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Can draw diagrams from any user-defined domain:



Can draw diagrams from any user-defined domain:
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Making pictures has been crucial for making mathematical progress.
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Making pictures has been crucial for making mathematical progress.
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Making pictures has been crucial for making mathematical progress.
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Making pictures has been crucial for making mathematical progress.
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Making pictures has been crucial for making mathematical progress.

the process of Feynman diagrams
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adjustments to my LaTeX drawings
in an effort to make them even
minimally attractive.”

=Leila Sloman, math PhD candidate
(on the AMS blog)
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I am curious what sort of applications people use to make very nice diagrams that often appear
in papers and books. I attached an example of the sort of diagram that I am interested in

24 making, particularly the curved coordinate systems (I am typing up some notes on Differential
Geometry). Metapost seems useful, but the only real way I can see to create the curved
coordinate system is to manually draw in each line via coordinates... which seems unpleasant to

I am looking for recommendations of good, open source, and preferably cross-platform say the least.
software for creating 2- and 3-d diagrams. Any suggestions would be gratefully received.

I work as a software engineer at a company developing navigation systems. As I have a
mathematical background I normally get assigned the more mathematical problems and I
find myself regularly having to produce diagrams for customers and colleagues to explain
how my algorithms work.
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For any § € T, M, the curve c(t) = Exp_(s + ts) has initial acceleration bounded as

3 s
i ) ) ) " (O)lexpais) < K lIslzll$]2/15L 1z,
The following formulas appear in (Agarwal et al., 2020, Lem. 5): we are interested in

the case R = Exp. (We use V and V? to designate gradients and Hessians of functions on where 5, = & — S5) s is the c D t of § orthogonal to s.
Euclidean spaces: not to be confused with the connection V.) A

Equipped with all of the above, it is now easy to prove the main theorem of this section.
Lemma 2.5. Given f: M — R twice continuously differentiable and (z,s) in the domain of

a retraction R, the gradient and Hessian of the pullback f, = foR, at s € ToM are given by Proof of Theorem 2.6. Consider the pullback f¢-= f o Exp, defined on T, M. Since T, M is
linear, it is a classical exercise to verify that V f; is 2L-Lipschitz continuous in Bz(b) if and
Vf.(s) = T:grad f(R.(s)) and V2f.(s) =T: oHessf(R,(s)) o T, + W,,  (6) only if |[V2f.(s)|le < 2L for all s in B, (b). Using Lemma 2.5, we start bounding the Hessian

as follows:

where T, is the differential of R, at s (a linear operator): .
’ 1 SR ats ( perator) V2 Fe(8)l|z < Oumax(T2)Tmax(Ts) | Hess f (Expe(s)) lexp, s) + [1Willz,

with operator W, defined by (8). Since gradf is L-Lipschitz continuous, ||Hessf(y)|, < L for
all y € M (this follows fairly directly from Proposition 2.4). To bound W, we start with a
Cauchy-Schwarz inequality then we consider the worst case for the magnitude of ¢’(0):

1 "c”(O)IIExpx(A)'

T, = DRq(s): TeM = Ty, (g M, @

and W, is a self-adjoint linear operator on T, M defined through polarization by

(Wala], 8), = (gradf(Ra(s)), ' (0)) g ® IWille < llgradf(Bxp () sy, max

with ¢ (0) € Ty, (s)M the (intrinsic) acceleration on M of e(t) = Rz(s +13) at t = 0. Combining these steps yields a first bound of the form

We turn to curvature. The Lie bracket of two smooth vector fields X,Y on M is itself a V27 ()]s < Oua(TL)2L + llgrad f(Exp. (s X
smooth vector field, conveniently expressed in terms of the Riemannian connection as [X,Y] = IV 12(@)ll= < omax(T:) llrad f(Expz(e))lexe. o
VxY —VyX. Using this notion, the Ri curvature endomorphism R of M is an operator
which maps three smooth vector fields X, Y, Z of M to a fourth smooth vector field as:

g
SeTaM 5121 " (O lexp. () (14)

To proceed, we keep working on the W,-terms: use Proposition 2.9, L-Lipschitz-continuity of
the gradient, and our bounds on the norms of s and gradf(z) to see that:

R(X,Y)Z =VxVyZ -VyVxZ —VxyZ. 9) Walle <, . max I (0) lisep, (s) - llgrad f (Exp, (5))l|xp, (s)

< K5l - 1P grad (Bxp, () — gradf () + grad f2)]e

3
< 5Klisllz - (Lllslz + llgradf(z)lz)

Whenever R is identically zero, we say M is flat: this is the case notably when M is a
Euclidean space and when M has dimension one (e.g., a circle is flat, though a sphere is not).

Though it is not obvious from the definition, the value of the vector field R(X,Y)Z at
x € M depends on X,Y, Z only through their value at z. Therefore, given u,v,w € T,M
we can make sense of the notation R(u,v)w as denoting the vector in T, M corresponding to
R(X,Y)Z at x, where X,Y, Z are arbitrary smooth vector fields whose values at z are u, v, w,
respectively. The map (u,v,w) — R(u,v)w is linear in each input.

Two linearly independent tangent vectors u, v at x span a two-dimensional plane of T, M.

on Vy(R(X,Y)Z). As for R, 3 3
X,Y,Z,U only through their | < 3KLb|s|. < ZL\/I_(Ilsllz 2 (15)
EIM to VR(u,v,w,z) € ToM,

bounded by F if d using Corollary 2.8 to bound T, confirms that

2 16 3
The sectional curvature of M along that plane is a real number K (u,v) defined as (12| (1V2fz(8)]|= < ?L + EL < 2L.
K(u,v) = _ (R vv,u), (10) ded by F' if this holds for all z. Bschitz continuous in the ball of radius b around the origin in T, M.
L

[le)l2 ][]z = (u, )2 plled locally symmetric. This is [ second part of the claim, we use the same intermediate results and p-

. . . ure—Euclidean spaces, spheres [of the Hessian. First, using Lemma 2.5 twice and noting that Wy, = 0 so

Of course, all sectional curvatures of flat manifolds are zero. Also, all sectional curvatures of a 0’ Neill, 1983, pp219-221). f(z), we have:

sphere of radius r are 1 /r2 and all sectional curvatures of the hyperbolic space with parameter that M need not be complete. L N

r are —1/r?—see (Lee, 2018, Thm. 8.34). 2(8) — V2 f2(0) = P! o Hessf(Exp,(s)) o P, — Hess f(z)
Using the connection V, we differentiate the curvature endomorphism R as follows. Given

