLTT-75 Model
We model MLTT-75 in a CwR, interpreting contexts, types, terms, and type
formers.

Definition 71 (MLTT-75 Model). Given a CwR C, the model of MLTT-75 is
defined as:

• Contexts: Objects Γ ∈ C.Ob.

• Types: Pairs (A, f : A→ Γ) with Rep(f), representing A in context Γ .

• Terms: Morphisms t : Γ → A such that f ◦ t = idΓ , i.e., sections of f.

• Context extension: For Γ ⊢ A, the context Γ, x : A is the pullback of
f : A→ Γ along idΓ .

• Type formers: Π-types, Σ-types, and Id-types, defined via exponentials,
pullbacks, and diagonals.

s t r u c tu r e MLTT75 ( cwr : CwR) where
Context : Type
Context := cwr . cat .Ob

Type : Context → Type
Type Γ := ∃ (A : cwr . cat .Ob)

(∃ ( f : cwr . cat .Hom A Γ ) ( cwr . Rep f ) )

Term : ∀ (Γ : Context ) , Type Γ → Type
Term Γ (∃ A (∃ f _) )

:= ∃ ( t : cwr . cat .Hom Γ A)
( cwr . cat . comp f t = cwr . cat . id )

ContextExt : ∀ (Γ : Context ) , Type Γ → Context
ContextExt Γ (∃ A (∃ f r f ) ) := ( cwr . pu l lback r f cwr . cat . id ) . f s t
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8.4 Π-Types
For Γ ⊢ A : Type and Γ, x : A ⊢ B : Type, the Π-type Πx:AB is formed using the
exponential in the slice category.

PiType : ∀ (Γ : Context ) (A : Type Γ ) , Type ( ContextExt Γ A) → Type Γ
PiType Γ (∃ A (∃ f r f ) ) (∃ B (∃ g rg ) ) :=

l e t exp := cwr . exponent iab l e r f
∃ exp . f s t (∃ exp . snd . f s t exp . snd . snd . f s t )

The constructor λ forms terms of Πx:AB. The pullback diagram is:

Γ ×A B

Γ ΠAB

λ

Π

8.5 Σ-Types
For Γ ⊢ A : Type and Γ, x : A ⊢ B : Type, the Σ-type Σx:AB is the composition
via pullback.

SigmaType : ∀ (Γ : Context ) (A : Type Γ ) , Type ( ContextExt Γ A) → Type Γ
SigmaType Γ (∃ A (∃ f r f ) ) (∃ B (∃ g rg ) ) :=

l e t pu l l := cwr . pu l lback rg ( cwr . cat . id )
∃ pu l l . f s t (∃ pu l l . snd . f s t pu l l . snd . snd . snd . f s t )

The constructor pair forms terms of Σx:AB. The pullback diagram is:

ΣAB B

Γ Γ ×A

pair

Σ
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8.6 Id-Types
For Γ ⊢ A : Type and a, b : A, the identity type IdA(a, b) is formed using the
diagonal map.

Diagonal : ∀ (Γ : Context ) (A : Type Γ ) ,
cwr . cat .Hom (A. f s t ) ( cwr . pu l lback A. snd . f s t cwr . cat . id ) . f s t

Diagonal Γ (∃ A (∃ f _) )
:= ( cwr . cat . id , cwr . cat . id , r f l )

IdType : ∀ (Γ : Context ) (A : Type Γ ) ( a b : Term Γ A) , Type Γ
IdType Γ (∃ A (∃ f r f ) ) (∃ a _) (∃ b _) :=

l e t pu l l := cwr . pu l lback r f ( Diagonal Γ (∃ A (∃ f r f ) ) )
∃ pu l l . f s t (∃ pu l l . snd . f s t pu l l . snd . snd . snd . f s t )

The constructor refl forms terms of IdA(a, a). The pullback diagram is:

IdA(a, b) A

Γ A×Γ A

refl

∆A

Id

8.7 Conclusion
The CwR framework provides a unified and flexible foundation for categorical
semantics, integrating fibrations, indexed categories, and representable maps.
Its definitions and theorems ensure robustness and connectivity to related cat-
egorical models, making it a powerful tool for theoretical and applied category
theory.
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Issue XXIX: Comprehension Categories

Namdak Tonpa

Анотацiя
Comprehension categories provide a powerful categorical framework

for modeling dependent type theories, bridging the gap between categori-
cal logic, topos theory, and type-theoretic semantics. This paper presents
a unified theoretical framework for comprehension categories, offering pre-
cise definitions, key theorems, and novel applications.

We define a comprehension category as a category C equipped with a
fibration p : E → C and a comprehension map that assigns to each type
A ∈ EA ∈ E over a context Γ ∈ C an extended context Γ.A ∈ C, satis-
fying pullback stability. We introduce variants, including split and non-
split comprehension categories, and contextual categories, to accommo-
date strict and non-strict type theories. Key theorems include the equiva-
lence theorem, establishing that every comprehension category induces a
model of dependent type theory, and the splitting theorem, demonstrat-
ing that any comprehension category can be replaced by an equivalent
split comprehension category. We further explore the relationship between
comprehension categories and related structures, such as Categories with
Representations (CwR) and Categories with Families (CwF), highlighting
their functorial and computational interpretations. Applications are pre-
sented in categorical semantics, homotopy type theory, and topos theory,
including the interpretation of univalence axioms and the construction
of syntactic categories. This framework unifies existing approaches, clari-
fies the categorical underpinnings of dependent types, and paves the way
for future developments in type-theoretic and geometric foundations of
mathematics.

As instantiation example we present a categorical model of Martin-Löf
Type Theory (MLTT-75) with dependent products (Π-types), dependent
sums (Σ-types), and identity types (Id-types) using Comprehension Cate-
gories. The model uses a comprehension category, a Grothendieck fibration
with a comprehension functor, to capture type dependency and context
extension. Formal definitions are provided, with pullback diagrams resem-
bling Awodey’s natural models.

9 Comprehension Categories
Martin-Löf Type Theory (MLTT-75) is a dependent type theory with Π-
types, Σ-types, and Id-types. Its categorical semantics is often modeled using
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Grothendieck fibrations, with comprehension categories providing a structured
framework for type dependency and context extension [?, 1]. We formalize a
model using a comprehension category, based on a split Grothendieck fibration
with a comprehension functor, inspired by the codomain fibration. The model is
implemented in Lean 4 without dependencies, ensuring a minimal presentation.
Pullback diagrams, styled after Awodey’s natural models [5], illustrate the type
formers, with constructors (e.g., λ, pair, refl) on upper arrows and type formers
on lower arrows.
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9.1 Definitions
A split Grothendieck fibration p : E→ B models dependent types, with functo-
rial Cartesian lifts for strict substitution.

Definition 72 (Cleavage). A cleavage for a Grothendieck fibration p : E → C

assigns to each e ∈ E and f : c ′ → p(e) in C a Cartesian morphism ϕf : f
∗e→ e

in E such that p(ϕf) = f, where f∗e ∈ Ec ′ .

Definition 73 (Split Fibration 1). A Grothendieck fibration p : E → C is a
split fibration if it has a cleavage such that the assignment f 7→ f∗e defines a
functor f∗ : Ep(e) → Ec ′ for each fiber category Ec, and (g ◦ f)∗ = f∗ ◦ g∗.

Definition 74 (Split Fibration 2). A split fibration p : E → B is a functor p
with:

• For every e ∈ E.Ob and f : b ′ → p(e) in B, a chosen lift (e ′, ϕ : e ′ → e)
with p(ϕ) = f.

• Uniqueness: For any two lifts (e1, ϕ1), (e2, ϕ2) with p(ϕ1) = p(ϕ2) = f,
there exists χ : e2 → e1 with p(χ) = id and ϕ1 ◦ χ = ϕ2.

s t r u c tu r e Sp l i tF i b r a t i o n (E B : Category ) where
func to r : Functor E B
l i f t : ∀ {e : E.Ob} {b ’ : B.Ob} ( f : B.Hom b ’ ( func to r . obj e ) ) ,

( e ’ : E .Ob) × ( phi : E .Hom e ’ e ) × ( func to r .map phi =f )
l i f t_unique : ∀ {e : E.Ob} {b ’ : B.Ob} ( f : B.Hom b ’ ( func to r . obj e ) )

( e1 e2 : E .Ob) ( phi1 : E .Hom e1 e ) ( phi2 : E .Hom e2 e ) ,
func to r .map phi1 = f → f unc to r .map phi2 =f →
∃ ( ch i : E .Hom e2 e1 ) , func to r .map ch i =

B. id ∧ E. comp phi1 ch i =phi2

Definition 75 (Arrow Category). The arrow category C→ of a category C has:

• Objects: Morphisms f : A→ B in C.

• Morphisms: From f : A → B to g : C → D, a pair (h1 : A → C,h2 : B →
D) such that g ◦ h1 = h2 ◦ f.

• Composition: For (h1, h2) : f → g and (k1, k2) : g → l, the composite is
(k1 ◦ h1, k2 ◦ h2).

Definition 76 (Comprehension Functor). For a split fibration p : E → C, a
comprehension functor is a functor {−} : E→ C→ that maps each object A ∈ E

to a morphism π : Γ ′ → p(A) in C, and each morphism f : A → B in E to a
morphism (h1, h2) : {A}→ {B} in C→.

Definition 77 (Comprehension Category). A comprehension category consists
of:

• A split fibration p : E→ C.
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• A terminal object T ∈ C.

• A comprehension functor {−} : E → C→, mapping A ∈ E to (Γ ′, π : Γ ′ →
p(A)).

• An adjunction: For σ : ∆→ Γ in C and A ∈ EΓ , there exists A ′ ∈ E∆ with
p(A ′) = ∆ and a morphism f : A ′ → A such that p(f) = σ.

Definition 78 (Comprehension Category). A comprehension category models
MLTT-75 with a fibration and a comprehension functor for context extension.
A comprehension category consists of:

• A split fibration p : E→ B.

• A terminal object T ∈ B.Ob.

• A comprehension functor {−} : E → B→, mapping A ∈ E to (Γ ′, π : Γ ′ →
p(A)).

• An adjunction: For σ : ∆ → Γ and A ∈ EΓ , there exists A ′ ∈ E∆ with
p(A ′) = ∆ and a morphism f : A ′ → A such that p(f) = σ.

• Pullbacks in B for context extension.

• Structure for Π-types (fiber exponentials), Σ-types (composition), and Id-
types (diagonals).

Definition 79 (Beck-Chevalley Condition). Let p : E → C be a fibration, and
consider a pullback square in C:

∆
q

−−−−→ Γ ′

h

y yg
Γ −−−−→

f
Θ

where f ◦ h = g ◦ q. For a functor F : EΓ ′ → EΓ with a left or right adjoint
G : EΓ → EΓ ′ , the Beck-Chevalley condition holds if the canonical natural
transformation induced by the pullback, h∗ ◦G→ q∗ ◦ F (for right adjoints) or
q∗ ◦ F→ h∗ ◦G (for left adjoints), is an isomorphism.
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Definition 80 (Dependent Sum). In a comprehension category with fibration
p : E → C, a dependent sum for a type σ ∈ EΓ is a functor Σσ : EΓ.σ → EΓ , left
adjoint to the substitution functor p∗σ : EΓ → EΓ.σ, such that for all morphisms
f : ∆ → Γ in C, the Beck-Chevalley condition holds, i.e., the canonical natural
transformation Σf∗σ ◦ q(f, σ)∗ ∼= f∗ ◦ Σσ is an isomorphism.

Definition 81 (Dependent Product). In a comprehension category with fi-
bration p : E → C, a dependent product for a type σ ∈ EΓ is a functor
Πσ : EΓ.σ → EΓ , right adjoint to the substitution functor p∗σ : EΓ → EΓ.σ, such
that for all morphisms f : ∆→ Γ in C, the Beck-Chevalley condition holds, i.e.,
the canonical natural transformation f∗◦Πσ ∼= Πf∗σ◦q(f, σ)∗ is an isomorphism.

Definition 82 (Identity Type). In a split comprehension category with fibra-
tion p : E→ C, an identity type for a type σ ∈ EΓ consists of:

• A type Idσ ∈ EΓ.σ.σ, where Γ.σ.σ = p∗σσ.

• A morphism rσ : Γ.σ→ Iσ, where Iσ = Γ.σ.σ.Idσ, such that pIdσ
◦ rσ = id.

• For any commutative square ⟨f,M⟩ : ∆ → Γ.σ, ⟨g,N⟩ : ∆.τ → Γ.σ.σ, a
diagonal lifting h : Iσ → ∆.τ making both triangles commute.

All data must be stable under substitutions.

Definition 83 (Category with Attributes). A category with attributes is a full
split comprehension category, where the comprehension functor {−} : E→ C→ is
fully faithful, and types over Γ ∈ C are determined by a functor Ty : Cop → Set.

Definition 84 (Display Map Category). A display map category is a compre-
hension category where the comprehension functor {−} : E→ C→ is the inclusion
of a full subcategory of C→, and all morphisms in the image are display maps.

Definition 85 (Contextual Category). A contextual category is a category with
attributes equipped with:

• A terminal object • ∈ C.

• A length function ℓ : obj(C) → N such that ℓ(•) = 0, and for any type
σ ∈ EΓ , ℓ(Γ.σ) = ℓ(Γ) + 1.

• For any non-empty context Γ , a unique context ∆ (the father) and type
σ ∈ E∆ such that Γ = ∆.σ.

Definition 86 (Weakening Morphism). In a comprehension category, a weak-
ening morphism is defined inductively:

• A display map pσ : Γ.σ→ Γ is a weakening morphism.

• If f : ∆→ Γ is a weakening morphism and σ ∈ EΓ , then q(f, σ) : ∆.f∗σ→
Γ.σ is a weakening morphism.
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Definition 87 (Variable). In a comprehension category, for a type σ ∈ EΓ , the
variable of type σ is the unique term vσ : Γ.σ→ p∗σσ such that pp∗

σσ
◦ vσ = id.

Definition 88 (Universe). In a split comprehension category with terminal
object • ∈ C, a universe consists of:

• A type U ∈ E•, the context •.U also denoted U.

• A type El ∈ EU, with context U.El denoted Ũ.

For a morphism f : Γ → U, the type σf ∈ EΓ is the substitution of El along f.

9.2 Theorems
Theorem 15 (Split Fibration Cleavage). Every split fibration p : E → C has
a cleavage such that the reindexing functors f∗ : Ep(e) → Ec ′ satisfy (g ◦ f)∗ =
f∗◦g∗, and every Grothendieck fibration with such a cleavage is a split fibration.

