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Abstract

Numerical optimization has been the workhorse powering the success of many machine learning
and artificial intelligence tools over the last decade. However, current state-of-the-art algorithms
for solving unconstrained non-convex optimization problems in high-dimensional spaces, either
suffer from the curse of dimensionality as they rely on sampling, or get stuck in local minima as
they rely on gradient-based optimization. We present a new graduated optimization method based
on the optimization of the integral of the cost function over a region, which is incrementally shrunk
towards a single point, recovering the original problem. We focus on the optimization of polynomial
functions, for which the integral over simple regions (e.g. hyperboxes) can be computed efficiently.
We show that this algorithm is guaranteed to converge to the global optimum in the simple case of a
scalar decision variable. While this theoretical result does not extend to the multi-dimensional case,
we empirically show that our approach outperforms several state-of-the-art algorithms when tested
on sparse polynomial functions in dimensions up to 170 decision variables.
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1. Introduction

Many problems in the fields of science and engineering can be cast as the minimization/maximization
of a scalar cost function with respect to its variables. When this function is convex and differentiable,
efficient gradient-based optimization algorithms Ruder (2016) can be used to find the global mini-
mizer/maximizer. However, when this function is highly non-convex, gradient-based optimization
can fail to find a satisfying solution, and global optimization techniques are necessary. For instance,
this is the case in protein structure prediction Kuhlman and Bradley (2019), global cluster structure
optimization Hartke (2011), and the training of deep neural networks Larochelle et al. (2009).

The global optimization of non-convex functions in high dimensional spaces is still an open prob-
lem. Current algorithms can be divided in two categories. Stochastic algorithm (e.g., evolutionary
algorithms Bick and Schwefel (1993), Bayesian optimization Snoek et al. (2012)) are able to ex-
plore the decision space, but do not scale well because of the curse of dimensionality. They indeed
need to carry out a dense sampling of the whole decision space, which scales exponentially with the
number of decision variables Hansen (2023). Deterministic global optimization algorithms exist,
and can sometimes provide strong optimality guarantees Jones et al. (1993); Huyer and Neumaier
(1999); Lasserre (2001). However, they are typically limited to a specific class of functions (e.g.,
polynomials, or Lipschitz functions) and they scale badly with the number of decision variables.

Our goal is thus to develop an algorithm that scale better to high-dimensional spaces. To do so,
we rely on the key idea to exploit the integral of the cost function, which, contrary to the gradient,
provides non-local information. This fact is well-known in the literature, and it is at the core of
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methods such as Gaussian Smoothing Gao and Sener (2022), Randomized Smoothing, Gaussian
Homotopy Continuation Iwakiri et al. (2022) and Graduated Optimization, some of which have been
recently applied to robotics problems Lidec et al. (2021); Suh et al. (2022). However, such methods
try to compute the convolution between the function to optimize and a smoothing kernel (typically
a Gaussian kernel), which cannot be computed analytically, and therefore needs to be approximated
using sampling. Therefore, they suffer from the curse of dimensionality, and tend to be inefficient in
high dimensions.

To overcome this issue, we focus on functions that are analytically integrable, which include
polynomials as a particularly interesting case. Moreover, rather than computing the convolution
with a Gaussian kernel, we compute the convolution with a kernel that is unitary over a simple set
(e.g. hyperbox) and zero elsewhere. This results in a computationally efficient optimization method,
which we called Analytical Integral Global Optimization (AIGO).

We implemented AIGO in Python, and evaluated it on several non-convex optimization prob-
lems, comparing it with other global optimization methods. Our results show that AIGO has great
capabilities of avoiding local minima, outperforming other algorithms in high dimensions (up to 170
variables), either in terms of quality of the solution found, or in terms of speed of convergence.

2. Method
2.1. Problem Statement

We are interested in solving unconstrained optimization problems of the form:

x* = argmin f(x) (D

where f(-) : R" = Ris a continuous function, n € N is the dimension of the pre-image of f, and
x* € R" is a global minimizer of f(-). We introduce now the notation used throughout the paper.

e 0, and 1, are n-dimensional vectors, whose elements are all 0 and 1, respectively.

e A C R"is an axis-aligned hyper-rectangle, parametrized with its center ¢ € R” and its half
width w € R’.. Thus, the set corresponding to a pair (¢, w) is

Alc,w)={yeR"c—w<y<c+w}
where inequalities between vectors must be interpreted elementwise.

e S(w) = Hfz (2w;) is a function that computes the hyper-volume (or, less formally, size) of
an axis-aligned hyper-rectangle A(c, w).

