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Abstract— This work aims at experimentally identifying
a new mechanical descriptor of human locomotion and
demonstrating that it can be exploited for the generation
of multi-contact motions for humanoids. For this purpose,
an experimental setup was built on which five different
experiments were carried out by 15 human volunteers.
Experimental results show that the distance between the center
of mass and the so-called central axis of the external contact
wrench significantly varies as a function of locomotion phases
and environmental constraints. This finding is combined with a
theoretical reasoning in mechanics in order to exhibit how this
distance is linked to the whole body’s angular acceleration and
thus constitutes an interesting parameter to control. Finally, we
illustrate the interest of this result for humanoid robot motion
generation by embedding the minimization of the distance
between the center of mass and the central axis of the external
contact wrench in an optimal control formulation in order to
generate multi-contact locomotion in simulation.

I. INTRODUCTION

A. Motivations

Humanoid robotics and biomechanics share a common
interest in the study of principles involved in human
locomotion. Researchers from both fields have widely used
the Zero Moment Point (ZMP) to describe and evaluate
several properties of locomotion on horizontal walkways.
This particular point is the intersection between the ground
and the axis along which the moment of contact forces under
the feet is collinear to the normal of the ground [1].

In biomechanics, this criterion has been used to investigate
gait control analysis, running mechanics, prosthesis, shoes
design and fall detection [2], [3]. In these approaches,
researchers have usually studied the ZMP trajectory during
several tasks, which is considered to reflect information about
neuromuscular control [4]. In robotics, researchers have also
controlled the ZMP to generate stable bipedal locomotion
trajectories [5].

However, this criterion suffers from limitations as it is
only defined when contacts are coplanar. Thus, it becomes
irrelevant when motions involve multiple non-coplanar
contacts while this situation is common in everyday life
(stairs climbing, door opening, elderly locomotion ...)
and increasingly used in humanoid robotics trajectory
generation [6]. To overcome these limitations, several works
have been done to expand the ZMP when locomotion
is performed on uneven surfaces or when bipeds use
multi-contact (cane, banister, etc.) [1], [7]–[9].
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Fig. 1: Overview of the experimental setup during a
recording session. A participant is asked to achieve a
challenging locomotion task while using the handlebar to
help himself.

B. Outline and contributions of the paper

In this paper, we propose to study human locomotion
based on another mechanical approach related to the external
contact wrench (ECW) (see Sec. II). The key idea is to
consider the central axis ∆ of this wrench along which the
moment of the contact forces applied to the body and the
resultant of the contact forces are collinear. This axis is
also the set of points where the overall moment induced
by contact forces is minimal for the Euclidean norm (see
Sec. II), and can always be computed even for generalized
locomotion (uneven surfaces or multi contacts). According to
Euler’s second law, the overall moment applied to the CoM
equals the variation of angular momentum at the CoM, and
thus reflects the whole body gesticulation [10]. This result
establishes a link between the relative position of the CoM
with regard to the central axis ∆ since, when they coincide,
the variation of angular momentum at the CoM is minimal.
Within the scope of bipedal locomotion, describing the
relation between the need for angular momentum variations
during certain phases and the quest for stability is a central
question. In this context, the distance between the CoM
and the central axis ∆, dG−∆, appears to be relevant for
describing the motion of the body in contact as it is related
to the whole body dynamics in addition to be computed from
the contact forces (see Sec. II).

After having theoretically demonstrated the consistency of
our mechanical approach, the results of experimental tests in



humans are presented (see Sec. III). We hypothesized that
the average dG−∆ should significantly vary as a function of
motion phases and of increasingly demanding environmental
constraints. This conjecture was corroborated by setting
up walking experiments to study five different locomotion
tasks involving non-coplanar foot contacts and contacts with
hands. In addition, results demonstrate that, at the scale
of the walking cycle, dG−∆ conveys information about the
dynamical state of the body.