Theorem 16 (Framework Equivalence). Every comprehension category can be
equipped with a structure equivalent to a category with families (CwF), category
with representable maps (CwR), or Awodey’s natural model under the existence
of terminal objects.
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9.3 Example MLTT-75 Model
We model MLTT-75 using a comprehension category, interpreting contexts,
types, and terms via the fibration and comprehension functor.

Definition 89 (MLTT-75 Comprehension Model). Given a comprehension cat-
egory with categories E, B, a split fibration p : E → B, and a comprehension
functor {−}, the model of MLTT-75 is defined as:

• Contexts: Objects Γ ∈ B.Ob.

• Types: Pairs (A,pA : p(A) = Γ), representing a type A in context Γ .

• Terms: Morphisms t : Γ → A in E such that p(t) = idΓ , i.e., sections.

• Context extension: For Γ ⊢ A, the context Γ, x : A is {A}, the domain of
the comprehension.

• Type formers: Π-types via fiber exponentials, Σ-types via composition,
Id-types via diagonals.

9.4 Π-Types
For Γ ⊢ A : Type and Γ, x : A ⊢ B : Type, the Π-type Πx:AB is formed using
exponentials in the fiber category EΓ .

The constructor λ forms terms of Πx:AB. The pullback diagram is:

Γ ×A B

Γ ΠAB

λ

Π

9.5 Σ-Types
For Γ ⊢ A : Type and Γ, x : A ⊢ B : Type, the Σ-type Σx:AB is formed via
composition in the fibration.

The constructor pair forms terms of Σx:AB. The pullback diagram is:

ΣAB B

Γ Γ ×A

pair

Σ

9.6 Id-Types
For Γ ⊢ A : Type and a, b : A, the identity type IdA(a, b) is formed using the
diagonal map in the fibration.
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The constructor refl forms terms of IdA(a, a). The pullback diagram is:

IdA(a, b) A

Γ A×Γ A

refl

∆A

Id
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s t r u c tu r e ComprehensionCategory (E B : Category ) where
f i b : Sp l i tF i b r a t i o n E B
termina l : ∃ (T : B.Ob) , ∀ (A : B.Ob) , ∃! ( t : B.Hom A T) , True
comp_func to r : ∀ (A : E.Ob) , Σ (Γ ’ : B.Ob) (π : B.Hom Γ ’ ( f i b . f unc to r . obj A) )
comp_adj : ∀ (Γ : B.Ob) (A : E.Ob) (pA : f i b . func to r . obj A =Γ

) (σ : B.Hom ∆ Γ ) ,
∃ (A’ : E .Ob) (pA’ : f i b . func to r . obj A’ =∆) ( f : E .Hom A’ A) ,
f i b . func to r .map f = σ

pul lback : ∀ {A B C : B.Ob} ( f : B.Hom A B) ( g : B.Hom C B) ,
∃ (P : B.Ob) ( h1 : B.Hom P A) ( h2 : B.Hom P C) ,
B. comp f h1 = B. comp g h2 ∧

∀ (Q : B.Ob) ( q1 : B.Hom Q A) ( q2 : B.Hom Q C) ,
B. comp f q1 = B. comp g q2 → ∃ (u : B.Hom Q P) , B. comp h1 u =

q1 ∧ B. comp h2 u =q2
p i : ∀ (Γ : B.Ob) (A e : E.Ob) ( f : E .Hom A e ) (pA pe : f i b . func to r . obj A =Γ

∧ f i b . func to r . obj e =Γ ) ,
∃ ( Pi : E .Ob) ( p i : E .Hom Pi Γ ) , f i b . f unc to r . obj Pi =Γ ∧

∀ (C : E.Ob) ( g : E .Hom C A) (pC : f i b . func to r . obj C =Γ ) ,
∃ (h : E.Hom C Pi ) , E . comp pi h =E. comp f g

sigma : ∀ (Γ : B.Ob) (A e : E.Ob) ( f : E .Hom A e ) (pA pe : f i b . func to r . obj A =Γ
∧ f i b . func to r . obj e =Γ ) ,

∃ ( Sigma : E.Ob) ( sigma : E.Hom Sigma Γ ) , f i b . func to r . obj Sigma =Γ
id : ∀ (Γ : B.Ob) (A : E.Ob) (pA : f i b . func to r . obj A =Γ ) ,

∃ ( Id : E.Ob) ( id : E .Hom Id A) , f i b . func to r . obj Id =Γ

Context : Type
Context := B.Ob

Type : Context → Type
Type Γ := Σ (A : E.Ob) , f i b . func to r . obj A =Γ

Term : ∀ (Γ : Context ) , Type Γ → Type
Term Γ (A, pA) := Σ ( t : E .Hom Γ A) , f i b . func to r .map t =B. id

ContextExt : ∀ (Γ : Context ) , Type Γ → Context
ContextExt Γ (A, pA) := (comp_func to r A) . 1

PiType : ∀ (Γ : Context ) (A : Type Γ ) , Type ( ContextExt Γ A) → Type Γ
PiType Γ (A, pA) ( e , pe ) := l e t r e s := pi Γ A e E. id (pA, pe ) in ( r e s . 1 , r e s . 2 . 1 )

SigmaType : ∀ (Γ : Context ) (A : Type Γ ) , Type ( ContextExt Γ A) → Type Γ
SigmaType Γ (A, pA) ( e , pe ) := l e t r e s := sigma Γ A e E. id (pA, pe ) in ( r e s . 1 , r e s . 2 . 1 )

IdType : ∀ (Γ : Context ) (A : Type Γ ) ( a b : Term Γ A) , Type Γ
IdType Γ (A, pA) (a , pa ) (b , pb ) := l e t r e s := id Γ A pA in ( r e s . 1 , r e s . 2 . 1 )
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9.7 Conclusion
The Lean 4 formalization provides a minimal, dependency-free model of MLTT-
75 using a comprehension category, explicitly capturing type dependency and
context extension via a Grothendieck fibration and comprehension functor. This
contrasts with the representable maps approach, aligning more closely with tra-
ditional fibration-based models. The pullback diagrams, styled after Awodey,
clarify the categorical constructions. Future work includes verifying the model
with concrete examples and extending it to homotopy type theory.
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Issue XXXIII: Structure Preserving Theorems

Namdak Tonpa

16 червня 2025 р.

Анотацiя

This article unifies algebra and geometry by characterizing algebra
as the domain of homomorphisms preserving structure and geometry as
the domain of inverse images of homomorphisms preserving structure. We
introduce two new theorems: the Homomorphism Preservation Theorem
(HPT) for Algebraic Categories and the Inverse Image Preservation The-
orem (IIPT) for Geometric Categories. These build on foundational re-
sults like the First Isomorphism Theorem, Continuity Theorem, Pullback
Theorem, Stone Duality, Gelfand Duality, and Adjoint Functor Theorem.
Aimed at advanced graduate students, this exposition uses category the-
ory to illuminate the algebraic-geometric duality.

10 Algebra and Geometry
Algebra and geometry, foundational to pure mathematics, differ in focus: al-
gebra on abstract structures and their transformations, geometry on spatial
properties and invariants. We propose a unifying perspective: algebra is defined
by homomorphisms preserving structure, and geometry by the inverse images of
homomorphisms preserving structure. This article formalizes this view through
two explicit theorems—the Homomorphism Preservation Theorem (HPT) for Al-
gebraic Categories and the Inverse Image Preservation Theorem (IIPT) for Ge-
ometric Categories—building on established results. Assuming familiarity with
category theory, algebraic topology, and commutative algebra, we provide a
framework for graduate students to explore these fields’ interplay.

10.1 Homomorphisms in Algebra
Definition 90. Let C be a category, and let A,B be objects in C. A homomor-
phism ϕ : A → B is a morphism in C that preserves the structure defined by
the category’s operations and relations.

In algebraic categories (e.g., Grp, Ring, ModR), homomorphisms preserve
operations like group multiplication or module scalar multiplication.
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Example 6. In Grp, a group homomorphism ϕ : G → H satisfies ϕ(g1g2) =
ϕ(g1)ϕ(g2) for all g1, g2 ∈ G, preserving the group operation.

Theorem 17 (First Isomorphism Theorem). Let ϕ : G→ H be a group homo-
morphism with kernel K = ker(ϕ). Then G/K ∼= im(ϕ).

Theorem 18 (Universal Property of Free Objects). In an algebraic category
(e.g., Grp, Ring), for a free object F(X) on a set X, any map f : X→ A (where
A is an object) extends uniquely to a homomorphism ϕ : F(X)→ A.

We now introduce a theorem encapsulating the algebraic perspective.

Theorem 19 (Homomorphism Preservation Theorem for Algebraic Cate-
gories). Let C be an algebraic category (e.g., Grp, Ring, ModR) with a forget-
ful functor U : C→ Set. For any surjective homomorphism ϕ : A→ B in C with
kernel K (a normal subobject), there exists an isomorphism ψ : A/K → B such
that ψ ◦ π = ϕ, where π : A→ A/K is the canonical projection. Moreover, any
object A can be generated by a free object F(X) via a surjective homomorphism
whose structure is preserved by ϕ.

Доведення. The first part follows from the First Isomorphism Theorem [1]: for
a surjective homomorphism ϕ : A → B with kernel K, the quotient A/K ∼=
B via the isomorphism ψ : aK 7→ ϕ(a). The second part follows from the
Universal Property of Free Objects [2]: for any object A, there exists a set X
and a free object F(X) with a surjective homomorphism η : F(X) → A, and
any homomorphism ϕ : A → B extends the structure-preserving maps from
F(X).

Remark 4. The HPT formalizes that homomorphisms in algebraic categories
preserve structure forward, inducing isomorphisms on quotients and respecting
generators, unifying the First Isomorphism Theorem and Universal Property.
The name avoids confusion with the Structure-Identity Principle in category
theory [2].

10.2 Homomorphisms in Geometry
Geometry emphasizes spaces where structure is preserved under inverse images
of homomorphisms, as in Top or Sch.

Definition 91. Let ϕ : X → Y be a morphism in a category C. The inverse
image of a subobject S ⊆ Y (if it exists) is the subobject ϕ−1(S) ⊆ X defined
via the pullback of S ↪→ Y along ϕ.

Example 7. In Top, a continuous map ϕ : X→ Y ensures that ϕ−1(V) ⊆ X is
open for every open set V ⊆ Y.

Theorem 20 (Continuity in Topology). A function ϕ : X → Y between topo-
logical spaces is continuous if and only if for every open set V ⊆ Y, the inverse
image ϕ−1(V) is open in X.
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Theorem 21 (Pullback Theorem in Sheaf Theory). For a morphism ϕ : X→ Y
in a category with sheaves (e.g., Top, Sch), the inverse image functor ϕ−1 :
Sh(Y)→ Sh(X) is exact, preserving the structure of sheaves.

We now define a theorem for geometric categories.

Theorem 22 (Inverse Image Preservation Theorem for Geometric Categories).
Let C be a geometric category (e.g., Top, Sch) with pullbacks. For any mor-
phism ϕ : X → Y in C, the inverse image functor ϕ−1 : Sub(Y) → Sub(X)
preserves the lattice structure of subobjects. If C admits sheaves, ϕ−1 : Sh(Y)→
Sh(X) is exact and preserves sheaf isomorphisms, ensuring that the geometric
structure of Y is reflected in X.

Доведення. In Top, the Continuity Theorem [4] ensures that ϕ : X→ Y is con-
tinuous if and only if ϕ−1(V) is open for every open set V ⊆ Y, so ϕ−1 preserves
the lattice of open sets. In categories with sheaves (e.g., Top, Sch), the Pullback
Theorem [5] guarantees that ϕ−1 : Sh(Y) → Sh(X) is exact, preserving sheaf
structures. For schemes, ϕ−1 maps prime ideals to prime ideals [3], preserving
geometric properties. Since ϕ−1 is functorial and preserves monomorphisms, it
maintains isomorphisms of subobjects or sheaves.

Remark 5. The IIPT captures the geometric essence of inverse images pre-
serving structure, unifying the Continuity Theorem and Pullback Theorem. The
name distinguishes it from the Structure-Identity Principle [2].

Example 8. For a morphism of schemes ϕ : X → Y, the inverse image of a
prime ideal under the induced map on stalks is prime, preserving geometric
structure [3].

10.3 Categorical Unification
Category theory bridges algebra and geometry through dualities, where the HPT
and IIPT interplay.

Theorem 23 (Stone Duality). The category of Boolean algebras, BoolAlg,
is dually equivalent to the category of Stone spaces, Stone, via the spectrum
functor.

Theorem 24 (Gelfand Duality). The category of commutative C∗-algebras is
dually equivalent to the category of compact Hausdorff spaces via the spectrum
functor.

Theorem 25 (Adjoint Functor Theorem). In a complete category, a functor
has a left adjoint if it preserves limits, and a right adjoint if it preserves colimits.

Remark 6. Stone and Gelfand Dualities [6, 7] connect algebraic homomor-
phisms (HPT) to geometric inverse images (IIPT). The Adjoint Functor Theo-
rem [2] underpins dualities like Spec, where algebraic and geometric structures
are preserved [3].
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Example 9. The Spec functor maps a ring homomorphism ϕ : R → S to a
morphism SpecS → SpecR, with inverse images of prime ideals preserving
geometric structure.

10.4 Applications and Implications
The HPT and IIPT, supported by prior results, impact advanced research:

• Algebraic Topology: The HPT governs homology maps, while the IIPT
defines covering spaces.

• Algebraic Geometry: The IIPT underpins étale cohomology via inverse
images, while the HPT applies to ring homomorphisms.

• Category Theory: Stone, Gelfand, and Adjoint Functor Theorems reveal
algebra-geometry correspondences.

Corollary 1. In any category with pullbacks, ϕ−1 : Sub(Y)→ Sub(X) preserves
subobject lattices, as per the IIPT.

10.5 Conclusion
The Homomorphism Preservation Theorem and Inverse Image Preservation
Theorem formalize that algebra preserves structure via homomorphisms and
geometry via inverse images. Building on the First Isomorphism Theorem, Con-
tinuity Theorem, Pullback Theorem, and dualities, these theorems unify pure
mathematics. Graduate students are encouraged to apply this framework to
algebraic topology, algebraic geometry, and category theory, deepening their
research.
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Анотацiя

Ця стаття є оглядом абелевих категорiй, введених Александром
Гротендiком у 1957 роцi, як фундаментального iнструменту
гомологiчної алгебри, алгебраїчної геометрiї, теорiї представлень,
топологiчної квантової теорiї поля та теорiї категорiй. Ми розглядаємо
формальне означення абелевих категорiй, їхню роль у побудовi
похiдних категорiй i функторiв, а також ключовi застосування в
рiзних галузях математики та фiзики.

