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Abstract
A 0,1 matrix is balanced if 1t does not contain a square submatrix of odd order with
two ones per row and per column. We show that a balanced 0,1 matrix is either totally
unimodular or its bipartite representation has a cutset consisting of two adjacent nodes
and some of their neighbors. This result yields a polytime recognition algorithm for
balancedness. To prove the result, we first prove a decomposition theorem for balanced
0,1 matrices that are not strongly balanced.
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1 Introduction

1.1 Decomposition theorem

In an undirected graph G, a cycle is balanced if its length is a multiple of 4. The graph G
is balanced if all its chordless cycles are balanced. Clearly, a balanced graph is simple and
bipartite.

We prove a decomposition theorem for balanced graphs and we give a polytime recognition
algorithm based on this decomposition theorem. The theorem states that every balanced
graph is either “strongly balanced” or contains a cutset, namely an “extended star cutset”
or a “2-join”. These three concepts are defined next.

A biclique is a complete bipartite graph K45 where the two sides of the bipartition A
and B are both nonempty.

Extended star cutsets

In a connected bipartite graph G, an extended star (x;1; A; R) is defined by disjoint node
sets T, A, R and a node z € T such that all nodes in AU R are neighbors of  and the node
set T'U A induces a biclique. Furthermore, if |T'| > 2, then |A| > 2. The set R may be empty.
See Figure 1. The node set S = T'UAU R is an extended star cutset if G'\ S is a disconnected
graph.

Since the nodes in 7'U A induce a biclique, an extended star cutset with B = 0 is called
a biclique cutset. An extended star cutset having 7' = {a} is called a star cutset, since it is
composed by a node z and a subset of its neighbors. Note that a star cutset is a special case
of a biclique cutset.

2-join
Let GG be a connected bipartite graph with more than four nodes, containing bicliques K 4, 4,

and Kp, ,, where Ay, Ay, By, By are disjoint nonempty node sets. The edge set E(K 4,4,)U
E(KpB,B,) is a 2-join if it satisfies the following properties (see Figure 1):

(i) The graph G' = G\ (F(K 4,4,)U E(KB,B,)) is disconnected.

(i) Every connected component of G’ has a nonempty intersection with exactly two of the
sets Ay, A9, By, By and these two sets are either A; and By or A; and B,. For
i=1,2,let G! be the subgraph of G’ containing all its connected components that have
nonempty intersection with A; and B;.

(iii) If |A1] = |B1] = 1, then G is not a chordless path or Ay U By induces a biclique. If
|As] = |B2| = 1, then G is not a chordless path or A; U By induces a biclique.
The purpose of Property (iii) is to exclude "improper” 2-joins, as we discuss later, in Section 2.

When the graph G comprises more than one connected component, we say that G has an
extended star cutset or a 2-join if at least one of its connected components does.






Strongly balanced graphs

A graph is strongly balanced if it is balanced and contains no cycle with exactly one chord.

Theorem 1.1 If G is a balanced graph that is not strongly balanced, then G has an extended
star cutset or a 2-join.

Balanced matrices

Given a 0,1 matrix A, the bipartite representation of A is the bipartite graph G = (V'UV*, F)
having a node in V" for every row of A, a node in V¢ for every column of A and an edge
¢j joining nodes + € V" and j € V¢ if and only if the entry a;; of A equals 1. Conversely,
let G = (V"U V¢S E) be a bipartite graph with no parallel edges. Up to permutations of
rows and columns and taking transpose, there is a unique 0,1 matrix A having G as bipartite
representation.

A 0,1 matrix A is balanced if its bipartite representation is a balanced graph. Equivalently,
A is balanced if and only if A does not contain a square submatrix of odd order with exactly
two ones per row and per column. Balanced matrices were first introduced by Berge [2] and
we summarize here their relevance in combinatorial optimization.

Berge [3] showed that if A is balanced, the polyhedra P(A) = {# > 0| Az < 1} and
Q(A) ={y > 0] yA > 1} have only vertices with 0,1 components. Berge and Las Vergnas
[8] showed that if A is balanced, then the maximum number of 1’s in a 0,1 vector 2 € P(A)
is equal to the minimum number of 1’s in a 0, 1 vector y € Q(A). More generally, Fulkerson,
Hoffman and Oppenheim [23] showed that the inequalities defining P(A) and Q(A) are totally
dual integral systems. A hypergraph is balanced if its node-edge incidence matrix is a balanced
matrix. Balanced hypergraphs can be viewed as a natural generalization of bipartite graphs.
This is the motivation that led Berge to introduce the notion of balancedness. Indeed, a
hypergraph with exactly two nodes in each edge is balanced if and only if it is a bipartite
graph. Balanced hypergraphs can be characterized by a bicoloring theorem [2]: The nodes of
a balanced hypergraph can be colored either red or blue in such a way that every edge with
at least two nodes contains both a red node and a blue node. Hall’s theorem [26] about the
existence of a perfect matching in a bipartite graph extends to balanced hypergraphs [14].
Further results on balanced matrices are surveyed in [12].

Totally unimodular matrices

A matrix is totally unimodular if every square submatrix has a determinant equal to 0, +1 or
-1. A consequence of Theorem 1.1 is the following result, proved in Section 2 of this paper.

Theorem 1.2 If a 0,1 matriz is balanced but not totally unimodular, then its bipartite rep-
resentation has an extended star cutset.

Let (P) be a property of 0,1 matrices that is invariant upon permutation of rows, permu-
tation of columns and taking transpose (such as total unimodularity, balancedness, etc). It
will be convenient to refer to a “bipartite graph with Property (P)” to mean that it is the
bipartite representation of a 0,1 matrix with Property (P).



In Section 3, we use Theorem 1.2 to recognize in polytime whether a 0,1 matrix is balanced.
The algorithm is presented in terms of bipartite representations. Given a connected bipartite
graph G, let S be a node set such that G'\ S is a disconnected graph. Let G,..., G} denote
the connected components of G\ 5. The blocks of the decomposition of G by the node cutset
S are the graphs (; induced by V(G%)U S. The idea of the algorithm is to use extended star
cutsets to decompose G, and then its blocks, recursively, until no block contains an extended
star cutset. This yields a polytime algorithm to recognize whether G is balanced provided
that:

total unimodularity can be recognized in polytime,

extended star cutsets can be found in polytime,

e the total number of blocks generated is polynomial,

G is balanced if and only if the blocks are balanced.

Total unimodularity can be recognized in polytime, see [28]. In Section 3, we show how to
find extended star cutsets in polytime, and we prove that the number of blocks is polynomial.
In general, when GG has an extended star cutset, it is false that G is balanced if and only if its
blocks are balanced. The major task of Section 3 is to show how to overcome this difficulty.

The rest of the paper (Sections 4 to 8) is devoted to the proof of Theorem 1.1. In fact,
we prove that this theorem holds for a more general class of graphs.

Balanceable graphs

A signed graph is a graph whose edges are labelled with +1 or —1. In a signed graph, a cycle
is balanced if the sum of its labels is a multiple of 4. A signed graph G is balanced if all its
chordless cycles are balanced. Note that every balanced signed graph is bipartite and that,
given a balanced undirected graph, we obtain a balanced signed graph by labelling +1 all the
edges.

A graph is balanceable if there exists an assignment of +1 labels to its edges so that the
resulting signed graph is balanced. Balanced graphs are obviously balanceable. Two examples
of bipartite graphs that are not balanceable are odd wheels and 3-path configurations, which
we define next.

Odd wheels, 3-path configurations and a theorem of Truemper

A hole of a bipartite graph is a chordless cycle. A wheel (H,v)is a bipartite graph consisting
of a hole H and a node v having at least three neighbors in H. The wheel (H,v) is odd if v
has an odd number of neighbors in H.

A 3-path configuration is a bipartite graph consisting of three internally node-disjoint
chordless paths, connecting two nonadjacent nodes u and v in opposite sides of the bipartition,
and containing no edge other than those of the paths (see Figure 2). In all figures of this
paper, solid lines represent edges and dotted lines represent paths with at least one edge.

Both a 3-path configuration and an odd wheel have the following properties: They contain
an odd number of edges and each edge belongs to exactly two holes. Therefore in any signing,



Figure 2: An odd wheel and a 3-path configuration

the sum of the labels of all holes is equal to 2 mod 4. This implies that at least one of the holes
is not balanced, showing that neither 3-path configurations nor odd wheels are balanceable.
These are in fact the only minimal bipartite graphs that are not balanceable, as a consequence
of a theorem of Truemper [30].

Theorem 1.3 A bipartite graph is balanceable if and only if it does not contain an odd wheel
or a 3-path configuration as an induced subgraph.

An easy proof of Truemper’s theorem can be found in [15], as well as a discussion of its
consequences.

Weakly balanced graphs

Two examples of graphs that are balanceable but not balanced are connected 6-holes and
R1g, to be defined next.

A triad is a bipartite graph consisting of three internally node-disjoint paths ¢,..., u;
t,...,vand t,..., w, where nodes ¢, u, v, w are distinct and belong to the same side of the
bipartition. Furthermore, the graph induced by the nodes of the triad contains no other edges
than those of the three paths. The nodes u, v, w are the attachments of the triad.

A fan consists of a chordless path P = «, ...,y together with a node z not in P, adjacent
to a positive even number of nodes in P, where nodes z, y, z belong to the same side of the
bipartition and are the attachments of the fan.

A connected 6-hole is a bipartite graph induced by two disjoint node sets A and B such
that each induces either a triad or a fan, their attachments induce a 6-hole and there are no
other adjacencies between the nodes of A and B.

Ry is the graph defined by a cycle C' = 21, 29,...,210, 21 With chords a;2z;45, 1 < ¢ < 5.

A bipartite graph G is weakly balanced if G contains no odd wheel, no 3-path configuration,
no connected 6-hole and no Ry as induced subgraphs. Equivalently, GG is weakly balanced if
G is balanceable and contains no connected 6-hole and no Rig as induced subgraphs. Clearly,
every balanced graph is weakly balanced and every weakly balanced graph is balanceable.
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Figure 3: R1p and a connected 6-hole

A graph is strongly balanceable if it is balanceable and contains no cycle with exactly one
chord. Since Rip and connected 6-holes contain cycles with a unique chord, every strongly
balanceable graph is weakly balanced.

In this paper, we prove the following stronger version of Theorem 1.1.

Theorem 1.4 If G is a weakly balanced graph that is not strongly balanceable, then G has
an extended star cutset or a 2-join.

In [13], a decomposition theorem for the class of balanceable graphs is presented. This
result builds on Theorem 1.4: A third decomposition is introduced to deal with connected
6-holes, and the class of strongly balanceable graphs, which is used as ”basic class” in Theo-
rem 1.4, is enlarged to contain Ryg.

1.2 Additional Definitions and Notation
Adjacency

Let G be a graph. Given a node set S C V(G), node u ¢ S is strongly adjacent to S if u
has at least two neighbors in 5. (Throughout this paper C denotes strict inclusion while C
denotes inclusion.) We denote by N(u) the set of neighbors of w in G, and by Ng(u) the set
of neighbors of u in H, for any subgraph H of G. For a node v € V(H ), we say that node
w ¢ V(H)is a twin of v relative to H, if Ng(u) = Ng(v).

Paths and Cycles

A path P may be denoted by the sequence of its distinct nodes z1,x2,...,2,, n > 1. A path
having 2y and z, as endnodes is an zyx,-path. Let z; and z; be two nodes of P, where [ > 1.
The path x;,2;41,...,2; is called the z;z;-subpath of P and is denoted by P, . We write
P=uay,...,2, Py, %0, .., 2. When n > 3, we denote by P the Tot,_1-subpath of P.

For a path P (a cycle ('), the edges connecting consecutive nodes of P (of C') are called
the edges of P (edges of C') and this edge set is denoted by E(P) (£(C) respectively). The
length of P or C'is equal to the cardinality of E(P) or E(C).



Direct Connections

Let A, B, C be three disjoint node sets such that no node of A is adjacent to a node of B. A
path P = x1,x9,...,x, connects A and B if x1 is adjacent to at least one node in A and =z,
is adjacent to at least one node in B. The path P, connecting A and B, is a direct connection
between A and B if, in the subgraph induced by the nodes V(P)U AU B, no path connecting
A and B is shorter than P. A direct connection between A and B avoids C'if V(P)NnC = 0.

1.3 Classes of balanced graphs and decomposition theorems

The decomposition approach adopted in this paper was already used in the literature for
several classes of balanced graphs and for related classes of matrices. The result of Yannakakis
[31] for restricted unimodular matrices, the results of Anstee and Farber [1], Hoffman, Kolen
and Sakarovitch [27], Golumbic and Goss [24] for totally balanced matrices, the results of
Conforti and Rao for strongly balanced matrices [16] and linear balanced matrices [17] and
Seymour’s [29] characterization of totally unimodular matrices are all in this spirit.

Restricted balanced graphs

A graph is restricted balanced if every cycle is balanced. Restricted balanced graphs were
introduced by Commoner [10]. A graph is basic if it is bipartite and all the nodes in one side
of the bipartition have degree at most two. Testing whether a graph is basic is trivial and
testing whether a basic graph is restricted balanced amounts to testing whether a graph is
bipartite. Yannakakis [31] proved the following decomposition theorem:

Theorem 1.5 Let G be a biconnected restricted balanced graph that is not basic. Then G
has a 2-join consisting of two edges.

An algorithm for checking whether a graph is restricted balanced follows from this theorem,
see [31]. See [16] for a different algorithm.

1-Joins and strongly balanced graphs

Let K 4p be a biclique of a connected graph G with the property that G'\ F(K 4p) is discon-
nected. Let V4 be the node set of the connected components of G\ F(K 4p) with at least
one node in A. Similarly, let V5 be the node set of the connected components with at least
one node in B. The set K(K 4p) forms a I-join if |V4| > 2 and |Vp| > 2. This concept was
introduced by Cunningham and Edmonds [22]. Conforti and Rao [16] prove the following
decomposition theorem for strongly balanced graphs:

Theorem 1.6 Let G be a strongly balanced graph that is not restricted balanced. Then G
has a 1-join.

An algorithm for checking whether a graph is strongly balanced follows from this theorem,
see [16].
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Totally balanced graphs

A graph is totally balanced if it is bipartite and every hole has length 4. Totally balanced
graphs arise in location theory and were the first balanced graphs to be the object of an
extensive study. Several authors (Golumbic and Goss [24], Golumbic [25], Anstee and Farber
[1] and Hoffman, Kolen and Sakarovitch [27] ) gave properties of these graphs. An edge uv of
a bipartite graph is bisimplicial if the node set N(u)U N(v) induces a biclique. Note that if
uw is a bisimplicial edge and nodes u and v have degree at least 2, then G has a 2-join formed
by the edges connecting u and v to nodes in G'\ {u,v}. The following theorem of Golumbic
and Goss characterizes totally balanced graphs and can be used in a recognition algorithm,
see [24].

Theorem 1.7 A totally balanced graph has a bisimplicial edge.

Linear balanced graphs

A bipartite graph is linear if it does not contain a cycle of length 4. Note that an extended
star cutset in a linear bipartite graph is always a star cutset. Conforti and Rao [17] prove
the following decomposition theorem for linear balanced graphs. This can be used to check
whether a linear bipartite graph is balanced, see [19], [20].

Theorem 1.8 Let G be a linear balanced graph that is not strongly balanced. Then G has a
star cutset.

Figure 4 shows the Venn diagram for the classes of balanced graphs defined above.

1.4 Even wheels, parachutes, connected squares, goggles

Here we define four weakly balanced graphs that play an important role in the proof of
Theorem 1.4.

Even wheels

A wheel (H,v) is even if v has an even number (> 4) of neighbors in H.

Parachutes

A parachute is defined by four paths of positive length Py = vy,...,2, P, = vg,...,2, M =
v,...,z and T = wq,...,v9, where nodes » and z are in the same side of the bipartition,
nodes v, and vy are adjacent to v and |F(P1)| 4+ |E(Pz)| > 3. No other adjacency exists in a
parachute. See Figure 5.

Connected Squares

Connected squares are defined by four chordless paths of positive lengths Py = s{,...,t{; Py =
85, .. 15; P = sy,...,t; Py = s5,...,15, where nodes s§ and s§ are adjacent to both sj
and s§ and nodes ¢ and t§ are adjacent to both ¢] and ¢}, as in Figure 6(a). No other ad-
jacency exists in connected squares. The nodes s, s5,1{,15 are in one side of the bipartition
and sf, s}, 17,1, are in the other.



(a) Connected Squares (b) Goggles

Figure 6: Connected squares and goggles
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Goggles

Goggles are defined by a chordless path T = h,...,vand acycle C = h, P,z,a,Q,v, R, b,u, S, h,
with chords ua and zb (and hv when T has length 1), where P, Q, R, S denote chordless paths
of length greater that one, such that no intermediate node of 7" belongs to C'. No other edge
with both endnodes in V(C')U V(T') exists in goggles. The nodes a,b, h are on one side of
the bipartition and z,u, v are in the other, see Figure 6(b).

1.5 Outline of the proof of the main theorem

In this subsection, we state the results used in the proof of Theorem 1.4. We first introduce
the following classes of graphs:

e A bipartite graph is wheel-free if it contains no wheel.
e A bipartite graph is wheel-and-parachute-free if it contains no wheel and no parachute.

Let GG be a weakly balanced graph. In Section 4, we study the case where G is wheel-
and-parachute-free and we prove the following theorem:

Theorem 1.9 If G is a wheel-and-parachute-free weakly balanced graph that is not strongly
balanceable, then G has a 2-join.

Section 5 proves a decomposition result when G contains a wheel:

Theorem 1.10 If G is a weakly balanced graph that contains a wheel, then G has an extended
star cutset.

Sections 6, 7 and 8 deal with the remaining case, namely the case when G contains a
parachute but no wheel. Section 6 proves the following result:

Theorem 1.11 Let G be a wheel-free weakly balanced graph containing a parachute. Then
G has an extended star cutset, or G contains connected squares or goggles.

Section 7 studies connected squares:

Theorem 1.12 Let GG be a wheel-free weakly balanced graph containing connected squares.
Then G has a biclique cutset or a 2-join.

Section 8 studies goggles:

Theorem 1.13 Let G be a wheel-free weakly balanced graph containing goggles but no con-
nected squares. Then G has an extended star cutset or a 2-join.

Clearly, Theorem 1.4 follows from these five results.
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1.6 Some conjectures and open questions

The following conjecture has been formulated in [17]:

Conjecture 1.14 Fvery balanced graph G has an edge e with the property that G\ e remains
balanced.

In other words, if a 0,1 matrix is balanced, the 1’s can be turned into 0’s sequentially so
that all intermediate matrices are balanced. Conjecture 1.14 is obviously equivalent to the
following:

Conjecture 1.15 FEvery balanced graph contains an edge that is not the unique chord of a
cycle.

This property holds for totally balanced graphs, as a consequence of Theorem 1.7. Note
that every edge of the graph Ryg is the unique chord of a cycle of length 8, hence the above
conjectures cannot be extended to the class of balanceable graphs.

A biclique cutset is a special case of an extended star cutset, hence the question arises
whether Theorem 1.1 can be strengthened, by showing that every balanced graph that is not
strongly balanced has a biclique cutset or a 2-join.

Conjecture 1.16 If G is a wheel-free balanced graph that is not strongly balanced, then G
has a biclique cutset or a 2-join.

Note that Theorem 1.12 proves this conjecture when G contains connected squares. Such
a result would be interesting since biclique cutsets preserve balancedness in wheel-free graphs.

Theorem 1.17 If G is a wheel-free graph that contains a biclique culset, then G is balanced
if and only if all the blocks are.

Proof: The "only if” part is obvious, since the blocks are induced subgraphs of G.

To prove the ”if” part, assume G has biclique cutset AU B, (G is not balanced but all the
blocks are. Let H be an unbalanced hole of . At least two nonconsecutive nodes of H, say
v; and v;, belong to AU B, else H is contained in some block. Furthermore, nodes v; and v;
belong to the same set, else H has a chord. Assume w.l.o.g. that v;,v; € A. Let w be a node
of B. If we V(H), then wvy and wvy are edges of H and H contains no other node of AUB,
else H has a chord. Now, it follows that H is contained in some block, a contradiction.
Sow ¢ V(H). Assume that w has no neighbor in V(H) other than nodes v;,v;, and let
Py, P, be the two subpaths of A connecting v; and v;. Then the holes Hy = v;, w,v;, P, v;
and Hy = v;,w,v;, Py, v; have distinct length mod 4, and each one belongs to a block, a
contradiction to the assumption that all blocks are balanced. Hence w has at least three
neighbors in H, and (H,w) is a wheel. O

The graph in Figure 7 shows that Conjecture 1.16 cannot be extended to all balanced
graphs. More generally, we define an infinite family of graphs as follows. Let H be a hole
where nodes uy,...,up, v1,..., 0, W1,...,Wp,T1,...,T, appear in this order when traversing
I, but are not necessarily adjacent. Let Y = {y1,...,y,} and Z = {z,..., z,} be two node
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Figure 7: Wy,

sets having empty intersection with V/(H ) and inducing a biclique Ky z. Node y; is adjacent
to u; and w; for 1 <7 < p. Node z is adjacent to v; and z; for 1 <17 < ¢. Any balanced
graph of this form for p,q > 2 is called a W,,. For all values of p,q > 2, the graph W, has
no 2-join and no biclique cutset.

Since the graphs W, contain a wheel, a stronger form of the above conjecture is the
following.

Conjecture 1.18 If G is a balanced graph that is not strongly balanced, then G is either a
Wy or has a biclique cutset or a 2-join.
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2 2-Joins, Balancedness and Total Unimodularity

2.1 Introduction

In this section, we define the blocks GGy and G5 of a 2-join decomposition and we show that
(G is balanced if and only if G and (5 are balanced.

A 2-join E(K4,4,) U E(Kp,B,) is rigid if Ay U By or A3 U By induces a biclique. For a
2-join that is not rigid, we show that G is totally unimodular if and only if the blocks 7 and
G5 are totally unimodular.

These results are then used to deduce Theorem 1.2 from Theorem 1.1.

2.2 2-Join decomposition

Let K 4,4, and Kp g, define a 2-join of . The blocks (1 and (3 of the 2-join decomposition
are defined as follows. For ¢ = 1,2, let G be the subgraph of G\ (E(K 4,4,)U E(KpB,B,))
containing all its connected components that have nonempty intersection with A; and B;. To
obtain G, we first add to G a node «;, adjacent to all the nodes in A; and to no other node
of G and a node f3;, adjacent to all the nodes in B; and to no other node of G'.

If neither A;U By nor AyU By induces a biclique, let @ be a shortest path in G, connecting
anode in A; to a node in By, and let Q3 be a shortest path in Gf connecting a node in A; to a
node in By. Note that the existence of @1, Q2 is guaranteed by (ii) in the definition of 2-joins.
For ¢ = 1,2, add to G; a marker path M; connecting a; and §; with length 3 < |E(M;)| <6
and |E(M;)| congruent to |E(Q;)| modulo 4.

If exactly one set Ay U By or A3 U By induces a biclique, say Ay U By, then no marker
path is added in (G; and a marker path M; consisting of a single edge, connecting as and 3,
is added to G5.

If both Ay U By and Ay U By induce bicliques, then no marker path is added in G and
GQ.

The graphs (i1 and Gy are the blocks of the 2-join decomposition of G. It follows from (iii)
in the definition of a 2-join that the blocks Gy and G5 are both distinct from G. Furthermore,
some graph invariant decreases. In that sense, the 2-join decomposition is ”proper”. For

example, let ®(G) = |E(G)|— |[V(G)| - 1.

Lemma 2.1 [If a connected graph G has a 2-join with blocks G, Gy, then ®(G1) + ¢(G2) <
®(G). Furthermore, if G has no extended star cutset, then ®(G1) > 0 and ®(Gy) > 0.

Proof: Consider a 2-join of G, say E(K 4,4,)UE(KpB,B,), and let G}, G be defined as above.
Then

O(G) = [E(GD]+ [E(G)] + [Au] x [Ag| + [ Bi] x | By| = V(G| = V(G - 1

and

®(Gi) < |E(G)|+ [Ail + |Bi| = V(G| = 2.

Now ®(Gh) + ®(G2) < ®(G) follows by observing that any positive integers p, ¢ satisfy
p+qg<pxgqg+Ll

Now assume that G has no extended star cutset. Since G has a 2-join, it has more than
four nodes and therefore it is 2-connected. Thus, for ¢ = 1,2, (G; is 2-connected as well and
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its number of edges is at least |V(G;)|, i.e. ®(G;) > —1. If ®(G;) = —1, then G is a hole,
but this is impossible by Property (iii) in the definition of a 2-join. Therefore ®(G;) > 0. O

Theorem 2.2 Let G, G5 be the blocks of a 2-join decomposition of a connected bipartite
graph G. Then G is a balanced graph if and only if both Gy and G5 are balanced graphs.

Proof: We first prove that, if G is balanced, then GG; and G5 are balanced. Assume not and
let H be an unbalanced hole of G4 or GG5.

Case 1 Neither A1 U By nor Ay U By induces a biclique.

Assume w.l.o.g. that H is in G;. Then H must contain nodes a; and [y, but not
the marker path connecting them, otherwise G would contain a hole with the same
length mod 4 as H. Since GG contains nonadjacent nodes ay € Ay and by € By, the hole
induced by (V(H)\ {a1,81}) U {az, bz} is an unbalanced hole of G.

Case 2 Exactly one of A1 U By or Ay U By induces a biclique.
Then G and G4 are induced subgraph of G and therefore they are balanced.

Case 3 Both Ay U By and As U By induce bicliques.

W.lo.g. H is in GGy. H must contain nodes ay and (31, otherwise G would contain a
hole with the same length as H. But then H has chords, a contradiction.

We now prove that, if G; and G5 are balanced, then G is balanced. Assume not and let H
be an unbalanced hole of G. Then H must contain at least one node in each of the set A, Ao,
B, Bg, otherwise H is also a hole contained in Gy or Gp. If H contains no edge of G, then
H = dy,ads,af,... 0,05, b, ... d} where af,a{ € Ay and b},0] € By, a5, € A; and b}, € Bs.
Then neither A; U By nor A3 U By induces a biclique and H' = a},aq,ay,...,b], p1,b],...,a}
is an unbalanced hole of Gy, a contradiction. So H = a},d), Py, by, b}, P1,a), where a] € Ay
and b} € By, a}, € Ay and b, € By. If both sets Ay U By and Ay U By induce bicliques, then
H has length 4, contradicting the choice of H. If exactly one set A1 U By or A; U By induces
a biclique, say Ay U By, then (G5 contains a hole of the same length as H. Now consider the
case where neither Ay U By nor Ay U By induces a biclique. Since (¢ contains no unbalanced
hole, the length of its marker path M; is not congruent to the length of P, mod 4. It
follows that G contains a chordless path ()2 connecting a node a4 € A; to a node b4 € B
whose length is not congruent to the length of P, mod 4. The holes af, Py, b)), B2, My, ag, df
and af, Q2,bY, B2, My, ag, al) have distinct lengths mod 4. Hence one of them is unbalanced,
contradicting the assumption that (i3 is balanced. O

Next, we prove a lemma which is a graphical analog of the fact that 3-sums preserve
regularity in matroid theory.

Lemma 2.3 Let G be a connected bipartite graph with a 2-join that is not rigid, and let

G1 and G5 be the blocks of the corresponding 2-join decomposition of G. Then G s totally
unimodular if and only if both Gy and G5 are totally unimodular.
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Proof: A graph is Fulerian if all its nodes have even degree. By Camion’s theorem [9], a
bipartite graph is totally unimodular if and only if it contains no Eulerian induced subgraph
with 2 (mod 4) edges. If G or GGy contains an Eulerian induced subgraph with 2 (mod 4)
edges, then so does GG since the length of a marker path is the same (mod 4) as that of a path
in G.

So, to prove the lemma, it suffices to show that, if G contains an Eulerian induced
subgraph with 2 (mod 4) edges, then so does Gy or 3. Let H be an Eulerian induced
subgraph of G with 2 (mod 4) edges. Let E(K ras)U E(Kprpy) be the 2-join of G and let
A, =V(H)NAY, B, = V(H)nB!, fori = 1,2. We remove from H subsets of edges that form
4-cycles in F(K 4,4,) orin F(Kp,B,), as follows (the resulting graph H' is Eulerian with 2
(mod 4) edges, but may not be induced in G):

(i) If |A1| or |A;| are both even, then all edges of K 4,4, are removed.
(ii) If [A4] is even and [Ay| is odd, then choose az € Az and remove all edges of K 4, 4,\(a,}-

(iii) If both |A1| and |A;| are odd, then choose a1 € A; and az € Ay, and remove all edges
of K 41\ {1} Ao\ {as}-

Edges with endnodes in By U By are removed in the same way, based on the parity of | B|
and |By|. Note that (iii) occurs for Ay, A if and only if (iii) occurs for By, Bg, since H is
FEulerian and therefore the number of edges in E(K 4,4,) U E(Kp,B,) is even.

Case 1 (i) or (ii) occurs.

Then the edges of H' partition into two Eulerian graphs H; and H, that are induced
subgraphs of GG; and (3. One of these subgraphs has 2 (mod 4) edges.

Case 2 (iii) occurs.

For i = 1,2, define H/ to be the subgraph of H'\ (E(K 4,4,)U E(Kp,p,)) containing
the connected components that have nonempty intersection with A; and B;. Define H;
to be the graph induced by V(H/) and the nodes of the marker path M; of G;. Then

Hy and Hy are Eulerian induced subgraphs of 7 and G5 respectively. Furthermore,
|E(Hy)|+ |E(Hsg)| is equal to |E(H')| + |E(My)| + |E(Ms)| 4 2, since the edges ajas
and b1by of H' correspond to edges in both Hy and Hs and all the other edges appear

exactly once.

If |E(My)|+]|FE(Ms3)| equals 2 (mod 4), it follows that | F(Hy)| or | E(H3)| equals 2 (mod
4) and we are done.

Otherwise, |E(M;)|+ |E(M;)| equals 0 (mod 4), since this sum must be even. Now My
has the same length (mod 4) as a shortest path ()3 in G| connecting a node in 4; to

a node in By. Therefore the nodes of ()2 and M; induce a hole of length 2 (mod 4) in
(1. This is the required Fulerian induced subgraph.
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2.3 Bipartite graphs without extended star cutsets

Lemma 2.4 Let G be a bipartite graph that has no extended star cutset. Then G has no
rigid 2-join.

Proof: Assume G has a rigid 2-join E(K 4,4,)U E(Kp,B,) and let A3 U By induce a biclique.
If |A1] > 1 or |By] > 1 or V(GY)\ (A1 U By) # 0, then G has a star cutset with center
in Ay or By. So |Ay] = |By] = 1 and V(G))\ (A1 U By) = 0. Now, Ay U By must be a
biclique by (iii) of the definition of a 2-join. So, as above, it follows that |A3] = |Bz| =1
and V(G45)\ (A2 U By) = 0. But then G has only four nodes, contradicting the definition of
2-join. O

Lemma 2.5 Let GG be a balanced graph that has no extended star cutset. Then, in every

2-join, V(G \ (A; U B;) # 0, fori=1,2.

Proof: Assume otherwise, say V(G7)\ (A1 U By) = 0. By (ii) in the definition of a 2-join,
every node of Ay has a neighbor in By and, vice versa, every node in B; has a neighbor in
Ay. By Lemma 2.4, the 2-join is not rigid. These two facts imply that |A{| > 2 and |By| > 2.
Furthermore, every node in A; has a node in By that it is not adjacent to (otherwise, there
is a star cutset) and every node in By has a node in A; that it is not adjacent to. Let u be a
node of largest degree in the graph induced by A; U B;. W.l.o.g. assume v € Ay. Let Y be
the set of neighbors of w in By and let v € By \ Y. Let w € Ay be a neighbor of v. Then w is
not adjacent to some node y € Y, by our choice of u. Since the 2-join is not rigid, A, U By
is not a biclique, i.e. there exist as € Ay and by € By that are not adjacent. Now uwaswvbyyu
is a 6-hole, a contradiction. O

Lemma 2.6 Let G be a balanced graph that has no extended star cutset. If G has a 2-join,
then the blocks G, G4 of the 2-join decomposition do not have an extended star cutset.