Ppnal curvatures are in the inter-

any smooth vector field U, we let ViR be an operator of the same type as R itself, in the VR the covariant derivative of See Section 7 for additional comments regarding the restriction to balls of radius b and re-
sense that it maps three smooth vector fields X,Y, Z to a fourth one denoted (VyR)(X,Y)Z operator norm. Let f: M — R garding the only-partial Lipschitzness of the Hessian: those are the two main sources of
through technicalities in adapting Euclidean analyses to the Riemannian case in subsequent sections.
i | To prove Theorem 2.6, we must control V2f,(s). According to Lemma 2.5, this requires

(VuR)(X,Y)Z =Vy(R(X,Y)Z) - R(VuX,Y)Z — R(X,VyY)Z - R(X,Y)VyZ. (11) controlling both T, (a differential of the exponential map) and ¢’(0) (the intrinsic initial

acceleration of a curve defined via the exponential map, but which is not itself a geodesic in

Pick any point x € suc . d ball B;(b) of radius b around general). On both counts, we must study differentials of exponentials. Jacobi fields are the

the origin in T M. We have these three conclusions: tool of choice for such tasks. As a first step, we use Jacobi fields to investigate the difference

1. If f has L-Lipschitz continuous gradient and ||gradf(z)|ls < Lb, then fo=fo Exp, between T and Ps: two linear operators from Tz M to Tpy, (/M. We prove a general result

has 2L-Lipschitz contin lient in B,(b), that is, for all u,v € B,(b) it holds that in Appendix A (exact for constant sectional curvature) and state a suﬁiclxent ]?a.rtlcula.r case
3 3 here. Control of T follows as a corollary because P, (parallel transport) is an isometry.
[V f2(w) =V L2(v)llz < 2Llu — v,

- B Proposition 2.7. Let M be a Riemannian manifold whose sectional curvatures are in the
-Li i i i 2 —-V? <p . .
e By iy DR Fesni, then [774:(6) = 7 00 < Al interval [Kipw, Kopl, and Let K = max([Kig, [ Kupl). For any (2,9) € O with s < e,

1
3. For any s € B(b), the singular values of Ty = DExp,(s) lie in the interval [2/3,4/3]. (T = Ps)[$8]llexp, s) < §-K||s||i||él||1, (12)
A fi t i : ;
ew comments are in order where §; = § — %::—':;J-s is the component of & orthogonal to s.

1. For locally symmetric spaces (F" = 0), we interpret K/F" as infinite (regardless of K). Corollary 2.8. Let M be a Riemannian manifold whose sectional curvatures are in the

2. If M is compact, then it is complete and there necessarily exist finite K and F. interval (Ko, Kyp), and let K = max(| Koy |, | Kyp|). For any (x,s) € O with ||s||, < #,

3. These statements are equivalent: (a) M is complete; (b) Exp is defined on the whole Ty > 2 4 T < 4 1
tangent bundle: O = TM; and (c) for some b > 0, Exp, is defined on B.(b) for all Tmin(T5) 2 3 an Tmax(Ts) < 3 (13)
z € M. In later sections, we need to apply Theorem 2.6 at various points of M with

. b 1 2oL
constant b, which is why we then assume M complete. Proof. By Proposition 2.7, the operator norm of T; — P; is bounded above by $K]||s|]Z < 3.

Furthermore, parallel transport P is an isometry: its singular values are equal to 1. Thus,
4. The properties of T, are useful in combination with Lemma 2.5 to relate gradients and 1 4
Hessians of the pullbacks to gradients and Hessians on the manifold. For example, Omax(Ts) = Omax(Ps + Ts — Ps) < Omax(Ps) + Omax(Ts — Ps) <1+ 3%
if Vf.(s) has norm e, then gradf(Exp,(s)) has norm somewhere between %e and Ze.

Under the conditions of the theorem, W, (8) is bounded as W, < 2K||Vf,(s)||z||s||,. Likewise, with min/max taken over unit-norm vectors u € T, M and writing y = Exp,(s),

. . 2
5. We only get satisfactory Lipschitzness at points where the gradient is bounded by Lb. Omin(Ts) = min [1Tsull, = min [1Pswelly — (T — Po)ull, =1— max (Ts = Po)ull, = 3 O
Fortunately, for the algorithms we study, whenever we encounter a point with gradient

8 " . . et .
larger than that threshold it is sufficient to take a simple gradient descent step. We turn to controlling the term ¢”(0) which appears in the definition of operator Wj in the

expression for V2, (s) provided by Lemma 2.5. We present a detailed proof in Appendix B for
S — s ——_d a general statement, and state a sufficient particular case here. The proof is fairly technical: it
involves designing an appropriate non-linear second-order ODE on the manifold and bounding
its solutions. The ODE is related to the Jacobi equation, except we had to differentiate to
the next order, and the equation is not homogeneous. We argue in the appendix that the
result would be exact for manifolds with constant sectional curvature and with small s if we
optimized constants for that case.

Proposition 2.9. Let M be a Riemannian manifold whose sectional curvatures are in the
interval [Kiow, Kup|, and let K = max(|Kiow|, |Kup|). Further assume VR is bounded by F in
operator norm. Pick any (z,s) € O such that

lslle < mm(#, %) :
— ——
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1" (0| Exp,(s) < SKIsllzI3]|2135 ]|,
The following formulas appear in (Agarwal et al., 2020, Lem. 5): we are interested in
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Euclidean spaces: not to be confused with the connection V.) g

with all of the above, it is now easy to prove the main theorem of this section.
2.6. Consider the pullback f, = f o Exp, defined on T, M. Since T M is

hssical exercise to verify that V f, is 2L-Lipschitz continuous in B, (b) if and

||« < 2L for all s in B;(b). Using Lemma 2.5, we start bounding the Hessian

zfz("?)“z < Umax(T;)amu(Tﬂ)”H&‘Sf(ExPz(s))||Exp,(s) + Wz,

s defined by (8). Since gradf is L-Lipschitz continuous, |Hessf(y)||, < L for
follows fairly directly from Proposition 2.4). To bound W, we start with a

(] (] o
M a e m a I c I a n s ave ewe r a n o o re r I u re s 2 inequality then we consider the worst case for the magnitude of ¢”(0):
Ws”r < ”gradf(Expr(s))”Exp,(s) ‘ max ”C”(O)”Exp,(s]'
in thei d books th in their head
in eir papers an OOKS dn in eir neads.