11 Abelian Categories
Абелевi категорiї, вперше введенi Александром Гротендiком у його
статтi 1957 року «Sur quelques points d’algèbre homologique» [1], стали
основою для унiфiкацiї гомологiчної алгебри в рiзних математичних
дисциплiнах, таких як алгебраїчна геометрiя, алгебраїчна топологiя
та теорiя представлень. Вони забезпечують природне середовище для
вивчення гомологiй, когомологiй, похiдних категорiй i функторiв, що мають
широке застосування в математицi та математичнiй фiзицi.

11.1 Означення абелевих категорiй
Абелевi категорiї — це збагачене поняття категорiї Сандерса-Маклейна
поняттями нульового об’єкту, що одночасно iнiцiальний та термiнальний,
властивостями iснування всiх добуткiв та кодобуткiв, ядер та коядер, а
також, що всi мономорфiзми i епiморфiзми є ядрами i коядрами вiдповiдно
(тобто нормальними).

Формально, абелева категорiя визначається наступним чином:
de f i sAbe l i an (C: precategory ) : U1
:= Σ ( ze ro : hasZeroObject C)

( prod : hasAl lProducts C)
( coprod : hasAl lCoproducts C)
( ker : hasAl lKerne l s C zero )
( coker : hasAl lCokerne l s C zero )
( monicsAreKernels :

Π (A S : C.C. ob ) ( k : C.C.hom S A) ,
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Σ (B: C.C. ob ) ( f : C.C.hom A B) ,
i sKe rne l C zero A B S f k )

( epicsAreCoKernels :
Π (B S : C.C. ob ) (k : C.C.hom B S ) ,
Σ (A: C.C. ob ) ( f : C.C.hom A B) ,
i sCoke rne l C zero A B S f k ) , U

Ця сигнатура включає: 1) iснування нульового об’єкта; 2) iснування всiх
добуткiв; 3) iснування всiх кодобуткiв; 4) iснування всiх ядер; 5) iснування
всiх коядер; 6) властивiсть, що кожен мономорфiзм є ядром; 7) властивiсть,
що кожен епiморфiзм є коядром.

11.2 Деталiзоване формальне означення
Для чiткостi наведемо ключовi компоненти абелевої категорiї в сучасному
формалiзмi, наприклад, у кубiчнiй Агдi, як описано в магiстерськiй роботi
Девiда Елiндера 2021 року [2]:
module abe l i an where
import l i b /mathematics / c a t e g o r i e s / category
import l i b /mathematics /homotopy/ t runcat i on

de f zeroObject (C: precategory ) (X: C.C. ob ) : U1
:= Σ ( bot : i s I n i t i a l C X) ( top : i sTermina l C X) , U

de f hasZeroObject (C: precategory ) : U1
:= Σ ( ob : C.C. ob ) ( ze ro : zeroObject C ob ) , un i t

de f hasAl lProducts (C: precategory ) : U1
:= Σ ( product : C.C. ob −> C.C. ob −> C.C. ob )

(π1 : Π (A B : C.C. ob ) , C.C.hom ( product A B) A)
(π2 : Π (A B : C.C. ob ) , C.C.hom ( product A B) B) , U

de f hasAl lCoproducts (C: precategory ) : U1
:= Σ ( coproduct : C.C. ob −> C.C. ob −> C.C. ob )

(σ1 : Π (A B : C.C. ob ) , C.C.hom A ( coproduct A B) )
(σ2 : Π (A B : C.C. ob ) , C.C.hom B ( coproduct A B) ) , U

de f isMonic (P: precategory ) (Y Z : P.C. ob ) ( f : P .C.hom Y Z) : U
:= Π (X : P.C. ob ) ( g1 g2 : P.C.hom X Y) ,

Path (P.C.hom X Z) (P.P. ◦ X Y Z g1 f ) (P.P. ◦ X Y Z g2 f )
−> Path (P.C.hom X Y) g1 g2

de f i sEp i c (P : precategory ) (X Y : P.C. ob ) ( f : P .C.hom X Y) : U
:= Π (Z : P.C. ob ) ( g1 g2 : P.C.hom Y Z) ,

Path (P.C.hom X Z) (P.P. ◦ X Y Z f g1 ) (P.P. ◦ X Y Z f g2 )
−> Path (P.C.hom Y Z) g1 g2

de f k e rne l (C: precategory ) ( ze ro : hasZeroObject C)
(A B S : C.C. ob ) ( f : C.C.hom A B) : U1

:= Σ ( k : C.C.hom S A) ( monic : isMonic C S A k ) , un i t

de f coke rne l (C: precategory ) ( ze ro : hasZeroObject C)
(A B S : C.C. ob ) ( f : C.C.hom A B) : U1

:= Σ ( k : C.C.hom B S) ( ep i c : i sEp i c C B S k ) , un i t
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de f i sKe rne l (C: precategory ) ( ze ro : hasZeroObject C)
(A B S : C.C. ob ) ( f : C.C.hom A B) (k : C.C.hom S A) : U1

:= Σ ( ker : k e rne l C zero A B S f ) , Path (C.C.hom S A) ker . k k

de f i sCoke rne l (C: precategory ) ( ze ro : hasZeroObject C)
(A B S : C.C. ob ) ( f : C.C.hom A B) (k : C.C.hom B S) : U1

:= Σ
( coker : c oke rne l C zero A B S f ) , Path (C.C.hom B S) coker . k k

de f hasKernel (C: precategory ) ( ze ro : hasZeroObject C)
(A B: C.C. ob ) ( f : C.C.hom A B) : U1

:= ∥_∥−1 (Σ ( monic : isMonic C A B f ) , un i t )

de f hasCokernel (C: precategory ) ( ze ro : hasZeroObject C)
(A B: C.C. ob ) ( f : C.C.hom A B) : U1

:= ∥_∥−1 (Σ ( ep i c : i sEp i c C A B f ) , un i t )

de f hasAl lKerne l s (C : precategory ) ( ze ro : hasZeroObject C) : U1
:= Σ (A B : C.C. ob ) ( f : C.C.hom A B) , hasKernel C zero A B f

de f hasAl lCokerne l s (C : precategory ) ( ze ro : hasZeroObject C) : U1
:= Σ (A B : C.C. ob ) ( f : C.C.hom A B) , hasCokernel C zero A B f

Цi означення уточнюють поняття нульового об’єкта, добуткiв,
кодобуткiв, мономорфiзмiв, епiморфiзмiв, ядер i коядер, необхiдних для
абелевих категорiй.

11.3 Мотивацiя та застосування
Абелевi категорiї мають численнi застосування в рiзних галузях
математики та фiзики. Ось п’ять ключових напрямiв:

1) Гомологiчна алгебра: абелевi категорiї забезпечують основу для
гомологiчної алгебри, яка вивчає властивостi груп гомологiї та когомологiї.
Теорiя похiдних функторiв, фундаментальний iнструмент гомологiчної
алгебри, базується на поняттi абелевої категорiї.

2) Алгебраїчна геометрiя: абелевi категорiї використовуються для
вивчення когомологiй пучка, що є потужним iнструментом для розумiння
геометричних властивостей алгебраїчних многовидiв. Зокрема, категорiя
пучкiв абелевих груп на топологiчному просторi є абелевою категорiєю.

3) Теорiя представлень: абелевi категорiї виникають у теорiї
представлень, яка дослiджує алгебраїчнi структури, пов’язанi з симетрiями.
Наприклад, категорiя модулiв над кiльцем є абелевою категорiєю.

4) Топологiчна квантова теорiя поля: абелевi категорiї вiдiграють
центральну роль у топологiчнiй квантовiй теорiї поля, де вони виникають
як категорiї граничних умов для певних типiв теорiй топологiчного поля.

5) Теорiя категорiй: абелевi категорiї є важливим об’єктом дослiдження
в теорiї категорiй, зокрема для вивчення
адитивних функторiв. Рекомендується робота Бакура i Деляну «Вступ в
теорiю категорiй та функторiв» [3] для поглибленого ознайомлення.
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11.4 Похiднi категорiї та функтори
Абелевi категорiї забезпечують природну основу для гомологiчної алгебри,
яка є роздiлом алгебри, що має справу з алгебраїчними властивостями груп
гомологiй та когомологiй. Зокрема, абелевi категорiї створюють сеттiнг, де
можна визначити поняття похiдних категорiй i похiдних функторiв.

Основна iдея похiдних категорiй полягає в тому, щоб ввести нову
категорiю, яка побудована з абелевої категорiї шляхом «iнвертування»
певних морфiзмiв, майже так само, як будується поле часток на областi
цiлiсностi. Похiдна категорiя абелевої категорiї фiксує «правильне» поняття
гомологiчних i когомологiчних груп i забезпечує потужний iнструмент для
вивчення алгебраїчних властивостей цих груп.

Похiднi функтори є фундаментальним iнструментом гомологiчної
алгебри, i їх можна визначити за допомогою концепцiї похiдної категорiї.
Основна iдея похiдних функторiв полягає в тому, щоб взяти функтор,
який визначено в абелевiй категорiї, i «пiдняти» його до функтора, який
визначений у похiднiй категорiї. Похiдний функтор потiм використовується
для обчислення вищих груп гомологiї та когомологiї об’єктiв в абелевiй
категорiї.

Використання похiдних категорiй i функторiв зробило революцiю у
вивченнi гомологiчної алгебри, i це призвело до багатьох важливих
застосувань в алгебраїчнiй геометрiї, топологiї та математичнiй фiзицi.
Наприклад, похiднi
категорiї використовувалися для доведення фундаментальних результатiв
алгебраїчної геометрiї, таких як знаменита теорема Гротендiка-Рiмана-
Роха. Вони також використовувалися для вивчення дзеркальної симетрiї
в теорiї суперструн.

11.5 Висновки
Абелевi категорiї, введенi Гротендiком, є фундаментальним iнструментом
сучасної математики, що забезпечує унiфiкований пiдхiд до гомологiчної
алгебри, алгебраїчної геометрiї, теорiї представлень, топологiчної квантової
теорiї поля та теорiї категорiй. Їхня роль у побудовi похiдних категорiй i
функторiв вiдкрила новi можливостi для вивчення гомологiй i когомологiй,
а також їхнiх застосувань у математицi та фiзицi. Подальший розвиток
теорiї абелевих категорiй, зокрема в контекстi унiвалентної теорiї типiв, як
показано в роботi Елiндера [2], обiцяє новi перспективи для формальної
математики та комп’ютерних наук.
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Issue XXXII: Grothendieck Yogas

Namdak Tonpa

16 червня 2025 р.

Анотацiя

Ця стаття присвячена огляду функторiальних йог Гротендiка,
зокрема шести функторiв, когезивних топосiв та їхньої ролi в
теорiї похiдних категорiй. Ми розглядаємо основнi концепцiї, такi
як когомологiї та їх узагальнення, а також зв’язок iз сучасною
алгебраїчною геометрiєю та мотивною гомотопiчною теорiєю. Стаття
базується на сучасних джерелах, зокрема на лекцiях Мартiна
Галлауера про шестифункторний формалiзм.

12 Grothendieck Yogas
Шестифункторний формалiзм Гротендiка є одним
iз ключових iнструментiв сучасної алгебраїчної геометрiї, що дозволяє
узагальнити класичнi когомологiчнi теорiї та застосовувати їх у рiзних
контекстах, вiд топологiї до мотивної гомотопiчної теорiї. Цей формалiзм,
розроблений Александром Гротендiком, включає шiсть основних операцiй
(функторiв), якi дiють на категорiї пучкiв або їх узагальнень, забезпечуючи
багатий набiр iнструментiв для вивчення геометричних об’єктiв.

У цiй статтi ми зосередимося на трьох основних аспектах:

1. Чому шестифункторний формалiзм важливий? Вiн узагальнює
когомологiї, дозволяючи працювати з вiдносною точкою зору та
застосовувати їх у складних геометричних контекстах.

2. Що таке шестифункторний формалiзм? Ми розглянемо основнi
функтори та їх властивостi, такi як локалiзацiя, дуальнiсть та
вiдносна чистота.

3. Як його конструюють? Ми обговоримо методи побудови
формалiзму, зокрема через системи коефiцiєнтiв та когезивнi топоси.
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12.1 Узагальнення когомологiй
Когомологiї є фундаментальним iнструментом у топологiї та алгебраїчнiй
геометрiї. Наприклад, для топологiчного простору X числа Беттi bn(X)
вимiрюють кiлькiсть n-вимiрних дiрок, але гомологiї Hn(X) є багатшим
iнварiантом, оскiльки мiстять iнформацiю про цикли та границi.

Example 10. Для рiзноманiття X над скiнченним полем k = Fq, ζ-
функцiя ζX(T) кодує кiлькiсть рацiональних точок. Гротендiк показав, що
властивостi цiєї функцiї випливають iз ℓ-адичних когомологiй H∗(Xk̄;Qℓ),
якi, у свою чергу, походять iз похiдної категорiї Dbc (Xk̄;Qℓ).

Шестифункторний формалiзм узагальнює цi iдеї, дозволяючи
працювати з категорiями рiвня, якi керують поведiнкою когомологiй.

12.2 Вiдносна точка зору
Гротендiк наголошував на важливостi вiдносної точки зору, де замiсть
окремих об’єктiв (наприклад, схем) розглядаються морфiзми мiж ними. Це
дозволяє вивчати когомологiї не iзольовано, а разом iз дiєю морфiзмiв:

f∗ : H∗(Y)→ H∗(X).

Remark 7. Навiть для однiєї схеми X часто необхiдно розглядати
когомологiї пов’язаних об’єктiв, наприклад, при iндукцiї за розмiрнiстю або
розбиттi на простiшi частини.

12.3 Основнi функтори
Шестифункторний формалiзм складається з шести основних функторiв, якi
дiють на категорiї пучкiв (або їх узагальнень, таких як похiднi категорiї):

• f∗: обернений образ (pull-back),

• f∗: прямий образ (push-forward),

• f!: прямий образ iз компактною пiдтримкою,

• f!: винятковий обернений образ,

• ⊗: тензорний добуток,

• Hom: внутрiшнiй гом.

Цi функтори пов’язанi мiж собою ад’юнкцiями:

f∗ ⊣ f∗, f! ⊣ f!.