Proof: Assume otherwise, i.e. one of the blocks, say G, has an extended star cutset 5 =
(z;7;Q; R). By Lemma 2.4, the 2-join is not rigid. So, for ¢ = 1,2, G; contains a marker
path M; = a;,...,[3; of length |E(M;)| > 3. Let G\ = G; \ V(M,).

Case 1 Node z coincides with a4 or 3.

Assume w.l.o.g. that x coincides with ay. Since |E(My)| > 3, 51 is not in S. So, S
is a cutset that separates 5y from a node in G\ 5. We can assume w.l.o.g. that the
neighbor of o in My is not in 9, since the set obtained by removing that neighbor from
S would also be an extended star cutset of G1. So Q@ U R C Ay. If 5 is a star cutset,
ie. T ={z} and @ = 0, then S* = RU A, is a biclique cutset of G, separating By from
anode in G \ 5. So assume that |7'| > 2. Then at least two nodes of A; are contained
in Q. Let 2* be any node of A;. Then S* = (2*;(T'U Ay) \ {z};Q; R) is an extended
star cutset of G separating By from a node in G \ 5.

Case 2 Node z is an intermediate node of Mj.

Since My has length at least 3, we must have |T'| = 1, i.e. S is a star cutset. W.l.o.g.
assume [y ¢ S. Then S separates 31 from a node in G\ S. But then S = {ay} is also
a star cutset of G1. So, by Case 1, we are done.
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Case 3 Node z is in Ay or Bj.

W.lo.g. assume that z is in Ay. If B € 5, then S separates §; from a node in G/ \ 5.
Ifor & QUR, let S* = 5. If ag € R, let §* = (x;7;0Q;(R\ {a1}) U Az) and if
a; € Q, let S* = (2;7;(Q \{a1})U Az; R). Then S* is an extended star cutset of GG
separating B from a node in G|\ 5. So 31 € 5 and hence #; € T. Thus @ C B;. Now
S* = (z;(T\{B1})U By; Q; (R\ {a1}) U Ay) is an extended star cutset of G separating
a node of G|\ S from a node of G4\ (A3 U Bz). (Note that this graph is nonempty by
Lemma 2.5.)

Case 4 Node z is in G\ (41 U By).

Not both ay and f; can be in 5. Assume w.l.o.g. that 5y € 5. Then 5 is a cutset
separating (1 from a node in G|\ S. If a3 ¢ 5, then S is a cutset of (G separating
By from a node in G} \ 5. So a; € 5. Then ay € T, @ C Ay and hence 5* =
(z;(T'\{a1})U A2; Q; R) is an extended star cutset of GG separating B, from a node in
G\ S.

Now we prove that Theorem 1.2 follows from Theorem 1.1 and the above results.

Proof of Theorem 1.2: Assume that G is a balanced graph that has no extended star
cutset. Decompose G into blocks using 2-join decompositions, recursively, until no 2-joins
exist. This process is finite, by Lemma 2.1. All the blocks are balanced by Lemma 2.2. By
Lemma 2.6, the blocks have no extended star cutset. So, by Theorem 1.1, all the blocks are
strongly balanced. Strongly balanced graphs are totally unimodular [16]. By Lemma 2.4, the
2-joins used in the decomposition are not rigid, and, by Lemma 2.3, 2-joins that are not rigid
preserve total unimodularity. It follows that G is totally unimodular. O
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3 Polytime Recognition Algorithm

In this section, we use Theorem 1.2 to recognize in polytime whether a bipartite graph G
is balanced. Since it is not true that the blocks of an extended star cutset decomposition
are balanced if and only if GG is balanced, we decompose a family of subgraphs of G, say
G,...,G)p, instead of just GG. Then, by applying extended star cutset decompositions to all
the G;’s, we can show that the desired property holds for this larger family of blocks, namely,
all blocks in this family are balanced if and only if G is balanced. To describe the appropriate
family of graphs G;, we need to study smallest unbalanced holes in bipartite graphs G that
are not balanced.

3.1 Undominated Graphs

A node u is said to be dominated if there exists a node v, distinct from w, such that N(u) C
N(v). The graph G is said to be undominated if it contains no dominated nodes. A double
star is a node set S = N(u)U N(v) where u, v are adjacent nodes. S is a double star cutset if
G\ S is nonempty and contains more connected components than G. The lemma below shows
a relation between double star cutsets and extended star cutsets for undominated bipartite
graphs.

Lemma 3.1 If an undominated bipartite graph G has an extended star cutset, then it has a
double star cutset.

Proof: Let S = (2;T; A; R) be an extended star cutset of G and let G, GY, ..., G} be the
connected components of G'\ 5. By definition, A # (). Define 5* = N(z)U N(v), where
v is a node in A. Clearly, 5 C 5*. Suppose 5* is not a double star cutset of G. Then all

the nodes in one of the connected components of G\ 5, say G%, belong to S*\ 5. Hence
V(G%) C N(z)U N(v),i.e. each node in G is dominated by z or by v. 0

Lemma 3.1 and Theorem 1.2 imply:

Theorem 3.2 If G is an undominated balanced graph that is not totally unimodular, then G
has a double star cutset.

3.2 Smallest unbalanced holes

Let G be a bipartite graph that is not balanced and let H* be a smallest unbalanced hole in
(. In this subsection, we study properties of strongly adjacent nodes to H™.

A strongly adjacent node u to a hole H in G is odd-strongly adjacent if u has an odd
number of neighbors in H, and it is even-strongly adjacent if it has an even number of
neighbors in H. The sets A"(H) and A°(H) contain the odd-strongly adjacent nodes to H
that belong to V" and V¢ respectively.

The following properties of the sets A"(H*) and A°(H*), associated with a smallest un-
balanced hole H* were proven by Conforti and Rao in [19].

Property 3.3 There exists a node " € V" N V(H*) that is adjacent to all the nodes in
A°(H*). There exists a node x° € VSN V(H*) that is adjacent to all the nodes in A"(H*).
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Property 3.4 FEvery even-strongly adjacent node to H* is a twin of a node in H*

The above properties were used in [20] to design a polytime algorithm to test whether
a linear bipartite graph is balanced. To test balancedness of a bipartite graph, we need the
following additional properties of strongly adjacent nodes.

Definition 3.5 A tent 7(H,u,v) is a subgraph of G induced by a hole H and two adjacent
nodes uw and v that are even-strongly adjacent to H with the following property:

The nodes of H can be partitioned into two subpaths containing the nodes in N(u)NV (H)
and N(v) NV (H) respectively.

A tent 7(H,u,v) is referred to as a tent containing H. We now study properties of a
tent 7(H™,u,v) containing a smallest unbalanced hole H*. By Property 3.4, both u and v
are twins of nodes of H. We assume throughout that the first node, say u in the definition
of a tent 7(H,u,v) belongs to V" and that the second node, say v, belongs to V. We use
the notation of Figure 8, where nodes uy, ug, ug, v1, vg, v2 are encountered in this order, when
traversing ™.

uo N

/ u2 \

(% /

Vo y

Figure 8: Tent

Lemma 3.6 Let H* be a smallest unbalanced hole and T(H*,u,v) be a tent containing it.
At least one of the two sets N(vg) U N(uq), N(vo)U N(uz) contains A"(H*). At least one of
the two sets N(ug)U N(vq1), N(ug) U N(vg) contains A°(H™).

Proof: By symmetry, we only need to prove the first statement. Suppose vg is not adjacent
to a node w € A"(H*). Consider the hole H; obtained from H* by replacing vy with node
v. Now w in not adjacent to v, for otherwise w is even-strongly adjacent to H7, violating
Property 3.4. Therefore, w is in A"(H7). Node w is in A"(H{) and has neighbors uq, ug and
vin HY. By Property 3.3, all nodes in A"(H7) have a common neighbor in H;. So it follows
that this common neighbor must be uy or us. O
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Lemma 3.7 Let H* be a smallest unbalanced hole and T(H*,u,v), T(H*,w,y) be two tents
containing H*, where wy, wq are the neighbors of w and yy, y2 are the neighbors of y in H*.
Let wg and yg be the common neighbors in H* of wy, wy and yq, yo respectively. Then at
least one of the following properties holds:

o Nodes uy and ug coincide with wy and ws.
e Nodes vy and vy coincide with 1 and ys.
e Nodes ug and y are adjacent.

e Nodes vg and w are adjacent.

Proof: Suppose the contrary. Then u, v, w, y are all distinct nodes and one of the following
two cases occurs. The edges of H* can be partitioned in two paths P, P, with common
endnodes so that either (Case 1:) Py contains uy, ugz, v1, vo and Py contains wy, we, ¥1, Y2
or (Case 2:) Py contains uq, ug, y1, y2 and P, contains vy, vg, wy, ws.

Assume u and y are adjacent and consider the hole Hy =~ contained in V(H*)U {w,y},
containing w, y, uy, uz. Then (H}, ,u)is an odd wheel and all the holes of (H}, ,u) are
smaller than H*. Since one of them is unbalanced, we have a contradiction to the minimality
of H*. By symmetry, w and v are nonadjacent as well.

In Case 1, consider the hole H,  contained in V/(H*)U {v,w,y}, containing v, w, y, uy,
uy. Then (H,,,u) is an odd wheel and all the holes of (H},,,u) are smaller than H™, a
contradiction. In Case 2, nodes u and y are connected by a 3PC(u,y). The three holes of

this 3-path configuration are smaller than 7™ and at least one of them is unbalanced. O

3.3 A Recognition Algorithm

In this subsection, we give an algorithm to test whether a bipartite graph is balanced.
Definition 3.8 A hole H is said to be clean in G if the following three conditions hold:
(1) No node is odd-strongly adjacent to H.

(i1) Fuvery even-strongly adjacent node is a twin of a node in H.

(iii) There is no tent containing H.

In a wheel (W,v), a subpath of W having two nodes of Ny (v) as endnodes and only
nodes of V(W)\Nw(v) as intermediate nodes is called a sector of (W,v). A short 3-wheel is
a wheel with three sectors, at least two of which have length 2.

RECOGNITION ALGORITHM

Input: A bipartite graph G.
Output: G is identified as balanced or not balanced.

Step 1 Apply Procedure 1 to check whether GG contains a short 3-wheel. If so, G is not
balanced, otherwise go to Step 2.
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Step 2 Apply Procedure 2 to create at most |V"|*V¢|* induced subgraphs G,...,G,
such that, if G is not balanced, one of the induced subgraphs created, say G;, contains an
unbalanced hole H* that is clean in G;.

Step 3 Apply Procedure 3 to each of the graphs Gy,...,G, to decompose them into
undominated induced subgraphs By,..., B; that do not contain a double star cutset. While
decomposing a graph with a double star cutset N(u) U N(v), Procedure 3 also checks for
the existence of a 3-path configuration containing nodes u and v and nodes in two distinct
connected components resulting from the decomposition. If such a configuration is found,
then (' is not balanced, otherwise go to Step 4.

Step 4 Test whether all the blocks By, ..., Bs are totally unimodular. If so, GG is balanced,
otherwise (G is not balanced.

An algorithm to test whether a bipartite graph is totally unimodular can be found in [28].
Hence the details of Step 4 are omitted in this paper.

3.4 Short 3-Wheels

PROCEDURE 1, for identifying whether ¢ contains a short 3-wheel, can be described as
follows: Let C' = aq, a9, as, a4, a5, ag, a1 be a 6-cycle of G having unique chord aqas. If ¢y and
as are in the same connected component of G\ (N (ag)UN (ag)UN (as)UN (as)\{a1,as}), orif
a4 and ag are in the same connected component of G\ (N (a1 )UN (a2)UN (a3)UN (as)\{a4, as}),
then a short 3-wheel containing C' is identified. Otherwise G has no short 3-wheel containing
C'. Perform such a test for all 6-cycles of G with a unique chord.

The complexity of this procedure is of order O(|V"[#|Ve]4).

3.5 Clean Unbalanced Holes

In this subsection, we show how to create at most [V"[*|V¢|* induced subgraphs of G such
that, if G is not balanced, one of these subgraphs, say G, contains an unbalanced hole that
is smallest in G and is clean in G,.

Given a graph F and nodes i, 7, k,[ of F that induce the chordless path ¢, 7, k, [, we define
Fi;k1 to be the induced subgraph obtained from F' by removing the nodes in Np(j)U Np(k)\
{i,7,k,1}.

PROCEDURE 2

Input: A bipartite graph G.

Output: A family £ = Gq,...,G,, where p < |[V7|HVe[4, of induced subgraphs of G
such that if G is not balanced, one of the subgraphs in L, say G}, contains an unbalanced
hole that is smallest in G and is clean in GY.

Step 1 Let £* = {G;;m :nodes ¢, j, k, [ of G induce the chordless path 1, j, k,{}
Step 2 Let £ = {Q;;r :the graph @ isin £* and nodes 1, j, k, [ of () induce the chordless
path ¢, j, k,[}.

We now prove the validity of Procedure 2.

Lemma 3.9 If G is not balanced, one of the graphs in L, say G, contains an unbalanced
hole H* that is smallest in G and is clean in G;.
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Proof: Let H* be a smallest unbalanced hole in . Choose two induced paths wuq, ug, w2, us
and vy, vg, v9,v3 on H* as follows:

e If no tent contains H*: A"(H*) C N(ug) and A°(H*) C N(vg). (This choice is possible
by Property 3.3.)

o If some tent 7(H*, u,v) contains H*: {uy,ug} = N(u) N V(H*) and {vy,v2} = N(v)N
V(H*). By Lemma 3.6, we can index u;, ¢ = 1,2, so that A"(H*) C N(vp) U N(uz)
and we can index v;, ¢ = 1,2, so that A°(H*) C N(ug)U N(vz). By Lemma 3.7, for
every tent 7(H*,w,y) that contains H*, w or y is adjacent to one of the nodes in

{Uo, Uz, Vo, v?}-

S0 (Guyugusus Jugvovavs Delongs to £ and contains H* but in (G ugusus Jugvovsvss NO tent
contains H* and H* has no strongly adjacent nodes other than twins. |

3.6 Double Star Cuset Decompositions

We describe a procedure to decompose a bipartite graph G into blocks that are induced
subgraphs and do not have a double star cutset.

Definition 3.10 Let H be a hole in a graph. Then C(H) = {H; | H; is a hole that can be
obtained from H by a sequence of holes H = Ho, Hy,..., H;, where |V(H;)\ V(H;_1)| =1,
forj=1,2,...,i}.

Lemma 3.11 Let G be a bipartite graph that is not balanced and contains no short 3-wheel.
If H is a smallest unbalanced hole and is clean in G, then every hole H; in C(H) is clean in

G, |H)| = |H| and C(H;) = C(H).

Proof: let H = Hy, Hy,...,H; be a sequence of holes as in Definition 3.10. It suffices to
show the lemma for Hy. Since A"(H)U A°(H) = 0, by Property 3.4, Hy has been obtained
from H = x1,29,23,...,2,, 21 by substituting one node, say zs, with its twin y3. We assume
w.lo.g. that z3,y3 € V". So |Hq| = |H| and C(H;1) = C(H).

Assume A”(Hy)U A°(Hy) # 0. Since H is clean, then H must contain a twin y; of #; in
Ve, where y; is adjacent to ys but not to z3. Now 7(H,ys,¥;) is a tent, a contradiction to
the assumption that H is clean, and this proves that H; satisfies (i) of Definition 3.8.

The fact that H is clean shows that [y satisfies (ii) of Definition 3.8.

Finally, assume H; contains a tent 7(Hy,z,y), where & € V". Then a3 # z, else y €
A"(H). So z is a twin of a node in H and y is adjacent to y3. We can assume that z is
the unique neighbor of y in H. Now let x; be the neighbor of z with lowest index and let
C = x1,22,23...,2,2,y,1. The neighbors of ys in C are y, z3, x4 and (C,ys) is a short
3-wheel. This proves that Hy satisfies (iii) of Definition 3.8. O

PROCEDURE 3

Input: A bipartite graph F not containing a short 3-wheel.

Output: Either a 3-path configuration of F, or a list of undominated induced subgraphs
FY,...,FF of F each containing an induced path of length 3, where ¢ < [V¢(F)]*|V"(F)|?
with the following properties:
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e The graphs FY, ..., F¥ do not contain a double star cutset.

o If the input graph F' is not balanced and contains a clean unbalanced hole that is
smallest in /', then one of the graphs in the list, say F*, contains an unbalanced hole

H~*in C(H), that is smallest and clean in both F" and F}.

Step 1 Delete dominated nodes in F' until F' becomes undominated. Let M = {F},
7 =0.

Step 2 If M is empty, stop. Otherwise remove a graph R from M. If R has no double
star cutset, add R to 7 and repeat Step 2. Otherwise, let S = Np(u)U Np(v) be a double
star cutset of R. Let RY,..., R} be the connected components of R\ S and let Ry,..., R; be
the corresponding blocks, that is R; is the graph induced by V(R!)U S. Go to Step 3.

Step 3 Consider every pair of nonadjacent nodes u, and v, adjacent to u and v respec-
tively and distinct from v and w. If there exist two distinct connected components of R\ 5
that each contain neighbors of u, and neighbors of v,, there is a 3PC(u,,v,) and F' is not
balanced. Otherwise go to Step 4.

Step 4 From each block R;, remove dominated nodes until the resulting graph R} becomes
undominated. Add to M all the graphs R} that contain at least one chordless path of length
3. Go to Step 2.

Lemma 3.12 Let I be a bipartite graph that does not contain a short 3-wheel and let H* be
a smallest unbalanced hole that is clean in F.

If Procedure 3, when applied to F', does not detect a 3-path configuration in Step 3, then
one of the graphs F*, obtained as ouput of Procedure 3, contains an unbalanced hole in C(H*).

Proof: Let N(u)U N(v) be a double star cutset of F, used in Procedure 3. Let Fy,..., F}
be the connected components of F'\ (N(u)U N(v)) and Fy,..., F; be the corresponding
blocks. We first show that if no 3-path configuration is detected in Step 3, an unbalanced
hole H” € C(H*) is contained in some block F; obtained at the end of Step 3.

Choose H' € C(H*) such that V(H') N {u, v} is maximal. By Lemma 3.11, H’ is clean in
F, so u is either in H' or has at most one neighbor in H’ and the same holds for v.

Let W be the subgraph induced by V(H')\ (N(u)U N(v)). We have three possibilities
for W:

(i) If H' contains no neighbor of v and v, then W = H’.

(ii) If both u and v have a single neighbor w; and vy in H' and wy, vy are nonadjacent,
then W consists of two paths.

(iii) In all the remaining cases, it is easy to check that W consists of a single path.

If H' does not belong to any of the blocks Fy, ..., F;, the graph W must be disconnected
and have a component in, say, F! and another in, say, FJ’ So (ii) holds. Let uy and vy be the
neighbors of w and v in H’. Then V(W)U {u, v} induces a 3PC(uy,vy) which is detected in
Step 3 of the algorithm.

So, at the end of Step 3, one block F; contains H' and, by Lemma 3.11, H' € C(H*) is
clean in F;. Since H'is clean, the graph F*, obtained from F; by removing dominated nodes,
contains a hole H” € C(H') = C(H"*), where possibly H' = H". O
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Lemma 3.13 The number of graphs FY,..., Fy produced by Procedure 3 applied to F is
bounded by [V"(F)|*|VE(F)|*. So is the number of double star cutsets used by Procedure 3.

Proof: Let N(u)U N(v) be a double star cutset of F. Let Fy,...,F/ be the connected
components of F'\ (N(u)U N(v)) and let Fy,..., F}" be the corresponding undominated
blocks.

Claim 1 No two distinct undominated blocks contain the same chordless path of length 3.

Proof of Claim 1: Suppose by contradiction that a chordless path P = a,b, ¢, d belongs
to two distinct undominated blocks F* and F*. Then {a,b,c,d} C Np(u)U Np(v).

Node u is distinct from a and d for otherwise a and d are adjacent and P is not a chordless
path. By symmetry, v is also distinct from a and d. Since both F" and F}" are undominated,
both nodes a and d have at least one neighbor in both the connected components I} and
FJ’ Now Step 3 of Procedure 3 detects a 3-path configuration. This completes the proof of
Claim 1.

Claim 2 The graph F contains at least one chordless path of length 3 that is not contained
in any of the undominated blocks F.

Proof of Claim 2: Each of the connected components FY, ..., F} must contain at least two
nodes, since F'is an undominated graph. At least one node in F/ must be adjacent to a node
in Np(u)U Np(v). Assume w.lo.g. that node p; in F/ is adjacent to a neighbor of v, say v;.

Suppose now no node in F} is adjacent to a node in N(u). Then the nodes in N(u)\ {v}
are dominated by v in F/ U N(u)U N(v). Thus, the undominated block F} does not contain
any neighbor of v except v. This in turn implies that node w is dominated by v;. Thus u
would have been deleted from F*. Now P = p;,v;,v,u is a chordless path of length 3 in F
but P is not in any of the undominated blocks FT, ..., F}.

So a node in F! must be adjacent to a node, say u;, that is a neighbor of u. Repeating
the same argument for j = 1,...,1, it follows that each connected component FJ’ contains a
node, say w;, that is adjacent to a node, say u; € Np(u). Suppose now u; has a neighbor,
say ¢ in a connected component F}, distinct from FJ’ Let ¢ be a neighbor of ¢ in Fj.
Then P = ¢,g,u;,w; is a chordless path of length 3 contained in /* but not in any of the
undominated blocks Fy, ..., F. Suppose now that u; does not have any neighbor in FJ,
k # j. Then, in Step 4 of Procedure 3, node u; is deleted from the undominated block F}.
Now the path wg, ug,u,u; is a chordless path of length 3 contained in /' but not in any of
the undominated blocks Ff, ..., Ff. This completes the proof of Claim 2.

Every undominated block that is added to the list M in Step 4 of Procedure 3 contains
a chordless path of length 3. Hence every undominated block that is added to the list 7
in Step 2 contains a chordless path of length 3. By Claim 1, the same chordless path of
length 3 is not in any other undominated block that is added to the list 7. So the number
of graphs in the list Fy, ..., F* is at most [V"(F)[*|Ve(F)|*. By Claim 2, it follows that the
number of double star cutsets used to decompose the graph F' with Procedure 3 is at most

V)PV O

3.7 Validity of the Algorithm

We now prove the validity of the recognition algorithm given in Subsection 3.3.
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Theorem 3.14 The running time of the recognition algorithm is polynomial in the size of
the input graph G, and the algorithm correctly identifies G' as balanced or not.

Proof: The recognition algorithm described in Subsection 3.3 applies first Procedures 1,
2 and 3. The running time of each of these procedures has been shown to be polytime
in its respective subsection. Finally, in Step 4, the algorithm checks whether each of the
(polynomially many) blocks is totally unimodular. Total unimodularity can be checked in
polytime [28]. Hence the running time of the recognition algorithm described in Subsection 3.3
is polynomial.

Suppose G is balanced. Then G does not contain a short 3-wheel or a 3-path configuration.
All the induced subgraphs of GG are balanced, so the graphs produced by Procedures 2 and 3
are balanced. Now, by Theorem 1.2, every graph in the list By, ..., By is totally unimodular.
Then Step 4 of the algorithm identifies G as balanced.

Suppose G is not balanced. If G contains a short 3-wheel, Step 1 of the algorithm identifies
G as not balanced. Suppose G does not contain a short 3-wheel. Clearly ' contains an
unbalanced hole of smallest cardinality. Now, by Lemma 3.9, one of the induced subgraphs,
say G, of GG, in the list produced by Procedure 2 contains an unbalanced hole H*, of smallest
cardinality, that is clean in G;. Now G is one of the graphs considered for double star
cutset decompositions by Procedure 3. By Lemma 3.12, Procedure 3 either detects a 3-
path configuration or one of the undominated blocks, say B;, in the final list produced by
Procedure 3 contains an unbalanced hole in the family C(H*). In the former case G is
correctly identified as not balanced. In the latter case, B; is not totally unimodular and
Step 4 of the algorithm identifies G as not balanced. O

Remark 3.15 A polytime recognition algorithm for balancedness that does not use total uni-
modularity testing can be obtained as follows. Instead of stopping the recognition algorithm
in Step 4, where the blocks are checked for total unimodularity, continue the decomposition
process, using 2-join decompositions for each B;. A polytime algorithm for identifying 2-joins
is given in [21] for a slightly different definition. This algorithm can be adapted to the 2-join
decomposition used here. By pursuing the decomposition process until the blocks contain no
2-join, one can show, using Theorem 1.1, that G is balanced if and only if all the blocks are
strongly balanced. In fact, by Theorems 1.6 and 1.5, one can show that G is balanced if and
only if all the blocks are basic. This property can be checked in polytime and the number of
blocks is polynomial by Lemma 2.1.
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4 Wheel-and-Parachute-Free Graphs

4.1 Introduction

In this section, we consider weakly balanced graphs that are wheel-and-parachute-free.

Remark 4.1 The class of wheel-and-parachute-free weakly balanced graphs properly contains
totally balanced graphs and strongly balanceable graphs.

Proof: The cycle H of a wheel (H,v) and the cycle induced by the paths 7', P, P; in a
parachute Par(T, Py, Py, M) are holes of length strictly greater than 4. Hence totally balanced
graphs are wheel-and-parachute-free.

In a wheel (H,v), a cycle with a unique chord is induced by v and an appropriate subpath
of H. In a parachute, assume w.l.o.g. that P, has length greater than 1. Then the graph
obtained from the parachute by removing the intermediate nodes of P; is a cycle with a
unique chord. Hence strongly balanceable graphs are wheel-and-parachute-free.

To see that the inclusion is proper, note that a cycle ' with a unique chord having
length 10 or more, is neither strongly balanceable nor totally balanced. Yet, the cycle C'is a
wheel-and-parachute-free weakly balanced graph. |

A 2-join E(K 4,4,)UE(KB,B,) is said to be rigid if A1 U By or A;U By induces a biclique.
The main result of this section is the following.

Theorem 4.2 If G is a wheel-and-parachute-free weakly balanced graph that is not strongly
balanceable, then G has a rigid 2-join.

Assume wv is a bisimplicial edge of a bipartite graph &' and both A = N(u)\ {v} and
B = N(v)\ {u} are nonempty. Then G contains a rigid 2-join E(K 4 1,3) U E(Kp 1) (note
that Property (iii) of the definition of a 2-join is satisfied since AU B induces a biclique). So,
Theorem 4.2 can be viewed as an extension of Theorem 1.7 about totally balanced graphs.

The next result describes the different types of possible strongly adjacent nodes to a cycle
with a unique chord.

Theorem 4.3 Let C' be a cycle with a unique chord wv in a weakly balanced graph and let
Cy and Cq be the two holes of the graph induced by V(C). If x is a strongly adjacent node to
C, then x is of one of the following types:
Type 1 The set No(z) is contained in V(Cy) or in V(Cy).

Then |Nc(x)| is even.

Type 2 The set No(x) is not contained in V(C7) or in V(C3) and N(z) N {u,v} # 0.
Then |N¢, (z)| and |Nc,(x)| are both even.
Type 3 The set No(x) is not contained in V(Cq) or in V(C3) and N(z) N {u,v} = 0.

Then either |N¢, ()| is even and |Ney(z)] = 1 or [N¢,(2)| is even and |N¢,(z)] = 1.
Furthermore the unique neighbor of x in C1 or Cy is adjacent to u or v.
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Proof: If, for ¢ = 1 or 2, No(2) is contained in V(C;), then |No(2)] is even, else (C}, ) is an
odd wheel. Thus z of Type 1.

If No(2) is not contained in V(Cy) or V(C3) and z is adjacent to u or v, then |N¢,(2)] is
even for i = 1,2, else (C;,z) is an odd wheel. Thus @ of Type 2.

If No(z) is not contained in V(C4q) or V(Cy) and z is not adjacent to u or v, then assume
w.l.0.g. that v and z are in opposite sides of the bipartition.

Assume that |N¢, ()] or |[Ne,(z)| is even. Then there is a 3PC(u,z) unless 2 has a
unique neighbor, adjacent to v, in V(C7) or in V(C3). Thus & of Type 3.

Assume that |N¢,(2)] = 1 for ¢ = 1,2. If both neighbors of 2 in V(') are adjacent to v,
then there is an odd wheel with center v. If one neighbor of  in V ('), say y, is not adjacent
to v, then there is a 3PC(y,v). O

4.2 Decomposition

Let G be a wheel-and-parachute-free weakly balanced graph. In this subsection we show that,
for every edge wv that is the unique chord of at least one cycle, the graph G has a biclique
cutset K 4p with u € A and v € B. This result will then be used to prove Theorem 4.2.

For a cycle €' with unique chord uv, we use the notation of Figure 9. It will be convenient
to write C' = (C1,Cy), where C and C; are the two holes of the graph induced by V(C'). We

agssume w.l.o.g. that « is in V7 and that v is in V°.

/
le Oy
\

Figure 9: Cycle with unique chord C' = (Cq,C3)

Lemma 4.4 FEvery node x that is strongly adjacent to C is either of Type 1 [4.3] and has
two neighbors in Cy or in Cy, or is a twin of u or v relative to C'.

Proof: Every strongly adjacent node z is of Type 1, 2 or 3[4.3] and has at most two neighbors
in C'1 and in (', since G contains no wheel.

If 2 is of Type 2 [4.3], assume w.l.o.g. that z is adjacent to u. Then z has exactly two
other neighbors in ', one in € and one in C5, say x; and zg respectively. If zq is distinct
from ¢ (see Figure 9), then there is a parachute with paths 7" = u,a,...,z1, P = u,v,
Py=uz1,...;c,vand M = z,25,...,d,v. So 1 = ¢. By symmetry, it follows that z, = d.

If  is of Type 3 [4.3], assume w.l.o.g. that x is adjacent to b. Then z has exactly two
neighbors in V(Cq) \ {u, v}, say 21 and 3. The nodes of V(C1)U{b, 2} induce a parachute,
a contradiction. |

A node z fits C' if it is adjacent to u or v and has no neighbor in V(C)\ {u,v,a,b,c,d}.

Lemma 4.5 Fach node in a direct connection from V(Cq) \ {u,v} to V(Cy) \ {u,v} fits C.
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Proof: We prove the lemma by induction on the length of the direct connection. In case it
has only one node, then, by Lemma 4.4, if consists of u, v or one of their twins; clearly, such

nodes fit C'. Let P = xq,...,2, be a direct connection from V(Cy)\{u, v} to V(C2)\{u,v}.

Claim If a node of P fits C' or is strongly adjacent to C, all other nodes of P fit C.

Proof of Claim: Let z; fit C' or be strongly adjacent to . By symmetry between Cy
and (', it suffices to show that all z; with ;7 > ¢ fit C'. We may as well assume that we have
chosen ¢ as small as possible. By symmetry between u and » we may assume that x; is not
adjacent to v. Soif ¢ # 1, x; is adjacent to u, and if ¢« = 1, 21 = 2; has two neighbors in C}.

Let 31 be the neighbor of 21 on Cy closest to v. If i # 1, let y; = u, and if ¢ = 1, let y, be
the neighbor of 7 in € distinct from yy. If 41 and yy are adjacent, then yo = w and y; = a.
But, in that case, the subgraph induced by V(P)U V(C')\ {u} contains a hole with at least
three neighbors of «, namely z;, @ and v, which contradicts the fact that G is wheel-free. So
11 and gy, are nonadjacent. Consequently, the cycle €, obtained from C' by replacing the
y1y2-subpath of €y not using uv by y1, 21, Prys,, ;. ¥2, has a unique chord. Let ] and C3
(= C3) be the two holes in C*. Then P, ., is a direct connection from V(C7)\ {u,v} to
V(C3)\ {u,v}. As it is shorter than P, all its nodes fit C*, by the induction hypothesis.
Hence, as C'; = (3, the nodes of P, fit C". This completes the proof of the claim.

