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relevant notion in topological data analysis
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a k-dimensional hole

W) =D _aslS)
has no boundary
O [v) =0
and is not a boundary
) # Ot119), V()
1
1) € ker(9)\ im(Or+1)
Betti number 5 = dim (ker(0k)\ im(Ok+1))



equivalently,
with k-th combinatorial Laplacian

Ay = 81131( + 5k+1<911+1



equivalently,
with k-th combinatorial Laplacian

Ay = 81131( + 5k+1<911+1
we have

Br = dim(ker(Ay))



equivalently,
with k-th combinatorial Laplacian

A = O[Ok + 310],,
we have
Br = dim(ker(Ay))
1

computable in time poly (n*)



equivalently,
with k-th combinatorial Laplacian

A = O[Ok + 310],,
we have
Br = dim(ker(Ay))
1
computable in time poly (n*)

cligue complexes: exponential in input size!
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faster algorithms?

QMA1-hard to multiplicatively approximate
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additive approximation g /di + € in time poly(n)?
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more abstractly:

Hermitian matrix A
dimension d < n!
poly(n)-sparse
nonzero eigenvalues in [y, 1]

2 dim(ker(A))
d
sampling access to A:

random element from domain,
query neighbors

+e?



BETTI NUMBERS

A QUANTUM ALGORITHM
in poly(n, 1/, 1/¢)

A CLASSICAL ALGORITHM



2 quantum techniques:

10



2 quantum techniques:

¢ Hamiltonian simulation

10



2 quantum techniques:
e Hamiltonian simulation

given sparse access to Hamiltonian H, maps

) 25 e )

10



2 quantum techniques:
e Hamiltonian simulation

given sparse access to Hamiltonian H, maps

) 25 e )

e quantum phase estimation

10



2 quantum techniques:
e Hamiltonian simulation

given sparse access to Hamiltonian H, maps

) 25 e )

e quantum phase estimation

for a unitary U = 3, €% |v) (v,|, maps
QPE ~
S e lve) 10) %5 S e Ive) 162)
¢ ¢

with |0, — 6| < e using 1/¢ calls to U
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quantum algorithm:
[Lloyd-Garnerone-Zanardi '14]

1. pick random k-face [S) = 3=, o [ve)

2. apply quantum phase estimation on |S) and U with precision v

S af i) [0) — > af [ve) [62)
4 4
3. measure phase register: “0” with probability ||TTo |S) ||* = B¢ /dk

I

estimate % + ¢ in time poly(n, 1/v,1/¢)
k
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in poly(n"lrlogé)
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main classical technique:

e path integral Monte Carlo
for 2"-dimensional matrix H, return estimate
(y[H"|x) e

in time poly (n, , [|Hl;, 1/2)
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e.g., if H is stochastic (||H||; = 1):

OH |0y = Y () (el Hlxoy) . - (xal Hlxy) (g |Hxo)

X1 geeesXp

= ]E(xo,...,xr) [<y|xr>}?

with (xo, ..., x,) path sampled from Markov chain P with

P(x,x') = (x'|H|x)

— unbiased estimator, variance < 1
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general matrix H:

OIH [x0) = Y be) (el H o) - (xalH ) (o1 [ xo)

X1 geeesXr

= ]E(xo,...,xr)[Y(x()’xb e ,Xr)]
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Y(xo,..x) = (vbe) [ ] sign((resi|Hlxe)) - 1H xe) |1
=0

and (xo, . ..,x,) path sampled from Markov chain P with

W HR|
Pe) = T )

— unbiased estimator, variance < ||H|?"
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Betti numbers via PIMC:

H=1— Ag/Amax

H) F——%—0¢—%x—x%%—+—X
o )0 T 1/8k

so that
TI‘(Hr) = ﬂk + é‘dk

H 1 1
IfrZ;lOgg
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Now note

1

1
—Tr(H) = — H'
a r(H") dkE (xo|H" |xo)

X0

= By, [{xo[H|x0)]
o) [Y(x0, .-, x7)]

-----

estimate fi/dy £+ ¢ in time

1 1
poly (n.r, [H[{, 1/¢) € poly (n'*#*)
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Improvements:

o approximate H’ by degree-O(,/7) polynomials

1 1 L 1
n;logg N nﬂloge

e better bound on ||H||; € O(n/k) for clique complexes
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SUMMARY AND PERSPECTIVE

Betti number estimation in
poly(n,1/v,1/¢) (quantum)
1 1 1 1
poly(nv7'°8=) or poly(2v7'*6%) (classical)

e close gap?

slignty more) g€Neral case is DQC1-hard for e,y = 1/ poly(n)
[Cade-Crichigno '21]

e query complexity?

“Betti numbers are testable”
[Elek '10]

e run classical algorithm?
find interesting regimes?
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RELATED WORKS

“Dequantizing the Quantum Singular Value Transformation”

by S. Gharibian and F. Le Gall, 21

related ideas

exact path calculation:
1 1
space poly(n) — n7 8=

our PIMC can exploit small |H||;:

Llog L ! )
log 2 for cliqgue complexes

1
na oy les
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RELATED WORKS

“Quantifying Quantum Advantage in Topological Data Analysis”

by D. Berry, Y. Su, C. Gyurik, R. King, J. Basso, A. Del Toro Barba,
A. Rajput, N. Wiebe, V. Dunjko and R. Babbush, '22

similar PIMC approach
based on (Trotterized) imaginary time evolution

more complex distribution over paths
to minimize variance

runtime exponential in k and 1/¢
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RELATED WORKS

“Betti Numbers are Testable”
by G. Elek, '10

for bounded degree complexes
(sok € 0(1))

additive e-approximation of g /dy
with f(e) queries

no gap assumptions
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