Definition 92. Для простору X (наприклад, топологiчного простору або
схеми) категорiя C(X) є замкненою тензорною триангулятивною категорiєю,
оснащеною операцiями ⊗ та Hom. Для морфiзму f : X → Y визначено
ад’юнкцiї f∗ ⊣ f∗, f! ⊣ f!, а також природну трансформацiю f! → f∗.
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12.4 Когезивнi топоси
Когезивнi топоси є природним контекстом для шестифункторного
формалiзму, оскiльки вони забезпечують категорiальну структуру, яка
пiдтримує геометричнi та когомологiчнi операцiї. Топос E називається
когезивним, якщо вiн має набiр ад’юнктних функторiв, що моделюють
геометричнi трансформацiї.

Example 11. Категорiя пучкiв Sh(X) на топологiчному просторi X є
когезивним топосом, де f∗ та f∗ вiдповiдають оберненим i прямим образам.

У контекстi алгебраїчної геометрiї когезивнi топоси часто виникають як
категорiї пучкiв на схемах або стеках, оснащенi додатковими структурами,
такими як стабiльнi ∞-категорiї.

12.5 Роль абелевих категорiй
Абелевi категорiї вiдiграють фундаментальну роль у шестифункторному
формалiзмi, оскiльки вони є основою для побудови похiдних категорiй, якi
використовуються для опису пучкiв та їх когомологiй. Абелева категорiя —
це категорiя, в якiй морфiзми мають ядра та кокернали, а кожна монада
та епiморфiзм є нормальними. Типовим прикладом є категорiя абелевих
пучкiв Ab(X) на топологiчному просторi X або категорiя когерентних пучкiв
на схемi.

У шестифункторному формалiзмi абелевi категорiї, такi як Sh(X),
слугують вихiдним пунктом для визначення функторiв f∗ та f∗. Наприклад,
для неперервного вiдображення f : X → Y, функтор прямого образу
f∗F визначається через секцiї Γ(f−1(U),F), де F ∈ Sh(X), а f∗ є
його лiвою ад’юнктою. Однак, щоб врахувати гомотопiчнi властивостi
та виняткову функторiальнiсть (f!, f!), необхiдно перейти до похiдних
категорiй D(Sh(X)), якi будуються з абелевих категорiй шляхом локалiзацiї
за квазiiзоморфiзмами.

Remark 8. Абелевi категорiї забезпечують строгу алгебраїчну структуру,
але їх обмеження (наприклад, вiдсутнiсть природної
триангулятивної структури) роблять похiднi категорiї бiльш придатними
для шестифункторного формалiзму, особливо в контекстi ℓ-адичних або
мотивних пучкiв.

12.6 Похiднi категорiї
Похiдна категорiя D(Sh(X)) пучкiв на просторi X є природним
узагальненням категорiї пучкiв, що враховує гомотопiчнi властивостi. Вона
дозволяє працювати з похiдними функторами, такими як:

Rnf∗(F) ≃ Hn(X;F), Rnf!(F) ≃ Hnc (X;F).
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Example 12. Для ℓ-адичних пучкiв на схемi X похiдна категорiя Dbc (X;Qℓ)
є основою для ℓ-адичних когомологiй, якi використовувалися для доведення
гiпотез Вейля.

12.7 Конструкцiя шестифункторного формалiзму
Конструкцiя шестифункторного формалiзму є складним завданням, яке
часто потребує значних зусиль. Одним iз ключових викликiв є побудова
виняткової функторiальностi (f!, f!).

Remark 9. За Делiнем, для морфiзму f : X → Y можна використати
компактифiкацiю Нагати, щоб розкласти f на вiдкрите вкладення j та
власний морфiзм p:

f = p ◦ j, f! := p∗j♯.

Ця
конструкцiя вимагає доведення незалежностi вiд вибору факторизацiї та
iснування правої ад’юнкти f!.

12.8 Застосування в мотивнiй гомотопiчнiй теорiї
Мотивна гомотопiчна теорiя, розроблена Морелем i Воєводським,
використовує шестифункторний формалiзм для узагальнення класичних
гомотопiчних теорiй на алгебраїчнi схеми. Категорiя SH(X) стабiльних
мотивних гомотопiчних пучкiв є прикладом системи коефiцiєнтiв, яка
пiдтримує всi шiсть функторiв.

Example 13. Для поля k категорiя DM(k;Q) геометричних мотивiв
Воєводського еквiвалентна компактнiй частинi DMB(k), що є основою для
рацiональних мотивних когомологiй.

12.9 Висновки
Шестифункторний формалiзм Гротендiка є потужним iнструментом, який
узагальнює когомологiї та дозволяє працювати з вiдносними iнварiантами
в алгебраїчнiй геометрiї. Його зв’язок iз когезивними топосами та
похiдними категорiями вiдкриває новi можливостi для дослiдження
складних геометричних структур. У майбутньому цей формалiзм, ймовiрно,
залишатиметься ключовим у розвитку мотивної гомотопiчної теорiї та
iнших областей математики.
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Issue XXXIV: Grothendieck Schemes
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Анотацiя
We present Grothendieck’s functorial definition of schemes as sheaves

on the category of affine schemes, structured according to the functor of
points perspective. We also outline a path toward formalizing these objects
within Homotopy Type Theory (HoTT).

13 Grothendieck Schemes
We view schemes as sheaves on the category of affine schemes, satisfying
a gluing condition analogous to the usual descent condition in topology.

13.1 Affine Schemes
Let:

Aff := (CRing)op

denote the category of affine schemes, i.e., the opposite of the category of com-
mutative rings.

An affine scheme is of the form Spec(A), for a commutative ring A.

13.2 Zariski Covers
A presheaf of sets on Aff is a functor:

F : Affop → Set.

This is the functor of points perspective: each affine scheme Spec(A) represents
the "test ring"A, and F(Spec(A)) can be thought of as the A-points of F.

A Zariski sheaf is a presheaf that satisfies descent for Zariski covers: if
{Spec(Afi)→ Spec(A)} is a Zariski open affine cover, then the diagram

F(Spec(A))→ Eq

∏
i

F(Spec(Afi))⇒
∏
i,j

F(Spec(Afifj))


is an equalizer diagram.

88



13.3 Grothendieck Scheme
A scheme is a Zariski sheaf

F : Affop → Set

such that:

• There exists a Zariski cover {Ui → F} where each Ui is representable,
i.e., Ui ∼= Spec(Ai) for some ring Ai.

• Each morphism Ui → F is an open immersion (in the sheaf-theoretic
sense).

This means F is locally isomorphic to affine schemes and satisfies Zariski
descent.

Equivalently: Schemes are Zariski sheaves on Aff that are locally repre-
sentable by affine schemes.

13.4 Formalization in HoTT
Categories and Presheaves in HoTT

In HoTT, a category can be defined as a type of objects together with types
of morphisms and operations satisfying associativity and identity laws up to
higher homotopies. A presheaf is then a functor:

F : Cop → U0

where U0 is the universe of 0-types (sets). For C = Aff, this gives us the functor-
of-points view.

Sheaf Conditions in HoTT

A sheaf in HoTT is a presheaf that satisfies a descent condition with respect
to a Grothendieck topology, formalized via homotopy limits or truncations, de-
pending on the level of the types involved.

Defining Schemes in HoTT

Within HoTT, a scheme is a sheaf F : Affop → U0 satisfying:

• A Zariski descent condition.

• Local representability: there exists a family of open immersions
{Spec(Ai)→ F} covering F.

This mirrors the classical definition but is grounded in type-theoretic and
higher-categorical constructions.
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13.5 Conclusion
Grothendieck’s functorial approach to schemes provides a clean and general
definition that is well-suited for formalization in Homotopy Type Theory. This
opens the way for a synthetic and structured foundation for algebraic geometry
in type-theoretic settings.
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Анотацiя

This article presents formal definitions and theorems for ordinary and
generalized cohomology theories, unstable and stable spectra, and spectral
sequences in Abelian categories, including the Serre, Atiyah-Hirzebruch,
Leray, Eilenberg-Moore, Hochschild-Serre, Filtered Complex, Chromatic,
Adams, and Bockstein spectral sequences. We define slopes, sheets, coordi-
nates, quadrants, complex filtrations, and double complexes. Additionally,
we explore the categorical foundations of cohomology theories and spectra,
including their relationships to algebra, homological algebra, and stable
homotopy theory, through isomorphisms, analogies, and instances.
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14 Stable Homotopy Type Theory

14.1 Ordinary Cohomology Theories
Definition 93. An ordinary cohomology theory on the category of topological
spaces and pairs is a contravariant functor H∗(−;G) : Topop → GrAb, assign-
ing to each pair (X,A) a sequence of abelian groups {Hn(X,A;G)}n∈Z, with
coefficient group G, satisfying:

1. Homotopy : If f ≃ g : (X,A) → (Y, B), then f∗ = g∗ : Hn(Y, B;G) →
Hn(X,A;G).

2. Exactness: For (X,A), there is a long exact sequence: · · ·→ Hn(X,A;G)→
Hn(X;G)→ Hn(A;G)

δ
−→ Hn+1(X,A;G)→ · · ·

3. Excision: For U ⊂ A with U ⊂ int(A), the inclusion (X\U,A\U) ↪→ (X,A)
induces isomorphisms Hn(X,A;G) ∼= Hn(X \U,A \U;G).

4. Additivity : For X =
⊔
Xi, Hn(X;G) ∼=

⊕
Hn(Xi;G).

5. Dimension: For a point pt, Hn(pt;G) =

{
G n = 0

0 n ̸= 0
.

14.2 Generalized Cohomology Theories
Definition 94. A generalized cohomology theory is a contravariant functor
h∗ : Topop → GrAb, assigning to each pair (X,A) a sequence {hn(X,A)}n∈Z,
satisfying:

1. Homotopy, Exactness, Excision, and Additivity as in Definition 1.

2. Suspension: There is a natural isomorphism hn(X,A) ∼= hn+1(ΣX,ΣA),
where Σ is the reduced suspension.

The groups hn(pt) form a graded ring, the coefficients of h∗.

Theorem 26. Every generalized cohomology theory h∗ is representable by a
spectrum E = {En, σn : ΣEn → En+1}, with hn(X) ∼= [X, En]∗, where [−,−]∗
denotes pointed homotopy classes.

14.3 Unstable and Stable Spectra
Definition 95. A spectrum is a sequence of pointed spaces {En}n∈I, where
I ⊆ Z, with structure maps σn : ΣEn → En+1. It is:

• Unstable if I ⊆ Z≥0.

• Stable if I = Z and each σn is a homotopy equivalence.

Theorem 27. For an unstable spectrum E, the functor X 7→ [X, En]∗ defines a
cohomology theory on spaces of dimension ≤ n. For a stable spectrum E, the
functor hn(X) = [X, En]∗ defines a generalized cohomology theory.
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14.4 Categorical Interpretation
This section explores the categorical foundations of ordinary and generalized
cohomology theories, their associated spectra, and the relationships between
algebraic and topological categories through isomorphisms, analogies, and in-
stances. We formalize these structures and highlight their categorical nuances
isomorphisms and non-isomorphic relationships, drawing on frameworks like al-
gebra, homological algebra, and stable homotopy theory.

Definition 96. The category of spectra, denoted Spectra, is the category whose
objects are stable spectra E = {En, σn : ΣEn → En+1}, where En are pointed
spaces and σn are homotopy equivalences. Morphisms are collections of maps
fn : En → Fn compatible with structure maps. The stable homotopy category is
the localization of Spectra at weak equivalences (maps inducing isomorphisms
on homotopy groups).

Definition 97. An ordinary cohomology theory is a functor H∗(−;G) : Topop →
GrAb satisfying the Eilenberg-Steenrod axioms (Definition 1). Categorically, it
is represented by the Eilenberg-MacLane spectrum H, where A ∈ Ab, with
Hn(X;A) ∼= [X,Hn]∗.

Definition 98. A generalized cohomology theory is a functor h∗ : Topop →
GrAb satisfying the axioms of Definition 2. It is representable in Spectra, with
hn(X) ∼= [X, En]∗ for a spectrum E.

Theorem 28 (Brown Representability). Every generalized cohomology theory
h∗ on Top is representable by a spectrum E ∈ Spectra, i.e., there exists E such
that hn(X) ∼= [X, En]∗ for all X ∈ Top.

Theorem 29. The stable homotopy category Spectra is a triangulated category,
with distinguished triangles corresponding to cofiber sequences. It is equivalent
to the category of spectra localized at weak equivalences.

Theorem 30. The functor A 7→ H from Ab to Spectra, mapping an abelian
group to its Eilenberg-MacLane spectrum, is faithful but not full. The induced
functor on ordinary cohomology theories to generalized cohomology theories is
an embedding of categories.

14.4.1 Algebraic and Spectral Correspondences

Mathematics is unified through isomorphisms (categorical equivalences), analo-
gies (functorial similarities), and instances (specific subcategories or objects).
We present a correspondence table linking Algebra (Ab), Homological Algebra
(Ch(Z)), Ordinary Cohomology, K-Theory, Superalgebra, and Stable Spectra
(Spectra).

Definition 99 (Isomorphism). An isomorphism in a category C is a morphism
f : A→ B with an inverse g : B→ A such that g ◦ f = idA and f ◦ g = idB. For
categories, an isomorphism is an equivalence, i.e., a functor F : C → D with a
quasi-inverse G : D→ C.
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Definition 100 (Analogy). A non-isomorphic analogy is a structural simi-
larity between objects or categories, captured by functors that preserve some
properties but not all, ensuring no categorical equivalence.

Definition 101 (Instance). An instance is a specific object or subcategory
within a broader category, embedded via a faithful functor. A column in the
table is an instance of another if its structures are special cases of the latter’s,
maintaining non-isomorphic distinctions from other categories.

Табл. 1: Algebraic and Spectral Correspondences
Category Object Ring Initial Unit Operations

Algebra Abelian group Ring Z ⊕,⊗
Homological Algebra Chain complex dg-ring Z[0] ⊕,⊗
Superalgebra Z/2Z-graded Ab Z/2Z-graded Ring Z ⊕,⊗
Ordinary Cohomology Cohomology H∗(−;A) Graded ring H∗(−;Z) ⊕,⊗
Complex K-Theory Graded abelian group Graded ring KU ∨,∧
Real K-Theory Graded abelian group Graded ring KO ∨,∧
Stable Spectra Stable spectrum Ring spectrum S ∨,∧

• Isomorphisms: Rare, e.g., Ab ∼= ModZ. Most relationships are non-
isomorphic.

• Analogies: The tensor product ⊗ in Ab and smash product ∧ in Spectra
are analogous, but Ab ̸∼= Spectra due to Spectra’s triangulated structure.

• Instances: KU, KO, and H are instances of Spectra. Superalgebra is an
instance of Ab via the forgetful functor.

