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The Galton Board (Simple Edition) with Pascal’s triangle is 
a 150 mm by 95 mm probability demonstrator providing 
a visualization of math in motion and the powers of the 
probabilities and statistics. Printed on the backside of the board 
is a theoretical investment portfolio histogram, which illustrates 
the randomness and the probabilities of market returns.

The Galton Board displays centuries old 
mathematical concepts in an innovative, 
dynamic desktop device. It incorporates 
Sir Francis Galton’s (1822-1911) invention 
from 1873 that illustrated the binomial 
distribution, which for a large number 
of rows of hexagons and a large number 
of beads approximates the normal 
distribution, a concept known as the 
Central Limit Theorem. He was fascinated 

with the order of the bell curve that emerges 
from the apparent chaos of beads bouncing 
off of pegs in his board. According to the 
Central Limit Theorem, more specifically, 
the de Moivre (1667-1754) – Laplace (1749-
1827) theorem, the normal distribution may 
be used as an approximation to the binomial 
distribution under certain conditions.

When the Galton Board is turned upside-
down, the beads flow into the top 
reservoir.  When turn back over and held 
on a level surface, the 4,280 steel beads and 
one large golden bead cascade from the 

Sir Francis Galton

The Galton Board

Galton’s original drawing



The Galton Board reservoir through 14 rows of symmetrically placed hexagons 
in the Galton Board.  When the device is level, beads bounce 
off of the 105 hexagons with equal probability of moving to the 
left or right. As the beads settle into one of the 15 bins at the 
bottom of the board, they accumulate to create a bell-shaped 
histogram.  Flipping the Galton board is like tossing 59,920 
coins in about 2 seconds. A bead representing fourteen heads 
in a row would land in bin #14 and a bead representing no 
heads (fourteen tails) would land in bin #0.  

Printed on the top of the board are formulas for the normal 
distribution and binomial expansions. Printed on the lower part 
of the board is the normal distribution or bell curve, as well as the 
average and standard deviation lines relative to that distribution. 
The bell curve, also known as the Gaussian distribution (Carl 
Friedrich Gauss, 1777-1855), is important in statistics and 
probability theory. It is used in the natural and social sciences to 
represent random variables, like the beads in the Galton Board 
or monthly returns of the stock market. You can also see the 
Y-axis and X-axis descriptions, and numbered bins with expected 
percentages and numbers of beads.  

Overlaid on the hexagons is Pascal’s triangle 
(Blaise Pascal, 1623-1662), which is a triangle 
of numbers that follows the rule of adding the 
two numbers above to get the number below. 
The number at each hexagon represents the 
number of different paths a bead could travel 
from the top hexagon to that hexagon. It also 
shows the Fibonacci numbers (Leonardo 
Fibonacci, 1175-1250), which are the sums 
of specific diagonals in Pascal’s triangle. 

Within Pascal’s triangle, mathematical properties and patterns are 
numerous. Those include: natural numbers, row totals, powers 

Blaise Pascal



of 11, powers of 2, figurate numbers, Star of David theorem, and 
the hockey stick pattern. Other patterns in Pascal’s triangle not 
identified on this board include prime numbers; square numbers; 
binary numbers; Catalan numbers; binomial expansion; fractals; 
golden ratio; and the Sierpinski triangle.

Among the 4,280 steel beads, there is one larger golden bead, 
which demonstrates a single random outcome. Shown on top 
of each bin is the percentage estimates of the probability that 
a bead will land in that bin.  By following the golden bead, you 
can clearly observe those probabilities with each flip of the 
Galton Board.  With the red investment portfolio histogram on 
the back, the golden bead can represent the likely range and 
probabilities of next month’s stock market return. The Galton 
Board’s probabilities as to which bin the golden bead will land 
in is a substitute for the  prediction of stock market forecasters. 

Embedded in this Galton Board are many statistical and 
mathematical concepts including probability theories, 
independent identically distributed (iid) random variables, the 
normal or bell-shaped curve, the Central Limit Theorem (the de 
Moivre-Laplace theorem), the binomial distribution, Bernoulli 
(1655-1705) trials, regression to the mean, the law of large 
numbers, probabilities such as coin flipping and stock market 
returns, the random walk, the Gambler’s Fallacy, the law of 
frequency of errors and what Sir Francis Galton referred to as the 
“law of unreason.”