S€T2M,||3]|x=1

e steps yields a first bound of the form

”m&x(TB)ZL + ”gradf(ExP: (3))||l£xp,(s) : ”c"(o)llExp,(s)‘ (14)

max
3€TaM, |5l 2=1

keep working on the Wi-terms: use Proposition 2.9, L-Lipschitz-continuity of
d our bounds on the norms of s and grad f(z) to see that:

slle < ser, ) [l (0) | exp, (s) - llgrad f(Exp, (8))[|xp, (s)
3 "
< 5Klisllz - ||P;gradf(Exp,(s)) — gradf(z) + grad f(2)||=

3
< 5Klsllz - (Lllslz + llgradf(z)|z)
< 3K Lb|sl < SLVE|sll < L. (15)
d using Corollary 2.8 to bound T, confirms that

2 16 3
||V2f1(s)||, <—L+ EL < 2L.
pschitz continuous in the ball of radius b around the origin in T, M.
S [ second part of the claim, we use the same intermediate results and p-
kS Jof the Hessian. First, using Lemma 2.5 twice and noting that W = 0 so
kf(z), we have:

V() — V*£2(0) = P! o Hessf(Exp,(s)) o P, — Hess f(x)

bf See Section 7 for additional comments regarding the restriction to balls of radius b and re-
garding the only-partial Lipschitzness of the Hessian: those are the two main sources of
technicalities in adapting Euclidean analyses to the Riemannian case in subsequent sections.
| — | To prove Theorem 2.6, we must control V2 fz(s). According to Lemma 2.5, this requires
controlling both T, (a differential of the exponential map) and ¢’(0) (the intrinsic initial
acceleration of a curve defined via the exponential map, but which is not itself a geodesic in
d general). On both counts, we must study differentials of exponentials. Jacobi fields are the
tool of choice for such tasks. As a first step, we use Jacobi fields to investigate the difference
between T and P;: two linear operators from T M to Tgy,_(5)/M. We prove a general result
- in Appendix A (exact for constant sectional curvature) and state a sufficient particular case
here. Control of T} follows as a corollary because P, (parallel transport) is an isometry.

Proposition 2.7. Let M be a Riemannian manifold whose sectional curvatures are in the

* interval [Kiow, Kup], and let K = max(|Kiow|, |[Kup|). For any (z,s) € O with ||s|> < Z=,
. 1 .
(T = Po)[8]llexp, () < §K||3||§||3L||z- (12)
where.éJ_=§—M*sistheb P t of § orthogonal to s.

(5.8},
Corollary 2.8. Let M be a Riemannian manifold whose sectional curvatures are in the
interval (Ko, Kyp), and let K = max(| Ky |, | Kyp|). For any (z,s) € O with ||s||, < jk"

4
! Omin(T5) = and Omax(Ts) < 3 (13)

Wil

Proof. By Proposition 2.7, the operator norm of T, — P; is bounded above by %K||s||§ <1

3
Furthermore, parallel transport P; is an isometry: its singular values are equal to 1. Thus,

1 4
Omax(Ts) = Omax(Ps + Ts — Ps) < Omax(Ps) + Omax(Ts — Ps) <1+ 33

Likewise, with min/max taken over unit-norm vectors u € T, M and writing y = Exp,(s),
X . 2
amin(Ts) = muln "Ts“”y > n‘\}n ”Psu”y - ”(Ts - Ps)u”y =1- m‘?-x "(Ts - Ps)“”y = 5 O

We turn to controlling the term ¢ (0) which appears in the definition of operator Wy in the
expression for V2 f,(s) provided by Lemma 2.5. We present a detailed proof in Appendix B for
a general statement, and state a sufficient particular case here. The proof is fairly technical: it
involves designing an appropriate non-linear second-order ODE on the manifold and bounding

[ [ its solutions. The ODE is related to the Jacobi equation, except we had to differentiate to
the next order, and the equation is not homogeneous. We argue in the appendix that the
result would be exact for manifolds with constant sectional curvature and with small s if we

optimized constants for that case.

Proposition 2.9. Let M be a Riemannian manifold whose sectional curvatures are in the
interval [Kiow, Kup), and let K = max(|Kiow|, |Kup|). Further assume VR is bounded by F in
operator norm. Pick any (z,s) € O such that

llsllz < min(ﬁ, %) .
e —— N
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Most digital illustration tools just consider the second part
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It's still (very) hard to turn abstract logical ideas
Into a visual representation!

3.1 THE NOTION OF A TOPOLOGY

The fundamental properties of open subsets of a metric space are outlined
in Proposition 2 of Chapter 2. Mathematicians have found from experience
that families of subsets having these same properties arise in contexts
other than those of metric spaces; hence it is reasonable to study these
properties in their own right, abstracted from the limitations that metric
spaces impose. In particular, the properties of open sets in metric spaces
inspire the following definition.

Definition 1. Let X be any set. A collection 7 of subsets of X is said
to be a topology on X if the following axioms are satisfied:

1) X and ¢ are members of 7.
11) The intersection of any two members of 7 is a member of 7.
i) The union of any family of members of r is again in 7.

The members of 7 are then said to be r-open subsets of X, or merely
open subsets of X if no confusion may result.

Example 1. If X, D is a metric space, then the D-open subsets of X form
a topology on X. This topology is called the metric topology induced on
X by D. It was, of course, this topology that we studied in Chapter 2.

Example 2. Let X be any set. Then the family of all subsets of X forms
a topology on X. This topology consisting of all of the subsets of X is
called the discrete topology on X. The discrete topology contains the maxi-
mum possible number of open sets since, relative to the discrete topology,
every subset of X is open.

Example 3. If X is any set, then the collection {X, ¢} of subsets of X also
forms a topology on X. This topology is called the trivial (by some, the
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Organizing principles

® (Specification) A diagram is a mapping from
abstract mathematical statements to a concrete
visual representation.
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abstract mathematical statements to a concrete
visual representation.

® (Synthesis) Given a specification, specific diagrams
are realized via numerical optimization.

Specification is encoded via domain-specific languages
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tedious and difficult
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domain=specific packages

examples: GraphViz, GroupExplorer
tradeoffs: concise and automatic vs. narrow

graphing / plotting tools

examples: graphing calculator,
Mathematica, MATLAB, matplotlib

tradeoffs: convenient and straightforward
vs. literal and brittle
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l

make a high-quality drawing
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\usepackage{tikz}
\begin{document}
\pagestyle{empty}
\begin{tikzpicture}

I

PriX\ B] = Pr{ Y\ B] —3 \begin{scope}[shift={(3cm,-5cm)},fill opacity=0.5]
then _ \draw[fill=red,draw=black](9,0) circle(3);

PriX1= PriYll < Prl B

\draw[fill=green,draw=black](-1.5,8) circle(3);
\draw[fill=blue,draw=black](1.5,1) circle(3);
\node at (0,4) (A) {\large\textbf{l\}};
\node at (-2,1) (B) {\large\textbf{[}i}};
\node at (2,1) (C) {\large\textbf{(®}};
\node at (0,0) (D) {\large\textbf{M}};
\end{scope}
\end{tikzpicture}
\end{document}
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\begin{document}

\pagestyle{empty}

\begin{tikzpicture}

\begin{scope}[shift={(3cm,-5cm)},fill opacity=0.5]
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\draw[fill=green,draw=black](-1.5,8) circle(3);
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\node at (0,4) (A) {\large\textbf{l\}};
\node at (-2,1) (B) {\large\textbf{[}i}};
\node at (2,1) (C) {\large\textbf{(®}};
\node at (0,0) (D) {\large\textbf{M}};
\end{scope}
\end{tikzpicture}
\end{document}
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Example 3. If X is any set, then the collection {X, ¢} of subsets of X also

3.1 THE NOTION OF A TOPOLOGY

The fundamental properties of open subsets of a metric g
in Proposition 2 of Chapter 2. Mathematicians have fq
that families of subsets having these same prope
other than those of metric spaces; hence it is reasc
properties in their own right, abstracted from the lif
spaces impose. In particular, the properties of open s%
inspire the following definition.