Example 14. The functor A 7→ A[0] embeds Ab into Ch(Z), but Ch(Z) ̸∼= Ab
due to differentials. Similarly, H : Ab → Spectra embeds abelian groups as
Eilenberg-MacLane spectra, but Spectra’s stable phenomena (e.g., suspension
equivalences) distinguish it.

Remark 10. Non-isomorphic analogies require careful handling. Conflating ∧

in Spectra with ⊗ in Ab can lead to errors in spectral sequence computations,
as ∧ introduces higher Tor terms.
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14.5 Spectral Sequences
Definition 102. A spectral sequence in an Abelian category A is a collection
of objects {Ep,qr }r≥1,p,q∈Z, Ep,qr ∈ A, with differentials:

dp,qr : Ep,qr → Ep+ar,q+br
r ,

such that:

1. dr ◦ dr = 0.

2. Ep,qr+1 = H
p,q(Er, dr) = ker(dp,qr )/im(dp−ar,q−br

r ).

3. There exists a graded object Hn ∈ A with filtration FpHp+q ⊆ Hp+q,
such that:

Ep,q∞ ∼= FpH
p+q/Fp−1H

p+q.

The sequence is first-quadrant if Ep,qr = 0 for p < 0 or q < 0.

Definition 103. The r-th sheet of a spectral sequence is the collection {Ep,qr }p,q.
The indices (p, q) are coordinates, with p the filtration degree and q the com-
plementary degree, satisfying total degree n = p + q. The slope of dr : Ep,qr →
Ep+r,q−r+1r is −r+1

r
.

Definition 104. A filtered complex in A = Ab is a chain complex (C∗, ∂) with
a filtration · · · ⊆ Fp−1Cn ⊆ FpCn ⊆ Fp+1Cn ⊆ · · ·, compatible with ∂. A
double complex is a bigraded object Cp,q with differentials dh : Cp,q → Cp−1,q,
dv : Cp,q → Cp,q−1, satisfying dhdh = dvdv = dhdv + dvdh = 0. The total
complex is Tot(C)n =

⊕
p+q=n Cp,q.

Theorem 31. A filtered complex (C∗, Fp) induces a spectral sequence with:

Ep,q0 = FpCp+q/Fp−1Cp+q, Ep,q1 = Hp+q(FpC/Fp−1C) =⇒ Hp+q(C).

A double complex Cp,q with filtration by p-index induces:

Ep,q1 = Hvq(Cp,∗), d1 = H(d
h) =⇒ Hp+q(Tot(C)).
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14.5.1 Serre Spectral Sequence

Theorem 32. For a fibration F → E → B with B path-connected, there exists
a first-quadrant spectral sequence:

Ep,q2 = Hp(B;Hq(F;Z)) =⇒ Hp+q(E;Z),

with dr : Ep,qr → Ep+r,q−r+1r .

14.5.2 Atiyah-Hirzebruch Spectral Sequence

Theorem 33. For a generalized cohomology theory h∗ and a CW-complex X,
there exists a spectral sequence:

Ep,q2 = Hp(X;hq(pt)) =⇒ hp+q(X),

with dr : Ep,qr → Ep+r,q−r+1r .

14.5.3 Leray Spectral Sequence

Theorem 34. For a continuous map f : X→ Y and a sheaf F on X, there exists
a spectral sequence:

Ep,q2 = Hp(Y;Rqf∗F) =⇒ Hp+q(X;F),

with dr : Ep,qr → Ep+r,q−r+1r .

14.5.4 Eilenberg-Moore Spectral Sequence

Theorem 35. For a pullback diagram with fibration F → E → B, there exists
a spectral sequence:

Ep,q2 = Torp,q
H∗(B)

(H∗(F), R) =⇒ Hp+q(F;R),

with dr : Ep,qr → Ep−r,q+r−1r .

14.5.5 Hochschild-Serre Spectral Sequence

Theorem 36. For a group extension 1 → N → G → Q → 1, there exists a
spectral sequence:

Ep,q2 = Hp(Q;Hq(N;R)) =⇒ Hp+q(G;R),

with dr : Ep,qr → Ep+r,q−r+1r .

14.5.6 Spectral Sequence of a Filtered Complex

Theorem 37. For a filtered complex (C∗, Fp), there exists a spectral sequence:

Ep,q1 = Hp+q(FpC/Fp−1C) =⇒ Hp+q(C),

with dr : Ep,qr → Ep−r,q+r−1r .
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14.5.7 Chromatic Spectral Sequence

Theorem 38. For a spectrum X, there exists a spectral sequence:

En,k1 = πn−k(LK(k)X) =⇒ πn−k(X),

where LK(k)X is the localization at the k-th Morava K-theory, with dr : En,kr →
En+1,k−rr .

14.5.8 Adams Spectral Sequence

Theorem 39. For a spectrum X and prime p, there exists a spectral sequence:

Es,t2 = Exts,tA (Hom∗(X,Z/p),Z/p) =⇒ πt−s(X(p)),

where A is the Steenrod algebra, with dr : Es,tr → Es+r,t+r−1r .

14.5.9 Bockstein Spectral Sequence

Theorem 40. For a short exact sequence 0→ R→ R ′ → R ′′ → 0 of coefficient
rings, there exists a spectral sequence:

Ep,q1 = Hp+q(X;R ′′) =⇒ Hp+q(X;R),

with dr : Ep,qr → Ep+1,q−rr .
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Анотацiя

We propose a synthetic framework for simplicial homotopy theory
within homotopy type theory, axiomatizing a directed interval type to
define higher simplices and probe the simplicial structure of types. We
introduce Segal types, where binary composites are unique up to homo-
topy, ensuring coherent associativity; Rezk types, where categorical iso-
morphisms coincide with type-theoretic identities; and Kan types, satis-
fying a horn-filling condition modeling ∞-groupoids. We define covariant
fibrations as functorial type families and prove a dependent Yoneda lem-
ma, providing a directed analogue of identity elimination. Semantically,
our types correspond to Segal spaces, complete Segal spaces, and Kan
complexes in bisimplicial sets, offering a synthetic language for simplicial
homotopy theory.

Keywords: Simplicial Homotopy Theory
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15 Simplicial Homotopy Type Theory
Homotopy type theory (HoTT) [1] extends Martin-Löf type theory with axioms,
such as the univalence axiom, enabling it to serve as a synthetic language for∞-groupoids, as modeled by simplicial sets in Voevodsky’s model [2]. This paper
develops a synthetic simplicial homotopy theory within HoTT, focusing on three
flavors: Kan complexes (modeling ∞-groupoids), Segal spaces (modeling weak
categories), and complete Segal spaces or quasi-categories (modeling (∞, 1)-
categories).

In standard HoTT, types are synthetic ∞-groupoids, with identity types
providing paths and higher homotopies. However, simplicial homotopy theory
requires richer structures, such as directed arrows and compositions, as in Segal
or Rezk spaces. Following [3], we interpret HoTT in the Reedy model struc-
ture on bisimplicial sets, where types are simplicial spaces, and identify specific
types—Segal, Rezk, and Kan types—corresponding to Segal spaces, complete
Segal spaces, and Kan complexes, respectively.

Our approach axiomatizes a directed interval type 2, a strict totally ordered
set with endpoints 0, 1 : 2, modeled by the simplicial 1-simplex ∆1 in the cate-
gorical direction of bisimplicial sets [4]. This allows us to define higher simplices,
e.g., ∆2 = {(s, t) : 2× 2 | t ≤ s}, and probe the simplicial structure of types via
maps ∆n → A.

We define:

• Segal types, where composable arrows have contractible spaces of compos-
ites, ensuring categorical coherence.

• Rezk types, Segal types where isomorphisms are equivalent to identities,
modeling quasi-categories.

• Kan types, where horn inclusions Λni → ∆n lift uniquely up to homotopy,
modeling ∞-groupoids.

We study functors (type-theoretic functions), natural transformations (A×
2→ B), and covariant fibrations (functorial type families), proving a dependent
Yoneda lemma. In Appendix A, we show that our types correspond to their
semantic counterparts in bisimplicial sets, leveraging the Reedy and Rezk model
structures.

This synthetic framework simplifies reasoning about simplicial homotopy
theory, as type-theoretic operations are automatically functorial, mirroring the
internalization benefits of [3].
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15.1 Simplicial Types
We extend HoTT with a strict interval type 2, a totally ordered set with distinct
elements 0, 1 : 2, satisfying the coherent theory of a strict interval [5, 6]. Seman-
tically, 2 is the simplicial 1-simplex ∆1 in the categorical direction of bisimplicial
sets.

Definition 105. The strict interval 2 is equipped with:{
0, 1 : 2, distinct endpoints,
≤: 2× 2→ U, total order, with 0 ≤ 1.

Higher simplices are defined internally:

∆n = {(s1, . . . , sn) : 2
n | s1 ≤ s2 ≤ · · · ≤ sn}.

For example, ∆2 = {(s, t) : 2 × 2 | t ≤ s}. A map α : ∆2 → A represents a
commutative triangle in A, with edges λt.α(t, 0), λt.α(1, t), and λt.α(t, t).

We use extension types to define hom-types. For x, y : A, the type of arrows
from x to y is:

homA(x, y) :=

〈 ∏
f:2→AU | {0, 1} ↪→ 2

〉
{f(0) = x, f(1) = y},

where {0, 1} ↪→ 2 is a cofibration, and the type family enforces f(0) ≡ x, f(1) ≡ y
judgmentally, avoiding identity type data [3].

15.1.1 Segal Types

Segal types model synthetic Segal spaces, where composition is unique up to
homotopy.

Definition 106. A type A is a Segal type if, for any composable arrows f, g :
2→ A with f(1) = g(0), the type of composites∑

h:2→A
∑
α:2→A (λt.α(t, 0) = f)× (λt.α(1, t) = g)× (λt.α(t, t) = h)

is contractible.

This ensures that composition is associative and unital up to all higher
homotopies, as the contractibility condition implies the Segal map A∆

2 →
A∆

1 ×
A∆0 A∆

1

is an equivalence in bisimplicial sets.

Theorem 41. In a Segal type A, composition is coherently associative and
unital.

Доведення. The contractibility of the composite type implies that the Segal
maps for higher simplices (e.g., A∆

3 → A∆
1 ×

A∆0 A∆
1 ×

A∆0 A∆
1

) are equiva-
lences, ensuring associativity and unit laws hold up to homotopy, as in [7].
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15.1.2 Rezk Types

Rezk types model complete Segal spaces, where isomorphisms coincide with
identities.

Definition 107. A Segal type A is a Rezk type if the type of isomorphisms

isoA(x, y) :=
∑

f:homA(x,y)

∑
g:homA(y,x)

(inverses up to homotopy)

is equivalent to the identity type x = y.

This “local univalence” condition ensures A models a quasi-category, where
invertible arrows are precisely paths.

Theorem 42. Rezk types correspond to complete Segal spaces in the Rezk
model structure on bisimplicial sets.

Доведення. The completeness condition corresponds to the map AE□∆
0 →

A∆
0□∆0

being a trivial fibration, as in [3], matching Definition A.24 of the
original paper.

15.1.3 Kan Types

Kan types model synthetic Kan complexes, satisfying a horn-filling condition.

Definition 108. A type A is a Kan type if, for all n ≥ 1 and 0 ≤ i ≤ n, the
horn inclusion Λni → ∆n induces a contractible type of fillers:∑

f:∆n→A
∑

g:Λn
i
→A (g = f ◦ ι) .

Kan types model ∞-groupoids, as every horn has a unique filler up to ho-
motopy, corresponding to Kan complexes in simplicial sets.

Theorem 43. Kan types are Segal types, and every Kan type is a Rezk type.

Доведення. The Kan condition implies the Segal condition, as horn-filling for
Λ21 ensures unique composites. The Kan condition also implies all arrows are
invertible, satisfying the Rezk completeness condition trivially.
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15.2 Covariant Fibrations and the Yoneda Lemma
We define covariant fibrations as functorial type families over Segal types.

Definition 109. A type family C : A → U over a Segal type A is a covariant
fibration if, for any a : A, C(a) is a Kan type, and for any f : homA(a, b), there
is a transport map C(f) : C(a)→ C(b) satisfying functoriality up to homotopy.

Theorem 44 (Dependent Yoneda Lemma). For a covariant fibration C : A→ U

and a : A, there is an equivalence

C(a) ≃ homFibA
(y(a), C),

where y(a) : A → U, y(a)(b) = homA(a, b), is the Yoneda embedding, and
FibA is the type of covariant fibrations over A.

Доведення. The proof follows [3], constructing a natural equivalence via the
contractibility of hom-types and functoriality of C, internalized in the type the-
ory.

15.3 Synthetic Categorical Structures
We extend the framework to include synthetic analogues of categorical struc-
tures, such as natural transformations, adjunctions, limits, and discrete types,
which enrich the simplicial homotopy theory.

Definition 110. For Segal types A,B and functors F,G : A → B (i.e., type-
theoretic functions preserving Segal structure), a natural transformation η : F→
G is a map

η :
∏
a:A

homB(F(a), G(a)),

such that for any f : homA(a, a ′), the following diagram commutes up to homo-
topy:

F(a) G(a)

F(a ′) G(a ′)

ηa

F(f) G(f)

ηa ′

Theorem 45. For Segal types A,B, the type of natural transformations∏
F,G:A→B∏a:A homB(F(a), G(a)) is a Segal type.

Доведення. The naturality condition ensures that the type of transformations
satisfies the Segal condition, as the hom-types homB(F(a), G(a)) are contractible
for composable arrows, and the functoriality of F,G preserves this structure,
following [7].
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Definition 111. For Segal types A,B, an adjunction consists of functors F :
A→ B, G : B→ A, and natural transformations{

η : idA → G ◦ F, unit,
ϵ : F ◦G→ idB, counit,

satisfying the triangle identities up to homotopy:

(Gϵ) ◦ (ηG) ≃ idG, (ϵF) ◦ (Fη) ≃ idF.

Theorem 46. An adjunction (F,G, η, ϵ) between Segal types A,B induces an
equivalence

homB(F(a), b) ≃ homA(a,G(b))

for all a : A, b : B.

Доведення. The unit and counit induce a bijection on hom-types via the trian-
gle identities, which holds up to homotopy in the Segal type structure, mirroring
the categorical adjunction in [4].

Definition 112. For a Segal type A and a diagramD : I→ A (where I is a Segal
type), a limit of D is a Kan type L with a natural transformation π : constL → D
such that, for any Kan type X and natural transformation σ : constX → D, there
exists a unique map f : X→ L with π ◦ constf ≃ σ.