Simple Probability Demonstrator
Galton Board



In his book Natural Inheritance (1889), Sir Francis Galton colorfully 
described the apparatus he created to reveal the order in 
apparent chaos. The following is a modified excerpt from that 136 
year-old book. The text has been slightly updated to correspond 
to the terminology used to describe our Galton board.

The Charms of Statistics
“It is difficult to understand why statisticians commonly limit their 
inquires to Averages, and do not revel in more comprehensive 
views. Their souls seem as dull to the charm of  variety as that of  
the native of  one of  our flat English counties, whose retrospect 
of  Switzerland was that, if  its mountains could be thrown into 
its lakes, two nuisances would be got rid of  at once. An Average 
is but a solitary fact, whereas if  a single other fact be added to 
it, an entire Normal Scheme, which nearly corresponds to the 
observed one, starts potentially into existence.”

“Some people hate the very name of  statistics, but I find them 
full of  beauty and interest. Whenever they are not brutalized, 
but delicately handled by the higher methods, and are warily 
interpreted, their power of  dealing with complicated phenomena 
is extraordinary. They are the only tools by which an opening 
can be cut through the formidable thicket of  difficulties that 
bars the path of  those who pursue the Science of  man.”

Mechanical Illustration of the Cause 
of the Curve of Frequency
“The Curve of  Frequency, and that of  Distribution, are 
convertible: therefore, if  the genesis of  either of  them can 
be made clear, that of  the other becomes also intelligible. I 

In Galton’s Words



shall now illustrate the origin of  the Curve of  Frequency, by 
means of  an apparatus (shown here) that mimics in a very 
pretty way the conditions on which Deviation depends.” 

Our design of  the Galton board is constructed of  an anti-static 
plastic frame. A bead reservoir is designed into the top of  the 
board. Below the outlet of  the funnel stands a succession of  14 
rows of  hexagons, similar to Galton’s pegs, stuck squarely into 
the back of  the board, and below these again are a series of  15 
bins, or vertical compartments. A charge of  4,280 steel beads 
is enclosed in the board. When the board is flipped “topsy-
turvy,” all the beads run to the upper end into the reservoir; 
then, when it is turned back into its working position, the 
desired action commences. The borders of  the reservoir have 
the effect of  directing all the beads that had collected at the 
upper end of  the frame to run into the mouth of  the funnel.

“The beads pass through the funnel and scamper deviously 
down through the pegs [hexagons] in a curious and interesting 
way; each of  them darting a step to the right or left, as the 
case may be, every time it strikes a peg. The pegs are disposed 
in a quincunx fashion, so that every descending bead strikes 
against a peg in each successive row. The cascade issuing from 
the funnel broadens as it descends, and, at length every bead 
finds itself  caught in a bin immediately after freeing itself  
from the last row of  pegs. The outline of  the distribution of  
beads that accumulate in the bins approximates to the Curve 
of  Frequency, and is closely of  the same shape however often 
the experiment is repeated.”

“The principle on which the action of  the apparatus depends is, 
that a number of  small and independent accidents befall each 



bead in its career. In rare cases, a long run of  luck continues to 
favor the course of  a particular bead towards either outside bin, 
but in the large majority of  instances the number of  accidents 
that cause Deviation to the right, balance in a greater or less 
degree those that cause Deviation to the left. Therefore most of  
the beads find their way into the bins that are situated near to a 
perpendicular line drawn from the outlet of  the funnel, and the 
Frequency with which beads stray to different distances to the 
right or left of  that line diminishes in a much faster ratio than 
those distances increase.”

Order in Apparent Chaos
“I know of  scarcely anything so apt to impress the imagination 
as the wonderful form of  cosmic order expressed by the 
‘Law of  Frequency of  Error.’ The law would have been 
personified by the Greeks and deified, if  they had known 
of  it. It reigns with serenity and in complete self-effacement 
amidst the wildest confusion. The huger the mob, and the 
greater the apparent anarchy, the more perfect is its sway. It 
is the supreme law of  Unreason. Whenever a large sample 
of  chaotic elements are taken in hand and marshaled in the 
order of  their magnitude, an unsuspected and most beautiful 
form of  regularity proves to have been latent all along. The 
tops of  the marshaled bins form a flowing curve of  invariable 
proportions; and each element, as it is sorted into place, finds, 
as it were, a pre-ordained niche, accurately adapted to fit it. If  
the measurement at any two specified Grades in the bin are 
known, those that will be found at every other Grade, except 
towards the extreme ends, can be predicted in the way already 
explained, and with much precision.”
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1  Pascal’s Triangle
Pascal’s triangle is a triangle of numbers that 
follow the rule of adding the two numbers 
above to get the number below. This pattern 
can continue endlessly. Blaise Pascal used 
the triangle to study probability theory, 
as described in his mathematical 
treatise Traité du triangle arithmétique 
(1665). Other mathematicians studied 
it centuries before him in Persia, India, China, Germany, and Italy. 
The triangle’s patterns translate to mathematical properties of 
the binomial coefficients. When placed on the Galton Board, each 
number on a hexagon represents the number of paths a bead can 
take to reach that hexagon.