Assume that some node of P does not fit ¢'. Then by the claim, no node of P fits C' nor
is strongly adjacent to C'. So, P avoids N(u)U N(v). and 21 (z,) has a unique neighbor in
C,say ¥1 (yn). Then y; # a as otherwise C' would have a wheel with center u, or a parachute
with center u or a 3PC(u,y,). Hence, by symmetry, y3 # ¢ and y, ¢ {b,d}. But then
V(C)UV(P) contains a 3PC(yy,u) or a 3PC(y1,v), a contradiction. 0

Let S(C1,Cy) denote the set of all nodes z in G such that there exists a direct connection
from V(Cqp)\{u, v} to V(C2)\{u, v} starting with = (that is, with 2 adjacent to V/(C1)\{u,v}).
Note that S(Cq,Cy) contains u, v and their twins relative to C' and that, by Lemma 4.5, all
the other nodes in S(Cy,Cy) are adjacent to u and ¢ or to v and a.

Theorem 4.6 Let G be a wheel-and-parachute-free weakly balanced graph. Let C' be a cycle
with a unique chord wv and let Cy and Cq be the two holes induced by C'. Then S(Cy,C3) is
a biclique cutset of G' separating V(Cq) \ {u, v} from V(C3) \ {u,v}.

Proof: Clearly, S(C7,C3) separates V(C1)\{u, v} from V(C2)\{u, v} as it intersects all direct
connections. It remains to prove that S(C7,C5) induces a biclique. Assume not; then there
exist two nonadjacent nodes z € V' N S(C1,C3) and y € VN §(Cq,C3). By Lemma 4.5,
x is adjacent to both ¢ and v and y is adjacent to both ¢ and u. Let P and ¢ be direct
connections from V(Cq)\ {u,v} to V(C3)\ {u, v} starting with @ and y respectively. Let L
denote the graph induced by the nodes in P, @ and V(C32)\{u,v}. Let R be the shortest path
connecting « and y in L. Let w be the node of R adjacent to . As x and y are not adjacent,
w#y. HfweV(Cy) \{u,v},itis b (as z fits C'); otherwise it lies on (V(P)UV(Q)) \ {z,y}.
So, by Lemma 4.5, w is adjacent to w. Now, let T be the ac-subpath of ('} not using uw.
Then H = z,R,y,c,T,a,zis a hole containing at least three neighbors of  (namely a, y and
w), contradicting the fact that G is wheel-free. O

Let G(C4,C3) be the block (as defined in Subsection 1.1) containing C in the decompo-
sition of GG by 5(01702). Let W(Cl,CQ) = V(G(Cl,CQ)) \ 5(01,02).
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Proof of Theorem 4.2: Let C' = (Cq,C3) be a cycle with a unique chord wv such that
G(C1,Cq) has the smallest possible number of nodes. Let R be the set of nodes in W (4, Cs)
that are adjacent to all the nodes in S(Cy,C2) N V™ or to all the nodes in S(Cq,C2) N Ve,
Moreover, let Z be the set of nodes in W(Cy,C3) \ R that have at least one neighbor in
S(C1,Cy). If RUZ and S(Cq,C3) do not induce a rigid 2-join, Z is not empty. So we may
assume that Z N V¢ is nonempty. Let ) be a shortest path in W(C7,C3) connecting a node
z € ZNVe with anode r € RNV*. (Note that, by Theorem 4.6, RNV # () as it contains
a.) Let z € 5(Cy,C3) be adjacent to z and let y € 5(Cy,C2) N V" be nonadjacent to z.
Clearly, as ¢) was chosen as short as possible, no intermediate node of ¢} is adjacent to z or
to y. Hence the cycle Hy = z,2,Q, 7,2 is a hole. Let I' be the component of G\ S(C1,C3)
containing C3. By the definition of S(C1, Cy), each member of S(C1, Cy) is adjacent to a node
in I'. Let T be the shortest zy-path in I' U {z,y} and Hy = r,y,T,2,r. Then (Hy, Hz) is a
cycle with a unique chord, namely ar. As Hy \ {2} is in W(C1,C3), we have that S(H1, Hs)
is contained in G(Cq,C3). On the other hand, Hy \ {#,y,r} is in I', and so, as each node of
5(Cq,Cq) has a neighbor in T', we see that S(Cq,Cy) N W(Hy, Hy) = 0. Hence, G(H;, Hy)
in contained in G(Cy,C3). As y lies in G(C4,Cy) and not in G(Hy, Hy), that containment is
proper, contradicting the minimality of G(C1q,Cy). O
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5 Even Wheels

5.1 Introduction

In this section, we prove Theorem 1.10, which states that if a graph is weakly balanced and
contains an even wheel, then it has an extended star cutset. The proofis in two parts, treated
in Subsections 5.2 and 5.3 respectively. In Subsection 5.2, we give properties of the strongly
adjacent nodes to even wheels. In Subection 5.3 we prove Theorem 1.10. In fact, we prove a
stronger result. In order to state it, we first introduce some notation.

Given an even wheel (H,v), a subpath of # having two nodes of Ng(v) as endnodes and
only nodes of V(H )\ Np(v) as intermediate nodes is called a sector of (H,v). Two sectors
are adjacent if they have a common endnode and two nodes of Ny (v) are consecutive if they
are the endnodes of some sector. We paint the nodes of V(H )\ Ny(v) with two colors, say
blue and green, in such a way that nodes of V() \ Ng(v) have the same color if they are in
the same sector, and have distinct colors if they are in adjacent sectors. The nodes of Ny(v)
are left unpainted.

In a bipartite graph G, an even wheel is small if no even wheel of GG contains strictly
fewer nodes.

Theorem 5.1 Let G be a weakly balanced graph that contains a wheel. Then G contains an
extended star cutset (z;1; A; R) and a small even wheel (H,x) such that [Ng(z)n Al > 2
and the extended star cutset separates the blue nodes of H from the green nodes.

5.2 Strongly Adjacent Nodes to an Even Wheel

The goal of this subsection is to prove the following two theorems.

Theorem 5.2 Let (H,v) be an even wheel of a weakly balanced graph G'. Assume thatv € V7.
Let w € VE\N(v) be a node with neighbors in at least two distinct sectors of H. Then u has
exzactly two neighbors in H, say u; and uy, belonging to two distinct sectors of the same color.

For an even wheel (H,v), define the set of nodes:
T(H,v)= {u € V(G)| No sector of (H,v) entirely contains Ng(u) and |Ng(v)N Ng(u)| >
2}.

Theorem 5.3 If a weakly balanced graph contains an even wheel, then it contains a small
even wheel (H,v) such that

| N Np(u)| > 2.
weT(H,v)

Proof of Theorem 5.2: Assume that node u has neighbors in at least three different sectors,
say i, Sj, Sk. If none of these sectors is adjacent to the other two, then there exist three
unpainted nodes v;, v;, vy, such that v; € V(5;)\(V(5;)UV(Sk)), v; € V(5;)\(V(S)UV (Sk)),
v € V(Sk) \ (V(5;) UV (S;)). This implies the existence of a 3PC(u,v), where each of the
nodes v;, v;, v belongs to a distinct path of the 3-path configuration. If # has four sectors
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each containing neighbors of u, then each sector has exactly one neighbor of u (otherwise there
is a 3PC(u,v)). But now Theorem 4.3 is contradicted in the cycle formed by two adjacent
sectors. So u has neighbors in exactly three sectors and one of them is adjacent to the other
two, say S; is adjacent to both S; and Sy. Let v; be the unpainted node in V(.5;) N V(5;)
and v; the unpainted node in V(.5;) N V(S). Then, there is a 3PC(u,v) unless node u has
a unique neighbor u; in 5; which is adjacent to v; and a unique neighbor uy in 53 which is
adjacent to vx. When this is the case, node u has an even number of neighbors in 5, (else
(H,u)is an odd wheel) and therefore the nodes in (H,v) together with u induce a connected
6-hole with fan sides and 6-hole w,wu;, v;, v, vg, ug,u. See Figure 10. This contradicts the
assumption that G is weakly balanced.

Figure 10:

50 u has neighbors in at most two sectors of the wheel, say 5; and S}. If these two sectors
are adjacent, let v; be their common endnode and v;, v, the other endnodes of S; and S5
respectively. Let H’ be the hole obtained from H by replacing V(.5;) UV (Sy) by the shortest
path in V(5;)UV(Sk)U{u}\{v;}. The wheel (H',v)is an odd wheel. So the sectors $; and
Sk are not adjacent.

If w has three neighbors or more on H, say two or more in 5; and at least one in S, then
denote by v; and v;_; the endnodes of 5; and by v one of the endnodes of 5j. There exists
a 3PC(u,v) where each of the nodes v;, v;_1, and vy belongs to a different path. Therefore
u has only two neighbors in I, say u; € V(5;) and uy € V(S5i). Let C7 and Cy be the holes
formed by the node u and the two u;ug-subpaths of H, respectively. In order for both (Cy,v)
and (Cy,v) to be even wheels, the sectors 5; and S; must be of the same color. O

Let (H,v) be an even wheel of a weakly balanced graph G. In the remainder of this
subsection, we assume that v € V". Before proving Theorem 5.3, we need to establish results
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about nodes u € V7 that are strongly adjacent to H. Node u can be of four types:
Type 1 There exists a sector of (H,v) containing all the nodes of Ny(u).

Type 2 Node u is not of Type 1 and all its neighbors in H are unpainted. Note that, in
particular, the center v of the wheel is of Type 2.

Type 3 Node u is not of Types 1 or 2 and all its painted neighbors in H have the same
color.

Type 4 Node u has painted neighbors of both colors.

Lemma 5.4 Ifu € V" is strongly adjacent to H and has a unique neighbor w in some sector
of (H,v), then node w is unpainted.

Proof: Assume that node u has a unique neighbor w in sector 5; and that w is painted. Let
v; and v;_1 be the endnodes of 5;. Since node u is strongly adjacent to H, it has at least one
neighbor in the path induced by V(H )\ V(5;). Choose v* among the nodes of Ng(u)\ V(5;)
and choose v* among the nodes of Ny (v)\ V(5;) in such a way that the u*v*-subpath of H
not containing 5; is shortest. Note that u* € V¢, hence u* cannot be adjacent to v; or v;_q.
This implies a 3PC(w, v), where each of the nodes v;, v,_1 and v* belongs to a different path.
O

Lemma 5.5 Let uw € V" be a Type J strongly adjacent node to an even wheel (H,v). Let s
and t be a green and a blue neighbor of u, respectively. Fach of the st-subpaths of H contains
at least one unpainted neighbor of w. Hence u € T(H,v).

Proof: Assume that one of the two st-subpaths of H contains no unpainted neighbor of .
Let @ be this subpath. Let P be a s't’-subpath of @ such that s’ is a green neighbor of u, ¢/
is a blue neighbor of u, and P contains no other painted neighbor of . P contains an odd
number of unpainted nodes, none of which are adjacent to u. If this number is three or more,
then v is the center of an odd wheel with hole induced by the nodes of P and w.

So P contains exactly one neighbor of v, say . Consider the cycle €' with unique chord
vz induced by » and the two sectors of H having z as an endnode. Node u is a strongly
adjacent node relative to ' and therefore must be of one of the three types of Theorem 4.3.
It is not of Type 1] 4.3] since s’ and ¢’ are in different sectors. It is not of Type 2[ 4.3] either
since u is not adjacent to v or z. Since s’ and ¢’ are painted, they are not adjacent to v and
since §',t',x € V¢, the nodes s’ and t' are not adjacent to x either. So the node u is not
of Type 3[ 4.3] relative to €', a contradiction to Theorem 4.3. Therefore () must contain an
unpainted node adjacent to wu. O

Now assume the even wheel (H,v) is small.

Remark 5.6 Fuvery strongly adjacent node to H has at most two neighbors in each sector of

(H,v).

Lemma 5.7 If (H,v) is a small even wheel, x is an unpainted node of (H,v) and w € V" is
a Type 3 or 4 node not adjacent to x, then u has at least one painted neighbor in one of the
two sectors of (H,v) adjacent to & and no painted neighbor in the other.
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Proof: If u has no painted neighbor in the two sectors of (H,v) adjacent to z, then v has at
least three neighbors in a sector of (H,u), a contradiction to (H,v) being small. Since u is
not adjacent to #, by Lemma 5.5, u cannot have painted neighbors in both sectors of (H,v)
adjacent to x. O

Lemma 5.8 Let (H,v) be a small even wheel and let u be a Type 2, 3 or 4 node. Then
|Np(u)| = |Np(v)| and therefore (H,u) is a small even wheel.

Proof: When u is a Type 2 node, the result is immediate. When « is a Type 3 node, it follows
from Remark 5.6, Lemma 5.4 and Lemma 5.7.

Now consider the case when u is a Type 4 node. By Lemma 5.5, we have that |Ng(u) N
Np(v)| > 2. Let P be a subpath of H with endnodes in Ng(u) N\ Ng(v), say « and y but no
intermediate node in Ny (u) N Ng(v). The nodes 2 and y are said to be consecutive nodes of
Ng(uw) N Ng(v)in H. Now Lemma 5.5 implies that V(P) N N(u) does not contain nodes of
distinct colors. Assume w.l.o.g. that V/(P)NN(u) contains no green node. Then Lemmas 5.4,
5.7 and the fact that (H,v) is a small wheel imply that « has exactly two neighbors in every
blue sector of P. This shows that |Ng(u) N V(P)| = |[Ng(v)N V(P)|. As this holds for each
pair of consecutive nodes of Ny(u) N Ny(v)in H, we get the equality claimed in the lemma.
|

Lemma 5.9 Let (H,v) be a small even wheel and let u be a Type 4 node having painted
neighbors u; and w11 in two adjacent sectors, say S;, S;+1. Then every Type 2, 3 or 4 node
s adjacent to the common endnode v; of S;, Sit1.

Proof: Node v; belongs to N(u), as a consequence of Lemma 5.5. Assume by contradiction
that there exists a node w, of Type 2, 3 or 4, that is not adjacent to »;. By Lemma 5.7, node
w has a painted neighbor in 5; or S;41. If w has a painted neighbor in both 5; and 544,
then Lemma 5.5 implies that w is adjacent to v;. Therefore we assume w.l.o.g. that w has a
painted neighbor in S; but no painted neighbor in S;41. Remark 5.6 applied to (H,w) and v
implies that w has a neighbor in S;414. Let w; be a painted neighbor of w in S; that is closest
to u; and let w;ys be the neighbor of w in 5,42 that is closest to the common endnode v;14
of Sit1, Sit2. (Possibly w; = u; or w49 = vi41). Since u is adjacent to v; and has a painted
neighbor in 5;41, it follows from Remark 5.6 that « is not adjacent to v;41. Thus, v has no
painted neighbor in S;y2 by Lemma 5.5. Now there is a 3PC(viq41,u): P = viq1, v, 04, u;
Py = v, (Si+2)vi+1wi+2 s Wit 2y Wy Wiy (3w Uiy U3 Py = 041, (Si+1)vz‘+1uz‘+1 > U1, U o

Lemma 5.10 Let (H,v) be a small even wheel and assume that a Type 4 node exists. Then
T(H,v) contains all Type 2, 3 and 4 nodes and

| N Np(u)| > 2.
weT(H,v)

Proof: Let z be a Type 4 node, having painted neighbors u; and u; of distinct colors in (H,v).
We show that each of the two w;u;-subpaths of H contains a node in (), cp(z,,) NVu(u).

Let P be one of the two u;u;-subpaths of H and let X be the set of Type 2, 3, 4, nodes
in (H,v). Pick a pair of nodes z, y € X such that y is of Type 4 relative to (H, ) and y has
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two painted neighbors y;, ¥, in P of distinct colors in (H,2). Furthermore nodes z and y
are chosen such that the y;y,,-subpath Py, of P contains the smallest number of unpainted
nodes. (Note that (H,z) and (H,v) have the same set of nodes of Type 2, 3, 4.) If P, .
contains exactly one unpainted node of (H,z), then the proof follows from Lemma 5.9. Now
consider the case where P, ~contains more than one unpainted neighbor. This number is
odd, say 2k + 1, and let 2* be the k 4 1°* unpainted node in P, ., starting from either end.
We show that every Type 2, 3, 4 node with respect to (H,z) is adjacent to z*.

Assume not. Then there exists a node w of Type 3 or 4 that is not adjacent to ™. Since
y has no painted neighbors in the two sectors adjacent to 2™, Lemma 5.7 shows that y is
adjacent to z*. So w # y. Let S; and S, be the sectors of (H,z) containing y; and ¥,
respectively and having x;, z;41 and z,,, 41 as endnodes, see Figure 11.
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Figure 11:

Let Py ,,,, be the x;x,,i-subpath of H containing z*. Then in P, ., node w has
either two neighbors in every green sector of (H,z) or two neighbors in every blue sector.
For, if not, let wy and wy be neighbors of w that are painted with distinct colors and are
closest in Py, ,,. Since w is not adjacent to z*, wy and wy cannot belong to S; and 5, by
Lemma 5.7. But this contradicts our assumption on P, ..

Assume w.l.o.g. that node w has two neighbors in every blue sector of (H,z) and that
S is painted blue. Let zj be the other endnode of the blue sector having z* as endnode. In

this sector, let w™ be the neighbor of w closest to #* and wy the one closest to xy.
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If w has at least one painted neighbor in 57, then let w; be such a neighbor and assume
w.l.o.g. that the yw;-subpath P, of 5, does not contain another neighbor of w or y.
Then the following three paths induce a 3PC(z*,w): Pi = 2*,y,y1, Py, wi,w; P =
,x, k.. wE,w; Py= 2% 00wk, w.

Hence w is adjacent to z; and z;41. In the wheel (H,w), node y is of Type 4, having
neighbors 2* and y; in sectors of (H,w) of distinct colors. But now the number of neighbors
of w in the a*y;-subpath of P is smaller than the number of neighbors of z in P, a

YiYym>»
contradiction to the choice of the pair z, y. O

Let w,w be Type 2 or 3 nodes relative to a small even wheel (H,v). We say that u > w
relative to the wheel (H,v) if, in every sector S of (H,v) where each of the nodes u and w
has two neighbors, both neighbors of w in S belong to the path connecting the two neighbors
of win S.

Lemma 5.11 Assume that no small even wheel has a Type | node. Let (H,v) be a small

even wheel and let w,w be Type 2 or 3 nodes relative to (H,v). Then w > w or u > w relative
to (H,v).

Proof: By Lemma 5.8, (H,u) and (H,w) are small even wheels. Assume that neither w > u
nor u > w relative to (H,v). There are three cases.

Case 1 In some sector, the neighbors of w,w, say uy,us and wy, wy respectively, appear in
the order uq, wq, ug, wy where uy # wy,uy # wy and ug # ws.

Then, in the wheel (H,u), node w has a unique neighbor, namely wy, in one sector and
wy is painted in (H,u). This contradicts Lemma 5.4.

Case 2 In some sector 5;, the neighbors of u, w, say wy, us and wy, wy respectively, appear
in the order wuy, ug, w1, ws (possibly ug = wy).

Let 5; have endnodes v;, v;41 where w.l.o.g. v;, uy, ug, w1, wa, v;41 appear in this order
in . Let S;41 be the sector adjacent to S; with endnodes v; 41, v;49 and S;42 the sector
adjacent to S;4q1 distinct from 5. Let us be the neighbor of w in S; 49 that is closest to
Vit2, in Sipo. Similarly, let ws be the neighbor of w in 5315 closest to v;42. The nodes
us and ws exist by Lemma 5.8. By Remark 5.6, node w can have at most two neighbors
in a sector of (H,u). This implies that us is closer to v;42 than ws, in 9;12. Define the
hole H' as follows: w, w1, (55 )uw,vss Vis Vs Vigas (Sig2)uyypws» w. H' is shorter than H and
node u has at least three neighbors in H, contradicting the assumption that (H,v) is
small.

Case 3 There exist two sectors .5; and 5; in which the nodes v and w have their neighbors as

in Figure 12 where, possibly, either u;, = w;, or u;, = w;,, but not both, and possibly,
either u;, = wj, or u;, = w;,, but not both.
In other words, at least one of w;, and w;, is painted in (H,w) and lies in a sector W
adjacent to the w; w;,-sector W; of (H,w). Similarly, at least one of uj; and u;, is
painted in (H,w) and lies in the wj, w;,-sector W; of (H,w). However, as w is a Type 3
node with respect to (H,v), sector W; of (H,w) has the same color in (H,w) as sector
W;. Hence, W and W, are painted differently in (H,w). So u is of Type 4 with respect
to (H,w), a contradiction.

36



Figure 12:

We are now ready to prove the main result of this subsection.

Proof of Theorem 5.3: If there exists a small even wheel having at least one Type 4 node,
the result holds as a consequence of Lemma 5.10. Moreover, by Lemma 5.8, the theorem
follows also if there is a small even wheel (H,v) with no Type 3 node in T(H,v). So we
assume that no small wheel has Type 4 nodes and that each small wheel has a Type 3 node
in T(H,v).

The key observation of this proof is the fact that if v and w are Type 3 nodes of a small
even wheel (H,v) such that the painted neighbors of u and w have the same color, then

w>u= Ng(w)N Ng(v) D Ng(u)N Ng(v).

Claim 1 There exists a small even wheel (H,v*) and a blue-green painting of its sectors such
that all Type 3 nodes of (H,v*) have blue neighbors.

Proof of Claim 1: Let (H,v) be a small even wheel, then the relation > is transitive in the
family B(H,v) of all the Type 3 nodes with blue neighbors on (H,v). Hence, by Lemma 5.11,
there is a Type 3 node v* in B(H, v) such that each Type 3 node w in B(H,v) satisfies w > v*.
Assume the wheel (H,v*) is painted such that v € B(H,v*). Then, from the choice of v*, it
is easy to see that all Type 3 nodes in (H,v*) lie in B(H,v*). So Claim 1 follows.

Claim 2 There exists a Type 3 node u* in T'(H,v*) such that each Type 3 node w in T(H,v*)
satisfies w > u* relative to (H,v*).
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Proof of Claim 2: Observe that (H,v*) has no Type 4 nodes and at least one node in
B(H,v*)NT(H,v*). Hence by Lemma 5.11, > is a linear order on the family B(H,v*) N
T(H,v*). So Claim 2 follows.

Claims 1 and 2 and the earlier observation show that (H,v*) has the property that all
nodes in T'(H,v*) are adjacent to all the nodes in Ng(u*) N Ng(v™). O

5.3 An Extended Star Cutset Theorem for Small Even Wheels

In this subsection, we prove the following key result concerning the decomposition of weakly
balanced graphs that contain an even wheel.

Theorem 5.12 Let (H,v) be a small even wheel in a weakly balanced graph. Then every
path connecting a blue node to a green node of (H,v) contains a node in N(v)UT(H,v).

Before proving this result, we observe that Theorem 5.1 follows as a corollary.

Proof of Theorem 5.1:  There exists a small even wheel (H,v) such that [ N,er(p )
Np(u)| > 2, as a consequence of Theorem 5.3. Now, for any aq,as € ﬂueT(Hw)NH(u),
Theorem 5.12 implies that N(v)U(N(a1) N N(az))is an extended star cutset of (¢ separating
the blue sectors of (H,v) from the green sectors. ]

The remainder of this subsection is devoted to the proof of Theorem 5.12. We make use
of the following lemma.

Lemma 5.13 Let (H,v) be an even wheel in a weakly balanced graph G and let P be a
chordless path with nodes in V(G)\ (V(H)U N(v)) such that any x € V(P) is adjacent to
at most one node in Ny(v) and to no painted node of H. Then at most two nodes of Ny (v)
have a neighbor in P.

Proof: Assume the lemma is not true and let P’ = y1,92,..., v, be a shortest subpath of P
with the property that three distinct nodes of Ny (v) have a neighbor in P’. Denote by vy,
vg, v3 the three nodes of Ny(v) with a neighbor in P’. We can assume w.l.o.g. that vy is
adjacent to y; and no other node of P’, v3 is adjacent to y,, and no other node of P’ and that
vy is adjacent to some intermediate nodes of P’. Let y, and g; be such nodes, such that the
y1ys-subpath P, of P’ and the y;y,-subpath P, of P’ are as short as possible.

Let P;; be the v;v;-subpath of H not containing vy, for 7, j,k € {1,2,3} and ¢ # j # k.
Let Hq5 be the hole induced by the nodes in Pj5 and in Pélysv H3 the hole induced by the
nodes in Pj3 and in P’ and let Ha3 be the hole induced by the nodes in Ps3 and in Pﬁl;tyn' Since
(H,v)is an even wheel, at least one of the paths P;; contains an odd number of intermediate
nodes in N(v). Hence there exists an odd wheel. ]

Proof of Theorem 5.12: If the theorem does not hold for (H,v) let P = s*,s,...,¢,t
be a shortest path connecting nodes of H with distinct colors, and containing no node of
N(v)UT(H,v). Wlo.g. assume that v € V", s* is green and ¢* is blue. The following
possibilities can occur for nodes s and t.

(a) Node s (or t) has only one neighbor in H, namely s* (¢* respectively),
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(b) Node s (or t) belongs to V¢ \ N(v), is strongly adjacent to H, but all its neighbors are
in the same sector of (H,v),

(c) Node s (or t) belongs to V°\ N(v) and has exactly two neighbors in (H,v), one in sector
S; and one in sector S5, ¢ # j, where 5; and 5; have the same color,

(d) Node s (or t) belongs to V" \T(H,v) and is a Type 1 node,

(e) Node s (or t) belongs to V" \ T(H,v) and is a Type 3 node with at most one neighbor
in Ny(v).

It follows from Theorem 5.2, Lemma 5.5 and the definition of T'(H,v) that no other
possibility can occur for the node s (or t).

Next, we show that we can dispose of the possibilities (b) and (d) by modifying the wheel
(H,v) and the path P.

Claim 1 There exists a small even wheel (H',v) and a path P’ = s¥.8. Ut connecting
nodes of distinct colors in (H',v), containing no node of N(v)UT(H',v), such that the nodes
s' and t' satisfy one of the properties (a), (c) or (e) above and, furthermore, the nodes of
V(P)\ {s, s, 1", 1"} have at most one neighbor in H'.

Proof of Claim 1: First, assume that some node u of V/(P)\ {s%,s,¢,t*} has at least two
neighbors in H. These neighbors are unpainted, otherwise a shorter path P would exist. All
Type 2 nodes are in T'(H,v), so u must be of Type 1. Denote by v; and v;_1 the nodes of
H adjacent to uw and by S; the v;v;_y-sector of (H,v). Assume w.l.o.g. that S; is a blue
sector. Construct H' from H by replacing the sector S; by the sector v;_1,u,v; and let P’
be the s*u-subpath of P. Note that (H',v) is small and T(H',v) = T(H,v). Therefore, P’
connects sectors of distinct colors in (H’,v) and contains no node of N(v)UT(H',v). In P’,
the node ¢’ adjacent to u is different from s (if s = ¢/, then this node violates Theorem 5.2
with respect to (H',v)). Note also that P’ is shorter than P. So by repeating the above
procedure, we can dispose of all the nodes of V(P)\ {s*,s,t,¢*} with at least two neighbors
in H. In the remainder, we assume w.l.o.g. that the nodes of V(P)\ {s*,s,¢,t*} have at
most one neighbor in H and, if this neighbor exists, it is unpainted.

Assume that s satisfies property (b) or (d) and let S; be the sector containing s*. Denote
by v; and v;_1 the endnodes of 5; and by s; and s;_; the neighbors of s in 5; that are closest
to v; and v;_q respectively. Let (H',v) be the wheel obtained from (H,v) by substituting the
si_18;-subpath of S; with s;_1, s, s; and let P’ be the subpath obtained from P by removing the
node s*, namely P’ = s,s',...,t,t*. The wheel (H’,v)is small and, since T(H',v) =T(H,v),
the path P’ connects two sectors of (H’,v) with distinct colors and contains no node of
N(v)UT(H',v). Note that s’ = ¢ cannot occur, since this node would either violate Theorem
5.2 with respect to (H',v) or would be Type 4 relative to (H’,v), a contradiction to the fact
that P’ contains no node of T'(H’,v). Therefore, s’ has at most two neighbors in H’. If &'
does have two neighbors, it must be of Type 1 relative to (H',v), i.e. Property (d) holds. In
this case the above procedure can be repeated and P’ can be shortened again. The proof of
Claim 1 is now complete.

As a consequence of this claim, we can assume w.l.o.g. that (H,v) and P = s*,s,...,1,t*
have the following properties, in addition to those already stated at the beginning of the
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proof: s and ¢ satisfy Properties (a), (¢) or (e) and the nodes of V/(P)\ {s*,s,¢,¢*} have at
most one neighbor in H.

Claim 2 Assume s is a Type 3 node.
(i) If Npp(s) N Ny(v) = 0, then no node of V(P)\ {s*,s,t,t*} is adjacent to a node of H.

(77) If Ni(s) N Np(v) = {a}, then no node of V(P)\ {s*,s,t,t*} is adjacent to a node of
H\ {a}.

Proof of Claim 2: Assume not and let u be the node of V(P)\ {s%,s,¢,t*} that is closest
to s in P and adjacent to a node of H (Case (i)) or of H \ {a} (Case (ii)). By Claim 1, node
u can only be adjacent to one node of H and this node is unpainted. Let z € Ny (v) be this
node. By Lemma 5.8, node s has exactly two neighbors in each green sector of (H,v). Let
S; be the green sector having z as endnode and let s; be the neighbor of s closest to & in .5;.
Let 5; be a green sector distinct from 5;, say with endnodes v; and v;_; and let s; and s;_¢
be the neighbors of s in 5}, closest to v; and v;_; respectively. Assume w.l.o.g. that s; is
painted. Then & € V¢ and s € V" are connected by a 3PC(x,s): P, = x,u, Py, s; P2 =z,
(50)asi » Siys; P3=a,v,05, (55)u;s,, 55,5 This completes the proof of Claim 2.

A similar statement to Claim 2 holds when ¢ is of Type 3.

Claim 3 Neither node s nor node t is of Type 3.

Proof of Claim 3: Assume s is a Type 3 node. Let 5; be the blue sector containing t*
where we assume that ¢* is chosen such that ¢ has no neighbor in Ny (v)\ V(5;). (This choice
is possible since t satisfies Properties (a) or (c) or (e).)

Let S;-1 and S;41 be the green sectors adjacent to 5;. Let v; be the common endnode
of S; and S;y1 and let v;_3 be the endnode of 5;_1 not on 5;. As we have a symmetry
between S;_1 and S;41, Property (e) implies that we may choose the numbering so that s is
not adjacent to v; nor to v;_s and, by Claim 2, no intermediate node of Py, is adjacent to v;
or v;_g. Let s;_1 be the neighbor of s on 5;_1 closest to v;_2 and let s;41 be the neighbor of
s on S;y1 closest to v;. Moreover, let { be the neighbor of ¢ on 5; closest to v;. (Note that
possibly ¢ = v;.) Now the following three paths form a 3PC(v;,s): P, = v;, (Si)y> i, 1, P, s
Py = v, (Si41)visipr» Sie1, 85 Pz = v,0,0_2,(5i-2)v;_ys,_1»5i—1,5. This completes the proof
of Claim 3.

Let U be the set of unpainted nodes of H adjacent to at least one node of V(P) \
{8*787t7t*}'

Claim 4 If s satisfies Property (a), let v,_1 and v; be the endnodes of the sector S; containing
s*. Then U C {v;_1,v;}.

Proof of Claim 4: Assume not and let 2 be the node of V(P)\ {s*,s,t,t*} adjacent to
vg, k # 1 — 1, i such that Py, is shortest.

Case 1 No intermediate node of P, is adjacent to an unpainted node of H.

Let P, and P, be the vps*-subpaths of H and let Cy = w, Pi,s%, s, Pgp oz, v, Co =
Vg, Pa, 5%, 8, Py, &, v5. Then either (Cy,v) or (Cy,v) is an odd wheel.

40



Case 2 Some intermediate node of P;, is adjacent to an unpainted node of H.

By Lemma 5.13, only one unpainted node of H is adjacent to some intermediate node
of P, and by the choice of node z, we can assume w.l.o.g. this node to be »;. Let y be
the neighbor of v; in Py, such that P, is shortest, let P be the viv;-subpath of H not
containing v;_1; and P, be the wvgs*-subpath of H not containing v;. Consider the cycles
Cv = v, Pr,vi,y, Py, w, v, and Cy = 57,5, Py, x, v, Py, 8%, An easy counting argument
shows that either (Cy,v) or (Cy,v) is an odd wheel.