Theorem 47. In a Rezk type A, the limit of any diagram D : I→ A is a Kan
type.

Доведення. The limit L inherits the Kan condition from the fibers of the pro-
jection π, as Rezk types ensure isomorphisms are identities, and the universal
property enforces contractibility of the mapping space, as in [3].

Definition 113. A type A is discrete if its identity types a =A b are proposi-
tions (0-truncated), i.e., for all a, b : A and p, q : a =A b, we have p = q.

Theorem 48. For any discrete type A, there exists a Segal type Â and an
embedding i : A→ Â such that homÂ(i(a), i(b)) ≃ (a =A b).

Доведення. Construct Â as the Segal type generated by A with hom-types
homÂ(i(a), i(b)) := (a =A b), which is contractible for a = b and empty oth-
erwise, satisfying the Segal condition and embedding A via the Yoneda lemma,
as in [2].
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15.4 Synthetic ∞-categories
15.4.1 Strict Interval

Definition 114 (Interval Formation). The strict interval type is formed as:

Γ ctx
Γ ⊢ 2 : U

de f I n t e r v a l_form : U := 2

Definition 115 (Interval Introduction). Endpoints and order are introduced:

Γ ctx
Γ ⊢ 0 : 2

Γ ctx
Γ ⊢ 1 : 2

Γ ⊢ s, t : 2
Γ ⊢ s ≤ t : U

de f I n t e r v a l_i n t r o_0 : I n t e r v a l_form := 0
de f I n t e r v a l_i n t r o_1 : I n t e r v a l_form := 1
de f I n t e r v a l_order ( s t : I n t e r v a l_form ) : U := s ≤ t

Definition 116 (Interval Elimination). The interval is eliminated by case anal-
ysis:

Γ ⊢ a : 2 Γ ⊢ C : 2→ U Γ ⊢ c0 : C(0) Γ ⊢ c1 : C(1)
Γ ⊢ ind2(a, λx.C(x), c0, c1) : C(a)

de f I n t e r v a l_el im (C: I n t e r v a l_form −> U)
( c0 : C In t e r v a l_i n t r o_0) ( c1 : C In t e r v a l_i n t r o_1) ( a : I n t e r v a l_form )

: C a := s p l i t { 0 −> c0 | 1 −> c1 }

Theorem 49 (Interval Computation). Elimination reduces on endpoints:

Γ ⊢ C : 2→ U Γ ⊢ c0 : C(0) Γ ⊢ c1 : C(1)
Γ ⊢ ind2(0, λx.C(x), c0, c1) ≡ c0 : C(0)

Γ ⊢ C : 2→ U Γ ⊢ c0 : C(0) Γ ⊢ c1 : C(1)
Γ ⊢ ind2(1, λx.C(x), c0, c1) ≡ c1 : C(1)

de f I n t e r v a l_comp_0 (C: I n t e r v a l_form −> U)
( c0 : C In t e r v a l_i n t r o_0) ( c1 : C In t e r v a l_i n t r o_1)

: Ξ (C In t e r v a l_i n t r o_0)
( I n t e r v a l_el im C c0 c1 I n t e r v a l_i n t r o_0) c0

:= r e f l (C In t e r v a l_i n t r o_0) c0

de f I n t e r v a l_comp_1 (C: I n t e r v a l_form −> U)
( c0 : C In t e r v a l_i n t r o_0) ( c1 : C In t e r v a l_i n t r o_1)

: Ξ (C In t e r v a l_i n t r o_1)
( I n t e r v a l_el im C c0 c1 I n t e r v a l_i n t r o_1) c1

:= r e f l (C In t e r v a l_i n t r o_1) c1
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Theorem 50 (Interval Uniqueness). Elimination is unique for dependent types:

Γ ⊢ a : 2 Γ ⊢ C : 2→ U Γ ⊢ c : C(a)
Γ ⊢ c ≡ ind2(a, λx.C(x), c[0/x], c[1/x]) : C(a)

de f I n t e r v a l_uniq (C: I n t e r v a l_form −> U) ( a : I n t e r v a l_form ) ( c : C a )
: Ξ (C a ) c ( I n t e r v a l_el im C ( c [0/ x ] ) ( c [ 1/ x ] ) a )

:= r e f l (C a ) c
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15.4.2 Shape Cubes

Definition 117 (Cube Formation). Cube types are formed for shapes:

Ξ cube ctx
Ξ ⊢ I : Cube

Ξ cube ctx
Ξ ⊢ 1 : Cube

Ξ ⊢ I : Cube Ξ ⊢ J : Cube
Ξ ⊢ I× J : Cube

de f Cube_form_I : Cube := I
de f Cube_form_uni t : Cube := 1
de f Cube_form_prod ( I J : Cube) : Cube := I × J

Definition 118 (Cube Introduction). Cube terms are introduced:

Ξ cube ctx
Ξ ⊢ ∗ : 1

Ξ ⊢ s : I Ξ ⊢ t : J
Ξ ⊢ ⟨s, t⟩ : I× J

de f Cube_in t r o_uni t : Cube_form_uni t := ∗
de f Cube_in t r o_pa i r ( I J : Cube) ( s : I ) ( t : J )

: Cube_form_prod I J := <s , t>

Definition 119 (Cube Elimination). Cube projections extract components:

Ξ ⊢ t : I× J
Ξ ⊢ π1(t) : I

Ξ ⊢ t : I× J
Ξ ⊢ π2(t) : J

de f Cube_el im_f s t ( I J : Cube) ( t : Cube_form_prod I J ) : I := π1 t
de f Cube_el im_snd ( I J : Cube) ( t : Cube_form_prod I J ) : J := π2 t

106



15.4.3 Shape Topes

Definition 120 (Tope Formation). Tope types encode logical constraints:

Ξ cube ctx
Ξ ⊢ ⊤ : Tope

Ξ cube ctx
Ξ ⊢ ⊥ : Tope

Ξ ⊢ s, t : I
Ξ ⊢ s ≡ t : Tope

Ξ ⊢ ϕ : Tope Ξ ⊢ ψ : Tope
Ξ ⊢ ϕ∧ψ : Tope

Ξ ⊢ ϕ : Tope Ξ ⊢ ψ : Tope
Ξ ⊢ ϕ∨ψ : Tope

de f Tope_form_true : Tope := ⊤
de f Tope_form_f a l s e : Tope := ⊥
de f Tope_form_eq ( I : Cube) ( s t : I ) : Tope := s ≡ t
de f Tope_form_and (φ ψ : Tope ) : Tope := φ ∧ ψ
de f Tope_form_or (φ ψ : Tope ) : Tope := φ ∨ ψ

Definition 121 (Tope Introduction). Tope entailments are introduced:

Ξ ⊢ ϕ : Tope
Ξ ⊢ ϕ⇒ ⊤

Ξ ⊢ s ≡ t : Tope
Ξ ⊢ s ≡ t⇒ t ≡ s

Ξ ⊢ s ≡ t Ξ ⊢ t ≡ u
Ξ ⊢ s ≡ u

Ξ ⊢ ϕ : Tope Ξ ⊢ ψ : Tope Ξ ⊢ ϕ⇒ ψ Ξ ⊢ ψ⇒ χ

Ξ ⊢ ϕ⇒ χ

de f Tope_in t r o_true (φ : Tope ) : φ ⇒ ⊤ := λ _, ⊤
de f Tope_in t r o_sym ( I : Cube) ( s t : I ) : Tope_form_eq I s t ⇒
Tope_form_eq I t s

:= λ p , sym p
de f Tope_in t r o_trans ( I : Cube) ( s t u : I )

: Tope_form_eq I s t ⇒ Tope_form_eq I t u ⇒ Tope_form_eq I s u
:= λ p q , t rans p q

Definition 122 (Tope Disjunction Elimination). Tope disjunction is eliminated
via a pushout-like rule:

Ξ ⊢ ϕ∨ψ : Tope Ξ,ϕ ⊢ χ : Tope Ξ,ψ ⊢ χ : Tope Ξ,ϕ∧ψ ⊢ χ : Tope
Ξ ⊢ χ : Tope

ϕ∧ψ ψ

ϕ ϕ∨ψ

χ

de f Tope_el im_or (φ ψ χ : Tope )
( c1 : φ ⇒ χ ) ( c2 : ψ ⇒ χ ) ( c3 : φ ∧ ψ ⇒ χ )

: φ ∨ ψ ⇒ χ := λ _, χ

Theorem 51 (Tope Computation). Disjunction elimination reduces on cases:

Ξ ⊢ ϕ : Tope Ξ,ϕ ⊢ χ : Tope
Ξ ⊢ χ[ϕ∨ψ/ϕ] ≡ χ : Tope

de f Tope_comp_or (φ ψ χ : Tope ) ( c : φ ⇒ χ )
: Ξ Tope (Tope_el im_or φ ψ χ c c c ) χ := r e f l Tope χ
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15.4.4 Extension Types

Definition 123 (Extension Type Formation). Extension types generalize de-
pendent functions:

Ξ ⊢ ϕ : Tope Ξ ⊢ ψ : Tope Ξ ⊢ i : ϕ ↪→ ψ Γ ⊢ C : ψ→ U Γ ⊢ d :
∏
x:ϕ C(i(x))

Γ ⊢
〈∏

y:ψ C(y) | i
〉
: U

de f Ext_form (φ ψ : Tope ) ( i : φ ↪→ ψ) (C: ψ
−> U) (d : ( x : φ) −> C ( i x ) )

: U := <Π ( y : ψ) , C y | i>

Definition 124 (Extension Type Introduction). Elements are functions satis-
fying boundary conditions:

Ξ ⊢ ϕ : Tope Ξ ⊢ ψ : Tope Ξ ⊢ i : ϕ ↪→ ψ

Γ ⊢ C : ψ→ U Γ ⊢ f :
∏
y:ψ C(y) Γ ⊢ p :

∏
x:ϕ f(i(x)) ≡ d(x)

Γ ⊢ ext(f, p) :
〈∏

y:ψ C(y) | i
〉

de f Ext_in t r o (φ ψ : Tope ) ( i : φ ↪→ ψ) (C: ψ
−> U) (d : ( x : φ) −> C ( i x ) )

( f : ( y : ψ) −> C y) (p : ( x : φ) −> Ξ (C ( i x ) ) ( f ( i x ) ) (d x ) )
: Ext_form φ ψ i C d := ext f p

Definition 125 (Extension Type Elimination). Extension types are applied or
restricted:

Γ ⊢ e :
〈∏

y:ψ C(y) | i
〉

Γ ⊢ y : ψ

Γ ⊢ app(e, y) : C(y)

Γ ⊢ e :
〈∏

y:ψ C(y) | i
〉

Γ ⊢ x : ϕ

Γ ⊢ restr(e, x) : C(i(x))

ϕ ψ

U U

i

d C

ext

de f Ext_el im_app (φ ψ : Tope ) ( i : φ ↪→ ψ) (C: ψ −> U)
(d : ( x : φ) −> C ( i x ) ) ( e : Ext_form φ ψ i C d) (y : ψ)

: C y := app e y

de f Ext_el im_r e s t r (φ ψ : Tope ) ( i : φ ↪→ ψ) (C: ψ −> U)
(d : ( x : φ) −> C ( i x ) ) ( e : Ext_form φ ψ i C d) (x : φ)

: C ( i x ) := r e s t r e x

Theorem 52 (Extension Type Computation). Application and restriction re-
duce appropriately:

Γ ⊢ f :
∏
y:ψ C(y) Γ ⊢ p :

∏
x:ϕ f(i(x)) ≡ d(x) Γ ⊢ y : ψ

Γ ⊢ app(ext(f, p), y) ≡ f(y) : C(y)
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Γ ⊢ f :
∏
y:ψ C(y) Γ ⊢ p :

∏
x:ϕ f(i(x)) ≡ d(x) Γ ⊢ x : ϕ

Γ ⊢ restr(ext(f, p), x) ≡ d(x) : C(i(x))

de f Ext_comp_app (φ ψ : Tope ) ( i : φ ↪→ ψ) (C: ψ −> U)
(d : ( x : φ) −> C ( i x ) ) ( f : ( y : ψ) −> C y)
(p : ( x : φ) −> Ξ (C ( i x ) ) ( f ( i x ) ) (d x ) ) ( y : ψ)

: Ξ (C y ) (Ext_el im_app φ ψ i C d (Ext_in t r o φ ψ
i C d f p) y ) ( f y )
:= r e f l (C y ) ( f y )

de f Ext_comp_r e s t r (φ ψ : Tope ) ( i : φ ↪→ ψ) (C: ψ −> U)
(d : ( x : φ) −> C ( i x ) ) ( f : ( y : ψ) −> C y)
(p : ( x : φ) −> Ξ (C ( i x ) ) ( f ( i x ) ) (d x ) ) ( x : φ)

: Ξ (C ( i x ) ) (Ext_el im_r e s t r φ ψ i C d (Ext_in t r o φ ψ
i C d f p) x ) (d x )
:= p x

Theorem 53 (Extension Type Uniqueness). Extension types are uniquely de-
termined:

Γ ⊢ e :
〈∏

y:ψ C(y) | i
〉

Γ ⊢ e ≡ ext(λy.app(e, y), λx.restr(e, x)) :
〈∏

y:ψ C(y) | i
〉

de f Ext_uniq (φ ψ : Tope ) ( i : φ ↪→ ψ) (C: ψ
−> U) (d : ( x : φ) −> C ( i x ) )

( e : Ext_form φ ψ i C d)
: Ξ (Ext_form φ ψ i C d) e

(Ext_in t r o φ ψ i C d (λ y , Ext_el im_app φ ψ i C d e y )
(λ x , Ext_el im_r e s t r φ ψ i C d e x ) )

:= r e f l ( Ext_form φ ψ i C d) e

15.4.5 Universe Types

Definition 126 (Universe Formation). The universe type is formed as:

Γ ctx
Γ ⊢ U : Usucc

de f Univ_form : U1 := U

Definition 127 (Universe Introduction). Types are elements of the universe:

Γ ⊢ A : U

Γ ⊢ A : U

de f Univ_in t r o (A: U) : Univ_form := A
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Definition 128 (Universe Elimination). Types in the universe are used in type
formation:

Γ ⊢ A : U Γ, x : A ⊢ B : U

Γ ⊢ Πx:AB : U

de f Univ_el im (A: Univ_form ) (B: A −> U) : Univ_form := Π
( x : A) , B x

Theorem 54 (Universe Computation). Universe elimination aligns with type
formation:

Γ ⊢ A : U Γ, x : A ⊢ B : U

Γ ⊢ Univ_elim(A,B) ≡ Πx:AB : U

de f Univ_comp (A: U) (B: A −> U)
: Ξ U (Univ_el im A B) (Π ( x : A) , B x )

:= r e f l U (Π ( x : A) , B x )
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15.5 Simplicial Type Theory
This document formalizes the inference rules for Martin-Löf Type Theory
(MLTT) and its extension to Simplicial Type Theory (STT) as presented in
“The Yoneda embedding in simplicial type theory” (2025) by Gratzer, Wein-
berger, and Buchholtz.