2  Normal Distribution Formula

ef(x)

In probability theory, a normal distribution is a type of continuous 
probability distribution for a real-valued random variable. Shown 
here is the general form of its probability density function f(x). 
Normal distributions are important in statistics and are often 
used in the natural and social sciences to represent real-valued 
random variables whose distributions are not known. Included 
in the formula is the constant pi (π ≈ 3.142), which is the ratio of 
a circle’s circumference to its diameter. Also included is Euler’s 
number (e ≈ 2.718), which is the base of the natural logarithm. 
The iid central limit theorem states that the random variable x 

FEATURES OF THE GALTON BOARD
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will be normally distributed as the sample size becomes large and 
sigma (σ) is finite.

3  Binomial Theorem
The binomial theorem describes the algebraic expansion of 
powers of a binomial. Pascal’s triangle defines the coefficients 
that appear in binomial expansions. That means the nth row of 
Pascal’s triangle comprises the coefficients of the expanded 
expression of the polynomial (a + b)n. For the Galton board, the 

binomials are left and right (L + R)n.

(a+b)2 = 1a2 + 2ab + 1b2

(L+R)3 = 1L3 +3L2R + 3LR2 + 1R3

The expansion of (a + b)n is (a + b)n = x0a
n + x1a

n-1b + x2a
n-

2b2 + … + xn-1abn-1 + xnb
n where the coefficients of the form 

xk are precisely the numbers that appear in the kth entry of 

the nth row of Pascal’s triangle (k and n counting starts at 0). 

This can be expressed as:  , i.e., “n choose k.” The 

first hexagon on the Galton board is , followed below by 

 and .

Examples of binomial expressions are shown on the board for (a 
+ b)n for n = 2 and (L + R)n for n = 3.
 

4  Row Numbers and Power of 11
On the left side, the fourteen rows of the Pascal’s triangle 
are numbered, with the first row designated as n=0 and first 
entry in each row designated as k=0. Fourteen rows are large 
enough so the resulting binomial distribution is a good discrete 
approximation to the continuous normal distribution.
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If you collapse each row into a single number by taking each 
element as a digit (and carry over to the left if the element 
has more than one digit), you get the power of eleven (11n): 
1, 11, 121, 1331, 14641... which matches to the numbers in 
the Pascal’s triangle of that row. 

5  Row Totals and Power of 2
The sum of numbers in a row is equal to 2n where n equals the 
row number. For example, at row three, summing up the Pascal’s 
numbers, 1 + 3 + 3 + 1 = 8, which also equals to 23.

The sum of the numbers in each row is also shown next to the 
power of two, and each total doubles on subsequent rows. In 
addition, the total of the squares of the entries of a row equals the 
middle entry of that row number times two. For example, if you 
sum the squares of the entries in row four (12 + 42 + 62 + 42 + 12), 
that equals seventy, which is also the middle entry of row eight.

6  Fibonacci Numbers and the Golden Ratio
The sum of the numbers on the diagonal shown on Pascal’s 
triangle match the Fibonacci numbers. The sequence progresses 
in this order: 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, and so on. Each 
number in the sequence is the sum of the previous two numbers. 
For example: 2+3=5; 3+5=8; 5+8=13; 8+13=21.... Leonardo 
Fibonacci popularized these numbers in his book Liber Abaci 
(1202). As you progress through the Fibonacci numbers, the 
ratios of consecutive Fibonacci numbers approach the golden 
ratio (φ) of 1.61803398... but never equal it. For example: 
55/34=1.618; 89/55=1.618; and 144/89=1.618. The golden ratio 
was first defined by Euclid in his book Elements, written in 300 B.C. 
Leonardo Da Vinci used the ratio to construct his masterpieces. 
The equation for the golden ratio is: φ
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7  Star of David Theorem
The Star of David theorem says the two sets of three numbers 
surrounding a number have equal products. In the example 
shown, the number 5 is surrounded by, in sequence, the numbers 
1, 4, 10, 15, 6, 1, and taking alternating numbers, we have 1×10×6 
= 4×15×1 = 60.