2.2. One-dimensional case

Before introducing our algorithm for the general multi-variate case, we develop its core idea in the
1D case (x € R), which gives us insight into its working principles. AIGO’s key idea is to minimize
the integral of f over an interval of fixed width w, with respect to its center c:

ctw

minimize I(c, w) € / f(x) dx, )

—w
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We first solve the problem for a large value of w, and then we slowly decrease it, each time warm-
starting the solver with the result of the previous optimization, until we reach w = 0. Therefore,
AIGO alternates between: i) minimizing I(c, w) for a fixed value w, and ii) decreasing w. The
efficiency of AIGO depends greatly on the strategies used to minimize I(c, w) and to decrease w.
To minimize I(c, w) one can rely on classic gradient-based approaches, but choosing how to decrease
w is more complex, and deserves further discussion.

2.2.1. DECREASING THE INTERVAL WIDTH w

To investigate the strategy to reduce w, we follow the classic approach Su et al. (2016) of analysing
an Ordinary Differential Equation (ODE) that is the limit of the 1D AIGO algorithm:

{ ¢(t) = =0 1(c(), w(®) = f(c(t) —w®) = f(c(®) + w(?)) 3)

where 0.1 (-) is the partial derivative of I(-) with respect to c. The first equation describes a gradient
descent on the cost function of (2), whereas the second equation describes the decrease of the interval
width w, which is defined by the positive function g(-) : R? - R +. In the following we omit the
time dependency to ease the notation.

If f(c+w) < f(c—w)then é > 0 and therefore ¢ moves towards ¢ +w. Similarly, if f(c—w) <
f(c + w) then ¢ < 0 and therefore ¢ moves towards ¢ — w. In any case ¢ moves towards the
interval extreme associated to the smaller value of f, while w moves towards zero. It seems therefore
reasonable that x* should never leave A(c, w). However, we will see that this can only be guaranteed
if w does not decrease too fast.

Lemma 1 Assume the initial values of ¢, w are such that ¢(0) — w(0) £ x* < ¢(0) + w(0), and that
c(t) and w(t) evolve according to the ODE (3). Then, assuming that:

g, w) < ¢ Vic,w) : x* =c+w, 4)

we have that:
c(t) —w(t) < x* <e(t) + w(t) Vi>0 5)

Proof 1 Since ¢ and w evolve continuously, as long as ¢ — w < x* < ¢ + w, then x* cannot leave
A(c, w). We only need to make sure that when x* = ¢ + w, the dynamics (3) ensures that (5) keeps
holding. Let us separately analyze the two cases.

1. If x* = ¢ + w, then (5) can hold if and only if ¢ + t > 0, or equivalently tb > —¢. Moreover,
given (3), we know that ¢ = f(c — w) — f(x*) > 0 because f(x*) is the minimum of f.

2. If x* = ¢ — w, then (5) can hold if and only if ¢ — > < 0, or equivalently w > ¢. Moreover,
given (3), we know that ¢ = f(x*) — f(c + w) < 0 because f(x*) is the minimum of f.

In conclusion, if when x* = ¢ + w we have w > —|¢|, or equivalently g(c, w) < |¢|, then (5) holds.

Lemma 1 gives us a sufficient bound on g(-) to ensure that x* never leaves A(c, w). A simple way
to ensure that such a bound is satisfied is to set:

w = —plé|, (6)
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with g € [0, 1]. However, this leads to 0 = 0 whenever ¢ = 0, making the algorithm converge to
values that are not a global minimum. To overcome this issue, we can ensure that w decreases at
least as a linear function of w:

w = —max(f|¢|, ew), (7

with € > 0 being a hyperparameter of the algorithm. In the following theorem we define the condi-
tions under which (7) ensures convergence to a global minimum.

Theorem 2 Let x* be the unique global minimizer of the function f. Assume the initial values of
¢, w are such that ¢(0) — w(0) < x* < ¢(0) + w(0), and assume that € satisfies the following bound.:

I CEicy.