Definition 1. Let X be any set. A collection 7 of sub
to be a topology on X if the following axioms are satisfied®

i) X and ¢ are members of 7
ii) The intersection of an

iii) The union of any fs

The members of T are
open subsets of X if no

Example 1. If X, D is a méd
a topology on X. This topd
X by D. It was, of course,

Example 2. Let X be any sé all subsets of X forms
a topology on X. This topol0gy consiStmg o all of the subsets of X is
called the discrete topology on X. The discrete topology contains the maxi-
mum possible number of open sets since, relative to the discrete topology,
every subset of X is open. 21
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\usepackage{tikz}
\begin{document}
\pagestyle{empty}
\begin{tikzpicture}
\begin{scope}[shift={(3cm,-5cm)},fill opacity=0.5]
\draw[fill=red,draw=black](9,0) circle(3);
\draw[fill=green,draw=black](-1.5,) circle(3);
\draw[fill=blue,draw=black](1.5,1) circle(3);
\node at (0,4) (A) {\large\textbf{l\}};
\node at (-2,1) (B) {\large\textbf{[si}};
\node at (2,1) (C) {\large\textbf{(®}};
\node at (0,0) (D) {\large\textbf{p}};
\end{scope}
\end{tikzpicture}
\end{document}
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\begin{document}
\pagestyle{empty}
\begin{tikzpicture}
\begin{scope}[shift={(3cm,-5cm)},fill opacity=0.5]
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\node at (2,1) (C) {\large\textbf{(®}};
\node at (0,0) (D) {\large\textbf{p}};
\end{scope}
\end{tikzpicture}
\end{document}

L LRl
ti!kliixi

3.1 THE NOTION OF A TOPOLOGY

The fundamental properties of open subsets of a metric g
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data qumal statements
Saffron 58 Set A, B, C, D, E, F, G
Ginger 42 BCcaA
Cumin 34 Cca
Turmeric 24 bcB
. E C B
Allspice 2 Foc e
Paprika 1 C c C
Cinnamon 0.6 END = o
Cardamom 0.4 FNG=0
Mace 0.2 BNC-=¢Y
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Saffron 58 Set A, B, C, D, E, F, G
Ginger 42 BCcaA
Cumin 34 Cca
Turmeric 24 bcB
. E C B
Allspice 2 Foc e
Paprika 1 ccoc
Cinnamon 0.6 END = o
Cardamom 0.4 FNG=0
Mace 0.2 BNC-=¢Y

What visual representation best conveys the information?

(It's not inherent in the information!)
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Saffron 58 Set A, B, C, D, E, F, G
Ginger 42 BCcaA
Cumin 34 Cca
Turmeric 24 bcB
Allspice 2 E z i
Paprika 1 C c C
Cinnamon 0.6 END = o
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forall Set x {
X.shape = Circle { strokeWidth : 0.0
X.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, X.shape)
layer x.shape below x.text
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forall Set x {

X.shape = Circle { strokeWidth : 0.0 }
X.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, X.shape)
layer x.shape below x.text
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forall Set x {
‘X.shape = Circle { strokeWidth : 0.0
X.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, X.shape)
layer x.shape below x.text
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forall Set x {
‘X.shape = Circle { strokewidth : 0.0 }
X.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, X.shape)
layer x.shape below x.text
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forall Set x {
X.shape = Circle { strokeWidth : 0.0 }
‘X.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, X.shape)
layer x.shape below x.text
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forall Set x { x

X.shape = Circle { strokeWidth : 0.0 }
‘X.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, X.shape)
layer x.shape below x.text
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forall Set x { x

X.shape = Circle { strokeWidth : 0.0 }
X.text = Text { string : x.label }

‘ensure contains(x.shape, x.text)
encourage sameCenter(x.text, X.shape)

layer x.shape below x.text
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forall Set x {
X.shape = Circle { strokeWidth : 0.0 } x
X.text = Text { string : x.label }

‘ensure contains(x.shape, x.text)
encourage sameCenter(x.text, x.shape)

layer x.shape below x.text
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forall Set x {
X.shape = Circle { strokeWidth : 0.0 } ;}(j
X.text = Text { string : x.label }
ensure contains(x.shape, x.text)

'encourage sameCenter(x.text, x.shape)

layer x.shape below x.text
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forall Set x {
X.shape = Circle { strokeWidth : 0.0 }
X.text = Text { string : x.label }
ensure contains(x.shape, x.text) ;x:

‘encourage sameCenter(x.text, x.shape)

layer x.shape below x.text
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forall Set x {
X.shape = Circle { strokeWidth : 0.0 }
X.text = Text { string : x.label }
ensure contains(x.shape, x.text) ;x:
encourage sameCenter(x.text, X.shape)

‘layer x.shape below x.text
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forall Set x {
X.shape = Circle { strokeWidth : 0.0 }
X.text = Text { string : x.label }
ensure contains(x.shape, x.text) ;}(j
encourage sameCenter(x.text, X.shape)

‘layer x.shape below x.text

40
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forall Set x {
X.shape = Circle { strokeWidth : 0.0 }
x.text = Text { string : x.label }
ensure contains(x.shape, x.text) ;X:
encourage sameCenter(x.text, X.shape)
layer x.shape below x.text

40



A simple Styl

forall Set x {
X.shape = Circle { strokeWidth : 0.0
x.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, XxX.shape)
layer x.shape below x.text

forall Set x; Set y

where IsSubset(x, y) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape

5\0/
’ VI"‘ ’

}

40
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A simple Style for

forall Set x {
X.shape = Circle { strokeWidth : 0.0 }
x.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, XxX.shape)
layer x.shape below x.text

forall Set x; Set y
where IsSubset(x, y) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape X Y
layer y.text below x.shape

40
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forall Set x {
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X.shape = Circle { strokeWidth : 0.0 }

x.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, XxX.shape)
layer x.shape below x.text

forall Set x; Set y

where IsSubset(x, y) {
‘ensure contains(y.shape, X.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape
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forall Set x {

501
.;"‘\’

