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Preface

Physics-based animation is becoming increasingly popular due to its use in computer games, for producing
special effects in movies, and as part of surgical simulation systems. Over the past decade the field has
matured, and today there is a wealth of simulation methods solving many simulation problems. There is a
vast amount of examples where physics-based animation is used, e.g., rigid bodies stumbling around (The
Hulk®, Grand Turismo®, Medal of Honor®, Half-Life®); skin and muscle deformations (Shrek®, the
Nutty Professor®, Jurassic Park®, the Mummy®); water splashing (Shrek®, Titanic®, Finding Nemo®);
jelly blobs dancing around (Flopper®); death-like animations (Hitman®); hair blowing in the wind or
bending due to motion of a character (Monsters Inc®); cloth moving (Monsters Inc®); and melting robots
and cyborg parts of characters (Terminator3®, Treasure Island®), just to mention a few.

There is an ongoing quest for exploiting physics-based animation. While it was a computationally
heavy burden 10-20 years ago to kinetically animate a linked character consisting of no more than a hand-
ful of limbs [Wellman, 1993], today this is considered a trivial task due to the large increase of computer
power. The increase of computer power allows us to simulate increasingly complex scenarios, in an appar-
ently never-ending spiral, and it appears that there will always be a demand for faster methods,with more
details, larger scenes, etc. Nevertheless, a major part of such animations will always be a physical model
of the world constructed from the laws of physics and solved numerically. A major part of the physical
models and their numerical solutions were developed prior to the twentieth century. Clever algorithms for
solving geometrically-complex systems are less than 40 years old and still part of a very active research
field.

The widespread use of physics-based animation, especially in the entertainment industry, has resulted
in a strong demand for education in these topics, both from students and industry. Quite a few books on
computer animation such as [Watt et al., 1992, Parent, 2001] and computer games such as [Eberly, 2000,
Eberly, 2003b] introduce the reader to physics-based animation, but these books often refrain from cov-
ering advanced topics, either because they only consider real-time computations, or because of space
limitations. The details of the simulation methods used in big commercial productions are usually not
accessible by the general public, since they are kept as business secrets. Most of the advanced litera-
ture on these topics is written as scientific papers addressing specific problems e.g., [Baraff et al., 2003a,
Osher et al., 2003, Bergen, 2003a], which requires a broad basic education in physics, mathematics, and
computer science to read and understand. Finally most “tricks of the trade” are not published in scientific
papers, but learned through experience and word of mouth in the graphics community.

These are the reasons that motivated us to write an advanced textbook on physics-based animation
with a focus on the theory. We wanted to create an advanced textbook for computer science graduate
students, teaching them the basis while at the same time teaching them the thin red line that separates the
different simulation methods. Our pedagogical goal is to prepare readers for a commercial or academic

xi
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career on the subject of physics-based animation, rather than to produce yet another code-hacker for the
gaming industry.

Almost all of the methods described in this book have been tested as implementation in the open source
project OpenTissue. Major parts of this book and the OpenTissue project have been used in our classes
during the last two years, from which we have gotten much feedback, and for which we are very grateful.
Special thanks should be given to Andre Tischer Poulsen, Katrine Hommelhoff Jensen, Anders Holbgll,
Micky Kelager Christensen, and Anders Fleron who have served as our student reading committee. Andre
Tischer has also given invaluable help with improving the visual appeal of many of the figures. We would
also like to thank our ever-patient publisher Jenifer Niles from Charles River Media, together with her
anonymous reviewing panel and technical writers. Finally, we wish to thank our respective families,
without whose support, we would not have been able to complete this project.

Kenny Erleben, Jon Sporring, Knud Henriksen, and Henrik Dohlmann.
30th September 2005
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Introduction

A long-term goal in computer graphics is to increase realism and believability in computer generated
animations and pictures. Some original work includes [Armstrong et al., 1985, Terzopoulos et al., 1987,
Moore et al., 1988, Hahn, 1988, Barzel et al., 1988, Platt et al., 1988, Baraff, 1989, Barsky et al., 1991].
The general belief is that as we get better and better at rendering images, the lack of physical realism
and believability will be more obvious and therefore more annoying to the common observer. The main
argument for achieving the goal of more realism has been to use physics to model the behavior and
movement of computer models. Today these efforts have culminated in what is usually referred to as
physics-based animation or modeling.

Physics-based animation is a highly-interdisciplinary field, which is based on theories from engi-
neering [Zienkiewicz et al., 2000, Stewart et al., 1996, Pfeiffer et al., 1996b, Enright et al., 2002], from
physics [Baraff, 2001], and from mathematics. Some of the most noteworthy simulation models are based
on robotics [Craig, 1986, Featherstone, 1998] and solid mechanics [House et al., 2000, Teran et al., 2003].
To our knowledge, the field of physics-based animation was first named in a course in the 1987 ACM SIG-
GRAPH (the Association for Computing Machinery’s Special Interest Group on Computer Graphics) con-
ference, “Topics in Physically-Based Modeling” organized by Alan H. Barr. In recent years the emphasis
in physics-based animation on computationally efficient algorithms has spawned a new field: plausible
simulation [Barzel et al., 1996].

In a movie production pipeline, it is generally believed that using physics inhibits the creativity and
aesthetics of an animator. The reason is quite obvious: it is hard to be true toward a physical model, while
at the same time using every aspect of the Principles of Animation [Lassiter, 1987, Frank et al., 1995].
While some of the principles focus on implementing the physical reality such as squash and stretch,
timing and motion, and slow in and out, most of the principles are about exaggerating motion to entertain
an audience and keeping the audience’s attention. Hence, animators have a preference for surrealistic
movement in lieu of entertainment, and they have no shame in putting their characters in unnatural poses.
They often apply a lazy approach to render only what is visible, as long as the motion and the scene
conveys an interesting story.

This book is not concerned with the Principles of Animation, nor does it attempt to qualify or quantify
believability or plausibility of the presented methods and algorithms. It is not concerned with the ren-
dering process or animation systems. Instead, this book is first devoted to giving the reader a firm and
solid foundation for understanding how the mathematical models are derived from physical and mathe-
matical principles, and second, how the mathematical models are solved in an efficient, robust, and stable
manner on a computer. As such, the book introduces the reader to physics, mathematics, and numerics,
nevertheless this book is not a substitute for text books in these fields.
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Figure 1.1: Schematic overview of physics-based animation and simulation. The white arrows are typical
of the engineering disciplines, whereas the black arrows are typical extra steps taken in computer graphics.