8  Quincunx Pattern
The hexagons on the board are in a Quincunx pattern, 
which is an arrangement of five objects with four at the 
corners of a square or rectangle and the fifth at its center 
(like the 5 on a dice).

9  Diagonals and Triangular Numbers
The diagonals contain the figurate numbers of simplices, with the 
left and right edges containing only 1’s. The subsequent diagonals 
contain natural or counting numbers, then triangular numbers 
(number of dots in an equilateral triangular arrangement), then 
tetrahedral numbers (triangular pyramidal numbers), then 
pentatope numbers followed by the 5, 6, and 7 simplex numbers.  
The square of each natural number is equal to the sum of a pair 
of adjacent entries on the third diagonal (Triangular Numbers).  
Example: 72 = 49 = 21 + 28

10  Hockey Stick Pattern
The sum of the numbers in a diagonal, starting from the edge with 
1, is equal to the number in the next diagonal below. Outlining 
these numbers reveals a hockey stick pattern, as seen here in 1 
+ 10 + 55 = 66.
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11  Probability Density
The probability density f(x) is the relationship between 
observations and their probability. It defines the probability of 
the occurrence of a random variable occurring within a particular 
range of continuous random variables. One important probability 
density function is that of a Gaussian, or normal, random variable, 
which looks like a bell-shaped curve. These f(x) values assume a 
normal distribution with a sigma (σ) of 1.

12  Bin Numbers, Expected Percentages & 
Standard Deviations

The 15 bead bins are numbered from 0 to 14 so the location 
of the golden bead can be easily identified and recorded. Also, 
the probabilities from Pascal’s triangle of a random outcome 
occurring within a certain bin can be identified by imagining a 
15th row of the triangle (n=14). 

Expected percentages of outcomes per bin are shown just below 
the bin number, with 20.9 percent expected in middle bin (#7). 

Under the bin info axis is the standard deviation axis. Labeled 
on top of each standard deviation line in the curve is its 
matching number of standard deviations from the mean up 
to 4 std devs ( μ ± 4σ). There is an arrow to designate that the 
±4th std devs extended past the last bin. The line in the center 
of the bell curve is the average (mean, μ, “mu”). Between each 
std dev line is the percentage of outcomes that would be 
expected for that area of the bell curve.

13  Bell Curve
The normal distribution, often referred to as the “bell curve,” is 
the most widely known and used of all probability distributions. 
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Because the normal distribution approximates many natural 
phenomena so well, it has developed into a standard of reference 
for numerous probability problems. Several sets of data follow 
the normal distribution, such as the heights of adults, the weights 
of babies, classroom test scores, large samples of monthly returns 
of the stock market indexes, and the beads in the Galton board.
The following diagram shows the bell curve divided by the 
standard deviations.

68.25%13.6% 13.6%

-1σ 0σ 1σ-2σ-3σ-4σ 2σ 3σ 4σ

Standard Deviation (σ)

Outcomes (%)

2.1%0.1% 2.1% 0.1%

14  Binomial Distribution of Steel Beads
Each steel bead represents an independent identically 
distributed (iid) random variable that falls from the reservoir 
through a fixed pattern of hexagons. A binomial distribution is 
created by the thousands of steel beads from the 14 Bernoulli 
trials for each bead, one trial for each hexagon hit. The discrete 
binomial distribution of beads closely approximates the 
continuous normal distribution.

15  Golden Bead
Among the 4,280 of 0.9mm steel beads is a 2.0mm golden bead. 
This bead demonstrates a single random outcome.

16  Standard Deviation Lines
The standard deviation (σ) is a measure of how closely all of 
the data points are gathered around the mean (μ). The shape 
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of a normal distribution is determined by the mean and the 
standard deviation. About 68 percent of the data in a normal 
distribution falls within one standard deviation of the mean. 
About 95 percent falls within two standard deviations, about 
99.7 percent falls within three standard deviations, and about 
99.99 percent falls within four standard deviations. With 14 rows 
of hexagons in Pascal’s triangle, there are 14 hexagons in the 
bottom row of the triangle. There are 15 bins, with bins on each 
end and between each hexagon. These 15 bins represent a total 
of 2x15/   14 = 8.0 distribution standard deviations ( μ ± 4σ). 
Each bin equals 0.533 standard deviations and each standard 
deviation equals 1.875 bins (8/15 = 0.533 or 15/8 = 1.875).