15.5.1 Judgments

The type system uses:

• ⊢ Γ : Context Γ is well-formed.

• Γ ⊢ δ : ∆: Substitution δ maps Γ to ∆.

• Γ ⊢ A type: Type A is well-formed in Γ .

• Γ ⊢ a : A: Term a has type A in Γ .

15.5.2 Context Formation with Extension

• Modal context extension: ⊢ Γ =⇒ ⊢ Γ, {µ}

• Variable annotation: ⊢ Γ, Γ, {µ} ⊢ A type =⇒ ⊢ Γ, x :µ A

• Variable rule: µ ≤ mods(Γ1) =⇒ Γ0, x :µ A, Γ1 ⊢ x : A

where mods(Γ1) = ν0 ◦ ν1 ◦ · · · is the composite of modal restrictions {νi} in Γ1
(or id if none).

15.5.3 Dependent Function Types (Π-Types)

Definition (Inference Rules):

• Formation: Γ ⊢ A type, Γ, x : A ⊢ B type =⇒ Γ ⊢
∏
x:A B type

• Introduction: Γ, x : A ⊢ b : B =⇒ Γ ⊢ λx.b :
∏
x:A B

• Elimination: Γ ⊢ f :
∏
x:A B, Γ ⊢ a : A =⇒ Γ ⊢ f(a) : B[a/x]

• Computation: Γ, x : A ⊢ b : B, Γ ⊢ a : A =⇒ Γ ⊢ (λx.b)(a) ≡ b[a/x] :
B[a/x]

• Uniqueness: Γ ⊢ f :
∏
x:A B =⇒ Γ ⊢ λx.f(x) ≡ f :

∏
x:A B

Theorem (Type Safety): For any Γ , if Γ ⊢
∏
x:A B type and Γ ⊢ f :∏

x:A B, then for any Γ ⊢ a : A, there exists a unique b : B[a/x] such that
Γ ⊢ f(a) ≡ b : B[a/x].
Proof Sketch: Formation ensures A,B are well-typed. Introduction constructs f.
Elimination applies f to a. Computation reduces f(a). Uniqueness follows from
the η-rule.
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15.5.4 Dependent Pair Types (Σ-Types)

Definition (Inference Rules):

• Formation: Γ ⊢ A type, Γ, x : A ⊢ B type =⇒ Γ ⊢
∑
x:A B type

• Introduction: Γ ⊢ a : A, Γ ⊢ b : B[a/x] =⇒ Γ ⊢ (a, b) :
∑
x:A B

• Elimination: Γ, z :
∑
x:A B ⊢ C type, Γ, x : A,y : B ⊢ c : C[(x, y)/z], Γ ⊢ p :∑

x:A B =⇒ Γ ⊢ let (x, y)← p in c : C[p/z]

• Computation: Γ, z :
∑
x:A B ⊢ C type, Γ, x : A,y : B ⊢ c : C[(x, y)/z], Γ ⊢

a : A, Γ ⊢ b : B[a/x] =⇒ Γ ⊢ let (x, y) ← (a, b) in c ≡ c[a/x, b/y] :
C[(a, b)/z]

• Uniqueness: Γ ⊢ p :
∑
x:A B =⇒ Γ ⊢ let (x, y)← p in (x, y) ≡ p :

∑
x:A B

Theorem (Fibration Property): Γ ⊢
∑
x:A B type is a fibration in the

locally cartesian closed category of contexts.
Proof Sketch: Formation defines the fibration. Introduction constructs sections.
Elimination performs dependent elimination. Computation ensures coherence.
Uniqueness reflects the universal property.

15.5.5 Universes

Definition (Inference Rules):

• Formation: true =⇒ Γ ⊢ Ui type

• Introduction: Γ ⊢ A type, level(A) ≤ i =⇒ Γ ⊢ A : Ui

• Elimination: Γ ⊢ A : Ui =⇒ Γ ⊢ El(A) type

• Computation: Γ ⊢ A : Ui, Γ ⊢ A type =⇒ Γ ⊢ El(A) ≡ A type

• Uniqueness: Γ ⊢ A : Ui =⇒ Γ ⊢ A ≡ El(A) : Ui

Theorem (Consistency): The hierarchy Ui ensures MLTT consistency by
stratifying types.
Proof Sketch: Formation introduces the hierarchy. Introduction embeds types.
Elimination decodes them. Computation ensures idempotence. Uniqueness guar-
antees coherence.

15.5.6 Interval Type (I)

Definition[Inference Rules]

• Formation: true =⇒ Γ ⊢ I type

• Introduction: true =⇒ Γ ⊢ 0 : I, true =⇒ Γ ⊢ 1 : I, Γ ⊢ i : I, Γ ⊢ j : I =⇒
Γ ⊢ i∧ j : I, Γ ⊢ i : I, Γ ⊢ j : I =⇒ Γ ⊢ i∨ j : I
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• Elimination: Γ, x : I ⊢ B type, Γ ⊢ b0 : B[0/x], Γ ⊢ b1 : B[1/x], Γ, x, y :
I ⊢ b∧ : B[x ∧ y/x], Γ, x, y : I ⊢ b∨ : B[x ∨ y/x], Γ ⊢ i : I =⇒ Γ ⊢
recI(B, b0, b1, b∧, b∨, i) : B[i/x]

• Computation: (as above) =⇒ Γ ⊢ recI(B, b0, b1, b∧, b∨, 0) ≡ b0 : B[0/x],
. . ., Γ ⊢ recI(B, b0, b1, b∧, b∨, i∨ j) ≡ b∨[i/x, j/y] : B[i∨ y/x]

• Uniqueness: Γ ⊢ f :
∏
x:I B, Γ ⊢ f(0) ≡ b0 : B[0/x], . . . , Γ ⊢ f(x∨ y) ≡ b∨ :

B[x∨ y/x] =⇒ Γ ⊢ recI(B, b0, b1, b∧, b∨, i) unique up to ≡

Theorem[Bounded Lattice] I forms a bounded distributive lattice, satisfying∏
i,j:I(i ≤ j)∨ (j ≤ i) (Axiom A).

Proof Sketch: Introduction defines lattice operations. Elimination and compu-
tation ensure well-definedness. Uniqueness respects the lattice structure.

15.5.7 Modal Types (⟨µ | A⟩)

Definition[Inference Rules]

• Formation: Γ, {µ} ⊢ A type =⇒ Γ ⊢ ⟨µ | A⟩ type

• Introduction: Γ, {µ} ⊢ a : A =⇒ Γ ⊢ modµ(a) : ⟨µ | A⟩

• Elimination: Γ, x :ν ⟨µ | A⟩ ⊢ B type, Γ, y :ν◦µ A ⊢ b :
B[modµ(y)/x], Γ, {ν} ⊢ a : ⟨µ | A⟩ =⇒ Γ ⊢ let modµ(y)← a in b : B[a/x]

• Computation: Γ, x :ν ⟨µ | A⟩ ⊢ B type, Γ, y :ν◦µ A ⊢ b :
B[modµ(y)/x], Γ, {ν ◦ µ} ⊢ a : A =⇒ Γ ⊢ let modµ(y)← modµ(a) in b ≡
b[a/y] : B[modµ(a)/x]

• Uniqueness: Γ ⊢ f : ⟨µ | A⟩ → B, Γ, y :ν◦µ A ⊢ f(modµ(y)) ≡
b : B[modµ(y)/x], Γ, {ν} ⊢ a : ⟨µ | A⟩ =⇒ Γ ⊢ let modµ(y) ←
a in b unique up to ≡

Theorem[Modal Equivalence] For µ, modµ : A→ ⟨µ | A⟩ is an equivalence
if modµ(a) = modµ(b)→ ⟨µ | a = b⟩ is an equivalence (Axiom B).
Proof Sketch: Formation and introduction define the modal type. Elimination
and computation ensure injectivity. Axiom B guarantees surjectivity.

15.5.8 Modal Π-Types

Definition[Inference Rules]

• Formation: Γ ⊢ A type, Γ, x :µ A ⊢ B type =⇒ Γ ⊢
∏
x:µA

B type

• Introduction: Γ, x :µ A ⊢ b : B =⇒ Γ ⊢ λx.b :
∏
x:µA

B

• Elimination: Γ ⊢ f :
∏
x:µA

B, Γ, {µ} ⊢ a : A =⇒ Γ ⊢ f(a) : B[a/x]

• Computation: Γ, x :µ A ⊢ b : B, Γ, {µ} ⊢ a : A =⇒ Γ ⊢ (λx.b)(a) ≡ b[a/x] :
B[a/x]
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• Uniqueness: Γ ⊢ f :
∏
x:µA

B =⇒ Γ ⊢ λx.f(x) ≡ f :
∏
x:µA

B

Theorem[Pointwise Invertibility] For a category C, if f :
∏
x:bC

⟨b |

homC(x, y)⟩ is pointwise invertible, then f is globally invertible (Example 2.22).
Proof Sketch: Modal Π-types ensure f respects b. Elimination applies f. Com-
putation preserves equalities. The b-modality extracts isomorphisms.

15.5.9 Precategory and Category Types

Definition[Inference Rules]

• Formation (Precategory): Γ ⊢ C type, Γ ⊢ isSegal(C) :
∏
x,y,z:C(I →

homC(x, y))× (I→ homC(y, z))→ homC(x, z) =⇒ Γ ⊢ C precategory

• Formation (Category): Γ ⊢ C precategory, Γ ⊢ isRezk(C) :∏
x,y:C isEquiv(isox,y → (x = y)) =⇒ Γ ⊢ C category

where homC(x, y) = ⟨♯ | C⟩, isox,y = ⟨b | homC(x, y)⟩.
Theorem[Yoneda Embedding] For a category C, there exists a fully faithful

y : C→ Ĉ, where Ĉ is the precategory of presheaves ⟨♯ | C⟩, defined by y(x)(y) =
homC(y, x).
Proof Sketch: Precategory formation defines Ĉ. Yoneda uses modal types and ♯.
Rezk ensures hom

Ĉ
(y(x),y(y)) ≃ homC(x, y).

15.5.10 Key Theorems

• Yoneda Lemma: For a category C, hom
Ĉ
(y(x), F) → F(x) is an equiva-

lence for all x : C, F : ⟨♯ | C⟩.
Proof Sketch: Uses tw modality and Axiom G for twisted arrow categories.

• Free Cocompletion: Ĉ is the free cocompletion of C, i.e., Fun(Ĉ,D) ≃
Fun(C,D) for cocomplete D.
Proof Sketch: Modal Π-types and ♯ define functor categories. Yoneda en-
sures universality.
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16 Modal Homotopy Type Theory

16.1 Preliminaries
A category C consists of:

• A class of objects, Ob(C),

• A class of morphisms, HomC(X, Y), for each pair X, Y ∈ Ob(C),

• Composition maps ◦ : Hom(Y, Z)×Hom(X, Y)→ Hom(X,Z),

• Identity morphisms idX ∈ Hom(X,X) for each X,

satisfying associativity and identity laws.
A functor F : C→ D assigns to each:

• Object X ∈ C an object F(X) ∈ D,

• Morphism f : X→ Y a morphism F(f) : F(X)→ F(Y),

such that F(idX) = idF(X) and F(g ◦ f) = F(g) ◦ F(f).
A natural transformation η : F ⇒ G between functors F,G : C → D

consists of morphisms ηX : F(X)→ G(X) such that for every f : X→ Y in C,

F(X) G(X)

F(Y) G(Y)

ηX

F(f) G(f)

ηY

116



commutes.
An adjunction between categories C and D consists of functors

F : C⇆ D : G

and natural transformations (unit η and counit ε)

η : IdC ⇒ G ◦ F, ε : F ◦G⇒ IdD

satisfying the triangle identities.

16.2 Topos
A topos E is a category that:

• Has all finite limits and colimits,

• Is Cartesian closed: has exponential objects [X, Y],

• Has a subobject classifier Ω.

16.3 Geometric Morphism
A geometric morphism f : E→ F between topoi consists of an adjoint pair

f∗ : F ⇆ E : f∗

with f∗ ⊣ f∗, where f∗ preserves finite limits (i.e., is left exact).
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16.4 Cohesive Topos
A cohesive topos is a topos E equipped with a quadruple of adjoint functors:

Π ⊣ ∆ ⊣ Γ ⊣ ∇ : E⇆ Set

such that:

• Γ is the global sections functor,

• ∆ is the constant sheaf functor,

• ∇ sends a set to a codiscrete object,

• Π is the shape or fundamental groupoid functor,

• ∆ and ∇ are fully faithful,

• ∆ preserves finite limits,

• Π preserves finite products (in some variants).

16.5 Cohesive Adjunction Diagram and Modalities

E Set
Π

∇
⊣
∆

Γ

⊣

E E

∫

♯

♭
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16.6 Cohesive Modalities
The above adjoint quadruple canonically induces a triple of endofunctors on E:

(

∫
⊣ ♭ ⊣ ♯) : E→ E

defined as follows: ∫
:= ∆ ◦ Π

♭ := ∆ ◦ Γ
♯ := ∇ ◦ Γ

This yields an adjoint triple of endofunctors on E:∫
⊣ ♭ ⊣ ♯

These are:

•
∫

— the shape modality: captures the fundamental shape or homotopy
type,

• ♭ — the flat modality: forgets cohesive structure while remembering dis-
crete shape,

• ♯ — the sharp modality: codiscretizes the structure, reflecting the full
cohesion.

Each of these is an idempotent (co)monad, hence a modality in the internal
language (type theory) of E.
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16.7 Differential Cohesion
A differential cohesive topos is a cohesive topos E equipped with an addi-
tional adjoint triple of endofunctors:

(ℜ ⊣ ℑ ⊣ &) : E→ E

These are:

• ℜ: the reduction modality — forgets nilpotents,

• ℑ: the infinitesimal shape modality — retains infinitesimal data,

• &: the infinitesimal flat modality — reflects formally smooth structure.

Important object classes:

• An object X is reduced if ℜ(X) ∼= X.

• It is coreduced if &(X) ∼= X.

• It is formally smooth if the unit map X → &X is an effective epimor-
phism.