1.1 The Computer Graphics Model

One perspective of physics-based animation is that it consists of many theoretical laws and tools from
physics and mathematics with some geometry added to it, and these are all mixed together to obtain a
mathematical model of the real world. Once this model is obtained, it can be remodeled into a numerical
model, which in turn may be programmed on a computer. The program is then able to make predictions
about the real world, and these predictions may be used to estimate where objects are expected to move
(forward kinematics and dynamics), or they may be used to calculate how objects should be handled in
order to obtain some desired movement (inverse kinematics and dynamics). This view of the world is
schematized in Figure 1.1 with the white arrows and is typical of the engineering disciplines. In engineer-
ing, the goal is often to make highly accurate predictions about the real world in the long term e.g., to
ensure the stability of a bridge or to predict the efficiency of a heating system. Using a surgical simulator
as an example, we will describe typical steps covered by Figure 1.1: the initial point is typically some
kind of data acquisition and modeling step, where a patient is scanned, and the resulting 3-dimensional
image is segmented into meaningful anatomical objects and represented as geometrical shapes. These
objects are then augmented with relevant physical laws often in the form of an energy system. To perform
a physical simulation, the energy system is analyzed with mathematical tools such as calculus of variation,
and the system is converted into a set of partial differential equations. The mathematical model is often
a set of partial differential equations together with a detailed description of geometry acting as boundary
conditions. To implement the mathematical model on a computer, the equations are often discretized e.g.,
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using the appropriate finite differences method, which in turn can be programmed in C++ or a similar
programming language. Finally, the simulator is able to be run, and be used to make predictions about the
future, i.e., what will happen if certain structures are changed or removed.

In spite of the impressive accomplishments of physical, mathematical, and engineering disciplines, it
is often the case that neither the mathematical model nor the numerical techniques are useful for computer
animation. Computer animation favors high visual detail, high performance, and low memory consump-
tion. In contrast, the engineering approach is often not interested in momentary visual details, since its
primary goal is often to predict long-term behavior and/or high precision. Hence, computation time and
memory consumption is often high, since if the task is to predict whether a bridge will stand for 100
years, then it might easily be justified to have tens or hundreds of computers work on the problem over
several days or weeks. In computer animation however, we would rather be able to visualize the crash of
a bridge with visual appeal on a laptop computer in real time. Due to these differences between engineer-
ing and computer graphics, computer scientists remodel the mathematical models to favor visual details,
and choose numerical techniques favoring speed, robustness, and stability over accuracy and convergence.
These tradeoffs may be called the computer graphics model. To summarize, the goals of physics-based
animation is to model the physical world, but in contrast to engineering disciplines, the computer graphical
approach favors visual flair and low computational resources.

1.2 The Taxonomy of Physics-Based Animation Methods

At the highest level, the field of physics-based animation and simulation can roughly be subdivided into
two large groups:

Kinematics is the study of motion without consideration of mass or forces.

Dynamics is the study of motion taking mass and forces into consideration.

But the story does not end here, because kinematics and dynamics come in two flavors or subgroups:
Inverse is the study of motion knowing the starting and ending points.

Forward is the study of motion solely given the starting point.

In the first subgroup, one typically knows where to go, but needs to figure out how to do it. As an example,
one might know the end position of a tool frame of a robot manipulator, without knowing what forces and
torques to apply at the actuators in order to get to the final destination. In other words, inverse kinematics
and dynamics computes the motion “backwards”. Forward kinematics and dynamics work exactly the
opposite. Using the same example as before, one typically knows the starting position of the tool frame
and the forces and torques acting through the actuators. The goal is then to predict the final destination.
The difference between inverse and forward kinematics/dynamics is illustrated in Figure 1.2.

There are numerous techniques and methods in physics-based animation and simulation, and you
probably already have heard several buzzwords. In Table 1.1 we have tried to classify some of the most
popular techniques and methods according to the four subgroups introduced above.
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"4

Time . .

Figure 1.2: Example showing the difference in forward and inverse kinematics and dynamics. In the case
of inverse motion, the starting and ending positions of the robot gripping tool is given, whereas in the case
of forward motion, only the starting position is given.

Inverse Forward
Kinematics e Cyclic Coordinate Descent e Spline Driven Animation
e Jacobian Method e Key Frame Animation (Interpolation)
e Closed-Form Solutions
e Free-Form Deformation
Dynamics e Recursive Newton Euler e Featherstone’s Method (The Articulated-
Method Body Method)
e Optimization Problems e Composite-Rigid-Body Method
e Particle Systems, Mass-Spring Systems
e Finite Element Method
e Constraint-Based Simulation

Table 1.1: Common methods and their classification into inverse/forward kinematics/dynamics.
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1.3 Scientific Computing versus Computer Graphics in Practice

The engineering methods are dominated by the field of scientific computing. Looking at some of the
applications, it becomes clear that the diversity is large. Examples of current simulators for real projects
follow. Since the authors are Danish, most of the examples are Danish, however, we strongly suspect that
the range of problems and their computational demands are international.

Numerical wind tunnels at RISOE:
The numerical wind tunnel at RISOE (www .risoe.dk/vea-aed/numwind)uses a hyperbolic
grid generator for both two-dimensional and three-dimensional domains. Navier-Stokes is solved
using EllipSys2D/3D code, which is an incompressible finite volume code. The computation of a
stationary windmill rotor takes roughly 50 CPU hours. Using 14 CPUs (3.2GHz Pentium M, 2GB
RAM) in a cluster the simulation takes about four hours. Nonstationary computations take three to
four times longer [Johansen, 2005].

Deformation of atomic-scale materials:
In atomic-scale materials physics simulations of plastic deformation in nano crystalline copper are
done on a cluster (Niflheim, 2.1 Teraflops) of everyday PCs. A simulation involves 100 nodes
running in parallel and often takes weeks to complete (www.dcsc.dk). In quantum chemistry,
problems often involve 10° variables and simulations can take up to 10 days or more to complete
[Rettrup, 2005].

Computational fluid mechanics
Fluid mechanics involves a wide range of flow problems. Three dimensional nonstationary flows
typically require 10 — —100 x 108 grid nodes and use up to 1000 CPU hours per simulation (www .
dcsc.dk). Solid mechanics are also simulated (www.dcsc.sdu.dk) but often not visualized
[Vinter, 2005].