Claim 5 If s satisfies Property (c), let vi_y v; and v;_y v; be the endnodes of sectors S;
and S; containing the two neighbors s* = s; and s; of s in H. Then U is contained either in
{vi_1, v} or in {vj_q1, v;}. Furthermore if U # 0, at least one node of U is adjacent to s;
or s;.

Proof of Claim 5: We first show U C {v;_1,v;,v;_1,v;}.

Assume not and let v, kK # ¢ — 1,4,7 — 1,j be the node of U adjacent to the node
x € V(P)\ {s*,s,t,t"} such that the zs-subpath P, of P is shortest. Lemma 5.13 shows
|U| < 2. Hence by symmetry, we assume w.l.o.g. that, among v;_1, v;,v;_1 and v;, only node
v; can be adjacent to an intermediate node of P,;. Now the following three paths induce a
3PC(v,s):

Py = 0,01, (8)vi_isisSin 85 Po = 0,051, (85)v, 15,555, 8 P3 = 0,08, %, P, 5.

This shows U C {v;_1,v;,v;-1,0;}.

Assume that nodes v;_q, v;, vj_1, v;, appear in this order when traversing H clockwise
starting in v;_1. We now show U # {v;, v;}.

Assume not and let 2 and y be nodes of V/(P)\ {s*,s,¢,t*} adjacent to v;, v; respectively
such that the zy-subpath P,, of P is shortest and let P, be a v;v;-subpath of . Then the
wheel (C,v),induced by the cycle C' = v;, Py, v;, , Pyy, y, v; is odd since S; and 5; are sectors
with the same color.

We now show U # {v;_1,v;}.

Assume w.l.o.g. that when traversing P starting from s we first encounter nodes that are
adjacent to v;—y. Let y be the first encountered neighbor of v;. Then s; is adjacent to v;,
else the following three paths induce a 3PC/(v,s):

Py = 0,05, (5i)uisi> S5 85 Pa = 0,051, (55)v;_15,555:5 Ps = 0,05,4, Pys, 5.

A similar argument shows that s; is adjacent to v;_;. Now the nodes of P s together with
the nodes in (H,v) induce a connected 6-hole with fan sides and 6-hole s;,s,s;, v;, v, v;21, 8;.

By symmetry, the above two arguments show that U # {v;_y, v;_1} and U # {v;, v;_1}.
Hence U is contained either in {v;_q, v;} or in {v;_q, v;}.

Finally, if U is nonempty, let = be the node of V/(P)\ {s*,s,,t*} adjacent to a node of
U, such that the sz-subpath of P is shortest. Assume w.l.o.g. that v; is adjacent to x. Then
s; and v; are adjacent, else there exists a 3PC/(v,s). This completes the proof of Claim 5.

Claim 6 U = 0.

Proof of Claim 6: Lemma 5.13 shows |U| < 2. Since s and ¢ satisfy Property (a) or (c) the
above two claims, applied to both s and ¢ rule out the possibility that |U| = 2. So |U| = 1.
Assume U = {v;}, let S; and S;41 be the sectors of (H,v) having v;—1, v; and v;, v;41 as
endnodes, where 5; is green and consider the following cases:
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Case 1 Both s and ¢t satisfy Property (a).

Claim 4, applied to both s and ¢ shows that s* belongs to 5; and t* belongs to S;y1.
Let Py be the t*s*-subpath of H not containing v; and C' = t*, Py, s*, P,t*. Then (C,v)
is an odd wheel.

Case 2 Node s satisfies Property (a) and node ¢ satisfies Property (c).

Claim 4 applied to s and Claim 5 applied to t shows that s* belongs to 5; and ¢ has
neighbor t* = t;4; in S;41 which is adjacent to v;. Let t; be the second neighbor of
tin H and let v; be an endnode of the sector 5; containing ¢;, distinct from v;_;. If
t; is not adjacent to v;_q, the following three paths induce a 3PC(v,t): Py = v, vi41,
(St )vigrtigns tivts s Po = 0,055 (55)u;0, 15,1 P = 0,01, (50 )u;_y 5%, 87, 8, Pat, .

If ¢; is adjacent to v;_1 (i.e. S; = S;_1), then the nodes in P together with the ones in
(H,v), induce a connected 6-hole with fan sides and 6-hole v, v;,t;41,,t;, v,_1, v.

Case 3 Both s and t satisfy Property (c).

Claim 5 applied to both s and ¢ shows that one neighbor of s in H, say s*, belongs
to S; and one neighbor of ¢ in H, say t*, belongs to S;11 and both s* and t* are
adjacent to v;. Let 5; and S; be the sectors containing the other neighbors s; and 7
of s and t respectively. Let P, be the t;s;-subpath of H not containing v;. Consider
the cycle Cy = 55,8, Pg,t, 15, P, s;. Since s; and 1, belong to sectors with distinct
colors, P; contains an odd number of neighbors of v. In fact, P; contains a unique
neighbor of v, say z1, else (Cq,v) is an odd wheel. Consider now the cycle Cy =
S, Pty 6,87, oo 041, 0,021, ..., 87, 5. Then P has an odd number of neighbors of v;,
else the wheel (Cq,v;) is odd. In fact, Py contains a unique neighbor of v;, say 23, else
(C1,v;) is an odd wheel. Now the two z;29-subpaths of C1, together with z1,v,v;, 22,
induce a 3PC(z1, 22).

By symmetry, this completes the proof of Claim 6.

Claim 7 The path P cannot exist.
Proof of Claim 7: Assume P exists. Then Claim 6 shows that U = 0.

Case 1 Both s and ¢t satisfy Property (a).

Let Py be a t*s*-subpath of H containing more that one unpainted node and let C' =
s*, P,t*, Py, s*. Then since s* and t* belong to sectors with distinct colors, (C,v) is an

odd wheel.

Case 2 Node s satisfies Property (a) and node ¢ satisfies Property (c).

Let v;_y and v; be the endnodes of the sector §; containing s*and let ¢* and ¢; be the
neighbors of ¢ in H. Then t* is adjacent to v;_1 and #j is adjacent to v; (or viceversa),
else there is a 3PC/(v,t). Note that s* € V¢, as otherwise there is a 3PC(s*,¢). Now
the nodes in P together with the ones in (H,v), induce a connected 6-hole with a fan
side and a triad side and 6-hole v, v;_q,t*, ¢, ty, v;, v.
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Case 3 Both s and t satisfy Property (c).

Let 5;, 5; be the sectors containing the neighbors s* = s; and s; of s in H and Sy, 5
be the sectors containing the neighbors ¢ and ¢; of ¢t in H. Then 5} is adjacent to both
S; and 5;, else each of these three sectors has one endnode that is not the endnode of
any of the other two and this implies the existence of a 3PC(v,s). By symmetry, 5; is
also adjacent to both S; and 5;. So (H,v) is a wheel with four spokes. Furthermore
1 is adjacent to both endnodes of Si, else there is a 3PC(v,t). By symmetry, s; is
adjacent to both endnodes of 5;. Now the common neighbor of {; and s; is the center
of a wheel with three spokes.

By symmetry, this completes the proof of Claim 7 and of the theorem. O
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6 Parachutes

6.1 Introduction

In this section, we consider a wheel-free weakly balanced graph G that contains a parachute.
We use the notation introduced in Section 1. Let Il = Par(Py, Py, M,T) be a parachute of
(. The node z is called bottom node, vy and vy are called side nodes and v is called center
node. We assume w.l.0.g. that v,z € V¢ and vy,v, € V". Let m be the neighbor of v in the
path M. The nodes of V(II)\ {v,v1,v3, m} induce two connected components called the top
of II, induced by V(T') \ {v1,v2}, and the bottom of 11, induced by V(P1)UV(P)UV(M)\
{v,v1,v9, m}.

Recall that, for a path P = 21, 29,...,2,_1, %, where n > 3, we denote by P the z92,_1-
subpath of P. With this notation, the top of I is T and the bottom of II is induced by
V(P UV(P) U (VI {m}) U {z).

When |E(T)| = 2, the parachute II is said to have a short top; the top is long when
|E(T)| > 4. Similarly, the parachute II is said to have a short middle when |E(M)| = 2, and
long middle otherwise. Finally, when |E(Py)| =1 or |E(Pz)| = 1, the parachute II is said to
have one short side; otherwise, we say that II has long sides.

This section is organized as follows. In Subsection 6.2, we list all possible strongly adjacent
nodes to II. In Subsections 6.3 and 6.4, we list all possible direct connections from the bottom
of T to the top of TI, avoiding N (v) U ((N(v1) N N(vy)) \ V(T)). When no such path exists,
the graph G has an extended star cutset disconnecting the top of Il from the bottom. When
there is such a path, at least one of the following possibilities arises.

e The graph ¢ contains no parachute with long sides. This case is treated in Subsec-
tion 6.5 where we prove the existence of an extended star cutset in G' (Theorem 6.6).

e The graph GG contains a stabilized parachute. This concept is defined in Subsection 6.6
and G is shown to have an extended star cutset (Theorem 6.10).

e The graph GG contains a parachute with short middle path and long sides, but G contains
no stabilized parachute and no connected squares. This case is treated in Subsection 6.8
where we prove the existence of an extended star cutset (Theorem 6.16).

e The graph GG contains connected squares. This case is treated in Section 7.

e The graph G contains goggles. This case is treated in Section 8.

6.2 Strongly Adjacent Nodes

Theorem 6.1 Let Il = Par(Py, P2, M,T) be a parachute in a wheel-free weakly balanced
graph G. Let w € V(G)\ V(II) be a strongly adjacent node to 1. Then w satisfies one of the
following properties:

Node w has exactly two neighbors in 11 and both belong to one of the paths Py, Py, M orT.
Node w is of one of the following types, see Figure 13.

e Type a Node w € V¢ is adjacent to the neighbors of = in Py and Py respectively and
to no other node of 1I.
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Type b Node w € V" is adjacent to one node in Py, to one node in P, and to no other

node of 1I.

Type ¢ Node w € V© is adjacent to exactly two nodes of 11, one of which is the neighbor
of z in M and the other is the neighbor of z in P or in Ps.

Type d Node w € V" is adjacent to one node in V(M )\ {z}, to one node in either P
or Py (but not both) and to no other node of 11.

Type e Node w € V" is adjacent to v, to one node in T and to no other node of 1.

Type f Node w € V¢ is adjacent to one node in Py, to one node in Py, to one node of
M and to no other node of 1I.

Type g Node w € V° is adjacent to m, to two nodes in T at least one of which is in
T, and to no other node of 1I.

Type h Node w € V" is adjacent to v, to one node in T, one node in V(M) \ {v} and
to no other node of 1I.

Type i Node w € V' is adjacent to v, to one node in T, to one node in either Py or
Py (but not both) and to no other node of 11.

When Il has a short side, say Py, the following additional types of strongly adjacent nodes

can occur.

Type j Node w € V° is adjacent to vy, to one node in M distinct from the neighbor of
z, and to no other node of 1I.

Type k Node w € V¢ is adjacent to one node in V(1) \ {v1}, to one node in Py and
to no other node of 1I.

Type | Node w € V7 is adjacent to the neighbors of v in T and Py respectively and to
no other node of 11.

Type m Node w € V' is adjacent to two nodes of V(M) \ {v}, to the neighbor of v,
on T and to no other node of 11.

Type n Node w € V° is adjacent to vy, to one node in T, to one node in V(M) \ {m}
and to no other node of 11.

When 11 has a short top and long sides, one additional type of strongly adjacent node can

occur.

Type o Node w € V" is adjacent to two nodes of V(M) \ {v}, to the unique node of
V(T') and to no other node of 11.
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Figure 13: Strongly adjacent nodes



Proof: Assume that w is a strongly adjacent node to Il contradicting the theorem. Then no
path Py, P, M or T contains all the neighbors of w else there is a wheel.

Claim 1 w has at most one neighbor in Py, at most one neighbor in Py, at most two in each
of LU P,UT, PPUM and P, UM, and at most three neighbors in 1l overall.

Proof of Claim 1: If one of the first five assertions does not hold, w is the center of a wheel.
In particular, w has at most four neighbors in II overall. Suppose w has four neighbors in II.
Then two are in T and two are in M. Now w violates Theorem 4.3 in the cycle with unique

chord induced by V(IT) \ V/(Py) or V(IT)\ V/(Py).

Claim 2 N(w) € V(P)UV(Py) U {z}.
Proof of Claim 2: If the claim is wrong then, by Claim 1, node w has exactly two neighbors
in II, one in P; and one in P;. As w is not of Type a or b, it has a neighbor in V' \ N(2),
say wi. But then, there is a 3PC(wy, 2).

Claim 3 N(w) N (V(M)\{z}) # 0.

Proof of Claim 3: If the claim is wrong, w has exactly two neighbors in V(P;)UV (P2)UV(T)
by Claim 1. By Claims 1 and 2 and by symmetry, we may assume that w has exactly one
neighbor in V(P) \ {v1}, say wy, and exactly one in V(T')\ {v1}, say we. P, is short, as
otherwise there is a 3PC(v3, 2z). As w is not of Type k, w € V". Moreover, wy € N(vy), as
otherwise there is a 3PC(wy,v1). As Py is long, wy # 2. As w is not of Type |, wy & N(vy1).
But this implies the existence of a 3PC/(wg, v1).

Let wy be the neighbor of w on M closest to ».

Claim 4 N(w)nV(T) # 0.

Proof of Claizm 4: Suppose the claim is wrong. By symmetry, we may assume that w has a
neighbor in V(P;) \ {z}, say we. By Claim 1, the only other possible neighbor of w lies on
V(P1)\ {z}. First, suppose that such a third neighbor exists. As w is not of Type f, w € V.
Moreover, wy # v as otherwise there is a wheel with center v. But then there is a 3PC(w, v).
So w has only two neighbors on II. As w is not of Type d, w € V°. Moreover, wy € N(z), as
otherwise there is a 3PC(ws, z). As w is not of Type c or j, wy € N(z) and wy # v;. But
then there is a 3PC(wy, 2).

Let wy be a neighbor of w on T.

Claim 5 w has exactly three neighbors in 11.

Proof of Clazm 5: If not, by Claim 1, wy and wy are the only neighbors of w in II. Then
wy # v since w is not of Type e. But now there is a 3PC(wq,v) if w € V°, or 3PC (w1, v1) if
we V.

Let w3 be the third neighbor of w in II.
Claim 6 wy # m and, if P; is long, then wy € N(vs_;) and w3 € V(M)u V(Pg_i).

Proof of Claim 6: W.l.o.g. assume P is long. Then 11\ Py is a cycle with a unique chord
to which w is strongly adjacent. First, observe that w is not of Type 1[4.3] with respect to
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IT\ Pp, because if it were, then wy = v and w3 € V(P;), so w would be of Type i with respect
to II. Suppose w is of Type 2[4.3]. Since w is not of Type h or i, wy # v. Therefore w3 = vy
(as ws # v, by the choice of wy). wy # m since w is not of Type g, and P; is long since w
is not of Type h or f. Now there is a 3PC(z,v2). So w is of Type 3[4.3]. As w is not of
Type g and wy # z, it follows that ws ¢ V(T'). Since wy # v1, we have that wy € N(vz) and
ws € M U P,. As w is not of Type h or i, wq # m.

We may assume that P; is long. Hence, by Claim 6, so is P, as otherwise w would be of
Type m. Now Claim 6 again implies that T is short and w3z € M. But then w is of Type o,
which yields a contradiction. O

6.3 Parachute Modifications

Let Il = Par(Py, P2, M,T) be a parachute with center node v € V¢ and side nodes vy, vs.
Let S(II) = N(v)U ((N(v1) N N(v2))\ V(T)). In this subsection and the next, we enumerate
all possible direct connections from the bottom of II to the top of Il avoiding S(II), in two
cases:

IT has long sides,

IT has a short side and & contains no parachute with long sides.

Let @ = z1,...,2, denote a direct connection from bottom to top avoiding S(II), where
x1 is adjacent to a node in the bottom of 1I and z, is adjacent to a node in the top of II.
It follows from the definition of a direct connection that no node of @ is adjacent to a node
of V(II) \ {v1, v2, m}. Furthermore, since @ avoids S(II), a node of Q is adjacent to at most
one of v, vy. To reduce the number of possible path types that need to be enumerated in
the main theorem of this subsection (Theorem 6.4), we introduce the concept of parachute
modification.

Definition 6.2 Assume y € V(G)\ V(1) has exactly two neighbors in 11, both are in T and
at least one is in T. A parachute modification at the top consists of replacing I1 by the unique
parachute 11 that is induced by a subset of V(1)U {y} and is distinct from 1I.

Assume y € V(G) \ V(II) has exactly two neighbors in 11 that are both in Py, or both in
Py or both in V(M) \ {v}. A parachute modification at the bottom consists of replacing 11
by the unique parachute I that is induced by a subset of V(D) U{y} and is distinct from II.

Remark 6.3 (i) If U is obtained from 11 by a parachute modification at the top, then both
II and IU have long top. If I is obtained from 11 by parachute modification at the bottom,
then Il has long sides if and only if 11 has long sides.

(ii) Let 11" be obtained from 1l by a parachute modification using a node of a direct connec-
tion Q = x1,...,&, from bottom to top avoiding S(1l). Then n > 1 and if the modification
is at the top, it involves node x,. If the modification is at the bottom, it involves node x1.

Furthermore S(II) = S(I').

Theorem 6.4 Let G be a wheel-free weakly balanced graph. Let 11 = Par(Py, P2, M,T) be
a parachute in G and Q = x1,...,2, a direct connection from bottom to top avoiding S(II)
such that no parachute modification exists relative to a node of ().

48



(1) If 11 has long top and long sides, then n > 2 and, up to symmetry between Py and P,
Q) is of one of the following types, see Figure 14.

Type a Node xy is a strongly adjacent node of Type f[6.1], adjacent to vy, m and one
node of Py. Node x, is not strongly adjacent and its unique neighbor is adjacent to vy
inT. Fzactly one node of () is adjacent to m and none is adjacent to vy, vo.

Type b Node z is not strongly adjacent and its unique neighbor is the node of P,
adjacent to vo. Node x,, is of Type g[6.1] adjacent to vy, m and one node of T. No node
of Q has a neighbor in 1l. Furthermore, Il has a short middle path.

Type ¢ Node x1 € V¢ is not strongly adjacent and its unique neighbor is in Py. Node
x, is a strongly adjacent node of Type g[6.1], adjacent to vo, m and one node of T.
Ezactly one node of Q is adjacent to vy and none is adjacent to vy, m. Furthermore, II
has a short middle path.

Type d Node x1 is a strongly adjacent node of Type c[6.1], with neighbors in Py and M.
Node z,, is a strongly adjacent node of Type g[6.1], adjacent to vy, m and one node of
T. Ezactly one node of Q is adjacent to vy and none is adjacent to vy, m. Furthermore,
II has a short middle path.

Type e Node xy is a strongly adjacent node of Type f[6.1], adjacent to vy, m and one
node of Py. Node w,, is a strongly adjacent node of Type g[6.1], adjacent to vy, m and
one node of T. No node of Q has a neighbor in 1L.

(i1) If Il has short top and long sides, then either n = 1 and x1 is a strongly adjacent node
of Type o[6.1], or n > 2 and, up to symmetry between Py and Py, Q is a direct connection of
Type a above or is of the types described below, see Figures 14 and 15.

Type f Node 1 € V" is not strongly adjacent and its unique neighbor is adjacent to m
in M. Node z, is not strongly adjacent. Ezxactly one node of () is adjacent to m and
none is adjacent to vy or vy.

Type g Node x1 € V¢ is not strongly adjacent and its unique neighbor is in V(M D\ {m}.
Node z,, is not strongly adjacent. Ezactly two nodes of Q are adjacent to m and none
1s adjacent to vy or vs.

Type h Node zy is a strongly adjacent node of Type 1[6.1] adjacent to m, one node in
Py and one node in P,. Node z, is not strongly adjacent. Ezactly one node of Q is
adjacent to m and none is adjacent to vy or vs.

Type i Node zy is a strongly adjacent node of Type af6.1]. Node x, is not strongly
adjacent. Fractly two nodes of () are adjacent to m and none is adjacent to vy or vy.

Type j Node z1 € V© is not strongly adjacent and its unique neighbor belongs to
V(M) \ {m}. Node z, is not strongly adjacent. No node of ) has a neighbor in II.

Type k Node zy is a strongly adjacent node of Type af6.1]. Node x,, is not strongly
adjacent. No node of () has a neighbor in II.
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(iii) If 11 has a short side, say Py, and G contains no parachute with long sides, then Il
has short top and either n = 1 and xy is a strongly adjacent node of Type l[6.1], or n > 2
and @) is of Type | described below, see Figure 15.

o Type 1 Nodes x1,2, € V" are not strongly adjacent and their respective neighbors
beV(P) andt € V(T) are adjacent to v1. No node of () has a neighbor in II.

Proof: Throughout this proof, we assume that either II has long sides, or II has a short side
and G contains no parachute with long sides.

First, we consider the case n = 1, i.e. ) consists of a single node z; that is strongly
adjacent to II. Then it follows from Theorem 6.1 that II has a short side and z; is of Type
k, 1, m, n[6.1] or that II has a short top and long sides and z; is of Type 0[6.1]. When z is
of Type k, m or n[6.1], Il has a short side and the graph induced by V(II) U {z1} contains
a parachute with long sides, a contradiction. (For example, if 21 is of Type n[6.1], assume
w.l.0.g. that 2 is adjacent to vy. Then P; is short, 2 is not adjacent to vy and the parachute
with long sides has center node vz, bottom node vy and side nodes z7 and z). When z; is of
Type 1[6.1], II has a short side and the graph induced by V(II) U {#1} contains a parachute
with long sides unless Il has short top. This proves the theorem when n = 1.

Now consider the case n > 2. By Theorem 6.1, either x,, is not strongly adjacent to II or
it is a strongly adjacent node of Type g[6.1]. Similarly, either 1 is not strongly adjacent to
IT or it is a strongly adjacent node of Type a, b, ¢, d, f, j or k[6.1]. When z; is of Type j[6.1],
IT has a short side, say P, and Il U {21} contains a parachute with long sides with center
node vy, side nodes v,z and top path induced by V() U {v}, since the neighbor of z; in
M is distinct from m (as Q connects bottom to top) and from the neighbor of z (by the
definition of Type j[6.1]). So the case where 21 is of Type j[6.1] does not occur. When 7 is
of Type k[6.1], I has a short side, say P,, and 2 is adjacent to vy and the neighbor of z in
P, (since, otherwise, there is a parachute with long sides).

We will divide the proof into two parts, depending on whether z,, is of Type g[6.1] or
is not strongly adjacent to II. Then, in each of the two parts, the proof will be broken
down further based on the adjacencies between the intermediate nodes of ) and {vy, vo, m}.
Finally, subcases will occur depending on the node type of 1. The two following claims
reduce the number of cases that have to be considered.

We say that node z; € V(@) adjacent to m and node z; € V(@) adjacent to v or
vy, say vy, are consecutive in Q if N(v1) N V(Qpz;) = 0, N(v2) N V(Quie;) = {z;} and
N(m)NV(Qqez;) = {7:}. We allow z; = z;, and Q,,, = @; in this case.

Claim 1 If z;,2; € V(Q) are consecutive in (), where z; is adjacent to m and x; is
adjacent to v, then Py is short.
Proof of Claim 1: V(Qg,z,) UV(T)UV(P)UV (M) induces an odd wheel with center v

unless P, is short. This proves Claim 1.

Claim 2 At most two of the nodes vy, vy, m are adjacent to a node of Q.

Proof of Claim 2: For any pair of nodes z;,z; € V(@) such that node z; is adjacent to vy,
node z; is adjacent to vy and the subpath )., of ¢ connecting them contains no other node
adjacent to vy or vy, the following property holds: x; # z;, no intermediate node of @, is

adjacent to m, and at most one of z;, z; is adjacent to m. (The first statement follows from
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Type f (possibly b = 2)

Figure 14: Direct connections from bottom to top
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Figure 15: Direct connections from bottom to top (continued)
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the fact that @) contains no node of N(v1) N N(v2), the second and third follow from Claim 1
and the fact that P, and P; cannot both be short).

Therefore, if each of the nodes v1,vs, m has a neighbor in @, then by symmetry, we can
assume that () contains a node z; adjacent to vy but not m and a node 2, adjacent to m but
not vy with the property that @, ,, contains at least one node (possibly z, itself) adjacent
to vy but no intermediate node of ), ., is adjacent to m or v;. Now P, is short, by Claim 1.
In fact, ()., », contains at exactly one node, say 2™, adjacent to vy, else there is a wheel with
center vy. But then V(Q.,»,) U V(L) \ {v} induces a parachute with long sides: the center
node is vy, the side nodes are 2* and z and the bottom node is v;. This proves Claim 2.

Part 1 Node 2, is of Type g[6.1]

By symmetry, we may assume z, is not adjacent to v;.

Claim 3 If P is any chordless ,vi-path in (V(Q)UV(P)UV(P) UV (M))\ {m,va}, then
vy and m both have a neighbor in P. Moreover, no node of Q is adjacent to vy.

Proof of Claim 3: Let 17 and 15 be the chordless paths from z, to vy and from =z, to
vy that only use nodes of V(T') U {2,}. Since the paths P, 71 and z,,1%,v2,v,v; do not
form a 3PC(z,,v1), node vy is adjacent to at least one node of P. Since the paths P, T}
and z,,m,v,v; do not form a 3PC(z,,v1), node m is adjacent to at least one node of P.
Finally, no node of Q is adjacent to vy. For otherwise, by construction of P, we have that
P is a subpath of Q and by the above argument, vy, v and m all have neighbors in Q, a
contradiction to Claim 2. This proves Claim 3.

Claim 4 Node z,, is adjacent to vs.
Proof of Claim 4: Suppose that neither vy nor vy are neighbors of z,,. Then, by Claim 3
and symmetry, Q contains no neighbor of v; and no neighbor of v,. Also by Claim 3 and
symmetry, we see that z; is not adjacent to vy or vy. So @) contains no neighbor of vy or
vg. Again by Claim 3 and symmetry, one now deduces that both P; and P, are short, a
contradiction. This proves Claim 4.

Case 1 No intermediate node of () is adjacent to vy, vy or m.

Assume first that z; is not strongly adjacent to Il and let b be the node of II adjacent
to z1. By Claim 3, it follows that either b is adjacent to v, and m is adjacent to z, or b
is adjacent to m and vy is adjacent to z. When the first possibility occurs, the path ¢
is of Type b. When the second possibility occurs, P, is short and there is a parachute
with long sides and center node m, bottom node »; and side nodes z,,, b.

Assume now that z; is strongly adjacent to II. By Claim 3, it follows that z; is not of
Type a, b, ¢, d or k[6.1]. Assume z; is of Type f[6.1]. Then z; is adjacent to vy and to
m, by Claim 3. Hence the path @ is of Type e.

Case 2 N(V(Q)) N {o1,v2,m} = {vz}.
Since there is no wheel, Q contains exactly one neighbor of v,.

Assume first that z; is not strongly adjacent to Il and let b be the node of II adjacent
to z1. By Claim 3, it follows that either b belongs to P, and m is adjacent to z, or b is
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the neighbor of m in M. If b belongs to P, and is adjacent to vy, then there is a wheel
with center vy. If b belongs to P> and is not adjacent to vq, then there is a 3PC(b, vq)
when b € V¢ or Q is of Type ¢ when b € V", If b is the neighbor of m in M, then either
there is a 3PC(z,v2) when P, is long, or there is a wheel with center v; when P, is
short.

Assume now that z; is strongly adjacent to II. By Claim 3, it follows that z; is not of
Type a, b, d or k[6.1]. If 2 is of Type ¢[6.1], the middle path M must be short, i.e. a4
is adjacent to m. If 21 is adjacent to m and to a node b in P,, there is a 3PC(z1,v3).
If z, is adjacent to m and to a node b in Py, the path Q is of Type d. If z is of Type
f[6.1] and is adjacent to vq, there is a wheel with center vy. If 21 is of Type f[6.1] and
is not adjacent to v, there is a 3PC(z1,v3).

Case 3 N(V(Q)) N {vi,ve,m} = {m}.
Since there is no wheel, Q contains exactly one neighbor of m.

Assume first that zy is not strongly adjacent to I and let b be the neighbor of zy in
II. By Claim 3, we have that b is adjacent to vy. If b is not adjacent to m, there is a
3PC(m,b); else there is a wheel with center m.

Assume now that zq is strongly adjacent to II. By Claim 3, it follows that z; is not
of Type a, b or d[6.1]. If 2y is of Type ¢[6.1], then it is adjacent to vy. So, if 2y is
of Type ¢ or f[6.1], there is an odd wheel with center m (if 1 and m are adjacent),
or there is a 3PC(m, 1) (if 21 and m are not adjacent). If 21 is of Type k[6.1], there
exists a parachute with long sides with center m and bottom node wy.

Case 4 N(V(Q)) N {v1,vy, m} = {vg, m}.
Q has exactly one neighbor of m (or else there is a wheel with center m). By Claim 1,

P is short.

Assume first that 2y is not strongly adjacent to II and let b be the neighbor of 2y in
I. If b€ V(M)\ {v,m}, there is a wheel with center v3. So b belongs to P; and there
exists a parachute with long sides and center node m.

Assume now that zy is strongly adjacent to II. If 2y is of Type ¢[6.1], with neighbors
in Py and M, then there is a wheel with center v. If z1 is of Type ¢[6.1] with neighbors
vy and in M, or if 27 is of Type f or k[6.1], then there is a wheel with center vy. If 4
is of Type d[6.1], with neighbors in P; and M, then there is a 3PC(x1, 2).

Part 2 Node z,, has a unique neighbor, say ¢ in II.
Case 1 N(V(Q)) N {v1,vy,m} = 0.

Case 1.1 Node z; has a unique neighbor, say b in II.

Assume first that b is in P;. Then z is adjacent to v,, else there is a 3PC(z,v3). The
nodes b and t belong to the same side of the bipartition, else there is a 3PC(b,t). If
b,t € V¢, then they are both adjacent to vy, else there is a 3PC(b,v1) or a 3PC(t,v1).
Furthermore T is short, else there exists a parachute with long sides. Hence @) is of
Typel. If b,t € V7, then there is a parachute with long sides.
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Assume now that b € V(M) \ {v,m}. Then b € V", else there is a 3PC(b,v1) or
3PC (b, vy).

If the top path of II is long, assume w.l.o.g. that ¢ is not adjacent to v;. Then P; is
short, else there is a 3PC(z,v2). Node { is adjacent to vy, else there is a 3PC/(z,v1).
This yields a parachute with long sides induced by V(Q)U V(1) \ V().

If the top path of II is short, then the path ¢) is of Type j when the side paths are long
and, when P; is short, there is a parachute with long sides induced by V(Q) U V(II) \
V(P).

Case 1.2 Node z; is strongly adjacent to II.

Assume first that zy is of Type a[6.1]. If the top path T is long, there exists a
3PC(z1,v1) or a 3PC(z1,v3). So T is short and @ is a path of Type k.

Assume that zy is of Type b[6.1]. Let by, by be the neighbors of z; in P, and P,
respectively. If by is not adjacent to vy or by is not adjacent to vy, there exists a
3PC(z,z1). If by is adjacent to vy and by is adjacent to vy then ¢t € V7, else there is
a 3PC(t,z1). This yields a connected 6-hole, contradicting the assumption that G' is
weakly balanced.

Assume 2 is of Type ¢[6.1], say with neighbors in M and P,. If P, is long, then z is
not adjacent to vy and there is a 3PC(x1,v2). If Py is short, then z; is adjacent to vs.
If ¢ is adjacent to v, then vy is the center of a wheel and if ¢ and vy are nonadjacent
then t € V", else there is a 3PC/(t,v2). Now there is a parachute with long sides, center
node vy, bottom node ¢.

If 21 is of Type d[6.1], there is a 3PC(x1, 2).