N

N

Standard Deviation 
of a Sample

Standard Deviation 
of  the Population

The Eames Infographic for their Galton Board
Our Galton Board is a desktop design reminiscent of Charles 
and Ray Eames’ groundbreaking 11-foot-tall “Galton’s Probability 
Board,” featured at the 1961 Mathematica: A World of Numbers 
... and Beyond exhibit. An even larger 14 ½-foot-tall Eames 
Probability Board was showcased at IBM’s Pavilion for the 1964 
World’s Fair in New York. Pictured on the right is a mini version of 
the information sign from the 1961 Mathematica Exhibit. 

THE EAMES'S TAKE ON GALTON BOARD
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Used with Permission

THE EAMES'S TAKE ON GALTON BOARD
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Investment Portfolio Illustrations
To represent market returns, we selected a theoretical 
investment portfolio. The red bars printed on the back of 
the board represent a histogram of the distribution of 1,000 
monthly returns of a theoretical investment portfolio. The 
red bar illustrates a 100% stock portfolio (aggressive), which 
we assume to have a monthly average return of 1.0% and a 
standard deviation of 4.5%, with a sample size of 1,000 months. 
With four standard deviations, this results in a range of returns 
from about -17% to 19% [1-(4x4.5)= -17, 1+(4x4.5) = 19].  This 
means with 15 bins, the return range per bin is 2.4%, with the 
mean of 1.0% right in the center

COMPARISON TO THE STOCK MARKET

100% Stocks
= 1.0%
= 4.5%
= 1,000 months

Theoretical 
Investment Portfolio

1%

5.5% 10.0% 14.5% 19.0%-17.0% -12.5% -8.0% -3.5% 341 136 21 1341136211 1.0%

μμ-4σ μ+4σμ+2σ μ+3σμ+1σμ-2σμ-3σ μ-1σ

Return on Investment

20918312261225 183 122 61 22 5
2.2% 4.6% 9.4% 11.8% 14.2%  >19%< -17% -12.2% -9.8% -7.4% -5.0% -2.6% -0.2% 7.0%-14.6% 16.6%

1 11 1

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0.0% 0.1% 0.5% 2.2% 6.1% 12.2% 18.3% 20.9% 18.3% 12.2% 6.1% 2.2% 0.5% 0.1% 0.0%

13.59% 2.14%34.13%13.59%2.14% 34.13%0.13% 0.13%
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Bin Dividers with Expected Percentages & 
Returns

20918312261225 183 122 61 22 5
2.2% 4.6% 9.4% 11.8% 14.2%  >19%< -17% -12.2% -9.8% -7.4% -5.0% -2.6% -0.2% 7.0%-14.6% 16.6%

1 11 1

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0.0% 0.1% 0.5% 2.2% 6.1% 12.2% 18.3% 20.9% 18.3% 12.2% 6.1% 2.2% 0.5% 0.1% 0.0%

There are four scales to consider above the histogram of market 
returns. The first one is merely a numbering of the 15 bins from 
0-14. The second scale is the percentage of random variables, 
in this case monthly returns, that are expected to land in each 
bin. The third scale is the estimate of the expected percentage of 
monthly return ranges for each of the bins. The bin dividers are 
scaled in such a way that the boundary of the board corresponds 
to the four standard deviations of returns (≈99.99 percent of 
outcomes or μ ± 4σ). The bottom scale is the expected number 
of months in each bin based on a sample size of 1,000 months.

Bottom Axis

5.5% 10.0% 14.5% 19.0%-17.0% -12.5% -8.0% -3.5% 341 136 21 1341136211 1.0%

μμ-4σ μ+4σμ+2σ μ+3σμ+1σμ-2σμ-3σ μ-1σ

13.59% 2.14%34.13%13.59%2.14% 34.13%0.13% 0.13%

There are three scales on the bottom axis. The first one 
identifies the standard deviation lines. The second specifies 
the percentage of outcomes expected between each standard 
deviation line. The third row estimates how many monthly 
returns are expected between each stand deviation line based 
on a sample of 1,000 months.