Computational astrophysics:
Computational astrophysics (www .nbi .ku.dk/side22730.htm)involves simulating the for-
mation of Galaxy, Star, and Planet. Smoothed Particle Hydrodynamics and Adaptive Mesh Re-
finement are some of the methods used. Computations often take weeks or months to complete
[Nordlund, 2005].

Weather reports:
Weather reports are simulated continuously and saved to disk regularly at DMI (www . dmi . dk).
Information is saved every three hours. Forty-eight-hour reports are computed on 2.5 grid nodes
using time-step size of two minutes. The total number of computations are in the order of 102 and
solved on very large supercomputers [Sgrensen, 2005].

From this short survey of scientific computing it is evident that the simulations rely on large supercomput-
ers, often in clusters. The amount of data is astronomical and computation times that cover a wide range
from minutes to hours, from hours to days, weeks, and even months are not unheard of. Visualization
ranges from simple arrows illustration flow fields to quite advanced scientific visualization.
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A noteworthy point is that the concept of real time is often not a very useful term in scientific comput-
ing. For instance, in chemistry, simulated time is the order of pico seconds but the computation takes days
to complete. The main idea of the simulations is often to see a chemical process in slow motion in order
to observe what is happening. This is not doable in a laboratory. In contrast, astro and sea simulations are
too slow and are therefore simulated at higher rates. In sea-flow simulations a couple of hundred years
are simulated per day. In conclusion, turn-around time in scientific computing is often of the order of 24
hours to 30 days [ Vinter, 2005].

Looking at physics-based animation from a computer graphical perspective gives a slightly different
picture.

Fluid phenomena:
Smoke simulation for large-scale phenomena [Rasmussen et al., 2003] using half a million parti-
cles takes 2—10 secs. of simulation time per frame, and rendering time takes 5—-10 minutes per
frame (2.2 GHz Pentium 4). In [McNamara et al., 2003], key frame control of smoke simulations
takes between 2-24 hours to perform on a 2 GHz Pentium 4. Target-driven smoke simulation
[Fattal et al., 2004] on a 2.4 GHz Pentium 4 in 2D on a 256> grid takes 50 secs. for a 1 second
animation in 3D on a 1283 grid it takes 35 minutes.

Particle systems:

In [Feldman et al., 2003] suspended particle explosions are animated. The simulation time ranges
from 4-6 secs. per frame on a 3GHz Pentium 4. With render times included, a simulated second is
in order of minutes. Animation of viscoelastic fluids [Goktekin et al., 2004] using a 403 grid runs
at half an hour per second of animation on a 3 GHz Pentium 4. Animation of two-way interaction
between rigid objects and fluid [Carlson et al., 2004] using a 64 x 68 x 84 grid on a 3GHz Pentium
4 with 1 GB RAM takes 401 simulation steps for one second of animation with average CPU time
per simulation step of 27.5 secs.

Cloth animation:

Robust cloth simulation without penetration [Bridson et al., 2002] of a 150 x 150 nodes piece of
cloth runs at two minutes per frame on a 1.2 GHz Pentium3. Untangling cloth [Baraff et al., 2003b]
for a cloth model with 14 K vertices yields additional cost of 0.5 secs simulation time per frame
on a 2 GHz Pentium 4. Changing mesh topology [Molino et al., 2004] during simulation for 1 K
triangles runs at 5-20 minutes per frame, 380 K tetrahedra runs at 20 minutes per frame. Stacked
rigid body simulation [Guendelman et al., 2003] with simulations of 500-1000 objects takes 3—7
minutes per frame on average.

Computer Games
Game consoles such as Play Station 2 (www.playstation.com)has only 32 MB RAM and 6.2
GFLOPS and common home PCs are for the most part inferior to the computers used by computer
graphics researchers. This has called for some creative thinking in computer game development to
reach the performance requirements. Furthermore, there must be time set aside for other tasks in
such applications as computer games. For instance, in Hitman from 1O-Interactive, only 5-10% of
the frame time is used for physics simulation [Jakobsen, 2005]. The future may change these hard-
ware limitations. For instance, recent GPUs do not suffer from latency problems and promise 60
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GFLOPS (www.nvidia.com), also PPUs (www.ageia.com) seems to be an emerging tech-
nology. Finally cell chips (www.ibm.com/news/us/en/2005/02/2005_02_08.html)
are also promising.

From this short literature survey of recent work on physics-based animation in computer graphics, it is
evident that frame times ranging from the order of seconds to hours running on single PCs are used.
In conclusion, design-work both in computer graphics and scientific computing requires reasonably low
turn-around times.

1.4 Future Points of Study

Physics-based animation is a large field, and it is growing rapidly. Every year new techniques are presented
for animating new phenomena, and existing methods are improved both in speed, accuracy, and visual
detail. Covering everything is not possible in one book, needless to say that keeping up-to-date is an
important job of any physics-based animator. A good place to start for industry standards are the Physics
Engines, many of which are shown in Table 1.2.

In the following we will briefly mention some topics we find interesting, but will not cover in this
book due to space limitations and for pedagogical reasons:

Recursive methods for jointed mechanics.
Recursive methods for jointed mechanics are also called minimal coordinate methods, and the theory
is extensively covered in the literature, see e.g., [Featherstone, 1998].

Mathematical programming.
Mathematical programming is the study of, among other things, complementarity problems. The
field has a history going back to the 1940s. It is a huge field and would justify several textbooks in
itself. In this book we recommend using an existing library such as [Path, 2005] during a course or
confer with e.g., [Cottle et al., 1992, Murty, 1988].

Deformable objects with nonlinear anisotropic material properties.
Nonlinear and large deformations are still very much a problem of ongoing research and not some-
thing we feel fits into an introductory textbook.

Cutting and fracture of deformable objects.
Recently there has been published work on fracture, but both cutting and fracture is just on the brim
for today’s real-time applications.

Particle level set methods and adaptive data structures for water simulation.
We have chosen to focus on the more classical approach, giving the reader a good understanding
of the basics. It should not be difficult to proceed with the recent literature after this, see e.g.,
[Osher et al., 2003].