The interest of working with this mechanical quantity is
finally illustrated in the context of multi-contact locomotion
of humanoid robots (see Sec. IV). This is done by including
dG−∆ in the cost function to be minimized within our
trajectory generation framework [6]. The simulation results
performed with the model of the HRP-2 robot show that
minimizing this distance under contact constraints leads to
dynamically consistent and whole-body feasible centroidal
trajectories. These results also support the fact that our
criterion is less conservative than simply minimizing the
variation of angular momentum, as commonly done in
humanoid trajectory optimization [5].

II. MATHEMATICAL BACKGROUND

In the sequel, we denote by G the CoM of the body, by
∆ the central axis of the ECW and by dG−∆ the distance
between G and ∆. Contact forces can be represented by a
single 3 dimensional vector f . At any point A, f induces a
moment mA. f and mA define a moment field that can be
expressed at any point B as:

mB = mA + f × pAB, (1)

where pAB gives the position of B with respect to A.
There exists one axis such that, at each point of this axis,

the moment is parallel to f [11]. This axis, directed by f , is
the so-called central axis of the ECW (∆). Without loss of
generality, assuming that A ∈ ∆, and taking the Euclidean
norm of (1) yields:

||mB||22 = ||mA||22 + ||f×pAB||22 +2 mA · (f×pAB), (2)

with 2 mA · (f × pAB) = 0 (hypothetically the moment
about A is parallel to f ). This leads to the conclusion that,
at any point B, ||mB||22 ≥ ||mA||22, reaching the equality
when B belongs to ∆, along which the moment of contact
forces is minimal. ∆ is computed as in [12]:

∀B in space, ∀A ∈ ∆, pBA =
f ×mB

||f ||2
+λf , λ ∈ R. (3)

When λ = 0, A is the projection of B onto ∆. In particular,
dG−∆ is:

dG−∆ =
||f ×mG||
||f ||2

=
||ḣG|| · | sin(θ)|

||f ||
, (4)

where ḣG = mG is the derivative of the angular momentum
expressed at G and θ is the angle between f and ḣG.
Hence, controlling this distance amounts to control either the
derivative of angular momentum at G, or the angle between
contact forces and the derivative of the angular momentum at
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Fig. 2: Scheme of the experimental setup with the range of
distances considered. The scenario is composed of four tilted
and adjustable wooden blocks. Each wooden block is topped
with an adherent layer to prevent subjects from slipping.

G, or the norm of contact forces. Furthermore, this distance
contains information related to the centroidal dynamics of the
body (see Sec. IV), which is ordinarily used in the control of
humanoid robots. These observations will be discussed later
on in Sec III and Sec. IV.

III. EXPERIMENTAL IDENTIFICATION OF dG−∆

The following section contains a description of the
experimental protocol used to measure dG−∆ under
increasingly challenging locomotion tasks for humans and
a presentation of the outcomes of this experiment.

A. Participants

Fifteen healthy male subjects (25.6 ± 5.8 y, height
1.77 ± .035 m, body mass 73 ± 8 kg) volunteered for this
experiment. The participants had no prior or existing injury
or neurological disorder affecting gait. Each participant
was informed of the experimental procedure and signed an
informed consent form prior to the study. The experiment
was conducted in accordance with the declaration of Helsinki
(rev. 2013) with formal approval of the ethics evaluation
committee (IRB00003888, Opinion number 13-124) of the
Institut National de la Santé Et de la Recherche Médicale,
INSERM, Paris, France.

B. Experimental protocol

Each participant had to execute five barefoot walking tasks
under different stepping conditions, involving an additional
hand contact or not (see Fig. 1). They performed three
trials for each experimental condition. For each trial, two
preliminary steps were achieved before crossing the force
platform. Time intervals of about 3 minutes were adjusted to
prevent fatigue between repetitions. For conditions involving
non-coplanar contacts to be achieved, a custom made setup
was built which consisted of four 35◦-sloped wooden blocks
(i.e. three steps) fixed on the force platform embedded into



Task Standard walking Walking on setup Walking on setup using handlebar

Speed Spontaneous Spontaneous Fast Spontaneous Fast

Condition A B D C E

dG−∆ (mm) 55.1± 6.2 (74.8± 14.2)? 150.9± 34.4 69.6± 13.5 123.8± 25.1

Average speed (m.s−1) 1.0± 0.15 (0.71± 0.24)? (1.4± 0.35)† 0.73± 0.21 1.5± 0.32

TABLE I: Distances between the central axis of the external contact wrench and G, and average locomotion speeds across
conditions A, B, C, D and E. Data are expressed as mean ± SD. Superscript ? (resp. †) stands for “Not significantly different
from conditions C (resp. E)”.