The Random Walk Model
The efficient market hypothesis states that the current price ( pj,t 
) of a security ( j )  fully reflects available information ( t ), which 
implies “...that the successive price changes or, more usually, 
successive one-period returns, are independent. In addition, 
it assumes that successive changes, or returns, are identically 
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distributed. Together, the two hypotheses constitute the random 
walk model. Formally, the model says that

 f(Rj,t+1 | t) = f(Rj), 

which is the usual statement that the conditional and marginal 
probability distributions of an independent random variable 
are identical. In addition, the density function ( f ) must be the 
same for all time ( t ).” If we assume that the expected return on a 
security is constant over time, we have

E(~Rj,t+1 | t) = E(~Rj).

Source: Eugene F. Fama & Merton H. Miller, The Theory of Finance, 1972, pg. 339

The Hebner Model 
The following teeter-totter diagrams illustrate Eugene Fama’s 
efficient market hypothesis, which states that prices of securities 
( j ) fully reflect all available information resulting in fair prices. 
The left side of the teeter-totter represents whatever set of 
information ( t ) is assumed to be fully reflected in the price 
at that time ( t ) and the right side represents the prices ( pj,t ) 
that millions of willing buyers and sellers have concluded are 
fair prices given the set of information at that time. The efficient 
market hypothesis asserts that, in a well-organized, reasonably 
transparent market, the market price ( pt ) is generally equal to 
or close to the fair value, as investors react quickly to incorporate 
new information ( t ) about relative scarcity, utility, or potential 
returns in their exchange of cash for securities. 

The three components of the model occurred to Mark Hebner 
during the Global Financial Crisis of 2008. It starts with the teeter-
totter placed at the top of the Pascal’s triangle. Then, the beads 
bouncing around and through an array of hexagons represents 
the randomness of monthly stock market returns (Rj,t+1). Thirdly, 
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the beads land in the bins representing the realized returns (Rj), 
which, in large samples, resemble the bell curve ( f(Rj)).

There is a random and continuous flow of good news and 
forecasts and bad news and forecasts, which, at any point in 
time, represents the uncertainty of the expected return of an 
investment (E(~R j)) that is held at a constant level of risk. If 
uncertainty increases due to bad news, the price must make 
a proportional decrease so that the expected return remains 
essentially constant.

Good News

Bad News

Sellers

Buyers

Uncertainty

Fair Pricepj,t

t

f(Rj)

Rj

~E(Rj )

If uncertainty decreases due to good news, the price must make 
a proportional increase so that the expected return remains 
essentially constant. 

Uncertainty

Fair Price
Good News

Bad News

Sellers

Buyers

pj,t

t f(Rj)

Rj

~E(Rj )

This model is known as the Hebner model and should be thought 
of as a framework for incorporating the Galton board and Pascal’s 
triangle into how markets work. 
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Cost of Capital
In economics and accounting, the cost of capital is the cost of a 
company’s funds (both debt and equity), or, from an investor’s 
point of view, the required rate of return on a company’s existing 
securities. It is also used to evaluate new projects of a company. 
It is the minimum return that investors expect for providing 
capital to the company, thus setting a benchmark that a new 
project has to meet.

WACC = (E/V * Ke) + (D/V * Kd)
E is the market value of the firm’s equity.
V is the total market value of equity and debt, or E+D.
Ke is the cost of equity.
D is the market value of the firm’s debt.
Kd is the cost of debt.
WACC is the weighted average cost of capital.
Just as a reminder, the expected return of the buyer is also the 
cost of capital for the seller ( E( ~R j,t) = WACC ).

Return on Investment Formula
The formula for an investment’s realized return/loss (R) is the 
change in price (Pt+1 - Pt), plus any dividends or cash paid to 
the investor during the period (D), divided by the original price 
(Pt) of the investment.

	

Fama/French Factor Models
Fama/French Five-Factor Model for Equities
The Fama/French five-factor model for equities is an asset pricing 
model directed at capturing the market, size, value, profitability, 
and investment patterns in average stock returns. It was developed 
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in 2014 by Nobel laureate Eugene Fama and his co-author and 
colleague, Kenneth French. The model explains between 71 
percent and 94 percent of the cross-section variance of expected 
returns for diversified portfolios of five factors in equities. It 
expands on the CAPM (1964) and the Fama/French three-factor 
model (1993). The Fama/French five-factor model equation is a 
time series regression of a series of research indexes created by 
Fama and French that include long-term historical stock prices of 
various company characteristics. The coefficient for each factor 
(independent variables) indicates the exposure or tilt to that factor 
in the portfolio. If the exposure to the five factors, market (bi), 
size (si), value (hi), profitability (ri), and investment (ci), capture 
all variation in expected returns, the alpha intercept (ai) in the 
following equation is zero for all securities and portfolios (i). 