Control in physical-based animations.
Recently, attempts have been made to include animator control by using inverse dynamics ap-
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Name

Notes

DynaMechs

Development started in 1991 by S. McMillan,
(dynamechs.sourceforge.net)

Renderware Physics

Business unit of Criterion Software established in 1993,
(www.renderware.com/physics.asp)

Havok Founded in 1998, (www . havok.com)

Meqon Started as a university project in 1999, company founded
in 2002 by D. Gustafsson and M. Lysén, (www . megon.
com)

Ipion Bought by Havok in June 2000, (www . ipion.com)

Open Dynamics Engine

Seems to have been around somewhere between 2000—
2001, started by R. Smith former MathEngine employee,
(www.ode.orq)

Novodex Started spring 2002 by A. Moravansky and M. Miiller,
(www.novodex . com)
Tokamak D. Lam is the original author of Tokamak, appears to have

started in 2003, (www . tokamakphysics.com)

Newton Game Dynamics

Appear to have been around since 2003, (www.
physicsengine.com/)

Karma Developed by MathEngine, which was acquired by Crite-
rion Software in July 2003, (www .mathengine.com)

Vortex Developed by CMLabs, (www . cm—1abs . com)

Free Cloth Appears to have started around 2002 by D. Pritchard,
(sourceforge.net/projects/freecloth)

OpenTissue Started November 2001 by K. Erleben, H. Dohlmann,
J. Sporring and K. Henriksen, (www.opentissue.
org)

AGEIA Company Founded 2002, March 2005 AGEIA announces

a new class of physics processing unit (PPU) PhysX,
(www.ageia.com)

Table 1.2: A list of commercially and publicly available physics engines.
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proaches. We have omitted all theory and methods regarding how to control and manipulate an
animation, since we do not regard these as part of a low-level physics engine.

Continuous collision detection.
Tunneling effects and overshooting are some tedious problems in animation. One remedy for these
problems is continuous collision detection, which promises better contact point generation and de-
termination of contact areas in dynamic simulations. The field is rather new but very promising.
However, in our opinion there is not yet a firmly established standard, and we have therefore omit-
ted this material. Interested readers may refer to [Redon et al., 2002, Redon, 2004a, Redon, 2004b,
Redon et al., 2004a].

Simplex methods for collision detection.
Simplex-based methods for collision detection are based on the mathematical concept of an affine
linear independent set of variables. It is our experience that these methods are difficult to approach
for students and not essential, which is the main reason why we have omitted these methods. Good
references are [Bergen, 2003b, Bergen, 2001, Bergen, 1999].

1.5 Readers Guide

Having taught advanced computer graphics and animation for several years we found that we lacked a
thorough introduction to physics-based animation. Therefore we started writing notes first on the mathe-
matical tools needed for the simulators, and then notes describing the various animation methods. Hence,
the primary recipients of this book are graduate students in a computer science department. The back-
ground of our students is typically well-versed in the art of programming, introductory computer graphics,
and what we call mathematical maturity. By mathematical maturity we mean that students don’t necessar-
ily have a rigorous mathematical training, but that they are eager to learn new mathematical techniques.
Our approach is then practical: we strive to teach the students theories such as presented in this book, and
we emphasize that they must be able to implement the theories in actual working simulators. We hope the
book reflects these goals, e.g., by the numerous pseudocode examples. Almost all algorithms described
have been implemented in the accompanying open source project [OpenTissue, 2005].

The book contains five parts reflecting the diversity of the field of physics-based animation. There are
therefore several ways to read this book:

Geometry of motion:
For the reader interested in the geometry of motion and kinematics, and those who wish to have
total control of motion patterns, we suggest Part I, which describes the design of motion patterns
regardless of the physics of the real world.

From particles to rigid bodies:
The most common starting point of physics-based animation is to begin with particle systems (Chap-
ter 8), followed by a study of rigid body animation in Part II, then an advanced investigation into
deformable objects in Part III, and ending with a study of Computational Fluid Dynamics in Chap-
ter 11.
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Computational fluid dynamics:
Some readers will find that Computational Fluid Dynamics is simple and choose to read Chapter 8,

followed by Computational Fluid Dynamics in Chapter 11, and Continuum Models with Finite
Differences in Chapter 9. It is our experience that finite element analysis in Chapter 10 poses the

biggest challenges for novices.

Collision detection:
Collision detection covered in Part IV is often treated in parallel with any of the above subjects.

Mathematical and physical compendium:
Part V is written as a very extended appendix, which contains much of the physics and mathematics

needed for understanding the theories in this book.

Happy reading!
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The Kinematics
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Kinematics is the study of the motion of parts without considering mass or forces. Newton’s laws,
therefore, are neglectable. The main application of kinematical methods is preconfigured animation, where
the physical simulation is not required, too complex to bother with, or does not live up to the Principles of
Animation [Frank et al., 1995, Lassiter, 1987]. Many computer films rely heavily on kinematics for mo-
tion; much of the theory may thus be seen as a natural extension to the stop-motion techniques developed
by Disney in the early twentieth century. Kinematics are divided into forward kinematics and inverse
kinematics, depending on whether the end configuration is given or not.

Forward kinematics is characterized by the motion being prescribed by the user or some function.
Therefore, it is often also called direct kinematics. Forward kinematics requires much manual labor; nev-
ertheless, direct kinematics is widely used in movie production. Here animators specify every parameter
as a function of time. Often the animators act out the motion of the figures they are about to animate. To
reduce production time, a computer vision technique called motion capture is often applied.

Motion capture is the process of tracking annotated points on an actor via video, reconstructing the
points location in three dimensions, and using the reconstruction as input to direct kinematics. With this
tool, animators can create astonishing realistic-looking motion that obeys the laws of physics. Motion
capture is a great tool for movie production, where the reconstructed motion is used to specify the param-
eters for a specific motion. Motion capture may also be used as a tool for creating new motion sequences
for computer games. In this case, the motion capture data is seen as a discrete sample of physical motion
and the new motion sequence is obtained by fitting a continuous model to the discrete data. One such
technique is called motion blending or animation blending. Blending techniques are often found in game
engines such as those listed at www.devmaster.net/. There are three basic problems when doing
motion blending:

Motion Time-Warping: How to match to motion sequences so they are aligned in time. In other words,
one has to figure out what frame in one motion corresponds to what frame in another motion.

Motion Alignment: One motion may be heading left and the other right, so what position should the
blending motion have?

Motion Constraint Matching: If we want to blend a running and walking motion, then we should care-
fully match frames where the corresponding feet touch the ground, in order not to make a sliding or
floating motion result.

Motion blending is used in computer games to create motion transitions between motion-captured data
and is seen in many third-person shooter games such as Hitman®etc. The techniques are often ad hoc and
rely heavily on animators to completely specify motion transitions a priori. Recent research focuses on
making the motions blend more naturally by taking the balance of a figure into account.