Fig. 3: Illustration of the different measurement involved
in the experiment. ffp is the force recorded from the force
platform, fh is the force recorded from the handlebar, m
is the global moment expressed at the center of the force
platform. ∆ is the central axis of the external contact wrench.
The dashed curved line is the path of G in time. dG−∆ is
highlighted in the magnified portion of the image.

the floor. A 6-cells force sensor, hereafter called handlebar,
was placed at 1.1 m high between blocks 2 and 3 (see
details in Fig. 2). In the first condition (condition A), the
volunteers were asked to achieve normal walking through
the horizontal force platform, at spontaneous speed without
any obstacle. After warming-up and getting familiarized with
the experimental setup, participants were asked to walk on
it (left foot first) for the four remaining conditions:

• B, at spontaneous speed, without handlebar
• C, at spontaneous speed, using the handlebar
• D, as fast as possible, without handlebar
• E, as fast as possible, using the handlebar

For conditions B, C, D and E, subjects were asked to cross
the platform walking on the wooden blocks only, which were
intentionaly spaced in order to disturb locomotion (Tab. I).
Therefore, walking on the experimental setup was the first
challenging parameter used to complicate the locomotion
task.

In [13] and [14], it has been shown that holding a fixed
element during locomotion or, stair ascent and descent,

slightly improves stability and balance confidence. Thus, the
prohibition of the additional hand contact was the second
parameter. The third parameter was speed locomotion: the
experimental setup was designed in such a way that it was
hard to cross it fast. The volunteers were asked to perform
the tasks in a given order of what we refer to as increasing
complexity (i.e. conditions A, C, B, E then D).

C. Data acquisition

The computation of dG−∆ required to record the
ECW and the CoM position (see Eq. (4)). For the
3-dimensional kinematic analysis, 47 reflective markers were
fixed on the subject’s bone landmarks for local frame
reconstruction according to [15]. Body segments masses
and center of mass positions were calculated in accordance
with anthropometric tables [16]. Data were recorded by
thirteen optoelectronic cameras sampled at 200 Hz. The
6-dimensional ECW applied to the subject was recorded by
the force platform (180× 90 cm) and the handlebar, both
sampled at 2 kHz. The handlebar was localized thanks to
3D reflective markers. Data were synchronized using Nexus
1.7.1 and filtered using a 4th order, zero phase-shift, low-pass
Butterworth with a 15 Hz cutoff frequency. The acquisition
procedure started when the right foot of the subject left the
floor and stopped before the left foot reached the floor, in
order to record full contact motions (see Fig. 3).

D. Statistics

The average dG−∆ was computed for each subject and for
the five experimental conditions. Before statistical tests, data
normality was assessed using the Kolmogorov-Smirnov’s
test. Two separate one-way repeated measure ANOVAs were
performed to compare the mean distance and the locomotion
speed across conditions (p < 0.001) each followed by ten
paired t-tests with the Bonferroni correction (p < 0.05/10) to
assess the effect of each condition on dG−∆ and to verify if
speed instructions significantly modified subjects locomotion
speed. The main hypothesis was accepted if the mean of
dG−∆ significantly increased together with the complexity
of the locomotion tasks: conditions A, C, B, E then D.