If 2y is of Type f[6.1]. Then x4 is not adjacent to both vy, vy. If 1 is not adjacent to
v1, there is a 3PC(z1,v1), and if 1 is not adjacent to vq, there is a 3PC(z1, v2).

Finally, if 1 is of Type k[6.1], there is a wheel with center v;.

Case 2 N(V(Q)) N{v1, vy, m} = {m}.

Case 2.1 Node z; has a unique neighbor, say b in II.

If bisin Py, then b € V7, else there is a 3PC(m,b)and t € V¢, else there is a 3PC(v,1).
This implies the existence of a 3PC(b,1).

Ifb € V(M)\ {v,m}, then V(Q) U {b} contains at most two nodes adjacent to m,
otherwise there is a wheel. If it contains only one neighbor of m, say z;, there is a
3PC(z;,v1). So, V(Q)U {b} contains exactly two neighbors of m. If one side of 1I is
short, there exists a parachute with long sides with center m and bottom v;. So Il has
long sides. Now II has short top, else there is a wheel with center m. If b € V", @) is of
Type g. If b € V¢ and b is not adjacent to m, there is a 3PC(b,m). If b is adjacent to
m, then @ is of Type f.

Case 2.2 Node 2 is strongly adjacent to II.

Assume first that zy is of Type a [6.1]. Then @ has at most two nodes adjacent to
m, otherwise there is a wheel. If ¢) has only one neighbor of m, say z;, there is a
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3PC(z;,v1). So, Q has exactly two neighbors of m. Now, if II has long top, there is a
wheel with center m. If II has short top, @ is of Type i.

If 1 is of Type b or d[6.1], there is a 3PC(z1, z).

If 1 is of Type ¢ [6.1], then 21 is adjacent to m, else there is a 3PC(z1, m). But now
there is a wheel with center m, since z is not adjacent to vy or wvs.

If 21 is of Type f [6.1], then ;1 is adjacent to m, else there is a 3PC (1, m). Hence Q
contains exactly one neighbor of m, as otherwise there is a wheel with center m. Let ny
and ny be the neighbors of 21 in P; and P; respectively. Assume w.l.o.g. that ny # vs.
If ny # vy, then either T is long and there is a wheel with center m, or T is short and
@) is of Type h. If ny = vy, then the neighbor t of z,, is adjacent to vy, otherwise there
is a wheel with center m. Thus the path @ is of Type a.

Finally, assume that zy is of Type k[6.1]. Then @ has at most two nodes adjacent
to m, otherwise there is a wheel. If ¢) has only one neighbor of m, say x;, there is a
3PC(z;,v1). So, () has exactly two neighbors of m. But now, there is a parachute with
long sides, middle node m and bottom node v;.

Case 3 N(V(Q)) N {v1,vy,m} = {v1} and vy is adjacent to .

Case 3.1 Node z; has a unique neighbor, say b, in II.

If b € V(P)\ {n}, then v; has exactly one neighbor in Q and vy is not adjacent to
b, else there is a wheel with center v;. Now b € V7 else there is a 3PC(b,v1). Py is
short, else there is a 3PC(vq, 2). Now the graph induced by V(II) U V(@) contains a
parachute with long sides, center v; and bottom b.

Ifb € V(P)UV(M)\ {m}, then there is a wheel with center v; when b is not adjacent
to vg, and there is a 3PC(b, v1) otherwise.

Case 3.2 Node 2, is strongly adjacent to II.
If zy is of Type a[6.1], there is a wheel with center vy.
If 21 is of Type b or d[6.1], then there is a wheel with center v;.

Assume zy is of Type c[6.1]. If 2y is not adjacent to vy, then there is a wheel with
center v1. If zq is adjacent to vy, then 1 is not adjacent to m and P, is short. Hence
there is a parachute with long sides, center node vy, bottom node v;.

Assume that zy is of Type f [6.1]. Then, if 2y is adjacent to vy, there is a wheel with
center vy, and if @1 is not adjacent to vy, there is a 3PC(z1,v1).

Finally, if 1 is of Type k[6.1], there is a wheel with center v;.

Case 4 N(V(Q)) N{v1,vy,m} = {v1} and vy is not adjacent to ¢.

Then t € V7, else there is a 3PC(,vy). Consider the parachute II' obtained from II by
replacing the tv;-subpath of T' by the path z;,...,2,,t, where z; is the node of Q of
highest index adjacent to v1. As ()5, z,_, is shorter than (), we may assume by induction
that Qy,»,_, and II’ satisfy Theorem 6.4. Since II’ has long top and (),,,,_, contains
no neighbor of m, we get a contradiction. So Case 4 cannot occur.
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Case 5 N(V(Q)) N {vi,v9,m} = {vg,m}.

As a consequence of Claim 1, P is short. Let z; € V(@) be the neighbor of vy closest
totin () and z; € V(@) the neighbor of m closest to t. Note that ¢ = 7 is possible.
Suppose that j > ¢. If ¢ € V¢, there is a 3PC(vy,t) or a wheel with center v;. So
t € V". If vy has more than one neighbor in ¢, , there is a wheel with center v,. If
x; is the unique neighbor of v, in @,.,, there is parachute with long sides, center node
v9, bottom node ¢ and side nodes v, z;.

50 j <. If there is no other neighbor of m on the tx;-subpath of (), then there is a
3PC(vg, ;) and if there are more than two neighbors, then there is a wheel with center
m. So there are exactly two neighbors of m on the tz;-subpath of @), say z; and z.
Now there is a parachute with long sides, center node m and bottom node v,.

Case 6 N(V(Q)) N {vi,ve,m} = {v1,v}.

Let 25 be the node of smallest index in @ adjacent to vy, for A = 1 or 2 such that at
least one of the nodes z3,...,z5_1 is adjacent to v3_p, and let x; be such a node with
highest index, [ < k — 1. W.l.o.g. assume zj is adjacent to vy. Let II' be parachute
obtained from II by replacing T' by vy, 21, Quwy» Tk, V2. Let Q' = Quypy_,. Then Q' is
a direct connection from bottom to top of II’ avoiding S(II’). By induction, as Q' is
shorter than @), we can assume that II" and @’ satisfy Theorem 6.4. However, since II’
has long top and m has no neighbor on @', we get a contradiction. So Case 6 cannot
occur.

6.4 Connections from Bottom to Top

In this subsection, we continue the study of direct connections ¢ from bottom to top of a
parachute. These connections were considered in Theorem 6.4 under the assumption that
parachute modifications relative to () had been performed. Here we describe the possible
direct connections before parachute modifications are performed.

Theorem 6.5 Let G be a wheel-free weakly balanced graph. Let 11 = Par(Py, Py, M,T) be a
parachute and let Q) = x1,...,2, be a direct connection from bottom to top avoiding S(II).

(1) If 11 has long top and long sides, then n > 2 and, up to symmetry between Py and P,
Q is of Type a, b, ¢, d or e[6.]] or of one of the following types, see Figure 16.

e Type al Node x; is a strongly adjacent node of Type f[6.1], adjacent to vy, m and one
node in P,. Node z, is strongly adjacent to 11, adjacent to v, and to one node in T.
Ezactly one node of Q is adjacent to m and none is adjacent to vy, v,.

e Type bl Node z; is strongly adjacent to II, adjacent to vy and to one node in P;.
Node x,, is a strongly adjacent node of Type g[6 1], adjacent to vy, m and one node in
T. No node of Q has a neighbor in IL. Furthermore, 11 has a short middle path.

e Type b2 Node x1 € V" is strongly adjacent to 11, with two neighbors in V(Pz) \ {v2}.
Node x4 is adjacent to vy and to no other node of I1. Node x,, is a strongly adjacent
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node of Type g[6.1], adjacent to vy, m and one node in T. No node of Qean,_, has a
neighbor in 1I. Furthermore, 1l has a short middle path.

o Type cl Node z1 € V7 is strongly adjacent to 11, adjacent to two nodes in P;. Node z,
is a strongly adjacent node of Type g[6.1], adjacent to vy, m and one node in T. Ezactly
one node of Q is adjacent to vy and none is adjacent to vy, m. Furthermore, 11 has a
short middle path.

(ii) If 11 has short top and long sides, then either n = 1 and the only node of Q) is of
Type 0[6.1], or n > 2 and, up to symmetry between Py and Py, Q is of Types a, f, g, h, i, j
or k[6.4] or of one of the following types. See Figure 16.

e Type f1 Node x1 € V¢ is strongly adjacent to 11, adjacent to m and a node in M. Node
x, is not strongly adjacent to 11. Ezactly one node of () is adjacent to m and none is
adjacent to vy or vs.

o Type gl Node 1 € V" is strongly adjacent to 1l and its two neighbors both belong to
V(M) \ {v,m}. Node z, is not strongly adjacent to 1l. Fractly two nodes of Q) are
adjacent to m and none is adjacent to vy or vs.

o Type j1 Node 1 € V7 is strongly adjacent to 1l and its two neighbors both belong to
V(M) \ {v,m}. Node x, is not strongly adjacent to 1. No node of () has a neighbor
wn 11

(iii) If 11 has a short side, say Py, and G contains no parachute with long sides, then Il
has short top and either n = 1 and the only node of Q is of Type l[6.1], or n > 2 and Q is of
Type U[6.4] or as described below. See Figure 16.

e Type 11 Node z; is strongly adjacent to Il and is adjacent to v, and one node in P;.
Node x,, is not strongly adjacent to II. No node of () has a neighbor in 1.

o Type 12 Node 1 € V" is strongly adjacent to 11 and has exactly two neighbors in Py.
Furthermore, one of these neighbors is adjacent to v1. Node x4 is adjacent to vy and to
no other node of 11. Node x,, is not strongly adjacent to 1l. No node of ()., _, has a
neighbor in 11.

Proof: A parachute II" with direct connection Q' = a,..., 2! is called top-initial for Q" if T
and @' cannot be obtained from a parachute II with direct connection ¢ by one parachute
modification at the top using one node of Q). It follows from Remark 6.3 that if II’ is not top-
initial for @', then @ = 29,...,2], 2] ,, node 2], is in the top of II, and V(II') \ V(II) =
T

Parachute II’ with direct connection Q' = zi,...,a! is bottom-initial for Q" if II' and Q'
cannot be obtained from a parachute II with direct connection () by one parachute modi-
fication at the bottom using one node of Q. Again, it follows from Remark 6.3 that if II’
is not bottom-initial for @', then @ = z(,2],..., 2}, node z{ is in the bottom of II', and
V) \ V() = z,.

The proof of the theorem uses the following sufficient conditions for II’ being top-initial
or bottom-initial for Q' = 2f,..., 2!

n*
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Figure 16: Direct connections from bottom to top



(1) If the top of I’ is short, then II" is top-initial for Q.
(2) If 2} has more than one neighbor in the bottom of I, then II’ is bottom-initial for @’

(3) If I has long sides and 2/, is adjacent to one of its side nodes v; or v and to node m,
then I’ is top-initial for @Q’.

(4) If I’ has long sides and 2] is adjacent to one of its side nodes vy or vy and to node m,
then II’ is bottom-initial for @’.

(1) follows from Remark 6.3. (2) follows from the definitions of direct connection and
parachute modification. To prove (3): Assume that I’ has long sides and that 2/, is adjacent
to m and to one of vy and vy. If I, ' come from II, ) by a parachute modification at the
top, then 2/, is a strongly adjacent node to II of Type j[6.1], but this contradicts Theorem 6.4
as Il has long sides. Similarly, one proves (4).

Now, we prove the theorem as follows: Given a parachute II’, we list all direct connections
Q' from bottom to top given by Theorem 6.4. For the ones that are not bottom and top-
initial, we add to the list the ones that give them after one parachute modification at the top
or at the bottom. We repeat this until all the direct connections added are both bottom and
top-initial. Two rounds of this procedure will suffice. In the proof of (iii), the procedure also
stops when a parachute with long sides is detected.

(1) and (ii): II has long sides.
Assume II' with direct connection Q' is derived from II, ) with one parachute modification
at the top.

By (1) and (3) above, Q' is of Type a[6.4]. It follows that @ is of Type al.

Assume now II’ with direct connection @' is derived from II, () with one parachute
modification at the bottom. So by (2) and (4) above, Q' is of Type b, ¢, d, f, g, j[6.4].

If @' is of Type b[6.4], then @Q is of Type b1.

If Q" is of Type c[6.4], then @ is of Type cl.

If @' is of Type d[6.4], then there is a wheel with center v.

If Q' is of Type 1[6.4], then @ is of Type f1.

If @' is of Type g[6.4], then @ is of Type gl.

If Q' is of Type j[6.4], then @ is of Type jl.

We now examine all the newly added direct connections.

If Q" is of Type al, then I’ is bottom-initial for Q" by (4) and II" is top-initial for (), else
there is a wheel with center ».

If Q" is of Type b1, then II' is top-initial for @’ by (2) and one parachute modification at
the bottom gives Type b2.

If Q" is of Type cl, then I’ is top and bottom-initial for @ by (3) and (2).

If Q' is of Type f1, then II" is top-initial for @’ by (1) and one parachute modification at
the bottom gives Type gl.

If Q' is of Type gl, then II" is top and bottom-initial for Q" by (1) and (2).

If Q" is of Type j1, then II" is top and bottom-initial for @’ by (1) and (2).

We now examine all the newly added direct connections.

If Q" is of Type b2, then I’ is top and bottom-initial for Q" by (3 ) and (2).
(iii): II has a short side and ' contains no parachute with long sides.
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Assume II’ with direct connection @’ is derived from II, () with one parachute modification
at the top.

Then by Theorem 6.4, )’ is of Type 1[6.1] or 1[6.4]. In both cases, II" is top-initial for ¢’
by (1) and one parachute modification at the bottom gives Type I1.

Next, consider the case where @’ is of Type 11. Then II' is top-initial for @’ by (1).
Moreover, if there has been one parachute modification at the bottom, then the first node zj,
of () has two neighbors in P;. One of these neighbors is adjacent to vy, as otherwise there is
a parachute with long sides. Hence () is of Type 12.

Finally, if Q" is of Type 12, then I is top and bottom-initial for @’ by (1) and (2).

6.5 Parachutes with a Short Side

As in the earlier subsections, G is a wheel-free weakly balanced graph. We show that, if G
contains a parachute with one short side but no parachute with long sides, then &G has an
extended star cutset.

Theorem 6.6 Let G be a wheel-free weakly balanced graph containing no parachute with long
sides. Let 11 = Par( Py, Py, M,T) be a parachute with a short side, say Py = vy, z and let its
middle path be M = v,m,...,z. Then S(II) or N(v2) U (N(2)N N(v))\ {m} is an extended
star cutset of G

Proof: If S(1I) is not an extended star cutset then, by Theorem 6.5(iii) and Remark 6.3, II
has short top T' = vy,1, v2, and we can assume that, after possibly parachute modifications at
the bottom, there is a direct connection ) = 1, ..., 2, from bottom to top of Type 1[6.4] or
of Type 1[6.1], where 2 is adjacent to the neighbor, say a, of v; in P;. Note that Il induces
another parachute with short side, namely the parachute with center node v, side nodes v, z,
top path M, middle path T" and side paths P; and v, v;. Denote by II* this parachute. Now, if
S(II*) = N(vg)U(N(2)NN(v))\{m}is not an extended star cutset then, by Theorem 6.5(iii),
IT* has short top v, m, z and, there is a direct connection R = yq,...,y, from the bottom of
IT* to the top m of Type 1[6.1], Type 1[6.4], Type 11 or 12[6.5].

No node of V(R)\ {y1} is adjacent to or coincident with a node of @, since otherwise II*
would contain a direct connection from bottom to top violating Theorem 6.5. Now, if R is of
Type 11 or 12[6.5], there is a wheel with center z. So R is of Type 1[6.1] or Type 1[6.4]. Node
11 has a neighbor in ) since, otherwise, there is a wheel with center z. Finally, y; is adjacent
to x1 but to no other node of () since, otherwise, Il would contain a direct connection from
bottom to top violating Theorem 6.5. Let b be the neighbor of z in Py, see Figure 17.

Node z; is adjacent to ¢, else there is a 3PC(z1,t). Similarly, y; is adjacent to m, else
there is a 3PC(y1, m). Finally, a is adjacent to b, else there is a 3PC(a,b). Now the graph
induced by V(II) U V(Q)U V(R) is an Ryo configuration. It follows that &' is not weakly
balanced, a contradiction. O

6.6 Stabilized Parachutes

In the remainder of this subsection, we consider wheel-free weakly balanced graphs G that
contain a parachute with long sides and short middle. In this subsection, we make the further
assumption that G contains a stabilized parachute, as defined below.
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Figure 17: Connections ¢ and R

Definition 6.7 A stabilized parachute (11, R), see Figure 18, consists of a parachute 1l =
Par( Py, Py, M,T) with long sides P, = vi,a,...,z and P; = va,...,z, a short middle M =
v,m,z and of a chordless path R = ry,...,ry (possibly k = 1), where r; € V \ V(II) for

1= 1,...,k, such that node ry is adjacent to node a and node ry is adjacent to v. Nodes rq
and ry do not have any other adjacencies in Il than those just mentioned and nodes r; for
1=2,....k— 1, are not adjacent to any node of 1L. Furthermore,

(1) any strongly adjacent node of Type f[6.1] relative to 11 that is adjacent to vy must also
be adjacent to vy, and

(71) any node in V' \ (V(II) U V(R)) that has two neighbors in T and is adjacent to ry,
must also be adjacent to m.

We now prove that if G contains a stabilized parachute, then GG has an extended star
cutset.

Lemma 6.8 Let GG be a wheel-free weakly balanced graph. If 11 is a stabilized parachute then
the only possible direct connections from bottom to top avoiding S(I1) are of Type b, ¢, d,
ef6.4] or Type b1, b2, c1[6.5].

Proof: A direct connection of Type 0[6.1] or Type g or j[6.4] cannot occur since a stabilized
parachute has middle path of length 2. Similarly for Types f1, gl and j1[6.5]. Now we show
that a direct connection ) = z1,...,2, of Type a, f, h, i or k[6.4] and Type al[6.5] cannot
occur.

Case 1 Path @ is of Type a[6.4].

It follows from Condition (i) of Definition 6.7 that z; is adjacent to vy, m and a node
in P,. Nodes z4,...,x, are not adjacent or equal to any of the nodes r{,...,7rp_1, else
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Figure 18: A stabilized parachute

there is a direct connection from bottom to top that contradicts Theorem 6.5. Clearly,
x1 is not in R and rg is not in Q.

If rj, is not adjacent to any node in @, there is a wheel with center v; whether or not
xq is adjacent at least one node in the set {ry,..., 7}

If r;, is adjacent to at least one node in Q, let z; be the node of @ that is adjacent to
m and let ¢ be a neighbor of 7 in Q,,, such that Qx]q contains no other neighbor of
. Note that z;,q,21 € V°, s0 H = x;,Qz,q,9, Tk, R, 71,0, 01,21, m, z; is a hole. Now
(H,v)is a wheel.

Case 2 Path @ is of Type al[6.5].

By Theorem 6.5, z, is not adjacent or equal to rq,...,7,_1 and obviously, z, # r.
By Condition (ii) of Definition 6.7, node z,, is not adjacent to r;. Therefore, after
parachute modification, we are back in Case 1.

Case 3 Path @ is of Type f, h, i or k[6.4].

If some node of V(Q)\ {1} is adjacent or equal to at least one node of V(R)\ {ry}, then
there is a direct connection from the bottom to the top of Il violating Theorem 6.5(ii).
So no such adjacency exists. Clearly, 1 is not in R and rg is not in Q. If ¢ is of
Type h, i or k[6.4] and 2, is adjacent to a node in R, there is a wheel with center zy. If
Q is of Type f[6.4], then 2 is adjacent to at most one node of R, else there is a wheel
with center 1. If 21 is adjacent to exactly one node of R, there is a 3PC(z1,a), where
a is the neighbor of vy in P;. So, in all cases, 1 is not adjacent to a node in R. If ry
is not adjacent to a node in ), then there is a wheel with center »;. So 7y is adjacent
to a node in Q. Now, if @ is of Type f[6.4], there is a wheel with center v, and if @ is
of Type h, i or k[6.4], there is a 3PC(x1, ).
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Lemma 6.9 Let G be a wheel-free weakly balanced graph. If G contains a parachute 11 with
long sides having a direct connection of Type b, ¢, df6.4] or b1, b2, c1[6.5], then G has a
stabilized parachute with top shorter than the top of 1I.

Proof: If the direct connection is of Types ¢, d[6.4] or b1, b2, c1[6.5] there exists a parachute
with long sides with a direct connection of Type b[6.4]. So we assume that the direct connec-
tion @ = x1,...,x, is of Type b[6.4]. Assume w.l.o.g. that z; is adjacent to the neighbor b
of vy in Ps. Construct the parachute II' as follows. The middle path of s M = Ty, M, 2.
The top path T of I’ is the subpath of T' connecting the two nelghbors of x, in T, say
t € T and vy. The side path P2 is identical to P, and the side path P1 connects t to z, using
nodes of V(T)UV(P;). We will show that IT', with extra path induced by Q,,,,_,, defines a
stabilized parachute with shorter top than II. In order to prove that II' defines a stabilized
parachute, we need to check Conditions (i) and (ii) of Definition 6.7. Condition (i) holds
since t € V(T) and a node w of Type f[6.1] relative to II' that is adjacent to ¢ must also be
adjacent to vy, else w violates Theorem 6.1 relative to II. To see that Condition (ii) holds,
consider a node y adjacent to ,,_; and to two nodes of T". There is a direct connection that
violates Theorem 6.5(i) with respect to II, unless node y is adjacent to m. This completes
the proof that II' is a stabilized parachute. O

Theorem 6.10 Let GG be a wheel-free weakly balanced graph. If G contains a stabilized
parachute, then G has an extended star cutset.

Proof: Among all parachutes that give rise to a stabilized parachute, let II be one with
shortest top. If II has no extended star cutset, every direct connection from bottom to top
avoiding S(II) is of Type e[6.4] by Lemmas 6.8 and 6.9.

Consider @ = xy,...,z, of Type e[6.4] and assume w.l.o.g. that 2; and 2, are adjacent
to v;. Then the first node ry of the extra path R = ry,...,r; is adjacent to the neighbor of
vy in Py, by Condition (i) of Definition 6.7. Note that the nodes 25, ..., z, are not adjacent
or equal to 7q,...,7,_1, because otherwise Il would have a direct connection of Type b[6.5],
which contradicts, by Lemma 6.9, the fact that 11 is a stabilized parachute with shortest top.

If r;, is not adjacent to any node in @4, , there is a wheel with center v; whether or not
21 has neighbors in R.

If r;, is adjacent to at least one node in )4,,,,, then there is a parachute with shorter top
path obtained by replacing the center node v by the node x,, and replacing the extra path R
by a chordless path from z,, to ry only involving nodes of (V(Q)\ {z1})U V(R). The new
parachute satisfies Condition 6.7(i) as any node violating it would violate Theorem 6.1 with
respect to II. To see that Condition (ii) holds, consider a node w adjacent to z,_1 and to
two nodes of the new top. There is a direct connection that violates Theorem 6.5(i) with
respect to II, unless node w is adjacent to m. O

6.7 Parachutes with Long Top and Long Sides

In this subsection, we show that, if G is a wheel-free weakly balanced graph that contains a
parachute with long top and long sides, then G has an extended star cutset.
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Lemma 6.11 Let G be a wheel-free weakly balanced graph that contains no stabilized parachute.
Let 11 be a parachute with long sides having a direct connection of Type af6.4]. Then 11 has
short top and a direct connection of Type f[6.4].

Proof: Let Q = xy,...,2, be a direct connection of Type a[6.4] where z; is adjacent to vy
and let z; be the node of Q adjacent to m. Consider the parachute I’ in I U Q with center
m, side nodes z; and z; and bottom node vy. Then I’ has long sides and short middle. Let
R’ be the path in M U P, from m to the neighbor of z1 in P,. By assumption, II'’ U R is not
a stabilized parachute. If w would be a node violating Condition 6.7(i) with respect to II’,
then it would be adjacent to z;, v and some node in Py. So, there would be a wheel (H,m)
with H = w,2;,Qz,z,,v1,v,w. Hence II' satifies Condition 6.7(i). So Condition 6.7(ii) is not
satisfied for II" and R’. Hence, there exists a node w adjacent to the neighbor of m distinct
from v in M, to two neighbors zy, z; on () for 1 < f <4 < j, and not adjacent to v. So
W, i, @z, Tn 18 @ direct connection from bottom to top of 1I. By Theorem 6.5, it has to be
of Type [6.4], since it contains z;. O

Lemma 6.12 Let G be a wheel-free weakly balanced graph that contains no stabilized parachute.
Then a parachute with long sides cannot have a direct connection of Type €[6.]] or Type

alf6.5].

Proof: If Q = xy,...,2, is a direct connection of Type e[6.4], where 1 is adjacent to vy, m
and b € ]51 and z, is adjacent to vy and t € T. We show that a stabilized parachute occurs
by taking v, as the center node, 21,2, as the side nodes and »; as the bottom node. There
exists no pair dy, dy of strongly adjacent nodes of Type f[6.1] relative to this parachute such
that dy is adjacent to @1 but not to z,, and d; is adjacent to x,, but not to x; (else there is
a wheel with center v). Since there are two possibilities for the path R, namely the subpath
of T' from vy to ¢ and the path from vz to b, Condition (i) of Definition 6.7 is satisfied by one
of the choices for R. Next, we consider Condition (ii). First, consider the case when R is the
subpath of T connecting vs to t. If there is a node w adjacent to two nodes in () and to the
neighbor of vy in 7" and w is not adjacent to v, then there is a direct connection from bottom
to top of II that contradicts Theorem 6.5, for w € V" cannot be adjacent to m. Therefore
Condition (ii) holds.

Now, consider the case when R connects vy to b. If there is a node w adjacent to two
nodes in ¢ and to the neighbor ¢ of vy in P, then one of three possibilities occurs.

If w is also adjacent to v, Condition (ii) holds.

If w is not adjacent to v but is adjacent to at least one node of V(II)\ {v, ¢}, then there
is a direct connection from bottom to top of II that contradicts Theorem 6.5.

If w is not adjacent to any node of V(II)\ {¢}, then there is a direct connection of
Type b[6.4] from bottom to top of 11, and the result follows from Lemma 6.9.

If the direct connection is of Type al[6.5], we get, after a parachute modification at the
top, a parachute with long sides, long top and a direct connection of Type a[6.4], contradicting
Lemma 6.11. O

Theorem 6.13 Let G be a wheel-free weakly balanced graph. If G contains a parachute with
long top and long sides, then G has an extended star cutsel.
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Proof: By Theorem 6.5(i), II must have a direct connection ¢) of Type a, b, ¢, d, e[6.4] or
Type al, bl, b2, c1[6.5]. Now, we have a stabilized parachute. Indeed, if @ is of Type b,
¢, d[6.4] or Type bl, b2, c1[6.5], this is guaranteed by Lemma 6.9. If @) is of Type a[6.4],
this is guaranteed by Lemma 6.11 since II has long top. Finally, if @ is of Type e[6.4] or
Type al[6.5], this follows from Lemma 6.12. Now, by Theorem 6.10, G contains an extended
star cutset. O

6.8 Parachutes with Short Middle Path

In this subsection, we assume again that G is a wheel-free weakly balanced graph. We show
that, if G contains a parachute with long sides and short middle but & contains no connected
squares, then G has an extended star cutset.

A direct connection ) = zq,...,z, from bottom to top of a parachute II is of Type fs0.
if @) is of Type [6.4] and x5 is adjacent to m.

Lemma 6.14 Let G be a wheel-free weakly balanced graph that contains no connected squares.
Suppose G contains no extended star cutset and let 11 be a parachute with long sides and short
middle. Then Il has short top and each direct connection from bottom to top is of Type a[6.4],
fshort or h, i[6.4]. Moreover, 11 has at least one direct connection of Type fspore or h, i[6.4].

Proof: By Theorem 6.13, II has short top. Since S(II) is not an extended star cutset of (¢
and II has a short middle path, by Theorem 6.5(ii), its direct connections are of Type a, f, h,
i, k[6.4]. As there are no connected squares, Il has no direct connection of Type k[6.4]. By
Theorem 6.10, G contains no stabilized parachute. By Lemma 6.11, I has a direct connection
of Type [6.4] if it has one of Type a[6.4]. Now let @) be a direct connection of Type f[6.4].
Let II' be the unique parachute in II U () with center node m, middle path m, v, v, and side
nodes z and the neighbor z; of m on ). The top of I’ is the subpath of () connecting z;
with z and this top must be short by Corollary 6.13. So @ is of Type ..+ relative to II. O

Definition 6.15 For k > 2, a k-parachute II* is defined as follows, see Figure 19. For k
even, say k = 2p, II* consists of nodes v, m, vy, .. o Up 1y Tl e v vy Tpgls YlovvsYps Zlae s Zp
and chordless paths P;, for j =1,...,2p where:

e node v is adjacent to nodes m and vy, ..., Vpq1,

e node m is adjacent to nodes v and z, ..., 2,

o fort=1,...,p+ 1, node x; is adjacent to nodes vy, ..., vy,

o fort=1,...,p, node y; is adjacent to nodes z1,. .., z,

o fort=1,...,p, path Py_1 connects x; to z; and path Py connects y; to viyq,

o fori#j, V(P)NV(P;) =10,

o there are no adjacencies between the nodes of II* other than those indicated above.
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For k odd, say k = 2p + 1, the k-parachute 11* is obtained from 1*~' by adding a node
Zpy1 adjacent to m, a node yp41 adjacent to nodes z1,...,zp41 and a chordless path Pypiq

connecting x,41 to 2,41 whose inner nodes are distinct from V(IF~Y) U {211, Yp1} and are
not adjacent to {y,41} UV (IF\ {211}

This definition implies that a 2-parachute is a parachute with long side paths Py, P, short
middle path v, m, z; and short top path vy, za, va.

Theorem 6.16 Assume that G is a wheel-free weakly balanced graph that contains no con-
nected squares. If G contains a parachute with long sides and short middle, then G has an
extended star cutset.

Proof: Assume that G has no extended star cutset. By Theorem 6.10, G contains no stabilized
parachute. Let II* is a k-parachute with & maximal.

Claim 1 II* exists and k > 3.

Proof of Claim 1: By Lemma 6.14, each parachute with long sides and short middle has
short top, so is a 2-parachute. Hence, II* exists.

Suppose k = 2. A parachute with long sides and short middle and with a direct connection
of Type {4500+ induces a 3-parachute. So, by Lemmas 6.11 and 6.14, we get

(*) Direct connections of parachutes with long sides and short middle are of Type h, i[6.4].

Let II be a parachute with long sides and short middle. Then the top of II is short. Let
t denote its single node. Let () = zy,...,2, be a direct connection from the bottom to the
top of II. By (*), @ is of Type h, i[6.4]. Hence for both ¢ = 1 and { = 2, 21 has a neighbor
ye on Py. Moreover, m has two neighbors 2; and z; on @ (with j < 7, say). Note that j =1
if @ is of Type h[6.4]. W.l.o.g. assume that I and @ are chosen such that, if possible, @ is
of Type h[6.4].

For { = 1 and { = 2, we define the parachute II, with long sides and short middle as follows:
the middle path is m, v, v, the top path is Q,,,, and the side paths are @, U {t,v,} and
Qxﬂm U (Py)yw,. Let R = rq,...,ry be the shortest path that is a direct connection from
the bottom to the top of II; or 1. Then, by (*), R is of Type h or i[6.4]. By construction,
R is node disjoint from II U ). So R is a direct connection from the bottom to the top of
both 1I; and II; and it has the same type relative to both II; and IIy. If R is of Type i[6.4]
with respect to both 1I; and I, then rq is adjacent to ¢, a node of P, and a node of P,. But
this contradicts Theorem 6.1. So R is of Type h[6.4] with respect to both II; and II; and,
therefore, r1 is adjacent to v. By Theorem 6.1, 1 cannot have neighbors in both P; and P,.
So 7y has a neighbor in @y, \ {z;}. This implies that () is of Type i[6.4] with respect to
II. But this contradicts the choice of II, @ since R is of Type h[6.4] with respect to IIy. This
proves Claim 1.