Parameters for forward kinematics may also be generated using motion programs [Barsky et al., 1991].
In motion programs, joint parameters are given as some continuous function of time, such as cos(t), which
generates an oscillating motion. Motion functions have to be carefully designed for the specific motion
such as biped gait walking [Parent, 2001, Chapter 6.2] or fish swimming [Terzopoulos et al., 1994].

Inverse kinematics deals with the interpolation of a figure from a specified starting and ending point.
This is also often used in animation tools such as Maya®or 3DMax®. Even for simple objects such
as the human arm, there will almost always be several solutions, since the elbow is movable even when
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the hand and the shoulder are fixed. Hence, a central problem in inverse kinematics is to select one out
of several possible motions. A solution is often sought that generates a natural looking motion. This is
achieved either by augmenting the inverse kinematics with extra constraints or combining with dynamics;
for instance, using minimum energy principles.

Finally, forward and inverse kinematics are often combined in real applications. For example, direct
kinematics may be used to give natural looking motions for some objects and inverse kinematics for
others. Another example is to use motion capture to generate statistics on realistic motions and use this
information to select solutions for inverse kinematical problems. Many physics engines further support
the mixture of forward and inverse kinematics with physically simulated objects. A typical example in
a movie production is to use inverse kinematics or physics-based animation to determine a rough set of
parameters for a given motion. Then the animation is computed in detail, where parameters for all objects
in each frame are recorded. This is called baking [Kaci¢-Alesi¢ et al., 2003]. After having baked the
animated objects, an animator can fine-tune the motions using the direct kinematics method to produce
entertaining animations. In conclusion, in real applications, techniques are used interchangeably both in
combination, as pre- and postprocessing steps.

In Part I we describe the basics of forward and inverse kinematics of articulated figures in Chapters 2
and 3, and the subject of scripted motion in Chapter 4.
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Articulated Figures

This chapter describes articulated figures and their representation. This representation is used later for
animation and simulation of articulated figures. An articulated figure can be thought of as a robot arm or
a human arm made of a number of solid rods, which are connected to each other by joints that can move
independently. When all the joints move, the overall motion of an articulated figure can be very complex.
The goal of this chapter is to present methods that make it easy to describe the kinematics of articulated
figures, which will be used later for animation and simulation of articulated figures.

The chapter is divided into three sections. Section 2.1 defines precisely what is meant by an articulated
figure, and how it is constructed. The last two sections explain two different methods of describing
articulated figures. Section 2.2 presents a general method named Paired Joint Coordinates, and Section 2.3
presents a specialized method named Denavit-Hartenberg.

2.1 Links and Joints

An articulated figure is a construction made of links and joints. The different links are connected by joints,
which have some degree of freedom. A link can be thought of as a solid rod, which cannot change its shape
nor length. Hence, a link is considered a rigid body that defines the relation between two neighboring joint
axes, see Figure 2.1. A joint can be thought of as a connection between two neighboring links. A joint
might have several degrees of freedom, i.e., it might rotate around one, two, or three axes, or it might
translate along one, two, or three axes.

An example of an articulated figure with one revolute joint is shown in Figure 2.1. One can think of
the links and joints as the building blocks which make up an articulated figure. Examples of articulated
figures are: industrial robots, construction equipment, and the human skeleton.

Links and joints are numbered from O, ..., N, and an articulated figure always starts with joint,
which is fixed at some stationary base coordinate system. The numbering of the links and joints is very
important. A joint inside an articulated figure, say joint, connects link;_; and link;, where link;_; is
closer to the base.

The joint shown in Figure 2.1 is a revolute joint, i.e., it can rotate around one axis. Generally, joints
are named for what they can do:

revolute joint: A joint that can rotate around one or more axes. Figure 2.2(a) shows a revolute joint with
one degree of freedom, but in general a revolute joint can have up to three degrees of freedom, i.e.,
it can rotate around all three coordinate axes.

prismatic joint: A joint that can translate along one or more axes. Figure 2.2(b) shows a prismatic joint
with one degree of freedom, but in general a prismatic joint can have up to three degrees of freedom,
1.e., it can translate along all three coordinate axes.

15
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link; joint; link;_q
joint
joint;_4
End Effector
joint azes
Figure 2.1: An example of an articulated figure with one revolute joint. The revolute joint can rotate
around one axis. The numbering of the joints is very important, i.e., joint; connects link;_; and link;.
link;—1 link; joint; joint axis
joint; joint axis link;_1 link;
(a) revolute joint (rotation) (b) prismatic joint (translation)
Figure 2.2: Examples of different joints used to construct articulated figures.
—®
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OrF; link; O0F,

Figure 2.3: The three coordinate systems associated with each link;: BF;, IF;, and OF;. The origins and
coordinate axes of the inner-frame IF';, and the outer-frame OF'; are specified in the body-frame BF';.

2.2 Paired Joint Coordinates

As mentioned previously, an articulated figure is constructed of links and joints. Because each joint can
either rotate or translate, the motion of the individual links and joints can be very complex. This is because
the motion of joint; and link; affect the motion of joint; and link; for ¢ > j. An example of this is: if
the base joint rotates or translates its motion affects all other joints and links of the articulated figure.
Therefore, it is very complicated to describe the motion of an articulated figure in a coordinate system
common to all joints and links. This difficulty can be overcome by introducing local coordinate systems
for all joints and links, and establishing transformations between the local coordinate systems.

An articulated figure can be described using the paired joint coordinates method [Featherstone, 1998].
The method is very general and it is based on associating three predefined coordinate systems with each
link. For link; these coordinate systems are named: body frame (BF;), inner frame (IF';), and outer
frame (OF;), and they are all associated with link;. The origins of the inner-frame and outer-frame are
located on the respective joint axes. This makes it easy to transform entities between successive links, as
we will show later. These coordinate systems are illustrated in Figure 2.3 and explained below.

The Body Frame (BF';): is alocal coordinate system that is associated with link;. The geometry of link;
is described in this local coordinate system. Generally, the origin and the axes of this coordinate
system can be chosen arbitrarily, but in order to handle articulated figures easily, it is recommended
that you choose the origin of BF'; to be the center of mass of link;. Also, it is recommended that you
choose an orthogonal coordinate system. If link; has some symmetry axes, it is recommended that
you choose some of them as basis axes for the local orthogonal coordinate system. In the following
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it is assumed that all coordinate systems are orthogonal.