E. Experimental results

Fig. 4A shows dG−∆ (in average ± standard deviation)
for the three trials of each subject, in condition A. Fig. 4B
shows the height of one of the right and left toes markers
for one participant, in condition A. One normalized walking



Fig. 4: Normalized walking cycle in condition A (walking
on flat ground). A: dG−∆ in mm as mean ± std, for the 15
participants. B: Height (z component) of the right and left
toe markers for one participant.

cycle is displayed for both plots. Toe height profiles are
used to identify the different phases of the walking cycle
(single support, double support) and segment the time
evolution of the distance displayed above (Fig. 4A). During
double support phases, dG−∆ decreases, while it increases
during right and left swing phases (from 30 mm up to
more than 100 mm). Values of the average CoM velocity
and dG−∆ are displayed in Tab. I. The statistical analysis
revealed that locomotion speed in conditions B and C
was significantly slower than in conditions A, D and E
(about twice), and it was significantly faster in conditions
D and E than in condition A. These results show that the
participants followed the speed instructions correctly. Paired
t-tests revealed that dG−∆ in B tested against C could not be
said to be significantly different (Tab. I). The remaining data
in Tab. I show that the mean distance significantly increased
across the different conditions (ranging from 55.1 mm to
150.9 mm, by order of increasing distance : A,C-B,E then
D).

F. Discussion

Because its depends on the whole body dynamics, the
variation profile of dG−∆ at the scale of the walking cycle
is representative of the rhythm of locomotion as it allows to
retrieve double support and leg swing phases. In addition
to this temporal analysis, the average analysis of dG−∆

reveals that, compared to standard locomotion on level
ground, asking the subject to walk on the experimental setup
noticeably increased dG−∆ (condition A against B, C, D and
E). Although one cannot conclude whether, at spontaneous
speed, using the handlebar modified the distance dG−∆ or
not, in this study, at high speed, when subjects were allowed
to stabilize themselves using the handlebar (condition E),
the distance significantly decreased in comparison with the
corresponding condition at the same speed but without the
handlebar (condition D). When participants were asked to
cross the platform at high speed (conditions D and E), dG−∆

increased in comparison with the corresponding conditions
at spontaneous speed (conditions B and C). In essence,
looking into the three different parameters used to perturb

the locomotion of the volunteers, dG−∆ increased with the
complexity of the task. dG−∆ being directly related to ḣG,
this general result suggests that increasingly challenging
locomotion tasks might require either more variation of
angular momentum or non-collinearity between ḣG and f .
The first possibility makes sense from a mechanical point
of view, as both increased velocity and gesticulations due to
uneven terrain lead to heavier inertial effects and thus to a
larger ḣG. For the second possibility to be filled, given that
contact forces are mainly vertical in the context of bipedal
locomotion, the components of ḣG must be horizontal and
correspond to tipping motions. This might be caused in
particular by the inclination of the wooden blocks with
regard to the gravity direction, and the whole-body resulting
motions.

Finally, by revealing the instantaneous dynamic state
of the body (double support, legs swings) or its average
rotational behavior (gesticulation, tipping motions), dG−∆

characterizes the motion.

G. Conclusion

In this first part, a mechanical quantity for characterizing
human motion was introduced. Both theoretically and
experimentally, it was shown to carry relevant information
about the dynamics of the body in contact. In particular, it
was demonstrated that the average value of dG−∆ over a
trajectory or its pattern during a walking cycle depends on
the complexity and the phase of the locomotion task.

In biomechanics, this result is of particular interest,
because, at the cost of estimating the CoM position, it
provides a way of characterizing any whole body motion in
contact, even in situations where the classical ZMP would
fail (non-coplanar, multi-contact). For instance, it could
be used for comparing standard and instrumented walking
(e.g., elderly, prosthesis, exoskeleton) on uneven terrains. In
addition, our proposal is quite different from the study of
angular moment alone [17], [18], since dG−∆ includes the
coupling of the whole-body dynamics with contact forces.
Therefore, the control of this quantity opens a larger space
of strategies than those related to the control of the angular
moment alone (see Eq. (4)). Finally, the dependence of dG−∆

on ḣG and f supports that this value is plausibly controlled
by the central nervous system [19], [20].