X.shape = Circle { strokeWidth : 0.0 }

x.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, XxX.shape)
layer x.shape below x.text

forall Set x; Set y

where IsSubset(x, y) {
‘ensure contains(y.shape, X.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape
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forall Set x {
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X.shape = Circle { strokeWidth : 0.0 }

x.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, XxX.shape)
layer x.shape below x.text

forall Set x; Set y

where IsSubset(x, y) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape
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A simple Style f

forall Set x {

oV 4‘5 =
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X.shape = Circle { strokeWidth : 0.0 }

x.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, XxX.shape)
layer x.shape below x.text

forall Set x; Set y

where IsSubset(x, y) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape

forall Set x; Set vy
where Not(Intersecting(x, y)) {
ensure disjoint(x.shape, y.shape)

}
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A simple Style for set

forall Set x {
X.shape = Circle { strokeWidth : 0.0 }
x.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, XxX.shape)
layer x.shape below x.text

forall Set x; Set y

where IsSubset(x, y) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape

forall Set x; Set y
where Not(Intersecting(x, y)) { Y
ensure disjoint(x.shape, y.shape)

}

40



A simple Style for‘s

i 4\

forall Set x {
X.shape = Circle { strokeWidth : 0.0
x.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, XxX.shape)
layer x.shape below x.text

forall Set x; Set y

where IsSubset(x, y) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape

forall Set x; Set vy

where Not(Intersecting(x, y)) {
‘ensure disjoint(x.shape, y.shape)

}

}
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A simple Style for sﬂ

T

forall Set x {
X.shape = Circle { strokeWidth : 0.0
x.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, XxX.shape)
layer x.shape below x.text

forall Set x; Set y

where IsSubset(x, y) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape

forall Set x; Set vy

where Not(Intersecting(x, y)) {
‘ensure disjoint(x.shape, y.shape)

}
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A simple Style f

forall Set x {

oV 4‘5 =
’ VI"“" ’

X.shape = Circle { strokeWidth : 0.0 }

x.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, XxX.shape)
layer x.shape below x.text

forall Set x; Set y

where IsSubset(x, y) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape

forall Set x; Set vy
where Not(Intersecting(x, y)) {
ensure disjoint(x.shape, y.shape)

}
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A simple Style for sets &

forall Set x {
X.shape = Circle { strokeWidth : 0.0 }
x.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, XxX.shape)
layer x.shape below x.text

}

forall Set x; Set y

where IsSubset(x, y) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, xX.shape)
layer x.shape above y.shape
layer y.text below x.shape

}

forall Set x; Set vy
where Not(Intersecting(x, y)) {
ensure disjoint(x.shape, y.shape)

}

40
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Style make
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X.shading = Image {
X : X.shape.x
y ¢ X.shape.y
W ¢ X.shape.r * 2.0
h : x.shape.r * 2.0
path : "shading.svg"

}

X.shadow = Image {
path : "shadow.svg"
: X.shape.r * 2.15
: X.shape.r * 2.22
: X.shape.x + 0.03 * x.shading.w
: X.shape.y - 0.051 * x.shading.h

ST -
oW B

}

X.text = Text {
string : x.label
color: rgba(l.0, 1.0, 1.0, 1.0)
w: 0.5 * xXx.shape.r
h: 0.5 * x.shape.r

41
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Set x {
X.shape = Text { string : x.label }

}

Set x; Set vy {
encourage repel(x.shape, y.shape, 5.0)

}

Set X; Set vy
where IsSubset(x, y) {
arrow = Arrow {
thickness : 2.0
color : rgba(0.0, 0.0, 0.0, 1.0)

}

encourage centerArrow(LOCAL.arrow,
X.shape, y.shape)

encourage above(y.shape, X.shape)

encourage equal(x.shape.Xx, y.shape.x)
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Set A, B, C, D,
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B C A
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D CB
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Set A, B, C, D,
E, F, G

B C A

C Cc A

D CB

E CB

F Cc C

G c C

END =7

FNG-=2J

BNC-=Q¢g
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Domain sche

Set A, B, C, D,
E, F, G
B CA type Set
C c A predicate IsSubset : Set sl * Set s2
D CB predicate Intersecting : Set sl * Set s2
F c B predicate Not : Prop p
F Cc C
G CC
END=4C
FNG-=2OU
BNC=QU
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Domain sche & lefing

Set A, B, C, D,
E, F, G
B CA type Set
C c A predicate IsSubset : Set sl * Set s2
D CB predicate Intersecting : Set sl * Set s2
F c B predicate Not : Prop p
F C C notation "A ¢ B" ~ "IsSubset(A, B)"
G CC
END-=209
FNG=O9
BNC-=ZQU
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Set A, B, C, D,
E, F, G
B CA type Set
C c A predicate IsSubset : Set sl * Set s2
D CB predicate Intersecting : Set sl * Set s2
F c B predicate Not : Prop p
F c C notation "A ¢ B" ~ "IsSubset(A, B)"
G C C notation "A N B = @" ~ "Not(Intersecting(A, B))"
END-=0
FNG-=20
BNC-=2
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purely abstract

type Set
predicate IsSubset
predicate Intersecting

Set sl * Set s2
Set sl * Set s2

predicate Not : Prop p
notation "A ¢ B" ~ "IsSubset(A, B)"

notation "A N B = @" ~ "Not(Intersecting(A, B))"

custom notation
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Set A, B
B CA
forall Set x { -- Sets-Disks.sty —>

X.shape = Circle { strokeWidth : 0.0 }
Xx.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, x.shape)
layer x.shape below x.text

}

forall Set x; Set vy

where IsSubset(x, y) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape
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Set A, B A
shape text
forall Set x { -- Sets-Disks.sty —>

X.shape = Circle { strokeWidth : 0.0 }
Xx.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, x.shape)
layer x.shape below x.text

}

forall Set x; Set vy

where IsSubset(x, y) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape
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Set A, B .
shape text
forall Set x { -- Sets-Disks.sty _> 4//‘/ ~
X.shape = Circle { strokeWidth : 0.0 } X y r strokeWidth

Xx.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, x.shape)
layer x.shape below x.text

}

forall Set x; Set vy

where IsSubset(x, y) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape
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Set A, B
B C A
forall Set x { -- Sets-Disks.sty

X.shape = Circle { strokeWidth : 0.0 }
Xx.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, x.shape)
layer x.shape below x.text

}

forall Set x; Set vy

where IsSubset(x, y) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape
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Set A, B A
shape text
forall Set x { -- Sets-Disks.sty —l 4//‘/ ™~ — l \
x.shape = Circle { strokeWidth : 0.0 } X y I strokeWidth X y label

Xx.text = Text { string : x.label } l
ensure contains(x.shape, x.text) l

Vool l
encourage sameCenter(x.text, xX.shape) @ @ @ 0.0 @ @ “ A\

layer x.shape below x.text

}

forall Set x; Set vy

where IsSubset(x, y) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape
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Building the computation