The Inner Frame (/F;): is a local coordinate system that is associated with link;. Usually, this coor-
dinate system is associated with joint,. It has its origin located on the axis of joint,, and has one
axis parallel to the direction of motion of the joint. Both the origin and the coordinate axes of this
coordinate system are specified in the body frame.

The Outer Frame (OF';): is a local coordinate system that is associated with link;. Usually, this coor-
dinate system is associated with joint, ;. It has its origin located on the axis of joint, , and has
one axis parallel to the direction of motion of the joint. Both the origin and the coordinate axes of
this coordinate system are specified in the body frame.

The rest of this section contains subsections that derive transformations between the different frames

BF;

1. Compute the transformation T'rr, from inner frame to body frame (Section 2.2.1).

BF;

2. Compute the transformation T oF, from outer frame to body frame (Section 2.2.2).

OF;_

3. Compute the transformation 1T'rF, from inner frame of link; to outer frame of link;_1.

4. Compute the transformation (—=1); which transforms entities from the body frame of link; to the
body frame of link;_1.

The notation 7T rFroMm means that the transformation transforms an entity given in frame FFROM
coordinates to coordinates in the 70O frame.

When all these transformations are derived, it is possible to transform the coordinates of a point p
specified in the body frame of link; to coordinates in any other body frame, e.g., the body frame of link ;.
This is very general. But it makes it easy to transform the coordinates of a point p specified in any body
frame of link; to the base coordinate frame, the body frame of link(. This makes it possible to transform
positions, orientations, velocities, and accelerations of a point p, specified in any body frame to the base
frame, which can be used as a coordinate system common to all joints and links.

2.2.1 The Transformation T 5.

This section describes how to make a mapping from the inner frame to the body frame. To be more
specific, the problem is: given a point p in inner frame coordinates, determine its coordinates in the body
frame.

With the definitions from Section 2.2 for link;, let ojr,, ¢1r;, Jr,, and kyr, be the origin and the
basis vectors of the inner frame expressed in the body frame, see Figure 2.4.
The relation between the inner frame and the body frame is as follows: given a point p = [z, y, 2] T'in the
inner frame [F'; its coordinates in the body frame, BF';, can be expressed by an angular rotation ¢ around
some axis u followed by a translation 7 ;. This transformation is denoted BE ‘T r,, where the subscript
IF; and the superscript BF'; indicate that the coordinates of a point p specified in inner frame coordinates
is transformed to body frame coordinates.



“book” — 2005/9/30 — F5:44 — page 19 — #31

2.2 PHYSICS-BASED ANIMATION 19

B.FZ >
Tir, ipr, kpr, Opr,

O0F,

Figure 2.4: The mapping between the inner frame /F'; and the body frame BF'; for link;. The origin and
coordinate axes of the inner frame IF'; are specified in the body frame BF;.

In homogeneous coordinates the transformation from the inner frame to the body frame is given by a
matrix

BEiT 15, = Tip,(r 17, ) Rir, (01r,, wIr,) (2.1)

The translation and rotation matrices are given below

1 7r
T e, (rip,) = |:0T IlF] (2.2a)

tip, Jip. kmir, O
RIFi(QOIqufFi):[Ié?l .76F1 BFZ 1] (2.2b)

where the symbol 1 denotes a 3 x 3 identity matrix, and the vectors 2z, Jp,, kir,, and 0 are 3 x 1
column vectors. This makes both matrices 4 x 4. Both the translation matrix and the rotation matrix
are constant, depending only on the relative position and orientation of the inner frame and body frame.
Therefore, the resulting transformation BF:p 1F, 1s also constant.

2.2.2 The Transformation 7T ;p,

In this section it is described how to make a mapping from the inner frame to the body frame. To be more
specific, the problem is: given a point p in outer frame coordinates, determine its coordinates in the body
frame.

Recall the definitions from Section 2.2 for link;, and let ooF,, t0oF;, J oF,» and ko, be the origin
and the basis vectors of the outer frame expressed in the body frame, see Figure 2.5. A transformation
can be specified between the outer frame OF'; and the body frame, BF'; by defining the origin and the
basis vectors of the outer frame in the body frame coordinate system. Let this transformation be denoted
BEST 5., where the subscript OF; and the superscript BF; indicate that the coordinates of a point p
given in outer frame coordinates is transformed to body frame coordinates.
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Tir, tpr, kpr, OBpF, Tor,

Figure 2.5: The mapping between the outer frame OF'; and the body frame BF'; for link;. The origin and
coordinate axes of the outer frame OF'; are specified in the body frame BF';.

In homogeneous coordinates the transformation from the outer frame to the body frame is given by a
matrix

BEiT op, = Tor,(ror,)Ror, (¢oF,;, wor,) (2.3)

The translation and rotation matrices are given below

1 ror
Tor,(ror,) = |:OT (in} (2.4a)
tor, Jor. kor, O
Ror,(¢or;, uor,) = [ OOFZ J%FZ %FZ J (2.4b)

where 1 is a 3 X 3 identity matrix, and the vectors 2 or,, J oF,, kor;, and 0 are 3 X 1 column vectors, which
makes both matrices 4 x 4. Both the translation matrix and the rotation matrix are constant, depending
only on the relative position and orientation of the inner frame and body frame. Therefore, the resulting
transformation 2FiT o F, 1s also constant.

2.2.3 The Transformation °7—1T ;. (d;, 05, u;)

In previous sections the link transformations BEF: 1F, and BF ‘T or, were derived, see Sections 2.2.1
and 2.2.2. These transformations are local to the link in question, namely link ;. In this section a transfor-
mation from the inner frame of link; to the outer frame of link;_; will be derived. Let this transformation
be denoted OFi—lTIFi.

The links link;_; and link; are connected by joint;. The relation between the inner frame of link;
and the outer frame of link;_; is given by a joint-transformation consisting of a rotation (¢;,u;) and a
translation d;

OFia T g (di, iy wi) = Ti(di) Ripi, w;) (2.5)

where ; is the rotation angle, w; is the rotation axis, and d; is the translation vector, see Figure 2.6. To
make the notation easier, the index ¢ is omitted in the following two equations. This means that p; = ¢,
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joint aris

BFi_lTOFi—l /

lz’nki_l

joint;

Figure 2.6: Link;_1 and link; are connected by joint,, and an associated joint-transformation OFiam o i
The figure shows a revolute joint, but the transformation ¥i-1T . can be any transformation.