Vy € A(c(t), w(t)), y # x*,Vt >0 (8)
|y — x*]

Then, letting c(t) and w(t) evolve according to the ODE (3) and (7) we have that:

lim c(t) = x*, ,lijf,}, w@) =0 9)

I—o00

Proof 2 It is straightforward to see that (x*,0) is an equilibrium for the system (3) and (7). To
prove convergence to this equilibrium point, we prove its asymptotic stability using Lyapunov’s
direct method Lyapunov (1892), which has many analogies with optimization theory Polyak and
Shcherbakov (2017). We use the following candidate Lyapunov function:

Viec,w)=|ec+w—x*|+|c —w— x|
This function satisfies the two conditions of being always positive, except at (x*,0), where it is null:

Vic,w)>0 V(c,w)# (x*,0)
V(x*,00=0

To show that V is indeed a Lyapunov function we need to prove that
V<0  V(,w)#(x*0)

From Lemma 1 we know that if b > —|¢| when x* = ¢ + w, then x* never leaves A(c, w). As long
as x* € A(c, w) then we have that V. = 2w, and so, based on (7), V = 2i < 0, Yw # 0. Therefore,
proving that tb > —|¢| when x* = ¢ + w is sufficient to prove V < 0.

Given (7), we know that t can take one of two values. When tb = —p|¢|, then the condition
w > —|¢| is trivially satisfied. When instead b = —ew, we need to prove that:
—ew = —|¢] = —=[flc—w) = flc+w)|
ew < | fe—w)— flc+w)| (10)
gszlf(c—w)—f(0+w)|
2w

However, whenever x* = ¢ + w, (10) is trivially implied by (8).
Therefore, in all cases we have V. < 0, as long as € is sufficiently small to satisfy (8). This
guarantees that ¢ and w converge to the minimizer of V, i.e. ¢ - x* and w — 0.
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Algorithm 1: AIGO-1D
Input: f,c,w, w,,, p, €
1 while w > w,;, do

2 Caor < @, 0.1(c,w)

3 C < C—Chy

4 w «— w—max(f - |c ], ew)
5 return ¢

This proof shows that using the update rule (7) to decrease w, the ODE (3) makes ¢ converge
to x*. Moreover, the bound (8) says that e must be upper bounded by the (normalized) difference
between f(x*) and any other values of f in A(c, w). From this we infer that:

e if there are local minima that are very distant from x*, but with value very close to f(x*),
then we need to set £ very small to ensure V' < 0;

e while £ must satisfy (8) to ensure convergence, it can be set arbitrarily small without affecting
the convergence speed of the algorithm, which is mainly dictated by the term f|¢|;

o if there exist multiple global minima, then the upper bound on € is zero, therefore the algorithm
may work poorly.

A discretized version of this algorithm is summarized in Alg. 1, where a, can be chosen using a
standard line search.

2.3. Multi-dimensional case

Based on the 1-D algorithm we now explain its extension to the multi-variate case. First of all, we
must choose a parametrization for the set over which the integral is computed. While in the 1D
case this choice was trivial, in the multi-dimensional case we have countless options. Ideally, we
would like a parametrization that allows to represent any bounded connected set, but that is simply
not possible in practice. More realistically, we could choose a complex parametrization (e.g., a deep
neural network) that allows to represent complex set shapes. However, by doing so, computing
the integral of f over such a complex set would not be efficient. Given our objective to obtain an
efficiently computable integral, we choose a simple parametrization, which is however sufficiently
expressive to give good results in practice: an axis-aligned hyper-rectangle A(c, w), parametrized
by its center ¢ € R" and half-width w € R,. Thus, the two values that AIGO minimizes become:

I(c,w) = / f(x)d"x, and S(w) = H(Zw[). (11)
A(c,w) i=1

While in the 1D case the minimization of the integral was only affecting the variable c, in the multi-
dimensional case it can change both ¢ and w. This is because we can now change w without changing
the size of A(c, w). Therefore, the minimization problem becomes:

minimize I(c,w) subject to S(w) = s, (12)
c,w
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Algorithm 2: AIGO N-D
Input: /. c, w, s, B.7-C
s « S(w)
while s > s,,,. do

Cior < @, 0.1(c,w)

C < €= Cyo
wew-=p- |cd0t|

s « min(S(w), s/y)

w « argminy, I(c, y, s)

return c

with s being the set size that we wish to maintain. Instead of dealing with a constrained optimization
problem, we have found that it works better to relax the constraint and add to the cost a quadratic
penalty on (S(w) — s) with a large weight {:

L(c,w,s)=I(c,w)+¢ - (s — S(w))*

Alternatively, we could use the Method of Multipliers (an Augmented Lagrangian scheme), which
has better convergence properties (no need for { — oo to ensure constraint satisfaction). Starting
with an initial value 4® € R and a penalty weight { > 0:

Dy **D = argmin (e, w) + £ (s = Sw) + ,u(k))2
eow 2 (13)

M(k+l) — #(k) + (S _ S(w(k+l)))

2.3.1. OVERVIEW OF THE ALGORITHM

Putting it all together, we summarize the multi-dimensional version of AIGO in Alg. 2. Lines 3, 4,
5 are almost the same as in the 1d algorithm. The only difference is that the term ew, which ensured
a non-zero decrease of w, is here replaced by line 6, which ensures that s decreases by at least a y
factor at each iteration. Lines 5 and 6 play the role of decreasing s and changing w proportionally
to ¢, Then, in line 7 we try to minimize the cost by changing the set’s shape without changing its
size. To achieve this, we perform gradient-base optimization of the function I,(c, -, s), warm-started
with the current value of w.

In this algorithm we decided to decouple the minimization with respect to w and ¢ in order to
first use c,,, to decrease the size of w, and then to optimize the set’s shape with respect to the new
size. To speed up the algorithm, the minimization in line 7 can be limited to a certain number of
iterations. In our tests, we used 2 iterations. We also set a lower bound for the width w in order to
better spread out the optimization on all the variables and to prevent AIGO from over-optimizing
some variables to meet the area size constraint. The values that we chose for the hyper-parameters
are:

e «, is chosen by doing a line search along d,.1(c, w).

e [ represents the speed at which w decreases, and we chose values in [0.5,0.99].
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e ( represents the weight of the constraint penalty, and we chose values in [10°, 10”].
e y represents the minimum rate of decrease for s, and we used values in [1.001, 1.05].

e 5,,, 1s the convergence threshold, which we set to 0.5" in our tests.

2.3.2. EFFICIENT INTEGRAL EVALUATION

Finally, we need to discuss the computation of the integral. Even for analytically integrable functions,
in general the evaluation of the integral over an axis-aligned hyper-rectangle requires 2" evaluations
of the primitive function. This would make the algorithm inefficient for large values of n. For this
reason, we restricted our focus to functions with this form:

fx)= Z a; Hfi,j(xj),
i J

where each f; ; is an analytically integrable function that depends only on a single variable x;. Note
that all (multi-variate) polynomials can be represented under this form, where the functions f; ;(x;)
are simply powers of x;. These functions allow for an efficient evaluation of their integral, where
the analytical primitive of each function f; ; needs to be evaluated only twice:

cj+wj
I(c,w) = Za,H/ fi») dy
i J W)

3. Results

We designed our tests to see how well AIGO performed when trying to minimize non-convex poly-
nomial functions, compared to other four approaches: repetitive gradient descent (RGD) from ran-
dom initial points, the Covariance Matrix Adaptation Evolution strategy (CMA-ES) Hansen et al.
(1995), the Dual Annealing method (DA) Xiang et al. (1997), and the Differential Evolution method
(DE) Storn and Price (1997). In order to test the algorithms in high dimensions, we focused on
sparse polynomial functions, which are common in many real-world applications, such as optimal
control problems.

3.1. Implementation Details

We implemented the algorithm in python Labbe (2023) and used 2 outside function calls per loop.
The gradient descent step that updates the hyper-rectangle’s center c is computed using theminimize
function from the scipy library, with the Sequential Least SQuares Programming (SLSQP) method.
The argmin, I, step is computed using the same scipy.minimize function with the quasi-
Newton BFGS method. RGD was implemented by running the scipy.minimize function with
BFGS, repetitively starting from uniformly chosen random points within the bounds. CMA-ES was
implemented using the advretry.minimize function of the Fast-CMA-ES library Wolz (2022).
Both DA and DE were implemented by the scipy.optimize library.
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(a) Example 1. (b) Example 2.

Figure 1: Example functions for p(x) (values rounded to 1 decimal place).