In humanoid robotics, the control of the angular
momentum has been the topic of a number of recent
research activities, such as gait control [21] or balance
assessments [22]. Although some work has been done to
handle it for generating whole body motion in simulation,
when it comes to real motion, humanoid robotics approaches
are mostly conservative (e.g., angular momentum forced to
zero by the model [5], or minimized inside a cost function).
Although the dynamic nature of human locomotion results in
varying profiles of dG−∆, one can choose to minimize this
quantity in order to implement a conservative whole-body
behavior for the robot. This is illustrated in the next section,
in which we propose to regulate dG−∆ as a cost for a stair
ascent task with the humanoid robot HRP-2.



Fig. 5: Snapshots of the 15-cm steps climbing motion with handrail by the HRP-2 robot in simulation.

IV. HUMANOID ROBOT TRAJECTORY GENERATION

In this section, we illustrate the minimization of dG−∆ in
the context of multi-contact locomotion for the humanoid
robot HRP-2. In order to highlight its relevance for real
applications, we apply this control strategy on a stair
climbing scenario where the robot has to use the handrail
for helping itself. After having shown the results of this
simulation, we discuss why using dG−∆ differs from using
the angular momentum alone, and how it could be applied
to other scenarios.

A. General overview of the motion generation pipeline

The pipeline used is the same as the one originally
introduced in [6] and extended in [23]. This formulation
allows to compute a feasible trajectory (both kinematically
and dynamically feasible) for the centroidal dynamics
according to a sequence of contacts given as input. As a
reminder, the centroidal dynamics is the dynamics of the
whole-body system expressed at its CoM [24], involving
CoM position together with linear and angular momenta.
From the sequence of contacts and the centroidal dynamics
trajectory, we use an inverse dynamics solver [25] to
compute the whole-body motion. All the trajectories of the
end-effectors were designed by hand.

B. Centroidal optimal control formulation

The central piece of this pipeline is the module for
generating centroidal trajectories. To be effective, these
centroidal trajectories must be dynamically consistent, i.e.,
all the contact forces which drive the centroid must lie
inside the friction cones. In addition, these trajectories must
be kinematically feasible by the whole-body model. For
instance, the CoM trajectory computed by the module must
be achievable by the whole body when computing its inverse
dynamics.

To solve this problem, we set up a multi-stage optimal
control problem (OCP) over a sequence of contacts S of the
following form:

min
x,u,(∆ts)

S∑
s=1

∫ ts+∆ts

ts

`s(x,u)− log µs(x,u)︸ ︷︷ ︸
feasibility measure

dt (5a)

s.t. ∀t ẋ = f(x,u) (5b)
∀t u ∈ K (5c)

x(0) = x0 (5d)
x(T ) = (cf ,0,0), ẋ(T ) = 0 (5e)

where (5a) is the cost function we aim to minimize that
contains a feasibility measure to encode the constraints of
the centroidal dynamics w.r.t. the whole-body [23], [26]. It
also handles a tailored cost function `s that can be adjusted
by the user to obtain smoother motions for instance, or to
penalize some quantities. Eq. (5b) is the centroidal dynamics
of the system with state x = (c,mċ,hG) composed of c,
the position vector of G, the linear momentum mċ, and
the angular momentum hG. The control u is directly the
ECW. To be effective, this ECW must remain inside a certain
cone called the centroidal wrench cone expressed in (5c) and
introduced in [8]. In [26], the authors suggested an efficient
inner approximation of this cone that we used in this work.
Finally, starting from an initial state (5d), the objective is
to reach a final state at rest, encoded by Eq. (5e). In this
implementation, the duration of each phase (∆ts) was left as
a free variable of the problem. To solve this optimal control
problem, we used MUSCOD-II [27], a multiple-shooting
framework dedicated to problems having a shape similar
to (5). In order to show the effects of our criterion, we
provided the OCP solver with different cost functions `s:

1) In the first case, we investigated the minimization
of the distance dG−∆ in addition to minimizing the
kinetic energy of the system in translation. Thus, we
chose `s = dG−∆ +αm‖ċ‖2, where α is a weighting
coefficient. Typically, α = 0.1.