Wi = [Ug, Uy, u,]’, and d; = [d,, dy, d,]*. With this notation the translation matrix 7T'(d;) and the
rotation matrix R(y;, u;) are given by
[1 0 0 d,
o1 0 4,
T)= |y o 1 o (2.6a)
000 1
[l (1—ul)ep  wauy(l—cp) —uzse ugus(l—cp) +uyse 0
Uzpty (1 — cp) + uysp u + (1 —u2)ep uytz (1 — cp) —uzsp 0
R(psu) = | =" v y v 2.6b
(i) = 11— cp) —uyse upus(l—cp) Fugsp w4 (l—udep 0 O
0 0 0 1

where sy is shorthand for sin ¢, and ¢y for cos . The parameters (d;, i, u;) are denoted joint parame-
ters.
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2.2.4 The Transformation VT (d;, ;, u;)
From Figure 2.6 it can be seen that the transformation between the body frame of link ; and the body frame
of link;_1 is given by
i . . . —1

COT(diy i, wi) = (PP Tor, ) (7 T, (diy i, w)) (P T i, ) 2.7
By specifying the transformation =1, (di, pi,u;) forall links, s = 1,..., N atransformation from link
N to the base, link can be written

TN =T n(dy, o1, w1, ..., dN, o, uN)
=T (dy, o1,u1) ' Ta(da, 2, uz) - V' Ty (dn, o, un) (2.8)

Let 6, denote the generalized joint parameters for joint i, i.e., @; = (d;, ¢;, u;). Then (2.8) may be written
in a more compact form

Ty =Ty (01,...,0n) ="T1(61)'T(02)--- N VTy(0y) (2.9)

This is a very general approach. It is possible to use it, but it is not very easy to use. In the next section it
is shown how the approach can be specialized, so it is much easier to use.

2.3 Denavit-Hartenberg

The Denavit-Hartenberg notation [Craig, 1986] is a very specialized description of an articulated figure.
It is specialized such that each joint has only one degree of freedom: it can either translate along its z-axis
or rotate around its z-axis. If a joint needs more degrees of freedom, several joints with link lengths equal
to zero are located on top of each other.

Because each joint has only one degree of freedom, the Denavit-Hartenberg notation is very compact.
There are only four parameters to describe a relation between two links. These parameters are the /ink
length, link twist, link offset, and link rotation. The parameters are also known as the Denavit-Hartenberg
parameters. The Denavit-Hartenberg notation is a specialization of the Paired Joint Coordinates method
for describing an articulated figure, see Section 2.2.

Consider an articulated figure as the one shown in Figure 2.7. The Denavit-Hartenberg parameters of
this articulated figure are defined below and summarized in Table 2.1. The Denavit-Hartenberg parameters
used to describe an articulated figure can be computed by the following steps:

1. Compute the link vector a; and the link length a; = a;.
2. Attach coordinate frames to the joint axes.

3. Compute the link twist ;.

4. Compute the link offset d;.

5. Compute the joint angle ;.

6. Compute the transformation (i_l)Ti, which transforms entities from link; to link;_1.

The rest of this section contains subsections that describe how to perform each of the steps listed above.
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joint;_4

linki_g

joint axes

Figure 2.7: This figure shows all the symbols used for the Denavit-Hartenberg notation and the physical
meaning of those symbols. It should be noticed that the straight lines marked with the symbols e are
parallel, and this is also true for the straight lines marked with the symbol ¢. This means that the line
marked with e is parallel to the axis of joint,, and the line marked with the symbol ¢ is parallel to the
coordinate axis x;_1. Use this figure as a reference. All the details are explained below.
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link length a; The perpendicular distance between the axes of joint; and joint,;, ;.

link twist ~ «; The angle between the axes of joint; and joint, . The angle o; is mea-
sured around the x;-axis. Positive angles are measured counterclockwise
when looking from the tip of vector x; toward its foot.

link offset d; The distance between the origins of the coordinate frames attached to joint
joint;_q and joint; measured along the axis of joint,. For a prismatic joint
this is a joint parameter.

joint angle ; The angle between the link lengths a;_; and a;. The angle ; is measured
around the z;-axis. Positive angles are measured counterclockwise when
looking from the tip of vector z; toward its foot. For a revolute joint this
is a joint parameter.

Table 2.1: Denavit-Hartenberg parameters.

2.3.1 The Link Vector a; and the Link Length a; = [|a|,

Consider the axes of joint; and joint, ;. The link length a; is the shortest distance between these axes.
This can also be formulated as: the link length a; is the distance between the closest point p; on the axis
of joint; and p;,, on the axis of joint,, ;. Let the joint axes be given by the parametric vector equations

li(s) = p; + su; (2.10a)
liv1(t) = pip1 +tuip (2.10b)

where p; is a point on axis of joint;, and u; is a direction vector of that axis. Analogous for p;,; and
w;41. This is shown in Figure 2.8. The following three sections describe three different methods for
computing the link vector a;.

2.3.1.1 Method 1: The Pseudonaive Approach

The shortest distance, a;, between the axes of joint; and joint;,, is given by the length of the vector
which connects the axes and which is perpendicular to both of them. That distance can be computed as
the dot product between the vector p,;,; — p; and a unit vector in the direction of u; X w11

U; X Wiy
= (p.. , —p.). L T 2.11
a; (pz—i-l pz) H X i+1||2 ( )

To find the locations of the points o; and o4, where this distance exists, one can go some distance s from
point p; along joint axis 4, and then the distance a; along the unit vector w; X i1/ [|u; X w41, and
finally some distance ¢ along joint axis ¢ + 1 to arrive at point p, , ;. This results in the following equation

u; X Uu;
D+ sU + ai——— = p tui = (2.12a)

|wi X wital],
U; X Uit1

su; — t'l,l,i+1 =Pi+1 —DP; — aZm (212b)
(2 (3 2
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joint azxes Jomnt;

Figure 2.8: The shortest distance between the axes of joint; and joint,,  is given by the vector a;, which
is perpendicular to both joint axes. The length of a; is denoted the link length.