Set A, B

shape text

forall Set x { -- Sets-Disks.sty —l 4//‘/ ™~ - l \

x.shape = Circle { strokeWidth : 0.0 } y strokeWidth X y label
x.text = Text { string : x.label } l l l l
ensure contains(x.shape, x.text) l

X r
encourage sameCenter(x.text, xX.shape) @ @ @ 0.0 @ @ “ A

layer x.shape below x.text

}

forall Set x; Set y B
where IsSubset(x, y) {
ensure contains(y.shape, x.shape) ,
ensure smallerThan(x.shape, y.shape) N
ensure outsideOf(y.text, x.shape) (similar)
layer x.shape above y.shape
layer y.text below x.shape
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Set A, B A
shape text
forall Set x { -- Sets-Disks.sty —l 4//‘/ ™~ — l \
x.shape = Circle { strokeWidth : 0.0 } X y I strokeWidth X y label

Xx.text = Text { string : x.label } l
ensure contains(x.shape, x.text) l

Vool l
encourage sameCenter(x.text, xX.shape) @ @ @ 0.0 @ @ “ A\

layer x.shape below x.text

}
forall Set x; Set y B
where IsSubset(x, y) { :
ensure contains(y.shape, x.shape) i Degrees of freedom:
v
ensure smal}erThan(x.shape, y.Shape) o A.shape.x B.shape.x
ensure outsideOf(y.text, x.shape) (similar) h
layer x.shape above shape ooy eenapey
Y . p Y- p A.shape.r B.shape.r
layer y.text below x.shape A.text.x B
} A.text.y B.text.y

46



> /.f.' ‘

N ’\

wﬁtwr"ﬂn
“ *' “' «’ |

Llh n

“

S

f :

l

Building the c
S

Set A, B
B C A
forall Set x { —-- Sets-Disks.sty
X.shape = Circle { strokeWidth : 0.0 }
Xx.text = Text { string : x.label } —

ensure contains(x.shape, x.text)
encourage sameCenter(x.text, X.shape)
layer x.shape below x.text

}

forall Set x; Set y

where IsSubset(x, vy) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below xX.shape
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Set A, B Constraints
B C A l

&&
forall Set x { —-- Sets-Disks.sty K////// \\\\\\
X.shape = Circle { strokeWidth : 0.0 }

Xx.text = Text { string : x.label } — B o
ensure contains(x.shape, x.text)

encourage sameCenter (x.text, x.shape) N <~ N
layer x.shape below x.text Aoelnarps Atext B.shape B.text

}

forall Set x; Set y

where IsSubset(x, vy) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below xX.shape
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Building the constrai ;

Constraints
Set A, B
B c A l
&&
forall Set x { —-- Sets-Disks.sty
X.shape = Circle { strokeWidth : 0.0 }
Xx.text = Text { string : x.label } —

contains

contains

ensure contains(x.shape, x.text)
encourage sameCenter(x.text, X.shape)

layer x.shape below x.text A.shape Atext B.shape

}

forall Set x; Set y

where IsSubset(x, y) { v
ensure contains(y.shape, x.shape) outsideOf contains smallerThan
ensure smallerThan(x.shape, y.shape) N NG N
ensure outsideOf(y.text, XxX.shape) A shape Lo S B shape A

layer x.shape above y.shape
layer y.text below x.shape

47



Building the constraint gr:
N g

Set A, B
B C A
forall Set x { -- Sets-Disks.sty
X.shape = Circle { strokeWidth : 0.0 }
X.text = Text { string : x.label } —

ensure contains(x.shape, x.text)
encourage sameCenter(x.text, X.shape)
layer x.shape below x.text

}

forall Set x; Set y
where IsSubset(x, y) {

/\4 ‘ \' >
A! --/,/\ = -/

4.4*‘“

Constraints

l

&&

“contains” gets automatically translated
into the constraint (for circles)

ensure contains(y.shape, x.shape) outsidets contains smallerThan
ensure smallerThan(x.shape, y.shape) N NG N
ensure outsideOf(y.text, x.shape

( Y ’ p ) A text B.shape A.shape B.shape B.shape A.shape

layer x.shape above y.shape
layer y.text below x.shape

47



Building the constraint graph

Constraints
Set A, B
B c A l
&&
forall Set x { -- Sets-Disks.sty

X.shape = Circle { strokeWidth : 0.0 }
x.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, X.shape)
layer x.shape below x.text

}

forall Set x; Set y
where IsSubset(x, y) {

ensure contains(y.shape, x.shape) outsideQy S smallerThan
ensure smallerThan(x.shape, y.shape) N N, N
ensure outsideOf(y.text, x.shape) A e PR

A.shape B.shape B.shape A.shape
layer x.shape above y.shape

layer y.text below x.shape
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Set A, B
B C A
forall Set x { —-- Sets-Disks.sty
X.shape = Circle { strokeWidth : 0.0 }
Xx.text = Text { string : x.label }
q

ensure contains(x.shape, x.text)
encourage sameCenter(x.text, X.shape)
layer x.shape below x.text

}

forall Set x; Set y

where IsSubset(x, vy) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below xX.shape

48



Set A, B
B C A
forall Set x { —-- Sets-Disks.sty

X.shape = Circle { strokeWidth : 0.0 }
x.text = Text { string : x.label }
ensure contains(x.shape, x.text)
encourage sameCenter(x.text, X.shape)
layer x.shape below x.text

}

forall Set x; Set y

where IsSubset(x, vy) {
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below xX.shape

Objectives

l
/+\

sameCenter sameCenter
q
/ \

48
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Objectives
Set A, B 1
B c A l
forall Set x { -- Sets-Disks.sty
X.shape = Circle { strokeWidth : 0.0 } sameCenter sameCenter

Xx.text = Text { string : x.label }

ensure contains(x.shape, x.text) I x//// \\\A ,//// \\\\,

encourage sameCenter(x.text, X.shape)
layer x.shape below x.text

) sameCenter"” gets automatically
translated into an energy (on any shape
where IsSubset(x, y) {

~._ With a center)
ensure contains(y.shape, x.shape)
ensure smallerThan(x.shape, y.shape)
ensure outsideOf(y.text, x.shape)
layer x.shape above y.shape
layer y.text below x.shape eC&IU:=|cY—cXP

forall Set x; Set y

48



Constram 'J/ ' 'fﬂ;;l |"'l II’ 1";? iel
N 0\‘ '/’ "‘ ‘ | F[

49



04 Yo~
Constra\\m 'J/v '11001 |":l ll"‘n'ﬁ: ‘

0 I

49



Constram u/» -fﬂﬂ;l In,- u’ -",‘F iel
= 0\‘ '/’ "‘ ‘ | F[

Energy

o I

Time

49



Energy

o I

Time

49



ed o] .‘4 miza ’.