2) In the second case, we left the distance free and the
cost function was only composed of the kinetic term,
leading to `s = m‖ċ‖2.

C. Simulation results

The simulated environment was an industrial stairway
equipped with a handrail and made of four 15-cm high and
30-cm deep steps. Snapshots of the complete motion, result
of the simulation, are depicted in Fig. 5. In Fig. 6 dG−∆ is
displayed for the two cases of study. When dG−∆ is included
in the cost function, it is successfully regulated to nearly
zero during the whole motion. Fig. 7 shows control inputs
that drives the centroidal dynamics in the two approaches.
As a result of the solved OCP, when our criterion is added to
the cost function, the derivative of angular momentum about
x and y axes is nearly zero. Reaction forces being mostly
vertical in this kind of motion, the fact that the z component
of the angular momentum variation is not zero is consistent
with Eq. (4) and with the fact that dG−∆ is regulated to
almost zero. Furthermore, one can notice that minimizing the
proposed criterion led to greater accelerations of the CoM.



Fig. 6: Traces representing the distance dG−∆ in the two cases of study: with and without regularization of dG−∆.

Fig. 7: Traces representing the control input (acceleration of the CoM and the angular momentum variations expressed at
the CoM) that drives the centroidal dynamics in the two cases of study: with and without regularization of dG−∆.

Fig. 8: Traces representing trajectories of the state of the centroidal dynamics in the two cases of study: with and without
regularization of dG−∆.

This might be the result of a tighter control of the position of
the CoM for regulating dG−∆ to zero, together with a lesser
emphasis placed on the minimization of the kinetic energy
(α parameter). Fig. 8, displays the state of the centroidal
dynamics for the two cases of study. Noticeably, including
our criterion in the cost function results in a nearly zero
angular momentum about x and y axes which is an expected
outcome of the computed optimal control.

D. Discussion

As mentioned earlier, minimizing dG−∆ leads to the
minimization of either ḣG or the angle between fc and
ḣG or to the maximization of ||fc|| (see Eq. (4)). This last
strategy cannot be found by the solver since we also penalize
the kinetic energy of the system in translation, which is

equivalent to bound the variations of the linear acceleration
of the centroidal dynamics [28]. Simulation results show
that in the context of stair climbing, the solution found by
the optimal control framework is noticeably the same as if
the criterion was to minimize ḣG. But given the different
available strategies to control dG−∆, we claim that our
criterion allows for more slackness in the resolution of the
problem. Typically, it should succeed in the context of a
movement that would require dynamical direction changes
and thus, non zero components of ḣG along the direction
of f , a situation where harshly forcing ḣG to zero would
fail. Also, one could extend the use of this criterion in a
cost function, in order to make it follow a human-inspired
pattern, as the one depicted in Fig. 4. In this case, the solver
would be able to find a whole-body strategy that involves



contributions of all the limbs in the production of appropriate
contact forces and angular momentum values, leading to
a more dynamical, human-like locomotion. Implementing
other motions using this criterion on the real robot is left
as a future work.

V. CONCLUSION

In this work, we combined biomechanical experiments and
robotics simulations in order to introduce a new mechanical
descriptor of human locomotion, the distance between the
CoM and the central axis of the ECW (dG−∆), and illustrated
its application to the generation of humanoid motion. At first,
significant variations in this distance have been measured
during experiments on 15 volunteers. At the scale of the
walking cycle, this quantity was shown to convey relevant
information about the instantaneous dynamical state of
the body. It was also statistically demonstrated that the
average of dG−∆ increased with the complexity of the
locomotion tasks, revealing information about the ongoing
movement. In a second step, a conservative mechanical
criterion was derived from this biomechanical study and
implemented in an optimal control formulation in order to
generate multi-contact motion for a humanoid robots and to
observe its influence on numerical experiments. The results
showed that the minimization of the distance dg−∆ led
to a dynamically feasible motion for the robot, resulting
from a whole body dynamics expected from the mechanical
analysis.
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