From now on, we will assume that k is odd (k = 2p+ 1 say), as the proof of the even case
is essentially the same. Let II* be the parachute with top path z,11,yp+1,2p, middle path
m, v, vpyq and side paths Poyyq U{v,qq} and Py, U{z,}. Let P;,19 be a direct connection of
IT* of Type fs0r¢, h or i[6.5]. Denote by v,4o the node of P49 adjacent to v and closest to
Yp+1. Moreover, let 2,45 be the first node of Pyy4o (so adjacent to the bottom of II*).

68



For « = 1,...,p, we denote by II; the parachute with middle path m,v,v;, side paths
Pyi_y U{zi_1} and Py,q1 U {v;} and top path z,41,¥yp41,2i—1, and we denote by II} the
parachute with middle path m,v,v;, side paths Py;_y U {v;} and P,,41 U {v;} and top path
Zp+15 Up+15 -

Claim 2: Leti = 1,...,p and 11 € {II;,1I}}. Then P,,1 is a direct connection for II.
Moreover, Pypyo is of Type fspore for 11 if and only if it is of Type fshore for 11*.

Proof of Claim 2: If Py,42 would contain no direct connection for II, then Ps,42 would
be of Type fspop¢ for II* and Popyo U {vp41} would be a direct connection for II that is not of
Type a[6.4], fspop¢ or h, i [6.4]. S0 Py,yo contains a direct connection ¢ for II.

Suppose that ) is a proper subpath of P,49. Then () is not a direct connection for
IT*, hence it has to be of Type fgp,,+ for II. However this implies that @ U {v;} is a direct
connection for II* that is not of Type a[6.4], {550, or h, 1[6.4], a contradiction. So ) = Pa,19,
and P5p49 is a direct connection for II. The remainder of the claim now follows because, for
both II* and II, we have that Py,19 is of Type {50, if and only if Py,49 has no neighbor on
P5,41. This proves Claim 2.

Claim 3: Py,1 is of Type fspore for all the parachutes 1; and I, with i =1,...,p.

Proof of Claim 3: Suppose not. Then, by Claim 2, P54, is not of Type f;,,,¢ for II* and
H;. Hence 49, the first node on Py,42, has a neighbor on P, and one on Py,_; and either it
is adjacent to v (if Pa,4o is of Type h[6.4] for II*) or to 2,41 (if Popyo is of Type i[6.4] for 11*).
In any case x,19 € V". But then, z,4, is a strongly adjacent node violating Theorem 6.1
with respect to the parachute with top path v,y1,2,41,v,, middle path v, m, 2, and side
paths P, U{z,} and P,,_1 U{v,}. This proves Claim 3.

From the last claim, it follows immediately that IT* U Py, 9 is a k + 1-parachute, contra-
dicting our choice of k. |

6.9 The Parachute Theorem

Theorem 6.17 Let G be a weakly balanced graph that is not strongly balanceable. Assume
G contains no extended star cutset. Then G is wheel-free and contains a parachute with long
sides. Furthermore, if G contains no connected squares, any parachute 11 with long sides has
a short top, a long middle and a direct connection of Type j[6.4] or j1[6.5]. In addition, any
direct connection from bottom to top avoiding S(11) is of one of these two types.

Proof: Assume G contains no extended star cutset. By Theorems 4.6, 5.1 and 6.6, G is
wheel-free and contains a parachute with long sides. Let Il be such a parachute and let () be
a direct connection from bottom to top avoiding S(II). There exists a parachute with long
sides and short middle in 11 U () when @ is of Type o[6.1], Types a, b, ¢, d, e, f, g, h, i[6.4] or
al, bl, b2, cl, 1, g1[6.5]. So by Theorem 6.16, none of these direct connections can occur.
Now, by Theorem 6.5, @ must be of Type j, k[6.4] or j1[6.5]. This proves the theorem, since
Type k[6.4] yield connected squares. O
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7 Connected Squares

7.1 A Classification of Nodes and Paths

In this section, we prove the following result:

Theorem 7.1 Let G be a wheel-free weakly balanced graph that contains connected squares.
Then G has a biclique cutset or a 2-join.

Figure 20: Connected squares

Throughout this section, GG denotes a wheel-free weakly balanced graph that contains
connected squares, and CS(Pf, PS; Pl, P]) denotes connected squares in G, see Figure 20.
We assume s$,5,15,15 € VC and s7,s5,4],#5 € V". Recall that P{ denotes the subpath
obtained from P{ by removing its endnodes s¢, t5. The subpaths P§, P/, Py are analogously
defined.

The following lemma characterizes the strongly adjacent nodes to connected squares.

Lemma 7.2 Let ¥ = CS(Pf, PS; Pl, P}) be connected squares and v € V(G)\ V(X) be a
strongly adjacent node to Y. Then one of the following holds:

o Node v has exactly two neighbors in X, both contained in Py or in P5 or in P or in
Pj.

o Node v is of one of the following types, see Figure 21:

Type a Node v has three neighbors in X, two of them being s5,s5 or 1,15 or s7, s}
or 11,15, If v € V¢, the third neighbor is in P{ or in P§ and if v € V", the third
neighbor is in P{ or in Pj.

By extension, we define s§, s5, si, s5, 5, 15, 11, t5 to be Type a nodes.
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Type b Node v has exactly two neighbors in X that are s, s5 or 5,5 or s7, s5 or t], 5.

Type ¢ Node v has exactly two neighbors in X and if v € V", then v has one neighbor
in Py and one in Py. If v € V°, then v has one neighbor in P¢ and one in PS.

Type a Type b Type c
Figure 21: Strongly adjacent nodes

Proof: 1f all the neighbors of v in ¥ belong to one of the paths Py, P, P/, Pj, then v has
two neighbors in this path, else v is the center of a wheel. If » has neighbors in more than
one path, then » has a unique neighbor in each of these paths, else v is again the center of a
wheel.

In the rest of the proof, assume w.l.o.g. that v € V. If v has (unique) neighbors in both
Py and PS5, say v1 and v, then » has no neighbors in P{" and Pj. For, if v is adjacent to, say
v3in P], then assume w.l.o.g. that v3 is distinct from ¢]. Then vy, v; and v3 are intermediate
nodes in the three paths of a 3PC(v,]). So v is of Type c in this case.

Consider now the case in which v has no neighbors in P{ or PS5, say Ps. If v has (unique)
neighbors in both P/ and Pj, say vs and v4, then either v3 = s] and v4 = s}, or v3 =] and
vq = t5. For, if not, assume v3 # s§. Then vy = 1}, else nodes 15, s] and s} are intermediate
nodes in a 3PC(v3, s5). The same argument, applied to vg # s3, shows vz = {7. Thus node v
is of Type a if it has a neighbor in Pl, and v is of Type b if it has no neighbor in P1 Finally,
if » has no neighbors in P or Pj, assume w.l.o.g. that v has no neighbor in PJ, is adjacent
to vy in Py, to vz in P{ and vz # ¢]. Then vy is adjacent to s, else we have a 3PC(v1, s7).
Now s{ is the center of an odd wheel. O

Let 8¢ comprise all Type a and Type b[7.2] nodes adjacent to s| and s}. Node sets S,
7°¢ and 7" are defined analogously. Let S =S8"US°and 7T =7"UT°.

Lemma 7.3 The sets § and T are disjoint and no node of S is adjacent to a node of T.

71



Proof: The first property follows immediately from Lemma 7.2. If the second property does
not hold, there is a 3-path configuration connecting a node in {sy, s5, s7,s5} and a node in
{tg, 15,1, 15} =

Let v be a Type b[7.2] node in § and let P,(X) be the family of direct connections between
v and 7, avoiding the set S\ {v}. When no confusion arises, we write P, instead of P,(¥).
Consider the following classification of the paths in P,.

Classification 7.4 Let P = x1,29,...,2, be a direct connection in P, where x1 is adjacent
to a Type b[7.2] node v in S and x, is adjacent to a node in 7T.

e P is attached if x, is adjacent to a Type a[7.2] node in T.

e P is detached if x, is not adjacent to any Type a[7.2] node in T. Hence z,, is adjacent
only to Type b[7.2] nodes in T .

The above classification induces a classification of the strongly adjacent nodes of Type b[7.2]:
Classification 7.5 Let v be a Type b[7.2] node in S.
o Node v is attached if v has at least one attached direct connection in P,.
o Node v is detached if P, is nonempty and all the direct connections in P, are detached.
e Node v is separable if P, is empty.

Similarly, each Type b[7.2] node w € 7 is classified as attached, detached or separable,
based on the direct connections in P, between w and §, avoiding 7 \ {w}.

An attached direct connection P € P, is minimal if there exists no direct connection

P' € P, with nodes in V(P)U V() such that V(P")\ V(X) C V(P)\ V(X).

Lemma 7.6 Let v € § be an attached Type b[7.2] node, and let P = xy,29,...,2, be a
minimal attached direct connection in P,, where x,, is adjacent to a Type a[7.2] node t in T°.
Say t has a neighbor in P{. Let x}, be the node of highest index in V(P)\ V(X). Then the
following holds:

(1) N(zp)OV(X) C V).
(ii) v € S°.
(iii) At most one node of {xy,...,x} is adjacent to s{ and none is adjacent to s, s] or s.

(iv) Node x, is not adjacent to any Type a[7.2] node t' with a neighbor in P5.

Proof: Since P € P, is minimal, no node in {z1,...,2,-1} is adjacent to a node in V(X)\
{51, 53,1, 85}

Claim 1 If x}, is a strongly adjacent node of Type ¢[7.2], then no node in {zy,...,25_1}
is adjacent to a node in {sg,sS, s}, s5}.

72



Proof of Claim 1: By Lemma 7.2, h < n. As P € P, and t € 7°, node zj, has one neighbor
in Pf, say z1, and one in ]520, say zo. Let z;, ¢ < h, be the node of highest index adjacent to a
node z* € {s{, s5,s7, s5}. By symmetry, we may assume z* € {s{,s]}. If 2* = s, then nodes
71, 72 and x; are intermediate nodes in the three paths of a 3PC/(x}, s7). So 2* = s§. Now z
is adjacent to sy, else there is a 3PC(z1,s]). Let () be the shortest path from z; to s, con-
tained in V(Py,_,., )U{v,s5}. Then the hole H = xp, Pp,w;, i, Q, 87, Py 47, 15, (P )iy, 21,
induces a wheel with center s{. This proves Claim 1.

Claim 2 N(zp)NV(X) C V(FPY).

Proof of Claim 2: Assume not. Then, by Lemma 7.2, zj is a strongly adjacent node of
Type ¢[7.2] with neighbors in Pf and ]520 and, by Claim 1, Py, ;,_, has no neighbors in . If
v would be in 8¢, there would be a 3PC(xy,s]). So v € §". If v is adjacent to zp, there is a
wheel with center zp. If v is not adjacent to a, there is a 3PC(z,, v). This proves Claim 2.

Claim 3 No node in {z1,...,x4-1} is adjacent to s§, s| or s,.

Proof of Claim 3: Let x;, ¢ < h, be the node of highest index adjacent to a node z* €
{s5,s7,s5}. By symmetry we may assume z* € {s5,s{}. However, if 2* = s, there is a
3PC(t,sy) and if 2 = 55, there is a 3PC(¢], s5). This proves Claim 3.

By Claim 2, (i) holds. If » would be in §" then, by Claim 3, there would be a 3PC(t], s5)
in (V(E)UV(P))\ {s{}. So (ii) follows as well. Claims 2 and 3 establish the second part of
(iii). The first part of (iii) holds since, when s has more than one neighbor in {z1,..., 2},
there is a wheel with center s{. Finally, suppose (iv) is false. Then by (iii) and symmetry

between ¢t and t', no node among 1, ...,2,_1 has a neighbor in X. So there is a 3PC(t, s}).
O

Lemma 7.6 shows that, up to symmetry, Figure 3 depicts the possible attached direct
connections in P, where, in Figure 22(a), node s{ may not be adjacent to a node z; of P and
node zj, may have two neighbors in Py.

We now characterize the direct connections in P,, when v is a detached Type b[7.2] node.

Lemma 7.7 Let P = z1,29,...,2, be a direct connection in P,, where x1 is adjacent to a
detached Type b[7.2] node v € § and x,, is adjacent to a Type b[7.2] node t € T°. Then P
satisfies the following properties:

e No node z;, 1 <1 < n, is adjacent to a node in 2.

o Node v belongs to S¢.

Proof: Since v is a detached node, no node z;, 1 < ¢ < n, is adjacent to a node in V(X)\
{sy,55,57,s5}. Let a; be the node with highest index adjacent to a (unique) node z* €
{s{,55, 57,55}, By symmetry, we may assume z* € {s§,s]}. If 2* = s§, there is a 3PC(s§, t])
and if @* = 57, there is a 3PC(s],t). Hence the first part of the lemma follows. The second
part now follows immediately for, if v € 8", there is a 3PC(], ). O
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Figure 22: Attached direct connections

7.2 Extreme Connected Squares

Definition 7.8 A subgraph Y. of G is called extreme connected squares if it has the following
properties and no other subgraph ¥’ of G with V(%) C V(Y') does.

Two disjoint node sets S, T C V(X) induce bicliques Ks and K1 respectively, and F(K g)U
E(K7T) is a 2-join of ¥.. Fach connected component Gi; of X\ (L(Ks)UE(K7T)) has a nonempty
intersection S; with S and a nonempty intersection T; with T, and either S; UT; C V" or
S; UT; C Ve, Furthermore, at least two connected components G satisfy S; UT; C V" and
at least two satisfy S; UT; C V°. Finally, every node of ¥ belongs to a chordless path of
Y\ (E(Ks)UE(KT)) with endnodes in S and T'.

Using the notation introduced in Definition 7.8, we let 5" = SN V" and we define 5S¢, T
and 7 analogously. X" denotes the subgraph of ¥ comprising all connected components G
that have nonempty intersection with 5™ U T". We define ¥¢ analogously. A chordless path
of ¥\ (E(Ks)U E(Kr)) with endnodes in S and 7' is called an ST'-path. It follows from the
definition of extreme connected squares that, if P/, P; are ST-paths in distinct components of
Y¢and P[, P/ are ST-paths in distinct components of &7, then V(P )UV(PS)UV (PL)UV (F])
induces connected squares. Connected squares C'S( P, Pr P, P/') constructed in this fashion
are said to be contained in Y. Let §° be the set of nodes in G adjacent to all the nodes in
ST. The sets 8™, 7¢ and 7" are analogously defined. Let § = S°US" and 7 = T°UT".
Note that S C S and T C 7.

Lemma 7.9 Let ¥ be extreme connected squares and Y51 = CS(PZ»C,P]«C;P,:,PZT) be con-
nected squares contained in X.. Let Q; = s,x1,...,&y,t be a path in G where

e node s is adjacent to all nodes of S”, node t is adjacent to all the nodes of T" and these
are the only adjacencies between nodes of (); and X7,
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o at least one node of Q); is coincident with or adjacent to a node in the component G,
that contains PP, and

e no node of (); is adjacent to a node of V(X°)\ V(G,).
Then V(Q;) C V(G)).

Proof: Let X' be the graph obtained from X by adding V(Q;) to V(G;). Define S = SU{s},
T" =T U {t}. The first condition in Lemma 7.9 shows that F(Kg)U E(K7/) is a 2-join of
Y. The second and third conditions in Lemma 7.9 guarantee that the number of connected
components of X'\ (E(Kg)U E(K7/)) is the same as for ¥. Finally, every node of ¥/ belongs
to a chordless path of ¥'\ (£(Kg/)U E(K7/)) with endnodes in S” and 77, So ¥/ satisfies all
the properties of Definition 7.8. Thus ¥/ = ¥, since ¥ is extreme. O

Lemma 7.10 Let Y be extreme connected squares and let v be a Type a[7.2] node with respect
to some connected squares contained in . Thenv € SUT.

Proof: Let v be a Type a[7.2] node with respect to ¥ = CS(Pf, Pf; P{, P[') contained in
3. Assume w.l.o.g. that v is adjacent to a node in ]NDZ»C and to the endnodes sj,s; of P/ and
P/ in S7. There exists a unique chordless path @; contained in (V(Ff) \ {s¢})U{v}, where
s¢ is the endnode of Pfin S°¢. By Lemma 7.9 applied to ¥;;i; and @), it suffices to show that

(i) v is adjacent to all the nodes in S” and no other node of ¥, and
(ii) » has no neighbor in V(X°)\ V(G,).

If (i) does not hold, then either v is not adjacent to some node s, € S™ (by Definition 7.8,
sr. belongs to an ST-path P ), or v has a neighbor in the interior of an ST-path P/ in X".
Assume w.l.0.g. that the component G, that contains P, is distinct from the component
G, that contains P[. Now, v is a strongly adjacent node violating Lemma 7.2 in connected
squares C'S(Pf, Pf; Pr, PL).

If (ii) does not hold, v has a neighbor in an ST-path P¢ in ¥°\ ;. Then v is a strongly
adjacent node violating Lemma 7.2 in connected squares C'S(PS, PS; Py, P/). O

Lemma 7.11 Let X be extreme connected squares and let v be an attached Type b[7.2] node
with respect to some connected squares contained in . Then v € SUT.

Proof: By Lemma 7.10, we can assume that v is not a Type a[7.2] node with respect to any
connected squares contained in ¥. Choose ¥;;5, = CS(FY, Pr P, P/') such that v is attached
in ;5 with an attached direct connection P = 24,...,2, and V(P)\ V(X;;x) has smallest
cardinality among all possible choices of ¥;;;; and P. Let s and ¢ denote the endnodes of
P;in 5¢ and T respectively. s§, {5, sp, t;, s/ and {] are defined analogously. Let zj be
the node of highest index in V(P) \ V(X;;x) (possibly h = n). By Lemma 7.10, we can also
assume that x, is adjacent to t7, 17, t} or ], say {;.

By Lemma 7.9 applied to ¥;;z and the chordless path contained in (V(PF)\{s{})UV(P)U
{v}, it suffices to show the following claims.

Claim 1 No node of P is adjacent to a node in X"
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Proof of Claim 1: Assume that a node of P is adjacent to a node z € ¥ and let P}, be an
ST-path containing z. Let s/ and ¢, be the endnodes of P),. Assume w.l.o.g. that k # m.
Let ¥ijpm = CS(PF, PS; PL, Py) and choose the shortest subpath P’ of P with endnodes z,y
satisfying the following property. 0 # N(2) NV (Zijkm) C V(PF), 0 # N(y) NV (Zikm) C
V(P)) and (N(z)UN(y)) NV (Ximm) # {5, s, 1, {t5, 1, }. Note that the existence of such a
path is obvious when h < n, or when /o = n and z, is strongly adjacent to X;;p. If h =n
and z,, has t§ as unique neighbor in ¥;;z;, then s{ must have a neighbor in P, otherwise there
is a 3PC(s},15). So again a path P’ with the desired property exists. Since z has neighbors
only in P? and y has neighbors only in P, by possibly shortening P’ and modifying P¢ and
P! accordingly, we can assume that z has a unique neighbor z* in Pf and y has a unique
neighbor y* in P/,. Lemma 7.2 shows that even after shortening, P’ has length at least 1.

To complete the proof of Claim 1, we show that, for any connected squares C'S(Pf, PP, P,
the existence of a path P’ with the above properties leads to a contradiction.

Assume first that no intermediate node of P’ is adjacent to s, sI , ¢ or ¢7 . Then z*, y*
belong to the same side of the bipartition, else V(X;;4,, )JUV (P’) contains a 3PC(z*, y*). So we
can assume w.l.o.g. that 2*,y* € V" and y* # s7,. Let H = 2™, 2, Py, y*, (P}, )y er,» 0 15, 10, Pf
sy, 8¢, (Pf)slcl,*,x*. Now, t¢ has two neighbors in H, namely 7,1 . So, if tf is adjacent to 2™,
we have an odd wheel, and if ¢ is not adjacent to z*, we have a 3PC(¢{, z*).

So s, s, 5 or t is adjacent to some intermediate node of P’. We assume w.l.o.g. that
the last case occurs and z* = t{ by the minimality of P’. Then y* € V(P )\ {t],}. Now
(H',t},) is a wheel where H' = a*, 2, P',y,y* (P} )yrsr ,Sp .55, P£ 15,15, 2%, This proves

m g 7%
Claim 1.
Claim 2 Node v is adjacent to all the nodes in S™ and to no other node in X".

Proof of Claim 2: Let P] be any ST-path in ¥". By Lemma 7.2, if v has a neighbor in
P’ , then this neighbor is unique, namely s, . So assume v has no neighbor in P, . It follows
from Claim 1 that v,s] and ¢} are intermediate nodes in the three paths of a 3PC(s}, ().
This proves Claim 2.

Claim 3 No node of V(P)U {v} is adjacent to a node in V(X°)\ V(G;).

Proof of Claim 3: Node v is not adjacent to any node in V(X¢) since we have assumed
that it is not of Type a[7.2] with respect to any connected squares contained in Y. Assume
next that a node z, of P is adjacent to a node v,, € V(X°)\ (V(G;) U 5°). Let P¢ be an
ST-path containing v, and let X, = CS(PF, Po; P, P/'). By the choice of P and X;;x,
t, = 2, and no node z4,...,2,_1 is adjacent to a node of V(PF)U V(P:)\ 5S¢ Now v is
an attached Type b[7.2] node for X,z and P is a minimal attached direct connection in
Yimkt violating Lemma 7.6(i). Finally, assume that a node z, of P is adjacent to a node
vy € S\ V(G;). Let P, be an ST-path containing v, and let ¥, = CS(PF, P P, Pl).
Then again v is an attached Type b[7.2] node for Y;,,z; and P is a minimal attached direct
connection in ;% violating Lemma 7.6(iii). O

7.3 Biclique Cutsets and 2-Joins

In this subsection, we prove the following theorem:
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Theorem 7.12 Let X be extreme connected squares in a wheel-free weakly balanced graph
G. Then either F(Kg)U E(K7) is a 2-join of G separating ¥° from X", or Kg or K7 is a
biclique cutset of GG.

Proof: Note first that by Definition 7.8, the only edges connecting a node of 3¢ and a node
in X" are the ones in Kg and K. So if E(Kg)U E(K7) is not a 2-join of G separating X°
from Y7, then X¢ and X" are joined by a direct connection in G'\ (E(Kg)U E(K7T)).

Claim 1 No node of G\ ¥ is adjacent to a node of ¥ and a node of ¥.".
Proof of Claim 1: Let v be a node contradicting the claim. Let ¥ = C'S(P?, PPy P
be connected squares contained in ¥ such that v has neighbors in P and in P/. Then, by

Lemma 7.2, node v is of Type a[7.2] with respect to X;;r;. Now by Lemma 7.10, node v
belongs to 3, a contradiction. This proves Claim 1.

Claim 2 If F(Kgs)U E(K7) is not a 2-join of G separating X° from ¥, and neither Kg
nor K is a biclique culset of G, then there exists a path P = x1,29,...,2,, n > 1, with at
least one of the following properties:

o The path P is a direct connection between X°\ S¢ and X"\ T", avoiding S°UT", such
that no node xy,, 1 < h < n, is adjacent to a node in T".

o The path P is a direct connection between X°\ S¢ and X"\ T", avoiding S°UT", such
that no node x5, 1 < h < n, is adjacent to a node in S°.

o The path P is a direct connection between ¢\ T and X"\ 5", avoiding T U S”, such
that no node xp, 1 < h < n, is adjacent to a node in T*.

o The path P is a direct connection between ¢\ T and X"\ 5", avoiding T U S”, such
that no node xp,, 1 < h < n, is adjacent to a node in S”.

Proof of Claim 2: If E(Ks)U E(Kr) is not a 2-join of G, then G\ (E(Kg) U E(KT))
contains a direct connection P = z,29,..., 2, between X¢ and X", where xy is adjacent to
a node in ¥¢ and z, is adjacent to a node in ¥". (Note that by Claim 1, n > 1).

If (N(21)UN(z,))NV(X)Z S and (N(z1)UN(z,)) NV (X)Z T, then P belongs to at
least one of the above four families of direct connections and we are done. So assume w.l.o.g.
that (N(z1) U N(z,)) N V() C S, that is, the set N(z1) N V(X) is contained in S° and the
set N(z,)NV(X)is contained in 5.

Since Kg is not a biclique cutset, separating P from ¥\ S, G contains a direct connection
Q = 1,Y2,---,Ym between V(P) and V(X)\ S and avoiding 5, where y; is adjacent to a
node of P and y,, is adjacent to a node of ¥\ 5. Note that for all 1 < i < m, we have that
N(y:)NV(X)C S and by Claim 1, we can assume w.l.0.g. that N(y,,)N V() C V(X").

If some intermediate node of ) is adjacent to a node in 5S¢, let y; # y,, be such a node
with highest index. Then @,,,,, is a direct connection between X°\ 7¢ and X"\ 57, avoiding
T°US". Note that by construction, an intermediate node of such subpath cannot be adjacent
to a node in T*.

If no intermediate node in ) is adjacent to a node in 5S¢, let z; be the node of lowest
index in P, adjacent to y;. Then the path R = @1, Py, %, y1,0), Ym is a direct connection
between X\ T and X"\ 5", avoiding T°US”, such that no intermediate node in R is adjacent
to a node in T°. This completes the proof of Claim 2.
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Let P = xy,29,...,2, be a direct connection between %\ T and X"\ 5", avoiding T°US"
such that no node zp, 1 < h < n, is adjacent to a node in 57. So the intermediate nodes of
P have no neighbors in V(%) \ 7. By Claim 1, n > 1, so 21 has no neighbor in X" and z,
has no neighbor in %¢. There exist ¢ and &k such that x; has a neighbor in G;\ T° and z,, has
a neighbor in G\ S”. Let P¢ be an ST-path of G; such that 21 has a neighbor in P{ distinct
from its endnode &f in T; and let P| be an ST-path of G) such that z, has a neighbor in
Py distinct from its endnode sj in Sk. For any ST-path of ¥ in G, j # 1, say P;, and any
ST-path of X" in Gy, | # k, say P/, the connected squares X;;5 = CS(PZ»C,P]?; P, Pl) have
the following properties: 2y has a neighbor in Pf distinct from ¢§ and possibly a neighbor in
P¢, x, has a neighbor in Py distinct from s} and possibly a neighbor in P/, and intermediate
nodes of P may be adjacent to ¢; and to the endnode ¢ of P; in T; but to no other node of
ikl

Claim 3 Neither xy nor x, are strongly adjacent nodes of Type ¢[7.2] with respect to
ik

Proof of Claim 3: Assume that 1 is Type ¢[7.2] with respect to ;5. Let s, s; and s
denote the endnodes of P, P/ and Py in 5, S; and S respectively. Then s, s7 and x; are
intermediate nodes in a 3PC/(z1, s7,). The proof for z,, is identical.

We now distinguish two cases:
Case 1 Fither N(z1)N(V(Z)\ (5°UT))# 0 or N(z1)N(V(X)\T°) C S;.

Claim 4 N(z1) N V(X) C V(G;) and 1 has a unique neighbor, say xq, in Pf.

Proof of Claim 4: Assume first N(zq) N (V(X)\T°) C 5;. If N(zq) N V(E) € V(G)),
node zy is adjacent to t; € Ty, for some ¢ # i. Choose an ST-path P, in (/; containing ?;
as endnode. Now z; is a strongly adjacent node, violating Lemma 7.2 in C'S(Pf, ;5 P, P).
So N(z1)NV(X) C V(G;). If 1 has more than one neighbor in connected squares X;;z, (i.e.
z1 is adjacent to tf and sf), then since N(21)NV(X) C V(G;) and ¥ is extreme, 21 € V(X),
a contradiction.

Assume now that N(zq) N (V(X)\ (5°UT°)) # 0. We assume w.lo.g. that N(z1)N
(V(G)\(S°UT*?)) # 0 and we choose an ST-path Q¢ in (7; so that 21 has a neighbor z that
is an intermediate node of Q¢. Then N(zq) N V(X) C V(G;), for otherwise we can choose
an ST-path P in G, containing a neighbor of z, for some ¢ # ¢. By Claim 1, 21 cannot
be of Type a[7.2] in C'S(Q5, Py; PL, P/') and by Claim 3, x; cannot be of Type ¢[7.2]. So z;
violates Lemma 7.2 in C'S(Q5, Pj; P, P/). Now x; can have only one neighbor in P, for
otherwise N(z1)NV(X) C V() and the fact that X is extreme would imply that 21 € V(X),
a contradiction. This completes the proof of Claim 4.

Claim 5 No intermediate node of P is adjacent to a node in T°.

Proof of Claim 5: Let x,, be a node of P with lowest index m > 1, adjacent to a node in
T¢. If z,, is adjacent to t; € Ty, for some ¢ # i, let C.S(PF, P55 Pl, Pl'), be connected squares
such that t7 € P;. If @y, is adjacent to both #7, ¢, then @, is a Type b[7.2] node with respect
to CS(Pf, Py; Pr, P) and the direct connection Py, . _, violates Lemma 7.6. (Note that,
since by Claim 4, z¢ is the unique neighbor of 1 in C.S(P¢, Py P, P7), then ., is attached
in CS(Pf, P; Pl Pl)). Node z,, cannot be adjacent to tg only for, if zo € V", we have a
3PC($0,tg) and if zg € V¢, we have a 3PC(z¢,1},). So z,, has no neighbor in 7°¢\ 1;.
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Let t! € T; be a neighbor of z,,, let P’ be the zgsf-subpath of P¢ and @) be the chordless
path made up by the concatenation of P’ and Py, . Then z,, is the unique neighbor of ¢! in
@, for otherwise ¢} has a neighbor in P’ and (C,t}) is a wheel, where C' is defined as follows:

-If P contains an intermediate node adjacent to ¢, for ¢ # ¢, let @, m < h, be such a
node with lowest index. Let €' = s7,Q, @, Prypoys Tho by, 1y Pry Sk 87

-If P contains no intermediate node adjacent to tg, for ¢ # 1, let @11 be the neighbor of
T, closest to t7 in P[. Since x,4; # s;, then by Lemma 7.2, 2,, is not adjacent to sj. Let
= sf,Q,xm,mexn,xn,an,(P,:)wnﬂt;,tz,tg,ch,sg,sf,sf.

Since N(z1)NV(X) C V(G;) by Claim 4, N(z,,) N V(X) C T; and z,, is the unique
neighbor of ¢ in @), then V(Q) C V(X) and, since ¥ is extreme, this contradicts z; ¢ V().
This completes the proof of Claim 5.

We show that N(z,) NV (X) C V(Gy). For, if not, we can choose P} and P] so that z,
has neighbors in both. Now by Claim 1, z,, cannot be of Type a[7.2] in X;;5; and by Claim
3, @, cannot be of Type ¢[7.2]. Finally 2, cannot be of Type b[7.2], for by Claims 4 and 5,
Py, s, _, shows that z, is an attached Type b[7.2] node, a contradiction to Lemma 7.11.

Finally, z,, has a unique neighbor, say 2,41, in P}, for, if not, since N(z,)NV(X) C V(GYy),
then @, € V(X). Since xg # tf and 2,41 # s}, there is a 3PC(15,s7). So Case 1 cannot
happen.

Case 2 N(z1)N(X\T°) C ¢ N(z1)N S¢#0 and N(zy)n S5 # 0.

Choose Pf and PJ so that z; is a Type b[7.2] node in ¥;;z, adjacent to s§ and s;. Now,
since 21 ¢ V(X), Lemma 7.11 shows that 27 is not attached in X;;1;. So no subpath of P is
an attached direct connection for @y in ;5. Since Py, (Xijm) # 0, P contains a node .,
such that P,,., is a detached direct connection for = in X;;z. So, by Lemma 7.7, z,, is
adjacent to both #7, ¢; and no intermediate node of P,,,, is adjacent to ¢ or .

Claim 6 N(z1)NV(X)=5° N(z,)NV(X) =T and no intermediate node of P,
1s adjacent to a node of X.