3.2. Test functions

The cost functions are of the form f(x) = p(x) + c¢(x). The first term is defined as
_ 6
p(x) - Z:;ll_[j:](xi - ai’j)s

with a; j chosen uniformly at random in an interval of width % centered around —2 + (j — 1)% (see
Figure 1). This term is simply the sum of n 1D 6-th order polynomials, defined to obtain as many
local minima as possible. The second term is instead defined as c(x) = Z:‘z‘ll b;x;x; ;. This term
introduces coupling between neighbor decision variables. For these functions, the global minimum
is contained in the hyper-rectangle A(c =0,,w =2.2-1,).

3.3. Test Description

Each function f was optimized using the 5 different algorithms mentioned above, using A(0,,,2.2-1,,)
as bounds. We first ran AIGO to completion. All the other algorithms were then given the same
amount of time as AIGO, running on a single CPU core. For each function we also ran an additional
test, simply used to normalize the results. We randomly sampled points in A(0,,2.2-1,) for the same
amount of time as AIGO and used the average f,,, and minimum value f,,;, of f at the sampled
points to normalize the best result found by the other algorithms f* in this way:

f*_.faug

avg ~ fmin

normalized score = (14)

A score of 0 means that the algorithm has found a solution equal to the average value found by random
sampling f,,,. A score of -1 instead means that the algorithm has found the same minimum found
by random sampling f,,;,. Lower scores mean that the algorithm outperformed random sampling.

3.4. Discussion of the Results

Fig. 2 shows the average normalized score and its standard deviation after running each algorithm
on 10 randomly generated functions for each size of the decision variables. Unsurprisingly, as soon
as the dimension is larger than 2, all algorithms outperform random sampling because they always
obtain a score < —1. This is even more the case as the problem size increases, highlighting a grow-
ing inefficiency of pure random sampling. For small dimensions all algorithms perform similarly,
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Figure 2: Normalized score as a function of the number of decision variables.

probably due to the relatively small number of local minima. However, as the problem dimension
grows above 50, AIGO and DE vastly outperformed the others, with DE being slightly better than
AIGO on average.

Fig. 3 shows how fast the different algorithms have been able to converge to the solution for dif-
ferent problem sizes. Interestingly, AIGO was consistently able to converge faster than all the other
algorithms. The black vertical line shows the moment when AIGO’s solution stopped changing,
even though the algorithm kept running much longer to meet the convergence threshold on s. This
suggests that by setting the convergence threshold s,, to a higher value, AIGO could convergence
almost 10 times faster, so outperforming all the other algorithms.

This shows that this simple implementation of AIGO seems to perform as well as some state-
of-the-art algorithms and is less effected by the growing dimensions, which is translated in a faster
comparative convergence as the number of local minima increases.

4. Conclusions

We have presented AIGO, a novel unconstrained optimization algorithm for non-convex functions.
While many state-of-the-art algorithms for global optimization rely on sampling and local optimiza-
tion, which do not scale well to high dimensions, we rely on the analytical integral of the cost func-
tion, which gives us rich non-local information.

We were able to minimize polynomial functions with up to 170 variables, computing their inte-
gral over axis-aligned hyper-rectangles. We have compared AIGO with other global optimization al-
gorithms. AIGO outperformed most of the other algorithms for problem sizes above 10, empirically
proving the interest of this idea. For larger problem size, AIBO almost matched the performance of
the best algorithms in terms of solution quality, while converging to that solution in ~ 15% of the
time.
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Figure 3: Average normalized score as a function of computation time.

In the future, we would like to improve AIGO in several aspects. Our results have shown that
AIGO typically converges to the final solution much before meeting our convergence criterium. This
suggests that a better convergence criterium could be used to terminate AIGO earlier, saving precious
computation time.

In this paper we have focused on polynomial functions because they are simple to integrate.
A possible way to generalize our approach to other functions could be to use Integral Neural Net-
works Kortvelesy (2023); Lloyd et al. (2020), which are networks that provide a direct evaluation
of the exact integral of a function. However, integrating over an N-dimensional hyperbox would
require evaluating the network 2V times.

This work has only explored hyper-boxes as regions over which integrals are computed. It is
however possible to compute integrals over more complex shapes while maintaining computational
efficiency.

Finally, the update rule for the set size can be potentially improved to skip over many useless
iterations where the position of the set does not change significantly, and thus the set size is slowly
reduced as well.
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