Rit – RFt = ai + bi(RMt-RFt) + siSMBt + hiHMLt + riRMWt 
+ ciCMAt + eit

Rit is the return on the portfolio i for period t (dependent variable).
RFt is the risk-free return.
RMt-RFt is the return spread between the capitalization-weighted 
stock market and cash.
SMBt is the return on a diversified portfolio of small stocks minus 
the return on a diversified portfolio of big stocks (i.e., the size effect).
HMLt is the difference between the return on diversified 
portfolios of high and low BtM stocks (i.e., the value effect).
RMWt is the difference between the returns on diversified 
portfolios of stocks with robust and weak profitability.
CMAt is the difference between the returns on diversified 
portfolios of stocks of low and high investment firms, which 
Fama/French called conservative and aggressive.
eit is the error term and is a zero-mean residual.
Source: Fama, Eugene F. and French, Kenneth R., A Five-Factor Asset Pricing Model 
(September 2014).
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My name is Mark T. Hebner, and I am the CEO 
and founder of Index Fund Advisors, Inc. (IFA.
com). My firm is in the wealth management 
and tax preparation business.  I am also the 
creator of several modern Galton boards. 

The most common way to describe the risk and 
return of an investment is to estimate its average 

return and standard deviation of return from a large sample of 
historical returns, something like 1,000 months of index data. If 
you want Excel to draw a bell curve, you only need the average 
and the standard deviation. They define the bell curve. As it 
turns out, Harry Markowitz’s Nobel Prize winning scatter plot of 
average return versus standard deviation was just a comparison 
of bell curves. So imagine my excitement when I found a physical 
device that generates a bell curve. I realized it is a powerful 
demonstration of how markets work and the probability of a 
range of different outcomes. It also occurred to me that the 
Galton board simulates monthly investment returns and allows 
people to see the constant expected returns, the randomness of 
returns over a period of thirty days, and the resulting bell curve of 
the realized returns over very long periods. Put simply, this device 
helps investors understand critical investing ideas.

My fascination with the Galton board was ignited back in 2005 
when I saw an Eames Office film about the 1964 World’s Fair. 
Charles Eames built an outdoor fourteen-and-a-half-foot-tall 
Galton board for the IBM exhibit, modeled after a previous 
design he had built for Mathematica: A World of Numbers... and 
Beyond. Mathematica was the first fully immersive and large-scale 

Mark T. Hebner

MY FASCINATION WITH THE GALTON BOARD
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exhibition produced by the Eames Office and sponsored by IBM. 
It was designed for the 1961 opening of a new science wing at the 
California Museum of Science and Industry in Los Angeles. 

My first Galton board, picture here, 
was designed and built by the Oregon 
Museum of Science and Industry. 
The photograph depicts an eight-
foot-tall by four-foot-wide museum-
quality probability demonstrator that 
I commissioned in 2009 to educate 
investors about the range, probability, 
and shape of outcomes that result 
from a series of random events. This 
Galton board sits in the lobby of Index 
Fund Advisors’ office and helps to 
portray order in the midst of chaos 
that is the random walk of Wall Street. 
The red bars behind the beads represent 
a large sample of monthly returns of a theoretical investment 
portfolio and allow the comparison of the beads to the stock 
market. In the stock market, random events are the news stories 
about a company or about capitalism in general and the prices 
of securities that reflect this information. The random flow of the 

beads, starting from a central point, simulates 
a series of fair prices, ultimately forming a 
normal distribution of monthly returns in the 
shape of a bell curve. 

With the help of Philip Poissant, Jerry Xu, Art 
Forster, Jackson Lin, Mike Auchterlonie, the 
Brunson family, and others, I created my first 

The Random Walker®

8-Foot Galton Board in IFA’s Lobby



SIMPLE GALTON BOARD27

seven-and-a-half-inch-tall desktop-sized Galton board in 2015, 
called The Random Walker® (US patent #D784,449). This compact 
version of the Galton Board is not only a helpful educational tool for 
understanding statistical concepts and stock market randomness, 
but also a delightful desktop device to play with.  With an innovative 
flip-n-reset design, one can easily experience the order in chaos 
with just a tip of their finger.  About 60,000 of these boards sit on 
desks all over the world.  

In 2024, we created a new edition 
of the Galton Board that is larger 
in size, which  allows for better 
demonstrations to other people. 
We made it 12” x 8.5” and named 
it Galton Board: Probability 
Demonstrator (US patent 
#12,268,971 B1). This model also 
added two stock market clip-
ons and a 19 page detailed and 
educational user guide. 