Proof of Claim 6: We first show N(zq) N V(X) = 5 If not, choose P, not containing a
neighbor of z; and by symmetry we can assume ¢ # i. Then in ¥ = CS(PF, Py Pl P),
s¢ is the unique neighbor of z1. Now z; satisfies Case 1 in the subgraph G’ of ¢ induced by
V(Zigr) UV (P) and ;g4 is extreme in G'. This is not possible since Case 1 cannot happen.

Assume now that a node x5, 1 < h < m, is adjacent to (we assume that h is the lowest
such index) or z,, is not adjacent to t;. We assume w.l.o.g. that ¢ # ¢ and we choose P;
containing ¢;. Then since N(zy) N V(X) = 5 node z; is a Type b[7.2] adjacent to sf, sy in
Yigrt = CS(FF, Py Py, P/) and Py, 4, in the first case, P, ,, in the second case, shows that
z1 is attached in ;4. By Lemma 7.11, 27 € V(X) and this completes Claim 6.

Let X' be the graph induced by V(X)UV(Py,4,,). Define " = SU{z,,} and T’ = TU{z1 }.
By Claim 6, 5" and 7" induce bicliques and E(Kg)U E(K7+)is a 2-join of ¥’. The connected
components of X'\ (E(Kg)U E(K 7)) satisfy the conditions of Definition 7.8 and every node
of X' belongs to an 5'T"-path of ¥'. Now V(X) C V(X') contradicts the choice of ¥ as
extreme connected squares. O

1Tm
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8 Goggles

8.1 Introduction

Goggles are formed by a parachute with short top, long sides and long middle, together with
a direct connection from bottom to top of Type j[6.4]. In this section, we assume that G
is a weakly balanced graph that contains goggles I' = Go(P,Q, R, S,T), see Figure 23. We
use the following notation: P = z,...,¢,h, Q) = a,...,v, R="5b,...,v, 5 = u,...,j,h and
T=hk,...,v

-
ho L % .
[ N ’ v \
/ 1 \ 4 \
/ ,] \
! \
I x a \
! |
\ |
\ I
\ U b /
v S /
\
A , \ /
. . N R
RS _ - N ’

Figure 23: Goggles

The paths P, @, R, S have length greater than 1, but the path 7" may be of length 1 in
which case h € N(v) and k = v. It will be convenient to denote the length of 7" by |T], since
we will often distinguish the cases |T| = 1 and |7'| > 1. Assume w.l.o.g. that « € V". Then
x,u,v € VSand b,h € V". Further, we assume that G' contains

e no connected squares,
e no extended star cutset.

Since GG does not contain an extended star cutset, it follows from Sections 3 and 4 that
G contains

e no wheel,
e no parachute with long sides and long top,
e no parachute with long sides, short top and short middle.

The main result of this section is that G has a 2-join.
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This is achieved by considering goggles I' with shortest possible top path T (among all
goggles in ) and, subject to this, it is assumed that I' has the fewest number of nodes.
Throughout this section, this assumption is made about I'.

We show how certain 2-joins of I' extend to the full graph . This requires an under-
standing of the possible paths connecting nodes of I'. In order to identify these paths, we first
list the strongly adjacent nodes to I'. This is done in the next subsection. In Subsection 8.3,
we describe paths connecting nodes of I', starting from a strongly adjacent node, and in
Subsection 8.4, those starting from node h. In Subection 8.5, we identify candidate bicliques
for a 2-join of . Finally, in Subsections 8.6 and 8.7, we prove the 2-join theorem.

Our assumptions on G imply the following results about parachutes:

Corollary 8.1 IfIl is a parachute with long sides, long middle, short top vy,t, vy and center
node v then, in G, every direct connection between the bottom of Il and the top node t avoiding
N(v)U(N(v1) N N(v2)) \ {t} is of Type j[6.4] or j1[6.5]. Furthermore, 1l has at least one
such direct connection.

Proof: This is a consequence of Theorem 6.17 and the assumption that GG contains no extended
star cutset and no connected squares. O

Lemma 8.2 Let Il be a parachute with long sides, long middle, short top vy,t, vy and center
node v. There exists no chordless path x4,...,x,, such that

(i) m>2and 2z, € V(G)\V(II), 1 <p<m,

(i1) nodes x1 and x,, each have a unique neighbor in 11, and these two neighbors are distinct
nodes in the set {t,v, vy, v2},

(iii) for 2 <p < m —1, node x, has no neighbor in II.
Proof: Assume such a path exists.

Case 1: Node z7 is adjacent to vy, vy or v, and z,, is adjacent to ¢.

Since G has no extended star cutset, there exists a direct connection ¥ = y1,...,9,
between the bottom of II and {z4,...,z,} avoiding N(v)U (N(v1) N N(vz)). This implies
a direct connection W = wyq,...,w; from the bottom of I to {t} avoiding N(v)U (N(v1)N
N(vz))\{t}. By Corollary 8.1, the direct connection W is of Type j[6.4] or j1[6.5].

If W is of Type j[6.4], let s € M be the neighbor of 3. Since s is not adjacent to v, there
is a 3PC(v, s) irrespective of whether Y contains neighbors of vy, v5 or t.

If W is of Type j1[6.5], there is a 3PC(v, y1).

Case 2: Node z1 is adjacent to either vy or vy, say vy, and z,, is adjacent to v or vg.

If z,, is adjacent to vy, there is a parachute with long sides and long top zq,...,2,, a
contradiction. Consider now the case where x,, is adjacent to v. By Corollary 8.1, there
exists a direct connection Y = w,...,y, of Type j[6.4] or j1[6.5] between the bottom of II
and t. Let s € M be the neighbor of y; closest to the bottom node z of II. No node of Y is
coincident with or adjacent to one of the nodes z1,...,z,,, for otherwise there is a 3PC(v, )
or 3PC(v,y1). Consider the parachute with top path vq,v,v;, same side paths as Il and
middle path ¢, y,,...,vy1,3, M,., 2. Now the result follows from Case 1. O
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8.2 Strongly Adjacent Nodes

Lemma 8.3 Let w € V(G)\ V(I') be a strongly adjacent node to I'. Then, one of the
following holds:

(1) Node w is a twin of a node of T', relative to I'.
(i1) Node w is of one of the following types, see Figure 24.
Type a Node w has exactly two neighbors in I' and w is adjacent to x and u (a and b resp.).

Type b Node w has exactly two neighbors in I' and is adjacent to the two neighbors of h (v
resp.) in P,S (Q, R resp.).

Type ¢ Node w has exactly two neighbors in ', one of them is the neighbor of h (v resp.)
inT" and the other is the neighbor of h (v resp.) in either P or S (Q or R resp.).

Typed w € Ve (w e VT resp.) has exactly two neighbors in I', one of them in P\ {h} and
the other in S\ {h} (Q \ {v} and R\ {v} resp.).

Proof: We consider first the case where w has two neighbors in I' and then the case where w
has three or more neighbors.

Case 1 Node w has two neighbors in ', say e and 3.

If o and 3 belong to T', then w must be a twin, otherwise there are goggles with shorter
top. If @ and 8 belong to the same path P,Q), R,.5, then w must be a twin, otherwise
there are goggles with fewer nodes and same top. Now assume no path P,Q, R, S5, T
contains both a and 3. Because of the symmetry between paths P, @), R and 5, we can
assume w.l.o.g. that o € V(P).

Assume first that 5 € V(5). If w € V¢, then w is of Type d. Suppose now w € V7.
If @« = z, then 3 = u for otherwise we have a 3PC(z,h). Thus node w is of Type a.
Suppose now a # z. By symmetry, 8 # u. Now, if a (8 resp.) is not adjacent to h,
there is a 3PC(h, o) (3PC(h,3) resp.). Hence both a and 3 are neighbors of k. Thus
node w is of Type b.

If 3 € V(T), then w € V", otherwise there are goggles with shorter top path T,5. If
a (f resp.) is not adjacent to h, there is 3PC(h,a) (3PC(h, ) resp.). Hence, both a
and 3 are neighbors of h. Thus node w is of Type c.

Finally, if 5 € V(Q)U V(R), because of symmetry, we can assume that g € V() and
w € Ve If 8 is not adjacent to v, there is a 3PC(v,3). Hence § # a. Now if a # h or
if |T| > 1, there is a 3PC(z,3). Hence it follows that o = h and §,h € N(v). Then w
is of Type c.

Case 2 Node w has three or more neighbors in TI'.

Clearly w has at most one neighbor in each of the paths P,Q), R, S, T, for otherwise
there is a wheel. We now consider two cases depending upon whether |[N(w)N7T| =10
or 1.
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Figure 24: Strongly adjacent nodes
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Case 2.1 |[N(w)NnV(T)| = 1.
Now w has neighbors in at least two different paths P, @, R, 5. Because of symmetry,
we assume that w has exactly one neighbor in V(P) \ {h}. It follows that w is not
adjacent to h nor to (V(Q)U V(R))\ {v} for otherwise there is a wheel. This implies
that w has exactly one neighbor in V(5)\ {h} and three neighbors in I'. If w € V¢,
there is a 3PC(w, h). Hence w € V". Let «, 3,7 be the neighbors of win P, S and T
respectively. We now consider the following two subcases.

Assume first a or § is a neighbor of h, say a € N(h). If 3 = u, there is a parachute with
short middle path w,u,a, where w is the center node and a the bottom node. Suppose
now 3 # u. If v ¢ N(h), there are goggles with a shorter top path, and if v € N(h)
and 3 ¢ N(h), there are goggles with fewer nodes but a top path of the same length as
T. So w must be a twin of h.

Assume now that neither o nor g is a neighbor of h. If a # z or 8 # u, say a # z, we
have a parachute with long top v, T, h-Pro, o and long sides, with center node w and
bottom node a. If @« = 2 and 8 = u, consider the parachute with side paths P and 9,
center node w, middle path w,v,T,;,h and top path z,b,u. If v = k, this parachute
has long sides and short middle path. So |T'| > 2 and v # k. Now, by Corollary 8.1,
there exists a direct connection Y of Type j[6.4] or j1[6.5] between b and T, \ {7, h}.
This parachute and the path Y induce goggles with a shorter top path than 7.

Case 2.2 |[N(w)NV(T)| =0.

Clearly, h,v ¢ N(w). Suppose w has four neighbors in I', one in each of the paths
P,Q, R,S. Because of symmetry, we can assume w.l.0.g. that w € V¢, This implies a
3PC(w,h). Consequently we can assume w.l.o.g. that w has no neighbor in @ and has
exactly one neighbor in P, R and S. If w € V¢, there is a 3PC(w,h). Hence w € V7.
Let a, f and v be the neighbors of w in P, 5 and R respectively. If @« = = and g = u,
then either w is a twin of @ or b or there are goggles with fewer nodes than I' but same
top. Suppose now o # x or 3 # u, say a # x. If § & N(h), there is a 3PC(a,a). If
B € N(h) and o ¢ N(h), there is a 3PC(a,3). Hence a,3 € N(h). Now there are

connected squares, which is a contradiction.

a

Remark 8.4 There cannot exist nodes w and z of Type b[8.3] or Type c[8.3] having exactly
one common neighbor in I,

Proof: Otherwise there is a wheel with center h or ». O

Remark 8.5 When|T| =1, if w and z are Type c[8.3] nodes adjacent to h and v respectively,
then w and z are adjacent.

Proof: If w and z are not adjacent, there is a violation of Lemma 8.2, as follows. W.l.o0.g.
assume w is adjacent to the neighbor of v in @), say t, and assume that z is adjacent to i.
The parachute has top h,w.t, side paths S and ¢, @4, a,u, center node v and middle path
v, R, b, u. The extra path is h,, 2z, v. O
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8.3 Direct Connections from Strongly Adjacent Nodes of Type a, b and ¢

Lemma 8.6 Let w be a Type af8.3] node adjacent to a and b. Let W be the node set consisting
of the twins of a and b and Type a[8.3] nodes, but not nodes a, b and w. In G\{wa,wb}, every
direct connection X = z1,...,x, between w and V(I') avoiding W is one of the following
types, see Figure 25.

Type 1 n = 1 and node x1 is adjacent to u or x but not strongly adjacent to I', or n = 2
and x4 1s a twin of u or x.

Type 2 Node z,, has a unique neighbort € V" in I' and t € V(P)UV(S), or node z,, € V"
is a twin of a node in V(P)U V(S).

Furthermore, in G\ {wa,wb}, there exists a direct connection of Type 2 between w and

V(T).
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Figure 25: Direct connections from a Type a node

Proof: Let 1l be the parachute with top path a,w,b, side paths ¢) and R, and middle path
x, P,h,T,v. Similarly, let I, be the parachute with top path a,w,b, side paths ¢ and R,
and middle path induced by w, S, h, T, v.

Assume first that z,, is adjacent to w or &, say x. Since X avoids W, z,, is not a twin of
a or b nor a Type a[8.3] node. So either z,, is a twin of the neighbor of # in P, and then X
is of Type 2, or z is the unique neighbor of x,, in I', and then X is of Type 1, since n > 1
would violate Lemma 8.2 in II,.

Assume next that z, is a twin of w or x, say . Then X is of Type 1, since n > 2 would
imply a violation of Lemma 8.2 in the parachute obtained from I, by substituting z,, for z.

Assume now that x,, is not adjacent to u or z, and is not a twin of w or z. If the neighbors
of z, in I" all lie in S or all lie in R, then the path X is of Type 2. If z,, has a or b as unique
neighbor in I', there is a violation of Lemma 8.2 in II,.. So z, has a neighbor in I' distinct
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from a, b,  and the neighbor of z in P. This implies that X is a direct connection from the
bottom of Il to the top avoiding N(z)U ((N(a)NN(b))\ {w}). Therefore, by Corollary 8.1,
X is of Type j[6.4] or j1[6.5] in the parachute II,. Similarly, X is of Type j[6.4] or j1[6.5] in
the parachute 1I,. So z,, has its neighbors in V(P)U V(S)U V(7). Furthermore, if z,, has
two neighbors in V(P)U V(T) or in V(S)U V(T'), then 2z, € V". And, if z,, has only one
neighbor in V(P)U V(T') and one in V(5)U V(T), then z,, € V°. It follows that, if the only
neighbors of z,, are in V(T') \ {h}, there are goggles with shorter top. It also follows that z,,
cannot be of Type b or of Type ¢[8.3]. If x,, is of Type d[8.3], there is a 3PC(x,,h). Thus
path X is of Type 2.

To complete the proof of the theorem, note that, by applying Corollary 8.1 to I, a path
X of Type 2 must exist. O

Lemma 8.7 Letw be a Type b[8.3] node adjacent to i and j. Let W be the node set consisting
of the twins of i and j and Type b[8.3] nodes adjacent to i and j, but not nodes i, j and w.
Then the top path T has length greater than 1 and, in G\ {wi,wj}, every direct connection
X between w and V(I'), avoiding W is one of the following types, see Figure 26.

Type 1 n =1 and node x4 is adjacent to h but not strongly adjacent to I', or n = 2 and x-
s a twin of h.

Type 2 FEither x, has a unique neighbort € V° in I' and t is in T or x, € V¢ is a twin of
a node in T.

Furthermore, in G'\ {wi,wj}, there exists a direct connection of Type 2 such that x, is
not adjacent to k and x,, is not a twin of k.
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Figure 26: Direct connections from a Type b node

Proof: Let 1, be the parachute with top path ¢, w,j, side paths ¢, P;;;,z,a and j, 5, u,a,
center node h and middle path h,T,v,Q,a. 11, is defined similarly, with bottom node b and
middle path h, T, v, R, b.
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Assume first that z,, is adjacent to h. Since X avoids W, z, is not a twin of ¢ or j. So
there are three possibilities. When h is the unique neighbor of z, in I', the path X is of
Type 1, since n > 1 would violate Lemma 8.2 in II,. When z,, is a twin of k£, the path X is
of Type 2. Finally, when |T'| = 1 and z,, is of Type c[8.3], there is an odd wheel with center
h.

Assume next that z, is a twin of h. Then X is of Type 1, since n > 2 would imply a
violation of Lemma 8.2 in the parachute obtained from II, by substituting =, for h.

Assume now that z, is not adjacent to h and is not a twin of h. If z, has £ as unique
neighbor in I', path X is of Type 2. If z, has ¢ or j as unique neighbor in I', there is a
violation of Lemma 8.2 in II,. By Remark 8.4, z, is not of Type c[8.3] with neighbors ¢
and j. So, x, has a neighbor in I' distinct from h, ¢, j, k. This implies that X is a direct
connection from the bottom of II, (and 1I;) to the top, avoiding N(A)U((N(:)NN(j))\{w}).
Therefore, by Corollary 8.1, X is of Type j[6.4] or j1[6.5] in 1I, and in II;. 2, cannot be of
Type a[8.3] by Lemma 8.6, it cannot of Type d[8.3] since there would be a 3PC(z,,v), and
it cannot be of Type b or ¢[8.3] since z, € V¢ would violate Corollary 8.1 in II, or II;. If
z, is adjacent to (V(Q)U V(R))\ {v}, there are connected squares. So z,, must have all its
neighbors in T'. Thus path X is of Type 2.

Finally, by Corollary 8.1 applied to II,, a path X of Type 2 must exist such that x,, is
not adjacent to k and z, is not a twin of k. This implies that T is of length greater than 1.
O

Lemma 8.8 Let w be a Type ¢[8.3] node adjacent to i and k. Let W be the node set consisting
of the twins of i and k and Type ¢[8.3] nodes adjacent to i and k, but not nodes i, k and w.
In G\ {wi,wk}, every direct connection X between w and V(I'), avoiding W is one of the
Jfollowing types, see Figure 27.

Type 1 Node 1 is adjacent to h but not strongly adjacent to I', or n = 2 and x5 is a twin
of h.

Type 2 FEither z,, has a unique neighbor t € V< in I and t is in S or z, € V° is a twin of
a node in 5.

Type 3 Node zy is a Type c¢[8.3] node. The top path T of U is of length 1. Node xy is
adjacent to h and to the node in () N N(v) or to the node in RN N(v).

Furthermore, in G'\ {wi,wj}, there exists a direct connection of Type 2 such that x, is
not adjacent to j and x, is not a twin of j.

Proof: Let 11, be the parachute with top path ¢, w, k, side paths i, P, z,a and k, Ty, v,Q, a,
center node h and middle path h, S5, u,a. 11, is defined similarly, with bottom node b.

Assume first that z, is adjacent to h. Since X avoids W, z, is not a twin of 7z or k. So,
there are three possibilities. When h is the unique neighbor of z, in I', the path X is of
Type 1, since n > 1 would violate Lemma 8.2 in 1I,. When z, is a twin of j, the path X is
of Type 2. Finally, when |T| = 1 and z,, is of Type ¢[8.3], » = 1 by Remark 8.5 and the path
X is of Type 3.
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Figure 27: Direct connections from a Type ¢ node
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Assume next that z, is a twin of h. Then X is of Type 1, since n > 2 would imply a
violation of Lemma 8.2 in the parachute obtained from II, by substituting =, for h.

Assume now that z, is not adjacent to & and is not a twin of h. If z, has j as unique
neighbor in I', we have a path X of Type 2. If x,, has ¢ or k as unique neighbor in I', there
is a violation of Lemma 8.3 in II,. So z, has a neighbor in I' distinct from h, ¢, j, k. This
implies that X is a direct connection from the bottom of 1I, (and Il;) to the top, avoiding
N(h)U((N(Z)NN(j))\ {w}. Therefore, by Corollary 8.1, X is of Type j[6.4] or j1[6.5] in II,
and in I;. 2, cannot be of Type a[8.3] by Lemma 8.6. Thus path X is of Type 2.

Finally, by Corollary 8.1 applied to II,, a path X of Type 2 must exist such that x,, is
not adjacent to j and x, is not a twin of j. O

8.4 Partition of the Neighbors of &

Let Z(h) comprise the nodes of N(h) together with the nodes with at least two neighbors in
{i,7,k}. By Remark 8.4, Z(h) is an extended star with center h.
Let H(h) be the set of nodes of G\ V(I') that have h as unique neighbor in I'.

Lemma 8.9 Suppose |T| > 1 and let y € H(h). Every direct connectionY = y1,...,y, from
y to V(I')\ {h,1,j,k} avoiding Z(h) \ {y} is one of the following types, see Figure 28.

Type 1 Node y,, either has a unique neighbor in V(P)U V(S)\ {h,t,j} or is a twin of a
node in V(P)YUV(S)\ {h,,7}. Furthermore, if y, has a neighbor in P, then no node
of Y is adjacent to j or k, and if y, has a neighbor in S, then no node of Y is adjacent
toi ork.

Type 2 Node vy, is of Type a[8.3], adjacent to a and b and no node of Y is adjacent to i, j
or k.

Type 3 Node y,, is adjacent to p € V(T)\ {h,k} but is not of Type c/[8.3], or y, is a
Type b[8.3] node adjacent to the neighbors of v in @ and R. If y, is adjacent to
p € V(T)\{h,k}, then no node of Y is adjacent to ¢ or j. If y, is a Type b[8.3] node,
then no node of Y is adjacent to 1, 7, k.

Proof: There are two cases to consider.

Case 1 Node y,, has only one neighbor p in V(I')\ {h,¢,J, k}.

Suppose p € (PUS)\{h,i,j}. Wlo.g. assume p € P\ {h,i}. If any of the nodes in
Y is adjacent to j or k, there is a 3PC(a,j) or 3PC(a, k). Thus path Y is of Type 1.

Suppose p € T'\ {h,k}. If Y has a node adjacent to i or j, there is a 3PC(a,t) or a
3PC(a,j). Hence path Y is of Type 3.

Suppose p € (QU R)\ {v}. W.lLo.g. assume p € @ \ {v}. If Y has a node adjacent to
i or j, there is a 3PC(a,7) or a 3PC(a,j). If none of the nodes in Y is adjacent to k,
there is a 3PC(h,v) if p # a and a 3PC(a,v) if p = a. So, let ¢ be the largest index
such that y, is adjacent to k. If p € V7, there is a 3PC(k,p). So p is not adjacent to v
and there are goggles with a shorter top path A,k obtained from I' by replacing ¢} by
a, Qapy Py Yns Yynyer Yt B and R by b, R, v, Ty, k.
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Figure 28: Direct connections from y € H(h) when |T'| > 1
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Case 2 Node y,, has at least two neighbors in V(I') \ {h,¢,7,k}.

Assume first that y, is a twin of a node d of I'. Let I be the goggles obtained from I'
by substituting vy, for d. If n = 1, node y; must be adjacent to i, or k, for otherwise
y is a strongly adjacent node violating Lemma 8.3 in I”. If g is adjacent to k, we get
a path of Type 3, otherwise we get a path of Type 1. Now assume n > 2. If y,_1 has
a unique neighbor in I”, applying Case 1 to Y’ = y1,...,9,_1 and I, we get that YV
is of Type 1 or 3 in I'. If y,_; is strongly adjacent to I, then y,_; is adjacent to ¢, j
or k and, by Lemma 8.3 applied to I, y,_1 is a twin of a node d’ in I'. Now, either
the path y1,...,y,—1 is reduced to a single node, in which case Y is of Type 1 or 3 in
I', or y,_o has a unique neighbor in the goggles I' obtained from I'" by replacing d’ by
Yn—1 and again, by applying Case 1 to Y = y1,...,9,_2 and I, we obtain that Y is
of Type 1 or 3in T'.

Assume now node y, is a Type a[8.3] node. Suppose vy, is adjacent to 2 and u. There is
a contradiction to Lemma 8.6, irrespective of whether any of the nodes in Y is adjacent
to z,j or k. Suppose y, is adjacent to a@ and b. If any of the nodes in Y is adjacent to
?,7 or k, we have a violation of Lemma 8.6. Otherwise we have a Type 2 path.

Assume node y,, is a Type b[8.3] node adjacent to the neighbors of v in ) and R, say
g and r. Then no node in Y is adjacent to ¢ or j, otherwise there is a 3PC(a,i) or
3PC(a,j). Now no node in Y is adjacent to k, otherwise there is a 3PC(q, k). Thus
path Y is of Type 3.

Assume node y,, is a Type ¢[8.3] node adjacent to the neighbors of v in @ and T'. This
contradicts Lemma 8.8, irrespective of whether or not a node of Y is adjacent to ¢, j or

k.

Finally, assume node y,, is a Type d[8.3] node. Irrespective of whether or not a node of
Y is adjacent to ¢, j or k, there is a 3PC(y,,, ) if the neighbors of y,, are in V(Q)UV(R),
and there is a 3PC/(a, y,,) if they are in V(P) U V(S).

a

Lemma 8.10 Suppose |T'| = 1 and let y € H(h). FEvery direct connection Y = y1,...,y,
fromy to V(I')\ {h,1,j,v} avoiding Z(h) \ {y} is one of the following types, see Figure 29.

Type 1 Node y, either has a unique neighbor in (V(P)UV(S))\ {h,i,j} or is a twin of a
node in (V(PYUV(S))\{h,t,5}. Furthermore, if y,, has a neighbor in P, then no node
of Y is adjacent to j or v, and if y, has a neighbor in S, then no node of Y is adjacent
to 1 or v.

Type 2 Node y,, is of Type af8.3], adjacent to a and b, and no node of Y is adjacent to i, j
or v.

Type 3 Node y, is of Type a[8.3], adjacent to x and u, and no node of Y is adjacent to i, j.
Node 1y is the unique node of Y adjacent to v.

Proof: There are two cases to consider.
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Figure 29: Direct connections from y € H(h) when |T'| =1
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Case 1 Node y,, has only one neighbor p in V(I')\ {h, 1, j,v}.

Suppose p € (PUS)\{h,i,j}. Wlo.g. assume p € P\ {h,i}. If any of the nodes in
Y is adjacent to j or v, there is a 3PC(a, j) or 3PC(a,v). Thus path Y is of Type 1.

Suppose p € (Q U R)\ {v}. W.lo.g. assume p € @ \ {v}. If ¥ has a node adjacent
to ¢ or j, there is a 3PC(a,7) or a 3PC(a,j). At least one node of Y is adjacent to
v, otherwise there is a parachute with long top if p is adjacent to v and a 3PC(h,z)
if not. Now, exactly one node of Y is adjacent to v, say y;, and p is not adjacent to
v since, otherwise, there would be a wheel with center v. Consider the parachute II4,
with top A, y, y1, Yy, v, ¥, side paths P and y;, Yo,y Yn» P, @pa, @, @, center node v and
middle path v, R,b,2. If t # 1, II; has long top. If ¢t = 1, applying Corollary 8.1,
we have that G contains a path X = 2y,...,2,, of Type j[6.4] or j1[6.5] relative to II;
where 2, is adjacent to a node of R distinct from v and its neighbor. No node of X can
be adjacent to a node of 5 for otherwise there is a violation of Corollary 8.1 applied to
the parachute I, obtained from II; by replacing the side path P by S and the bottom
node z by u. Now there is a 3PC(h, z).

Case 2 Node y,, has at least two neighbors in V(I') \ {h, ¢, j, v}.

Assume first that node y,, is a twin of a node d of I'. Let I be the goggles obtained from
I’ by substituting v, for d. If n = 1, node y; must be adjacent to ¢, j or v, for otherwise y
is a strongly adjacent node violating Lemma 8.3 in I'". If y; is adjacent to i or j, we have
a Type 1 path. If y; is adjacent to v, assume w.l.o.g that d € Q. Node y is of Type c[8.3]
in T" and, by Lemma 8.8 applied to I, there exists a path X = z1,...,2,, of Type 2[8.8]
from y to R such that 2, has a neighbor s in R that is distinct from the neighbor of
vin R. Now if d has no neighbor in X let H = v,Q,a,u,b, Rps, 5,20, Xy, 2, 21,9, R, 0
and (H,yy) is a odd wheel. If d has at least one neighbor in X, there is a 3PC(d, u). If
n > 2, we can apply Case 1 or 2 to I/, so Y is of Type 1.

Assume now node y, is a Type a[8.3] node. Suppose y, is adjacent to # and u. No
node of Y is adjacent to i or j for otherwise there is 3PC(y,,,1) or a 3PC(y,,j). Now
a node of Y must be adjacent to v otherwise there is a 3PC(h, z). Furthermore, since
there is no wheel, node » has a unique neighbor, say y;, in Y. If ¢ # 1, there is a
parachute with long top h,y,y1, Yy, 4., ¥t, side paths P and y, Yy, , ¥n,®, center node
v and middle path v, R,b,2. Hence t = 1. Thus path Y is of Type 3. Suppose y,, is
adjacent to @ and b. If any of the nodes in Y is adjacent to 7, j or v, we have a violation
of Lemma 8.6. Otherwise we have a Type 2 path.

By Lemma 8.7, node y, cannot be of Type b[8.3] since |T'| = 1.
Node y,, cannot be of Type ¢[8.3] since such nodes belong to Z(h).

Assume node y, is a Type d[8.3] node. Irrespective of whether or not a node of Y is
adjacent to 7, j or v, there is a 3PC(y,,2) when the neighbors of y,, are in () U R and
there is a 3PC(a,y,) when they are in P U 9.

Definition 8.11 If |T| > 1, let
Hps(h) ={y € H(h): there is a Type 1 or Type 2[8.9] path from y to V(I')},
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Hgr(h) ={y € H(h): there is a Type 3/[8.9] path from y to V(I')}.

If|T| =1, let

Hps(h) ={y € H(h): there is a Type 1[8.10] path from y to V(I')} U{y € H : there is a
Type 2[8.10] but no Type 3[8.10] path from y to V(I')},

Hgr(h) ={y € H(h): there is a Type 3[8.10] path from y to V(I')}.

Lemma 8.12 Hps(h) N HQR(h) =10.
Proof: We consider two cases depending on the length of 7.

Case 1 |T| > 1.

Suppose the lemma is false, i.e. there exists y in Hpg(h)NHgr(h). Let X = 24,...,2,
be a Type 1 or 2[8.9] path and Y = yy,...,y, a Type 3[8.9] path.

In fact, X is a Type 1[8.9] path for, otherwise, there is a violation of Lemma 8.6 if a
node of X is coincident with or adjacent to a node of Y, and there is a 3PC(a,y) if
not.

W.lo.g. assume that 2, is adjacent to p € V(5)\ {h,j}. Note that by Lemma 8.9, no
node in V(X)U V(Y) is adjacent to ¢.

A node of X is coincident with or adjacent to a node of Y, otherwise there is a 3PC(a, y).
If y,, is a Type b[8.3] node adjacent to the neighbors of v in @ and R, there are
connected squares since by Lemma 8.9, no node of V(X )U V(Y) is adjacent to k. So
Ym is adjacent to V(T)\{h, k}. If y,, is a twin of node d, then y,, has no neighbor in X
and m > 1, else there is a wheel with center y,,. Therefore m > 2 and we can replace
d € V(T) by y,, and Y by the shorter path yi1,...,y,—1. By repeating this shortening
argument if necessary, we can assume w..o.g. that y, has a unique neighbor ¢ in T
and t € V(T)\ {h,k}. Now, if node k is not adjacent to any node in Y, then there is a
3PC(h,t)if t € V¢ and there are goggles with shorter top than I'if ¢ € V. So k has
a neighbor in Y. If some node of Y \ {y,,} is coincident with or adjacent to a node of
X, there is a 3PC(k,a). Otherwise, y,, is adjacent to a node of X but no other node
of Y is, therefore there is a 3PC(k,y,,) or a 3PC(a, y.,).

Case 2 |T| =1

Suppose the lemma is false. By Definition 8.11, both a Type 1[8.10] direct connection
X and a Type 3[8.10] direct connection Y exist, from y. Let X = 2y,...,2, where
x, is adjacent to P and let Y = wy,...,y,, where y,, is adjacent to z and u. If no
node of X is adjacent to or coincident with a node of Y, there is a 3PC(yy,y). If 31 is
the only node of ¥ adjacent to a node of X, then there is a violation of Lemma 8.10,
since y1 € N(v). So, some node of X is coincident with or adjacent to a node of
V(Y)\{»n}. By Lemma 8.6, z,, is a twin of # and it is the only node of X with a
neighbor in V(Y)\{y1}. Furthermore, z,, is not adjacent to y,, (else there is a violation
of Lemma 8.6 in the goggles obtained from I' by substituting z,, for #). Now there is a
3PC(2n, Ym)-
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8.5 Bicliques

Lemma 8.13 (i) Nodes u,z,a,b, their twins and the Type a[8.3] nodes adjacent to u and x
form a biclique.