Fx‘

Energy

o I

Time

49



'] p\ol’ 0 N ’»s 15 el
’{‘62}{‘Qj“‘ 'JQ Sy

Dlaqram s

.

-
\\ /
/
1

\ .
\

Why it's tractable

Why it's hard
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e User-defined / unpredictable
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Why it's hard

e User-defined / unpredictable

Why it's tractable

® Objective has many local
minima (nonconvex)
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Why it's hard

e User-defined / unpredictable

Why it's tractable

® Objective has many local
minima (nonconvex)

* Problem can be ill-
conditioned, highly
constrained & heterogeneous
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Diagram optT ul; n-

Why it's hard Why it's tractable

* User-defined / unpredictable * Only need local minima

® Objective has many local
minima (nonconvex)

* Problem can be ill-
conditioned, highly
constrained & heterogeneous
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Diagram opti ’

Why it's hard

Why it's tractable

* User-defined / unpredictable * Only need local minima
® Objective has many local * Few degrees of freedom
minima (nonconvex) (10-100)

* Problem can be ill-
conditioned, highly
constrained & heterogeneous
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Why it's hard

Why it's tractable

* Problem can be ill- ® Special problem structure
conditioned, highly can be exploited by solvers
constrained & heterogeneous
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changing style or visual representatlon

Set A, B, C, D, E, F, G FccC -- Sets.sub
B CA G cC

CCA END=9

DCB FNG=09

ECB BNC=9

VAREEAN

G E 54



Visuc I
O r’

| »
Q "‘IE‘“

changing style or visual representatlon enumerating possibilities

Set A, B, C, D, E, F, G
B CA
CCA
DCB
E CB

A.
. A

FcC -- Sets.sub
G cC

END=9g

FNG=0O

BNC=g

G E 54
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Visual
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changing style or visual representation

Set A, B, C, D, E, F, G
B CA
CCA
DCB
E CB

g—

I r
‘ 11 \‘ . i l. '. A
pi 1" "!J!\ “’:Jl “l“‘<'}l II{‘} ‘ZCE?S

AVA @ 0" Ry

t, “,'
g [ /
~—
N ~
'
o |,
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X

gy

enumerating possibilities

FcC -- Sets.sub

G cC Set A, B, C
END=9g B C A ‘
FNG=0 C C A DN
BNC=9g G
A
A

optimizing color

optimizing

E
.
A
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Visualizinc /ijtn'[pi %g S ""’{ G
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STYLE — discrete STYLE — continuous
-- Injection.sub o
Set A, B 2
f: A->B .2_’
Injection(f) 3=
Not(Surjection(f))
-- Surjection. sub o
Set A, B 2
f: A->B E_‘
Surjection(f) =
Not(Injection(f))
-- Bijection.sub
Set A, B §
f: A->B §
Surjection(f) = . .
Injection(f) , , > 2
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Point A, B, C

changing the styling

L g

-- PythagoreanTheorem. sub

-- define a right triangle -- split hypotenuse area

Triangle ABC := {A,B,C}
Angle O := /(C,A,B)
Right (0)

-- square each side
Point D, E, F, G, H, I
Square CBDE := [C,B,D,E]
Disjoint (CBDE, ABC)
Square BAGF := [B,A,G,F]
Disjoint (BAGF, ABC)
Square ACIH := [A,C,I,H]
Disjoint (ACIH, ABC)

Segment AK := Altitude(ABC,0)
Point K := Endpoint (AK)
Segment DE := {D,E}

Point L

on(L, DE)

Segment KL := {K,L}
Perpendicular (KL, DE)
Rectangle BDLK := {B,D,L,K}
Rectangle CKLE := {C,K,L,E}
-- (plus additional objects
-- from Byrne's diagram)
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Visualizing Euclidean ¢ 'u‘
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changing the styling

4 Xﬁf

Point A, B, C
-- define a right triangle -- split hypotenuse area
Triangle ABC := {A,B,C} Segment AK := Altitude(ABC,0)

-- PythagoreanTheorem. sub

sequences of diagrams

e

Angle 0 := /(C,A,B)
Right (0)

-- square each side
Point D, E, F, G, H, I
Square CBDE := [C,B,D,E]
Disjoint (CBDE, ABC)
Square BAGF := [B,A,G,F]
Disjoint (BAGF, ABC)
Square ACIH := [A,C,I,H]
Disjoint (ACIH, ABC)

Point K := Endpoint (AK)
Segment DE := {D,E}

Point L

On(L, DE)

Segment KL := {K,L}
Perpendicular (KL, DE)
Rectangle BDLK := {B,D,L,K}
Rectangle CKLE := {C,K,L,E}
-- (plus additional objects
-- from Byrne's diagram)
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changing the geometric interpretation

\

Visualizinq neu

)

p

Style—Euclidean Style—spherical Style—hyperbolic

Point p, q, r, s

Segment a := p, ¢

Segment b :=p, r

Point m := Midpoint(a)

Angle theta := Z2(q, p, r)
Triangle t := p, r, s

Ray w := Bisector(theta)

Ray h := PerpendicularBisector(a)
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Visualizing neutral geometry

EREON N 7%

changing the geometric interpretation generating a gallery of alternatives

p

Style—Euclidean

Style—spherical Style—hyperbolic

Point p, q, r, s

Segment a := p, ¢

Segment b :=p, r

Point m := Midpoint(a)

Angle theta := 2(q, p, r)
Triangle t := p, r, s

Ray w := Bisector(theta)

Ray h := PerpendicularBisector(a)
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Visualizind L

i \«

composition of math translates to composition of visualization

VectorSpace U, V U N 1% A Y
LinearMap f : U —» V Uy

Vector ul, u2 € U f(uz)
Vector v1, v2, v3 € V f

Scalar c
u2 := ¢ * ul TS«
vl := f(ul) 27w+ ug ~A
v2 := f(u2) 1 flur) + f(uz]

v3 := Cc * VI >

VectorSpace U, V o g v b
LinearMap f : U —» V

Vector ul, u2, u3 € U
Vector v1, v2, v3, v4 € V f
ud := ul + u2 j
vl := f(ul) fle - uy) =
v2 := f(u2) c- f(ui)
v3 := f(u3)

v = vl + v2
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composition of math translates to composition of visualization

VectorSpace U, V I Ly v N .
LinearMap f : U — V - adaptlnq the

Vector ul, u2 € U Fus) representation
Vector v1, v2, v3 € V f to the dimension

Scalar c ; _— — —
uz2 := c *x ul S
fFu1) 27 ur g =

f(u2) flur) + f(ue) ‘szl‘

C * VI

vl
v2
v3

S

VectorSpace U, V U y 1% N
LinearMap f : U — V U
Vector ul, u2, u3 € U R B
Vector v1, v2, v3, v4 € V f O

u3 :
vl :
V2
v3
v4

ul + u2 - , —~— f(w) B
FCull) flc-uq) =
f(u2) c- f(u)
f(u3)

vl + v2
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illustrating steps of a complex process