This version of the desk-top sized board incorporates many new 
improvements in design from the previous iteration.  It more 
precisely captures the concepts of the binomial distribution and 
Pascal’s triangle, along with the many embedded mathematical 
concepts. By adding the Clip-ons of monthly return data, one 
can see the incorporation of elements of the stock market, 
including the Hebner model, and how well they match to the 
bell curve of the beads.

This new Simple Galton Board allows for an economical and 
compact design, that can even fit in your shirt pocket.

Galton Board: Probability Demonstrator
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To further promote the understanding of the principles embedded 
in the Galton Board and Pascal’s triangle, I commissioned and 
created an app version of the Galton Board in 2023. This app 
version uses the gyrometer that allows you to turn the phone or 
iPad and hear and see the beads flow as if they were physical 
beads rolling around in your device. By tapping the settings icon, 
you can also overlay twenty index portfolio histograms and see 
the change in the returns scale of the bins as the risk changes. 
To get the app for iPhone and iPad, visit the Apple App Store, and 
search  “Index Fund Advisors”.  Then look for the Galton Board 
icon in the App to access the interactive board.  You may also visit 
the Mac App Store on your Mac laptop or desktop and search 
Galton Board app. Finally, visit the Google Play Store for android 
devices and search “Index Fund Advisors”. 

Get the App 

Galton Board: App version
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Replacing Speculation With An Education

Index Fund Advisors, Inc. (IFA) is a fee-only advisory and wealth 
management firm that provides globally-diversified and tax-aware 
investment strategies aligned to client reeds and fiduciary principles. 

IFA is a registered investment adviser that provides investment 
advice to individuals, retirement plans, trusts, corporations, non-
profits, and public and private institutions. IFA was founded in 
1999, and celebrated its 25th anniversary in 2024. IFA provides 
investment advice to clients across the United States. 

The value of IFA extends beyond investment advice. As a holistic 
financial partner,  IFA provides investment advice alongside 
wealth management and financial planning to assist clients in 
managing their financial journeys.  Our Wealth Advisors take a 
personalized approach to matching people with portfolios, while 
offering a full-range of wealth management services and financial 
planning for a thoughtful and comprehensive client experience.

IFA seeks to avoid the unnecessary cost-generating activities 
often associated stock, time, manager, and style picking. Instead, 
IFA employs a disciplined, quantitative approach designed to 
optimize diversification while remaining cost-efficient.

IFA incorporates research and indexes based on the work 
of Eugene Fama and Kenneth French, leveraging decades of 

About Index Fund Advisors
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historical risk and return data, third-generation index fund 
designs, and refined passive trading techniques developed by 
Dimensional Fund Advisors.

IFA offers investment management and portfolio strategies 
tailored to client circumstances and goals, alongside tax 
planning and accounting, online financial planning and referral 
services for a thoughtful and personalized client experience. 
An experienced IFA Wealth Advisor 
provides personalized advice designed 
to support  clients in pursuing their 
long-term financial goals.

Mark T. Hebner is the founder and 
CEO of Index Fund Advisors, Inc., (IFA), 
author of the highly regarded book 
Index Funds: The 12-Step Recovery 
Program for Active Investors, focused 
on investor education.

Index Fund Advisors, Inc.
19200 Von Karman Ave. 
Suite 150 
Irvine, CA 92612 
888-643-3133
ifa.com   |  info@ifa.com

To learn more about how IFA can support 
your financial goals, visit ifa.com or give 
us a call.

www.ifa.com
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Visit ifa.com/galtonboard for additional information, 
videos, articles, photos, social media, and more.

INSTRUCTIONS FOR THE GALTON BOARD

1.	 Flip the Galton Board over until all the beads fall into the 
reservoir. 
 

2.	 Turn the board over and place it on a level surface until all the 
beads land in the bins.  
 

3.	 Look for the larger golden bead and observe the distribution 
of all beads. 

Flip

©2025 Index Fund Advisors, Inc  •  ifa.com  •  19200 Von Karman Ave  Suite 150  
Irvine, CA 92612  •  USA 888-643-3133  •  #IFA-SGB12025  •  Made in China  •  
Created by Mark T. Hebner  •  All Rights Reserved
Galton Board covered by one or more patents, including US Patent No. 12,268,971 B1 
and US Des. Patent No. D784,449