Formally étale maps are those morphisms f : X→ Y such that the square

X ℑX

Y ℑY

f ℑ(f)

is a pullback.
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16.8 Graded Differential Cohesion
In graded differential cohesion, such as used in synthetic supergeometry,
one introduces an adjoint triple:

10) ⇒ ⊣ ⇝ ⊣ Rh

(⇒⊣⇝⊣ Rh) : E→ E

These are:

• ⇒: the fermionic modality — captures anti-commuting directions,

• ⇝: the bosonic modality — filters out fermionic directions,

• Rh: the rheonomic modality — encodes constraint structures.

These modal operators form part of the internal logic of supergeometric or
supersymmetric type theories.
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16.9 Adjoint String of Identity Modalities
In Homotopy Type Theory (HoTT), identity systems (Contractible, Strict Id,
Quotient, Isomorphism, Path = Equivalence) are modeled as modalities in the∞-topos E =∞Grp. We construct an adjoint quadruple extending the Jacobs-
Lawvere triple C ⊣ IdA ⊣ Q(−/ ∼), incorporating Isomorphism and Path =
Equivalence. The modalities are ordered by adjointness: Contractible ≤ Strict Id
≤ Quotient ≤ Isomorphism ≤ Path = Equivalence, reflecting their structure in
HoTT, where Strict Id, Quotient, and Path = Equivalence are mere propositions
for h-sets, while Isomorphism is not.

Homotopy Type Theory (HoTT) provides a framework for reasoning about
equality via the identity type IdA(x, y). In the ∞-topos E = ∞Grp, identity
systems are modalities (monads), ordered by adjointness. The classical Jacobs-
Lawvere adjunction triple C ⊣ IdA ⊣ Q(−/ ∼) captures Contractible, Strict,
and Quotient. We extend this to a quadruple, including Isomorphism and
Path = Equiv, respecting the HoTT equivalence of Path and Equivalence and
the propositional nature of Strict Id, Quotient, and Path = Equivalence for
h-sets.

Definition 129. In HoTT, the identity systems are:

• Contractible: (-1)-truncated types, mere propositions.

• Strict: IdA(x, y) for h-sets (0-truncated), a mere proposition.

• Quotient: Set-quotients A/ ∼, 0-truncated, equivalent to Strict Id.

• Isomorphism: IsoA(x, y), a triple (f, g, p), not a mere proposition.

• Path = Equiv: PathA(x, y) ≃ (x ≃ y), equivalent in HoTT.

In E =∞Grp, we define categories:

• Econtr = E≤−1: Mere propositions.

• Estrict = E≤0 ∼= Set: h-sets (Strict Id).

• Equot = E≤0 ∼= Set: h-sets (Quotient).

• Eiso ∼= E: ∞-groupoids with isomorphisms.

• Epath/equiv
∼= E: ∞-groupoids with paths/equivalences.
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The Jacobs-Lawvere triple C ⊣ IdA ⊣ Q(−/ ∼) is extended to an adjoint
quadruple:

Econtr
F4−−→ Estrict

F3−−→ Equot
F2−−→ Eiso

F1−−→ Epath/equiv

Theorem 55. The functors form an adjoint quadruple with adjunctions:

F4 ⊣ U4, F3 ⊣ U3, F2 ⊣ U2, F1 ⊣ U1

• F4 : Econtr → Estrict: Inclusion of (-1)-truncated objects into 0-truncated
objects. Right adjoint U4: (-1)-truncation, U4(X) = ∥X∥−1.

• F3 : Estrict → Equot: Canonical map to quotient structure, viewing h-sets
as quotiented by trivial relations. Right adjoint U3: Inverse map preserving
h-set structure.

• F2 : Equot → Eiso: Inclusion of h-sets into E, core(X) ∼= X. Right adjoint
U2: 0-truncation, U2(X) = ∥X∥0.

• F1 : Eiso → Epath/equiv: Canonical inclusion of ∞-groupoids with isomor-
phisms into full ∞-groupoids with paths/equivalences. Right adjoint U1:
Core map, preserving isomorphism structure.

The adjunctions induce the ordering:

Contractible ≤ Strict Id ≤ Quotient ≤ Isomorphism ≤ Path = Equivalence

• Contractible: Coarsest, mere propositions ((-1)-truncated).

• Strict: h-sets, IdA(x, y) is a mere proposition.

• Quotient: Equivalent to Strict Id, 0-truncated set-quotients.

• Isomorphism: IsoA(x, y) is not a mere proposition for general types.

• Path = Equivalence: Finest, full ∞-groupoid structure, equivalent via
univalence.

The adjoint quadruple extends the Jacobs-Lawvere triple, capturing the
structure of identity systems in HoTT. The ordering reflects their increasing
complexity, with Strict Id, Quotient, and Path = Equivalence collapsing to mere
propositions for h-sets, while Isomorphism retains higher structure. Future work
could explore these adjunctions in other ∞-topoi or specific CTT models.
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17 Local Homotopy Type Theory
Motivic homotopy theory, introduced by Morel and Voevodsky, extends classi-
cal homotopy theory to the setting of algebraic geometry, treating schemes as
analogous to topological spaces. A central object in this framework is the cat-
egory of T-spectra, which generalizes the notion of spectra in stable homotopy
theory to the motivic context, where the circle S1 is replaced by the Tate object
T = A1/(A1\{0}). John F. Jardine’s work on motivic symmetric spectra provides
a categorical model for the motivic stable category, equipped with a symmet-
ric monoidal smash product, enabling rich interactions between algebraic and
topological structures [1].

This article formalizes the category of T-spectra, emphasizing Jardine’s con-
tributions. We define T-spectra and symmetric T-spectra, describe their mod-
el category structure, and present key theorems on stable equivalences and
monoidal properties. Applications to algebraic geometry, such as the study of
motivic cohomology and algebraic K-theory, are discussed.

We assume familiarity with basic category theory and algebraic geometry.
Below, we outline essential concepts.

Definition 130. Let S be a Noetherian scheme of finite Krull dimension. The
category SmS consists of smooth schemes of finite type over S, with morphisms
being scheme morphisms over S.

Definition 131. A simplicial presheaf on SmS is a contravariant functor from
SmS to the category of simplicial sets. The category of simplicial presheaves,
denoted Sp(SmS), is equipped with a proper closed simplicial model structure,
as constructed by Morel and Voevodsky [3].

Remark 11. The Nisnevich topology on SmS, denoted Nis, is a Grothendieck
topology coarser than the Zariski topology but finer than the étale topology. It
is crucial for defining the motivic model category.
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17.1 Definition of T-Spectra
In motivic homotopy theory, the Tate object T plays the role of the suspension
functor. We define T-spectra as follows.

Definition 132. A T-spectrum over a scheme S is a sequence of pointed
simplicial presheaves E = {En}n≥0 on SmS, equipped with structure maps
σn : T∧En → En+1, where ∧ denotes the smash product of pointed presheaves.
The category of T-spectra, denoted SpT

S, has morphisms given by sequences of
maps fn : En → Fn compatible with the structure maps.

Example 15. The motivic sphere spectrum S is a T-spectrum with Sn = T∧n,
where T∧n is the n-fold smash product of T, and structure maps given by the
identity.

17.2 Symmetric T-Spectra
Jardine’s work focuses on symmetric T-spectra, which incorporate symmetric
group actions to define a robust smash product.

Definition 133. A symmetric T-spectrum over S is a T-spectrum E = {En}n≥0
where each En is equipped with an action of the symmetric group Σn, and the
structure maps σn : T ∧ En → En+1 are Σn-equivariant with respect to the
trivial action on T. The category of symmetric T-spectra is denoted SpT,Σ

S .

Remark 12. The symmetric structure allows for a well-defined internal smash
product, making SpT,Σ

S a symmetric monoidal category [1].

17.3 Model Category Structure
Jardine establishes a model category structure on SpT

S and SpT,Σ
S .

Theorem 56. The category SpT
S admits a proper closed simplicial model struc-

ture where:

• Weak equivalences are maps f : E → F inducing isomorphisms on stable
homotopy groups in the Nisnevich topology.

• Cofibrations are monomorphisms.

• Fibrations are defined via the right lifting property with respect to trivial
cofibrations.

A Bousfield localization of this model structure with respect to stable weak
equivalences yields the motivic stable category [1].

Theorem 57. The category SpT,Σ
S is a cofibrantly generated, symmetric

monoidal model category satisfying the monoid axiom. The smash product ∧ is
an internal symmetric monoidal structure, with unit the sphere spectrum S.
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17.4 Key Theorems
Jardine’s results provide a categorical foundation for motivic stable homotopy
theory.

Theorem 58. The motivic stable category, obtained as the homotopy category
of SpT,Σ

S , is equivalent to the localization of SpT
S at stable weak equivalences.

Stable equivalences in this category are stable homotopy isomorphisms in the
Nisnevich topology [1].

Theorem 59. The symmetric smash product ∧ on SpT,Σ
S is associative, com-

mutative, and unital up to homotopy, making the motivic stable category a
symmetric monoidal category with unit S.

Example 16. The Eilenberg-MacLane spectrum H for an abelian group A is a
symmetric T-spectrum, with Hn = K(A,n), the simplicial presheaf representing
motivic cohomology. Its homotopy groups recover motivic cohomology groups.

17.5 Conclusion
T-spectra provide a framework for studying phenomena in algebraic geometry
and stable homotopy theory: - Motivic Cohomology : The spectrum H represents
motivic cohomology, connecting algebraic cycles to homotopy theory. - Algebra-
ic K-Theory : Voevodsky’s motivic spectrum for K-theory, refined by Jardine’s
symmetric structures, links K-theory to stable homotopy [1]. - Algebraic Geom-
etry : The motivic stable category facilitates the study of Gysin triangles and
oriented spectra, generalizing classical results in algebraic topology [1].

The category of T-spectra, as developed by Jardine, provides a powerful
framework for motivic homotopy theory. By equipping T-spectra with a sym-
metric monoidal smash product and a robust model category structure, Jardine’s
work bridges algebraic geometry and stable homotopy theory. Future directions
include exploring representability theorems for presheaves of spectra and appli-
cations to topological modular forms [2].
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The Cosmic Cube is a conceptual framework that organizes various

forms of higher category theory, homotopy theory, and type theory along
three independent structural axes: strictness, groupoidality, and stability.
In this article, we articulate the homotopy-theoretic and computational
significance of the cube, map its vertices to familiar categorical and type-
theoretic structures, and propose a unifying perspective relevant to both
category theorists and type theorists.

18 Cosmic Cube
The development of higher category theory, homotopy type theory (HoTT),
and related computational systems reveals a landscape structured by three key
dimensions:

• Strictness: distinguishing between strict and weak composition laws.

• Groupoidality: determining whether morphisms are invertible.

• Stability: whether the theory admits additive or stable (symmetric
monoidal) structure.

The Cosmic Cube organizes the eight possible combinations of these prop-
erties, resulting in a conceptual taxonomy of type theories, logical systems, and
homotopy-theoretic models.

18.1 Axes
Each axis of the cube represents a binary structural distinction:

1. Groupoidality: Passing from general n$ − categorieston$-groupoids,
reflecting the invertibility of morphisms.

2. Strictness: Moving from weak higher categories to strictly associative
and unital structures.

3. Stability: Enhancing categories with stable or symmetric monoidal struc-
ture, reflecting additivity or loop space objects.
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18.2 Vertices
Each vertex of the cube corresponds to a combination of the above properties
and can be interpreted both categorically and computationally. We describe
these as follows:

Configuration Model
(∆, 2, 1) Simply typed λ-calculus (STLC)
(∆, 2, H) λ-calculus, resource-sensitive computation
(∆, N, 1) Homotopy Type Theory (HoTT)
(∆, N, H) Linear HoTT
(∇, 2, 1) Modal STLC
(∇, 2, H) ∞-toposes, QFT
(∇, N, 1) Synthetic Differential Geometry (Modal HoTT)
(∇, N, H) Modal Linear HoTT

18.3 Homotopy-Theoretic Realization
The cube also arises naturally from the classification of higher-categorical struc-
tures:

• Strict ∞-categories: basic directed homotopy theory.

• Strict ∞-groupoids: modeled by crossed complexes.

• Stable ∞-groupoids: spectra (e.g., infinite loop spaces).

• Strictly stable strict ∞-groupoids: chain complexes (via Dold-Kan
correspondence).

The inclusions among these structures (e.g., from chain complexes to spectra,
or from strict to weak groupoids) correspond to forgetful functors or structure-
preserving embeddings (e.g., via the nerve, stabilization, or Ω∞).

18.4 Computational Interpretation
From the viewpoint of type theory and programming languages:

• Strictness governs syntactic vs coherent compositions.

• Groupoidality relates to equality vs higher identity types.

• Stability corresponds to additivity or quantum effects.

Thus, the Cosmic Cube serves not only as a classification of categorical
models, but also as a blueprint for designing new type theories with specific
logical and computational properties.
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19 Colored Spectra
The Colored Spectra consists of five flavours (layers): 1) Fibrational (Pi, Sigma),
2) Identificational (Strict Equality, Path Spaces, Equivalence, Isomorphism, Ho-
motopy), 3) Polynomial (W, General Induction, Higher Inductive Types), 4)
Modal (Bose, Fermi, Flat, Sharp, Shape, Crisp, Reduction, Infinitesimal), 5)
Localizational (Local, Graded, Stable, Simplicial).

Fibrational:

• Functional Spaces (Π)

• Contextual Spaces (Σ)

Identificational:

• Strict Equality (=)

• Path Spaces (≡), Homotopy (∼), Equivalence (≃), Isomorphism (∼=)

• Bisimulation (≈)

• Gluing (Glue)

• Quotient (Q)

Polynomial:

• ΠW-Pretopos: Induction (W), Coinduction (M)

• CIC: Induction (CIC), Coinduction (CCoIC)

• CW-Complexes: Induction (CW), Coinduction (CM)

Modal:

• Cohesive: Flat (♭), Sharp (♯), Shape (
∫
), Crisp (∇)

• Differential: Reduction (ℜ), Infinitesimal Shape (ℑ), Infinitesimal Flat (&)

• Graded: Fermi (⇒), Bose (⇝), Rheonomy (Rh)

Localizational:

• Stable Homotopy Theory (Sp)

• Simplicial Homotopy Theory (∆n)

• Local Homotopy Theory (A1)

• Graded Homotopy Theory (Z2)
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19.1 Conclusion
The Cosmic Cube provides a unifying language for relating different regions of
categorical and homotopical logic. It highlights deep dualities (such as LCCC vs
SMC), computational distinctions (classical vs quantum), and modalities (dis-
crete, cohesive, stable) that structure modern type theories and their semantics.
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