SimplicialComplex K Subcomplex CIStE C K
CIStE := Closure(StE)
Edge e € K Subcomplex ClE C K
Subcomplex E C K ClE := Closure(E)
E := Closure(e) SimplicialSet StClE C K
StClE := Star(ClE)
SimplicialSet StE C K SimplicialSet LkE C K
StE := Star(E) LKE := SetMinus(Cl1StE, StClE)

=

=

St(CL(E)) CI(St(E)) Lk(E) :=
CI(St(E)) \ St(CL(E)) )

)

Ny

7

/-

i

/-

"‘ z\@

- ‘

\ PN\

|
\
- B
“l‘ 4
‘5
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Visualizing meshes

llustrating steps of a complex process using many examples to build intuition

SimplicialComplex K Subcomplex CIStE C K
C1StE := Closure(StE) Vertex vl € K
Vertex v2 € K
Edge e € K Subcomplex ClE C K simplicialSet S c K
Subcomplex E C K ClE := Closure(E) Vertex S € K Edge S € K S := {{v1},{v2}}
E := Closure(e) SimplicialSet StClE C K
StClE := Star(ClE)
SimplicialSet StE C K SimplicialSet LKE C K
StE := Star(E) LKE := SetMinus(C1StE, StClE)

K K
K
() e
S
SimplicialComplex K
K SimplicialSet LkS := Link(S)
K K
K K
Lk Lk(e
St(CI(E)) CI(St(E)) LK(E) = ) () LK(S)
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re-generating diagrams for a target platform

‘qE
> \\?} “« PathType t
\@ HasForm(t,"L(D|S)S*E")
Path p := Sample(t)
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re-generating diagrams for a target platform
handling a tricky specification

PathType t1, t2, t3 %4
HasForm(t1, "L(D|S)SE")
HasForm(t2, "LSDE")
HasForm(t3, "LE")

Path p1, p2, p3
pl := Sample(t1)
p2 := Sample(t2)
p3 := Sample(t3)

- \\?} . PathType t
E§3 ’ HasForm(t,"L(D|S)S*E")
Path p := Sample(t)
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Execution time (ms)
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500-

optimization time vs. problem size

Time type
O compilation ﬁA
1 label generation A
A optimization A £
< rendering & A A

A A A

A AA N
A 4 ARA A “ A
A A A, A A A
4, A A aa A A 2
) AAA A A z A A AA A
A A A A ;Aﬁ A%%‘A A, A2 * A
N VLN TV T TR TR 7Y YV I

alsat

A

thitihe.

5 10 15 20 25 30 35 40 45 50 55 60 65
Number of constraints and objectives
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e Separating content and visual
representation provides new capabilities.
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 Separating content and visual
representation provides new capabilities.

* The mapping from abstract objects to a
visual representation provides rich
semantics.
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 Separating content and visual
representation provides new capabilities.

* The mapping from abstract objects to a
visual representation provides rich
semantics.

 Constrained optimization can be an
effective general-purpose solution for
diagram layout.
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 Separating content and visual
representation provides new capabilities.

* The mapping from abstract objects to a
visual representation provides rich
semantics.

* Constrained optimization can be an
effective general-purpose solution for
diagram layout.

* Penrose acts as a nexus for diagram
generation, connecting specification and
synthesis.
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We want to make diagrams like these the norm, not the exception!
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We want to make diagrams like these the norm, not the exception!

H*

p

STYLE — Euclidean STYLE — spherical STYLE — hyperbolic 3 . 4,

STYLE — discrete STYLE — continuous
f@ Y
= / ° \\ b U y 14 y
.-g /"’/ \'\ U2
2 Fuz)
k= f
* /'_\ 1
7 S f(u,l -+ ué ):
o A “ flur) + f(u
2
H //
& |/
b
2
5
» U y v y
4 : f
St(CI(E)) CI(St(E)) Lk(E) := o : s flu) L
CI(St(E)) \ St(CI(E)) g E =
4; '/ : Uy /(( * Ug )
:2’“ \ E c- flu))
_Q \ ——-—-——I----------------------:' -------
A AI1
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e Making the languages more
expressive
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® Making the languages more
expressive

* Making the system'’s built-ins
more extensible (solver,
renderer, functions, shapes)
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® Making the languages more
expressive

® Making the system’s built-ins
more extensible (solver,
renderer, functions, shapes)

* Improving optimization speed
and strateqgy

¢ \Visualizing concepts in other
fields (law, philosophy, biology...)



What's next?

¢ \Visualizing concepts in other
fields (law, philosophy, biology...)
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e Visual tutoring: auto-create
custom visual problem sets at

scale

(mockups)
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0‘ bac:

Linear Algebra 7 Cartesian -

1 Vector ¢l = <a, b>

2 Vector €2 = <c, d>

3 Matrix M columns(cl, c2) rl c]
4

LinearlyDependent(cl, c2) M =

* Visual tutoring: auto-create SRR
custom visual problem sets at |
scale

Success!

A
\ 4
A
<
<
A4
A
<
<
\ 4

-

Write expressions that generate the

diagrams above

Wite the math expression that describes the red o Writethemathexpression thatdescribes theredsrrow  Writethemath expression thatdescribestheredamow  Wrtethe math expression that describes the red rran

~\F e £ e i
- S
Write the math expression that describes the red arrow

ps . R2 R?

A .

e e “’/\ A’l_',"

“’..
‘@r a - -1 . 2
A R z
(mockups) |=== ===
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pl:

B
=

@v Linear Algebra v Cartesian ’}4
1 Vector ¢l = <a, b>
2 Vector €2 = <c, d>
3 Matrix M = columns(ecl, c2) la ¢l
4 LinearlyDependent(cl, c2) A[::[b d]

4 Y A 4
Check share 4

Success!

* Rich visuals: auto-create R —
animated, interactive, staged ®
diagrams S R e e e e

- e
Write the math expression that describes the red arrow

= = ﬁég R2
: A o
= . “’/\ AT

r .

-

@ i1 o s B 5
A TR =z
(mockups) |=== =—=
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Possibilities for a visualization platform

* Meaningful interfaces: auto-
create a direct manipulation
editor that is aware of diagrams'’
underlying meaning

65

7

1 Vector €1 = <a, b>
2 Vector €2 = <c, d>

3 Matrix M = columns(ecl, c2) fa ¢l
4 LinearlyDependent(cl, c2) AJ::[b ¢J
Success!

Write expressions that generate the

diagrams above
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