(i) Nodes u,z,a,b, their twins and the Type af8.3] nodes adjacent to a and b form a
biclique.

(iii) When |T'| > 1, nodes u,x, a,b, their twins and all Type a[8.3] nodes form a biclique.

Proof: (i) If a twin of 2 is not adjacent to a twin of a or b, there is a 3PC(h,u). Let w be
a Type a[8.3] node adjacent to u and 2 and let Y be a path of Type 2[8.6]. Suppose that
w is not adjacent to a twin 2* of . If 2* has no neighbor in Y, there is a 3PC(h,u) and
otherwise there is a 3PC/(h, z*).

(ii) follows by symmetry.

(iii) Let w be a Type a[8.3] node adjacent to a and b, and let y be a Type a[8.3] node
adjacent to v and x. Suppose w and y are not adjacent. By Lemma 8.6, there exist a direct
connection X = xy,...,2, of Type 2[8.6] from w to P or S, say P, and a direct connection
Y =y1,...,ym of Type 2[8.6] from y to @ or R, say ). No node of V" is adjacent to a node
of X, otherwise there is a 3PC(h,v). If w is adjacent to a node in Y, there is a 3PC(w, h).
If y is adjacent to X, there is a 3PC(y,v). So no node of Y U {y} is adjacent to a node of
X U{w}. But now there is a 3PC(u, h). O

Lemma 8.14 (i) Nodes h,i,j,k and their twins form a biclique.
(ii) Nodes h,1,j, their twins and the Type b[8.3] nodes adjacent to i and j form a biclique.
(7ii) Nodes h, i, k, their twins and the Type c[8.3] nodes adjacent to t and k form a biclique.
(iv) When |T'| = 1, the nodes h,v, their twins and all Type c[8.3] nodes form a biclique.

Proof: (i) Suppose a twin h* of h is not adjacent to a twin ¢* of i. Node h* is of Type c[8.3]
in the goggles I'* obtained from I' by substituting ¢* for ¢. So, by Lemma 8.8, there exists
a path Y = yy,...,y, of Type 2[8.8] from h* to P such that y, is not adjacent to ¢* and is
not a twin of ¢*. Now there is a wheel with center 7. By symmetry, h* is also adjacent to
the twins of j. Now suppose h* is not adjacent to a twin k* of k. Node h* is of Type b[8.3]
in the goggles I'* obtained from I' by substituting £* for k. So, by Lemma 8.7, there exists
apath Y = wy,...,y, of Type 2[8.7] from h* to T such that y, is not adjacent to k* and is
not a twin of k*. Now there is a wheel with center k.

To prove (ii), we show that any Type b[8.3] node w adjacent to ¢ and j is also adjacent
to all the twins of 7 and j. Let Y = yy,...,y, be a path of Type 2[8.7] from w to T such
that y, is not adjacent to k and is not a twin of k. Suppose that w is not adjacent to a twin
v of 2. If ¢* has no neighbor in Y, there is a wheel with center ¢, and otherwise there is a
3PC(i*,a). By symmetry, w is also adjacent to the twins of j.

To prove (iii), consider a Type ¢[8.3] node w adjacent to ¢ and k, and let Y = y1,..., ¥,
be a path of Type 2[8.8] from w to S such that y, is not adjacent to j and is not a twin of
j. If w is not adjacent to a twin * of ¢, there is a wheel with center ¢ if +* has no neighbor
in Y, and a 3PC(7*,a) otherwise. Similarly, if w is not adjacent to a twin £* of k, there is a
wheel with center k if £* has no neighbor on Y, and a 3PC(k*, a) otherwise.

Finally, (iv) follows from (iii) and Remark 8.5. O
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The next result shows that, if |T'| > 1, then node h and its twins form a biclique with 1, j,
their twins and the nodes in Hpg(h), or with k, its twins and the nodes in Hgpr(h).

For a twin A of h, the node sets Hpg(h') and Hgr(h') are subsets of H(h') defined as in
Definition 8.11, but relative to the goggles I obtained from I' by substituting A’ for h.

Lemma 8.15 If|T| > 1, then either Hps(h') = Hpg(h) for every twin h' of h, or Hor(h') =
Hgr(h) for every twin h' of h, or both.

Proof: Assume that h has a twin h* such that Hps(h*) # Hpg(h). To prove the lemma, we
will show that Hor(h') = Hor(h) for every twin h' of h.

Claim 1:  There exist a node y € Hps(h) \ Hps(h*) and a direct connection Y of
Type 1 or 2[8.9] from y to I such that h* has no neighbor in Y and there exist a node
z € Hps(h*)\ Hps(h) and a direct connection Z of Type 1 or 2[8.9] from z to ' such that
h has no neighbor in Z.

Proof: Among all possible choices of y € Hpg(h)AHps(h*) and of direct connection Y of
Type 1 or 2[8.9] from y to I, choose y and Y = yy,...,y,, such that Y is shortest. We assume
w.lo.g. that y € Hps(h)\ Hps(h*). Next we show that A* has no neighbor in V(Y ) U {y}.
Assume otherwise. Then h* has a unique neighbor y* in Y U {y}, else there is a wheel with
center h*. Since y ¢ Hpg(h*), we have that y* # y. If y* = y,,,, then by applying Lemma 8.3
to the goggles I'* obtained from I' by substituting h™ for h, we get that node y* must be a
twin of 7 or j in I'". Now, by Lemma 8.14, y* is adjacent to h, a contradiction. So y* = y;,
J <m,and Y, is shorter than Y, a contradiction to our choice of y. So, 1™ has no neighbor
in V(Y)U{y}.

When VY is of Type 1[8.9], assume w.l.0.g. that y,, has its neighbors in P. Let X =
h,y,...,a be a shortest path from h to a, whose intermediate nodes are the ones in Y
and possibly part of P. Consider the parachute II whose top is j, h*, &k, middle path X
and side paths k,Ty,,v,Q,a and 7,5, u,a. Applying Corollary 8.1 to I, we obtain a path
Z* = 2,21,...,2, from h* to X. Let I’ be the parachute obtained from II by substituting «
with b and ) with R. By applying Corollary 8.1 to II’, we obtain that Z* has no neighbor in
R. So the only neighbors of V(Z*)\ {z,} in I may be in V/(P)\ (V(X)U{h}) and the only
neighbors of z, in V(Y)U V(L) arein V(Y)U V(P)\ {h}. So z € Hps(h*)\ Hps(h) and a
subpath Z of V(Z*)U V(Y') is the required direct connection. This proves Claim 1.

Claim 2: Hggr(h*) = Hgr(h).

Proof: Among all possible choices of w € Hgr(h)AHgr(h*) and of direct connection W
of Type 3[8.9] from w to I', choose w and W = wq,...,w, such that W is shortest. We
assume w.l.o.g. w € Hor(h)\ Hor(h*). Next we show that A* has no neighbor in W U {w}.
Assume otherwise. Then h* has a unique neighbor w* in W U {w}, else there is a wheel
with center h*. Since w ¢ Hgpr(h*), we have that w* # w. If w* = w,, then by applying
Lemma 8.3 to the goggles I'* obtained from I' by substituting A* for h, we get that node w*
must be a twin of £ in I'*. Now, by Lemma 8.14, w* is adjacent to h, a contradiction. So
w* = wj, j < p, and Wy, is shorter than W, a contradiction to our choice of w. So, h* has

no neighbor in V(W)U {w}.
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By Claim 1, there exist 2 € Hpgs(h*)\ Hps(h) and a direct connection Z = zq,..., 2, of
Type 1 or 2[8.9] from z to I' such that & has no neighbor in Z. No node of V(Z)U {2} is
adjacent to a node of V(W)U {w} for the following reason.

o If some node of (V(Z)\ {2,})U{z} has a neighbor in W, then z € Hps(h*)NHgr(h*),

a contradiction to Lemma 8.12.

o If some node of (V(W)\ {w,})U{w} has a neighbor in Z, then w € Hps(h)N Hgor(h),

a contradiction to Lemma 8.12.

o If z, is adjacent to w,, node z, cannot be of Type a[8.3], for otherwise there would
be a violation of Lemma 8.6. So Z is of Type 1[8.9] and at least one neighbor of z, is
in V(P)\ {h,i}. If w, is a Type b[8.3] node, then there is a 3PC(w,,a). So all the
neighbors of w, are in T'. Node w, has a unique neighbor m in T', else there is a wheel
with center w,. Node 7 is distinct from v, else there is a 3PC(v,a). Now, there are
goggles with shorter top T, in V(I') U {w,, 2, }, contradicting our choice of T'.

Now there is a 3PC(j,a) with the following paths.
7, Siusu, Johow W .. 0, a g h 2 7, a.

This completes the proof of Claim 2.

Suppose now that Hor(h') # Hgpr(h) for some twin A’ of h. This implies Hpg(h') =
Hpgs(h) by Claim 2. In addition Hgr(h') # Hgor(h™) implies Hpgs(h') = Hps(h*). But this
contradicts Hps(h*) # Hps(h). O

Lemma 8.16 (i) If there exists a Type b[8.3] node adjacent to ¢ and j, denote by D the node
set comprising i, j, their twins and Hps(h) and denote by F' the node set comprising h, its
twins and the Type b[8.3] nodes adjacent to i and j. Then D U F induces a biclique.

(ii) If there exists a Type c[8.3] node adjacent to i and k or if |T| = 1, denote by D the
node set comprising h, its twins and the Type ¢[8.3] nodes adjacent to i and k and denote
by F' the node set comprising k, its twins, Hor(h) and, when T = 1, the Type c[8.3] nodes
adjacent to h. Then D U F induces a biclique.

Proof: (i) By Lemma 8.14(ii), it suffices to show that y € Hpg(h) is adjacent to any twin h*
of h and to any Type b[8.3] node w adjacent to ¢ and j.

By Lemma 8.7, |T'| > 1 and there exists a Type 2[8.7] path X = 24,...,2,, from w to
V(T')\ {h,i,4,k}. By Definition 8.11, there is a Type 1 or Type 2[8.9] path ¥ = y1,...,y,
from y to V(I')\{h, ¢, J,k}. If Y is of Type 2[8.9], y,, is adjacent to a and b, nodes y,, and z,,
are not adjacent, otherwise there is a violation of Lemma 8.6. If Y is of Type 1[8.9], assume
w.l.o.g. that y, is adjacent to p € V(S5)\ {h,j}. Again, nodes y, and z,, are not adjacent,
otherwise there is a wheel with center a,, if ,, is a strongly adjacent node, or a 3PC(t,a)
if 2, has a unique neighbor ¢ € V¢ in I'. In both cases, no node of Y U {y} is adjacent to a
node of X and no node of Y is adjacent to w, otherwise there is a violation of Lemma 8.12
or Lemma 8.7. Now there is a 3PC(a,¢) unless w and y are adjacent.

Suppose now that y is not adjacent to a twin A* of h. No node of X and at most one node
of Y is adjacent to h*, otherwise there is a wheel with center h*. Now there is a 3PC(i,a)
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whether or not h* has a neighbor in Y. Indeed, when h* has no neighbor in Y, the three
paths are
ivpiavxva ivh*vvakvvvava i,w,y,Y,...,u,a

and when 2* has a neighbor y; in Y, the three paths are

L, P, x,a t,w, X,...,v,0Q,a z,h,yj,ijyn,yn,...,u,a.

(ii) Case 1 |T'| > 1 and there is a Type ¢[8.3] node w adjacent to ¢ and k.

By Lemma 8.14(iii), it suffices to show that y € Hgr(h) is adjacent to any twin h* of h
and to any Type ¢[8.3] node w adjacent to ¢ and k.

By Lemma 8.8, there exists a Type 2[8.8] path X = z1,..., 2, from w to V(I')\{h, ¢, J, k}.
By Definition 8.11, there is a Type 3[8.9] path Y = y1,..., ¥y, from y to V(I')\ {h,4, 7, k}. If
Y, has a unique neighbor p € V(T')\{h, k}, nodes y,, and x,, are not adjacent for, otherwise,
there are goggles with shorter top if p € V" and there is a 3PC(a,p)if p € V°. If y, is a
Type b[8.3] node, y, and x,, are not adjacent, otherwise there is a violation of Lemma 8.7.
In both cases, no node of V(Y )U{y} is adjacent to a node of X and no node of Y is adjacent
to w, otherwise there is a violation of Lemma 8.12 or Lemma 8.8. Now there is a 3PC'(a, 1)
unless w and y are adjacent.

Suppose now that y is not adjacent to h*. No node of X is adjacent to h™, otherwise there
is a wheel with center h*. Now there is a 3PC(a, i) whether or not A* is adjacent to a node

of Y.

Case 2 |T| = 1.

By Lemma 8.14(iv), it suffices to show that y € Hgpr(h) is adjacent to any twin h* of h
and to any Type ¢[8.3] node w adjacent to ¢ and v, if such a node exists.

By Definition 8.11, there is a Type 3[8.10] path Y = y1,...,y, from y to V(I')\{h, 1, j,v}.
Consider the parachute with top path h,y, 1, side paths P and y1,Y, y,, 2, center node v
and middle path v,Q,a,z. By Corollary 8.1, there must be a Type j[6.4] or Type j1[6.5]
direct connection X = 21,...,2,, from node y to a node of V(@) \ {v}. No node of X is
adjacent to a node of Y or of V(P)\ {z}. Moreover, no node of X is adjacent to a node of
V(S)\{u}, for otherwise a direct connection contradicting Corollary 8.1 would exist. Finally,
using the middle path v, R, b,z instead of v, @, a,z above, and by Lemma 8.3, x,,, must be a
Type a[8.3] node adjacent to a and b.

No node of YV is adjacent to h*, for otherwise y,, would violate Lemma 8.6. Node z,, is
not adjacent to h*, else there is a violation of Lemma 8.3 in the goggles I'* obtained from I’
by replacing h with h*. Now, suppose y is not adjacent to h*. Then no node of X is adjacent
to h*. For, otherwise, let #* be the neighbor of 2* in X, closest to z,,. Consider the hole
H=91,Y, Y, ¢, 0, T, X, o%, 2", h*, 0, h,y. Node v has three neighbors in I, namely y1,
h and h* and (H,v) is an odd wheel. But then the nodes in X U {y,y1} induce a direct
connection from a Type a[8.3] node that violates Lemma 8.6 in I'*. So y is adjacent to h*.

Suppose y is not adjacent to a Type c¢[8.3] node w. By Lemma 8.8, w has no neighbor on
Y. Consider the parachute with the top path h,y, s, side paths h, 5, v and y1,Y, 9., u and
middle path v, @, a,u. Then the path v, w,7, h contradicts Lemma 8.2 with respect to that
parachute. O
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8.6 One More Lemma

Lemma 8.17 Let Z be the node set comprising nodes 1,7, their twins and the nodes in
Hpgs(h). Let W be the node set comprising node k, its twins, the nodes in Hogr(h) and, when
|T| =1, the Type c[8.3] nodes adjacent to h. Finally, let S = (V(I')UNV(I))\(ZUW).

Then there exists no direct connection from Z to W avoiding S

Proof: Suppose the contrary. Then there exists a direct connection Y = yq,..., ¥y, from
z € Z tow € W avoiding 5.

Case 1 z € Hpg(h) and w € Hgr(h).

Since no node of Y belongs to the extended star Z(h) (the nodes of N(h), together with
the nodes with at least two neighbors in {1, j,k}), there must be a direct connection
X from Y to V(I')\ {h,1,j,k} avoiding Z(h). Now Y U X contains either a direct
connection establishing 2 € Hgr(h) or a direct connection establishing w € Hpg(h),
both contradicting Lemma 8.12.

Case 2 z = iorjoratwinofiorj,and w = k or a twin of k or, when |T'| = 1, a Type ¢[8.3]
node adjacent to h.

If y,,, is adjacent to a Type ¢[8.3] node adjacent to h, then path Y contradicts Lemma 8.8.
Now we claim that m > 2. When z = ¢ or j, and w = k, this follows from the definition
of S. When z is a twin of ¢ or j, and w = k, the claim follows from Lemma 8.14(iii)
applied to the goggles obtained from I' by replacing ¢ by z. Similarly, the claim follows
when w is a twin of k. Now, m > 2 implies that there is a parachute with long top Y
and long sides, a contradiction.

Case 3 z € Hpg(h) and w = k or a twin of k or, when |T'| = 1, a Type ¢[8.3] node adjacent
to h.

It follows from Case 2 that Y contains no node adjacent to 7 or j. Since no node of
Y belongs to the extended star Z(h), there must be a direct connection X from Y to
V(I')\ {h,t,j,k} avoiding Z(h). By Lemma 8.9 or 8.10 and by Lemma 8.12, Y U X
contains a direct connection of Type 1 or Type 2[8.9 or 8.10] for z. Now there is a
3PC(w,a).

Case 4 z =i or joratwinof i or j,and w € Hgr(h).

It follows from Case 2 that Y contains no node adjacent to k. Since no node of Y

belongs to the extended star Z(h), there must be a direct connection X from Y to
V(I')\ {h,t,j,k} avoiding Z(h). By Lemma 8.9 or 8.10 and by Lemma 8.12, Y U X
contains a direct connection of Type 3[8.9 or 8.10] for w. Now, there is a 3PC(z,a).

a

8.7 2-Join Theorem

Now we prove the main result of this section.
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Theorem 8.18 Suppose G is a weakly balanced graph that contains goggles but no wheel, no
connected squares and no extended star cutset. Then G contains a 2-join.

Proof: Among the goggles of GG, let I' be one with shortest top path T" and, subject to this
condition, with the fewest number of nodes. By Lemmas 8.15 and 8.16(ii), Hps(h') = Hpg(h)
or Hor(h') = Hor(h) for every twin A’ of h. The proof will distinguish between these two
cases. Note that, if there is a Type b[8.3] node adjacent to i and j, then the first case always
occurs. Indeed, by Lemma 8.16(i), each node in Hpg(h) is adjacent to each twin A’ of h.
Hence Hps(h) C Hps(h') for each twin h’ of h. Replacing h by A’ in the goggles yields the
reverse inclusion. Similar arguments can be used to show that the second case always occurs
when |T| = 1 or when there is a Type ¢[8.3] node adjacent to k. In both cases we define six
disjoint sets A, B, D, F’'; M and N such that the nodes in AU B induce a biclique K4p and
the nodes in DU F' induce a biclique Kpr. We then prove that E(K4p)U E(Kpr)is a 2-join
of the graph, separating the nodes in AU D U M from the nodes in BU FU N.

Let Uy = {w| w is a Type a[8.3] node adjacent to a and b}. Similarly, let U,, = {w| w
is a Type a[8.3] node adjacent to u and z}. Let U; be the nodes in Uy, that are adjacent to
all nodes in Uy, and let Uy = Uy \ Uy.

e The set A comprises z, u, their twins and Uj.
e The set B comprises a, b, their twins and U,,.

By Lemma 8.13(i, ii), the nodes in AU B induce a biclique K 4p5. In addition, by Lemma
8.13(iii), Uqp = Uy when |T] > 1.

Case 1 Hpgs(h') = Hpg(h) for every twin h' of h (if A exists). Furthermore, |T'| > 1 and
there exists no Type ¢[8.3] node adjacent to k.

e The set D comprises 7, 7, their twins and Hpg(h).

e The set F' comprises h, its twins and the Type b[8.3] nodes adjacent to i and j.
e The set M comprises the nodes in PU S\ {h,,j,u,z}.

e The set N comprises the nodes in Q U RUT \ {h,a,b}.

DU F induces a biclique Kpp. Indeed, if there is a Type b[8.3] node, this follows from
Lemma 8.16(i). Else, it follows from Lemma 8.14(i) and the fact that Hpg(h') = Hpg(h)
for every twin A’ of h.

Case 2 Hor(h') = Hgor(h) for every twin b/ of I (if A’ exists). Furthermore, there exists no
Type b[8.3] node adjacent to ¢, j.
By Remark 8.4, we may assume that no Type ¢[8.3] node is adjacent to j.

e The set D comprises h, its twins and the Type ¢[8.3] nodes adjacent to ¢ and k.

o The set F' comprises k, its twins, Hor(h) and, when |T'| = 1, the Type ¢[8.3] node
adjacent to h.

e The set M comprises the nodes in P U S\ {h,u,z}.
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e The set N comprises the nodes in QU RUT \ {h,k,a,b}.

D U F induces a biclique Kpr. Indeed, if there is a Type c[8.3] node adjacent to k or
if |T'| = 1, this follows from Lemma 8.16(ii). Else, it follows from Lemma 8.14(i) and
the fact that Hor(h') = Hgpr(h) for every twin b’ of h.

Lemmas 8.15 and 8.16 show that the above two cases exhaust all possibilities.

If the theorem is false, there must be a direct connection Y = 4y, ..., y,, between AUDUM
and B U F U N in the partial graph G\ (E(K4p)U E(Kpr)). Let yo be a neighbor of y; in
AUDUM. W.lo.g. choose yy in M if possible, and if 4, has no neighbor in M, choose yg in
V(I')Nn (AU D) if possible. Similarly, let y,,4+1 be a neighbor of 3, in BU F'UN and choose
Ym+1 € N if possible or, when y,, has no neighbor in N, choose 3,41 in V(I') N (B U F) if
possible. We show that such a direct connection Y violates one of the lemmas proved in the
earlier subsections.

Claim 1: m > 2

Proof: Assume m = 1. If yg € M and y2 € N, then y; violates Lemma 8.3. If yg € A or
y2 € B, then y; violates Lemma 8.3 or Y violates of Lemma 8.6. So, yg € D or 2 € F'. Now
again, y; violates Lemma 8.3 unless yg is of Type ¢[8.3] (in Case 2) orin Hpg(h) (in Case 1)
or y, is of Type b[8.3] (in Case 1) or in Hgpr(h) (in Case 2) or of Type ¢[8.3] adjacent to h
(in Case 2 and |T| = 1).

If yo or ys is of Type ¢[8.3], Y contradicts Lemma 8.8. In particular, Y is not of Type 3[8.8]
since |T'| = 1 implies that Case 2 occurs and, in this case, the Type ¢[8.3] nodes adjacent to
h belong to F', the Type c[8.3] nodes adjacent to v belong to D and all the edges between
them are removed in the 2-join.

If 45 is of Type b[8.3], Y contradicts Lemma 8.7.

Finally, if yo € Hps(h) or y € Hgr(h), Y contradicts Lemma 8.12. This proves Claim 1.

Claim 2: 1 has at most one neighbor in I' or is a twin of a node in M, and vy,, has at
most one neighbor in I' or is a twin of a node in N .

Proof: Suppose not. Then by Lemma 8.3, y; or y,, is a node of Type a, b, ¢ or d[8.3].

For yy, the only possibility is Type d[8.3], by the definition of sets A, B, D, F'. In this case,
if Y41 is a twin of h or a Type b[8.3] node adjacent to ¢ and j, there is a 3PC(y1, Ym+1)-
Otherwise, there is a 3PC(y1, h).

There are four possibilities for y,,.

If y,, is of Type a[8.3], by Lemma 8.13(iii), |T'| = 1, y € Uz and Case 2 applies.
Furthermore, by Lemma 8.6, either V(Y')\ {y,,} induces a Type 1 or 2[8.6] direct connection
from y,,, to V(I'), or yo is a Type a[8.3] node in A. Let z be a Type a[8.3] node adjacent to
uw and z but not to y,,. By Lemma 8.6, there exists a direct connection Z = z,...,2, of
Type 2[8.6] from z to V(@)U V(R). Consider first the case where V(YY) \ {y,,} induces a
path of Type 2[8.6] from y,,, to V(P)U V(S). Let y* = yo or y1, whichever belongs to V". If
no node of Y is adjacent to a node of 7, then there is a 3PC(z,y*). On the other hand, by
Lemma 8.6 applied to z and to y,,, the only adjacency between Y and Z is between y; and
Zp. S0 yp and z, are adjacent. If z, € V¢, let 2* = 2,, and if z, € V", let 2™ be the unique
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neighbor of 2z, in V(Q) U V(R). Now yo = h or a twin of h, and z* = v, otherwise there is
a 3PC(y*, z*). But this implies y; € Hgr(h), a contradiction. Consider now the case where
either yo is a Type a[8.3] node in A or V(Y )\ {ym} induces a direct connection of Type 1[8.6]
from y,, to w or x or a twin of u or z, say yg = = or a twin of . No node of Z is adjacent
to a node of Y, otherwise there is a 3PC(yo, h) or there is a direct connection from y,, to
V(I') violating Lemma 8.6. Assume w.Lo.g. that z, has a neighbor in R. Hence we have a
violation of Lemma 8.2 for the parachute with top path a, y, 2z, middle node u, bottom node
v and the extra path is yo, y1, Y, ¥m, @ or a subpath of it, in case ¥ contains a neighbor of z.
SO ¥y, is not of Type a[8.3].

If y,, is of Type b[8.3], then its neighbors in I' are the neighbors of v in ) and R. By
Lemma 8.7, |T'| > 1 and 3 is adjacent to a node yo in D. So yo € Hps(h) (in Case 1) or
Yo = h or a twin of h (in Case 2). Now, in Case 1, the path Y shows that yo € Hgr(h), a
contradiction to Lemma 8.12. In Case 2, the path Y shows that y; € Hgr(h) and therefore
1 € F, a contradiction.

If y,,, is of Type ¢[8.3], path Y contradicts Lemma 8.8.

If ¥, is of Type d[8.3], there is a 3PC(yy,,v). This completes the proof of Claim 2.

Claim 3: yy € A and y,,41 € B cannot occur.

Proof: Suppose yo € A and y,,41 € B. If yg is w or z, say «, then by Claim 2, y is
not adjacent to w. Similarly, if yo is a twin of w or z, say a twin of z, then y; cannot be
adjacent to u by our choice of yg. Now, the path Y contradicts Lemma 8.2 in a parachute
with side paths P, 5, bottom node h and top node y,,+1. So yo cannot be z, u or one of their
twins. Such a contradiction also occurs when y,,41 is a,b or one of their twins. So yg € Uy
and ym,41 € Uyy. By Lemma 8.6, there exists a path Z = z,...,2, of Type 2[8.6] from
Ym+1 t0 Q or R, say ). Now no node of V(YY) \ {y,, } is adjacent to a node of Z, otherwise
there is a direct connection from yg to I' violating Lemma 8.6. Now we have a violation of
Lemma 8.2 for the following parachute. The top path is b, 4o, ¥m+1, the side paths are R and
Ym41> 2y Zpy - -, ¥, the center node is u and the middle path is w, 5,2, T,v. The extra path is
Y. This completes the proof of Claim 3.

Claim 4: In Case 1, yo € D and y,,41 € F cannot occur.

Proof: Assume first y,,41 is node h or a twin of h. Since y,, ¢ Hps(h) and Hps(h) =
Hps(Ym+1), it follows that y,,, € Hor(ym+1). Now, Lemma 8.17 applied to yo and y,, in the
goggles '™ obtained from I' by replacing h by y,,+1 (when y,,41 is a twin of h) contradicts
the existence of Y. Indeed, by Lemma 8.14, yo belongs to the set Z relative to the goggles
.

Now assume y,, 41 is of Type b[8.3]. By Lemma 8.7, yo is node i, j or one of their twins.
W.lo.g. yo = j or one of its twins. Then there is a violation of Lemma 8.2 in parachute with
center node h, top path ¢, ¥,11, yo, where Y is the extra path. This completes the proof of
Claim 4.

Claim 5: In Case 2, yo € D and y,,41 € F cannot occur.

Proof: Assume first yo is node h or a twin of h. Since y1 ¢ Hor(h) and Hgr(h) =
Hgr(yo), it follows that y; € Hps(yo). Now, Y contradicts Lemma 8.17 applied to y; and
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Ym+1 in the goggles I'* obtained from I' by replacing h by yo (when yo is a twin of h). Indeed,
by Lemma 8.14, y,,,+1 belongs to the set W relative to the goggles I'*.

Now assume 7 is of Type c¢[8.3]. By Lemma 8.8, y,,+1 is node k or one of its twins, or
a Type c[8.3] node adjacent to h. Then there is a violation of Lemma 8.2 in parachute with
center node h, top path ¢, v, ¥m+1, where YV is the extra path. This completes the proof of
Claim 5.

Claim 6: y, ¢ A.

Proof: Assume yg € A. By Claim 3, y,,41 € FUN. If yg = u, 2 or one of their twins,
there is a 3PC(yo, h) if Y41 is not a twin of b and a 3PC(yo, Ym+1) if Ym+1 is a twin of h. So
consider yo € Uy. In Case 1, by Lemma 8.6, the only possibility is that y,,+1 = h or a twin of
h. S0 Ym € Hps(Ym+1), since Y is a path of Type 2[8.9]. But then y,, € D, a contradiction.
In Case 2, by Lemma 8.6, the only possibility is that y,,,41 € Hgor(h). Now, Y is a Type 2[8.9
or 8.10] path from ¥,,,41. So, when |T'| > 1, 41 € Hps(h) and this contradicts Lemma 8.12.
Now consider |T'| = 1. Since y,+1 € Hgr(h), there exists a Type 3[8.10] path X = z4,...,2,
from y,,41 where z,, is adjacent to @ and u. There is no adjacency between V(YY) U {yo}
and V(X)\{z,}, else we get a violation of Lemma 8.6 for yg. Now, nodes z,, and yy are
not adjacent, else there is a 3PC(z,,, Ym+1). This contradicts the assumption yo € Uy. This
completes the proof of Claim 6.

Claim 7: y, ¢ D.

Proof: Assume yo € D. By Claims 4 and 5, y,,,41 € BUN. In Case 1, yo € Hps(h) or yo
coincides with ¢ or j or with a twin of ¢ or j. If y,, is a twin of k¥ or y,, has k as its unique
neighbor in I', the path ¥ contradicts Lemma 8.17. Otherwise, if yo = ¢ or j or a twin of ¢
or j, there is a 3PC(yg, a), and if yo € Hpg(h), there is a violation of Lemma 8.12.

In Case 2, if yo is a Type ¢[8.3] node adjacent to ¢ and k, there is a violation of Lemma
8.8. Now, suppose yo is h or one of its twins. Then y; ¢ F implies that 34 € Hps(h).
V(Y)\ {y1} induces a direct connection from y to V(I')\ {h, 1, j, k} satisfying Lemma 8.9 or
8.10. By Lemma 8.12, this path cannot be of Type 3[8.9] or [8.10]. Therefore, it must be of
Type 2[8.9] or [8.10] since y,,+1 € B U N. In fact, the only possibility is y,, € Uy, but this
was excluded in Claim 2. This completes the proof of Claim 7.

Claim 8: o ¢ M.

Proof: Suppose 3y is a twin of p € M or has a unique neighbor yo = p € M. W.l.o.g.
yo € P\ {z,h}.

If Y41 is @, b or one of their twins, there is a 3PC(yp41,0).

If Yms1 € Uyy, there is a violation of Lemma 8.6.

In Case 1, if y,41 is h or a twin of h, then y,, € Hopr(ym+1) since y,, ¢ D. But
Ym € Hps(Ym+1) since V(Y)\ {yn} is of Type 1[8.9] for y,,,. This contradicts Lemma 8.12.
If 4,41 is of Type b[8.3], there is a contradiction of Lemma 8.7.

In Case 2, if y,,41 is k, a twin of k, y,,,41 € Hor(h) or a Type ¢[8.3] node adjacent to h,
then Lemma 8.17 is violated when p = ¢, or there is a 3PC (Y41, @) otherwise.

Now, consider the case when y,, is a twin of a node in N (in this case, let ¢ = y,,,) or
has a unique neighbor ¥,,,41 € N (in this case, let ¢ = y;,41). If ¢ € T, there is a 3PC(q,a)
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if ¢ € V¢, there are goggles with a shorter top if ¢ € V™ and p # ¢ and j, and there is a
3PC(p,a) or 3PC(y1,a)if ge V" and p=ior j. If ¢ € QU R\ {v}, there is a 3PC(u,h) if

q is not adjacent to v or a 3PC(x, ¢q) otherwise.

This completes the proof of the theorem. O
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