Computing the dot products of (2.12b) and the vectors w; and w;41, and recalling that the dot product
between u; X u;y1 and w; and w;4 1 vanish, the following equations in the unknowns s, ¢ are obtained.

s will2 = t(wi - wiy1) = (Pips — Pi) - wi (2.13a)

s(ui - wip1) — w1 |? = Py — pi) - i (2.13b)

The solution s, ¢ of this linear system of equations is given by

2
o Pira = P) - (willuigaly — i (ui - i) (2.14a)

D) 3
will] i [l — (wi - wi1)?
2
‘= (Pir1 — Pi) - (wi(w - wig) — wig [uill}) (2.14b)
|2 e |12 = (wi - wig1)?
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Using (2.10) the points o; and 04, can be computed as

2
(Piv1 — Pi) - (Wi [Jwipa |, — wir1(wi - wip1))
P 3
Jwill} lwisall; — (wi - wig)?
2
(Piv1 — i) - (wiwi - wip1) — wigr |lwil];)

3 3
lwill lwia |l — (wi - wig1)?

o0, =1i(s) =p; + u; (2.15a)

Oq;, = li+1(t) =Piy1 + Wit (2.15b)

2.3.1.2 Method 2: The Geometric Approach

The vector, which is perpendicular to both joint axes is given by the cross product of the direction vectors
u; X u;11, but it is not known where this vector is located on the joint axes. To find this location, one can
go some distance s from point p; along the axis of joint;, and then go some distance k along w; X wiy1,
and finally go some distance ¢ along the axis of joint,, to arrive at point p, ;. This can be expressed in
the following equation

p; +su; + ku; X i = Pirq + Ui (2.16)

This is a vector equation in three unknowns s, ¢, k. To solve this equation, first eliminate the unknown &
by computing the dot product of (2.16) and vector w;.

D Wi + su - w + E(u X W) - w =Py g - ug, (2.17a)
Pi- Wi+ SU; - U = Py - U + UL - U, (2.17b)
s lwill? = tlwi - wig1) = (D1 — P;) - Wi (2.17¢)

Second, eliminate the unknown k& by computing the dot product of (2.16) and vector w ;1.

D Wit + SWi - Uigp1 + k(W X Uig1) - Wip1 = Diyq - Wig1 + LU - Wit (2.18a)
P Wip] + SU; - Uir] = Py - Wip] T W41 - Wiy, (2.18b)
s - wip1) = tuwira|? = Py — pi) - wia (2.18¢)

Finally, eliminate the unknowns s, ¢ by computing the dot product of (2.16) and vector w; X w;1.

P; - (wp X wigq) + s (u; X wipq) + k(w; X wip) - (w; X wigq)
=P (W X wipr) +tuipr - (u; X uipr), (2.19a)
D (Wi X 1) +E(u X wigq) - (U X Uip1) = Pipq - (Ui X Wig1), (2.19b)
Fllws X wig1||? = Py — ;) - (wi X wip) (2.19¢)

The equations (2.17c), (2.18c) and (2.19a) form a system of three equations in the unknowns s, ¢, k.

s llwill? = t(wi - wip1) = (D1 — Pi) - i (2.20a)
s(ui-wipr) —t ||Uz'+1\|§ = (Piy1 — Pi) - Wit (2.20b)

k|ui x uz’+1\|§ = (Piy1 — Pi) - (Ui X Wiy1) (2.20c)
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It can be seen that only (2.20a) and (2.20b) are needed to solve for the unknowns s, ¢, and (2.20c) yields
k directly.

From (2.20c) it can be seen that the shortest distance between the axes of joint; and joint; | is given
by the vector

(Piy1 — Pi) - (u; ¥ Uz’+1)(
i X wiga

(pi+1 —p;) - (Wi X uig1) w; X wiyq

i u; X ui—i—l) (2213)

_ (2.21b)
lwi X wit1]], |wi X w1l
— aiM (2.21¢)
Jwi X wipl,
where the link length a; is given by
g = Pix1 — Pi) - (Ui X Uiv1) (2.22a)

i X wital],

From (2.20a) and (2.20b) the unknowns s, ¢ can be computed

2
s (Piy1 — Pi) 'Q(Ui ”uileQ - ui+l(ui2' Uit1)) 2.2%)
lwill5 lwisa ] — (wi - witr)

2
‘= (Pir1 — Pi) - (wi(w - wigr) — wig [uill}) (2.23b)
| flwira |I” = (wi - wigr)?

Using (2.10) and the solution s, ¢ the points 0; and 04, can be computed as

2
(Pit1 — Pi) - (Wi [lwita [l — wir(ws - wit1))
il i | = (wi - wier)?
2
(pz—i—l pl)Q ( z( 12 H—l) z+l2” ZH2)U¢+1 (2.24b)
lwill [lwisa |l — (wi - wit1)

0q; =lit1(t) =piy1 +

The point o; is the origin of the coordinate system attached to the axis of joint,, and the point og, is the
intersection between the axis of joint,,; and the vector a; when it starts at point o;.

2.3.1.3 Method 3: The Analytic Approach

The distance between two arbitrary points located on the axes of joint; and joint;, | respectively is given
by the expression

d(s,t) = \/ (Ler () — 1(5) - (Lesa (1) — 1i(5)) (2.252)

= \/(Pi+1 +tuip1 — p; — sui) . (le +tuip1 — p; — sui) (2.25b)
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The link length of link;, a;, is given as minimum distance between the joint axes. Therefore, a; is the

solution to the minimization problem

a; = mind(s, 1) = min \/ (L1 (6) — L(s)) - (L () — L(s))

= min \/(Pz'+1 Ftuip — p; = sw;) - (Pigg + tuit1 — P — su;)

A necessary condition for (2.26a) to have an extrema is that it has the stationary points

ad(s, t) _ (pi+1 +tuip1 — p; — S’U,Z') cU; _0
Os \/(Pz‘+1 + gy — Py — sui) - (Piyg + tUip1 — p; — sU;)

od(s,t) (Pig1 +tUip1 — D; — SU;) - Wit 0
o N

\/(piﬂ + w1 — Py — SW;) - (Do + Uit — Py — ;)
The requirement that (2.27) vanish is equivalent to their numerators being equal to zero
(Pig1 +tuip1 —p; — su;) ~u; =0
(Pit1 + Wit1 — Py — su;) - w1 =0
Rewriting this system of equations yields
2
s llwgll] — t(wi - wir1) = (Piy1 — ;) - wi
2
s(wi - wiy1) — tluip |, = (Pig1 — P;) - Uiga
The solution s, ¢ of this linear system of equations is given by
2
(Piy1 — Pi) - (Wi l|wiga [l; — wiv1(wi - wiy1))
2 2
will] i [l — (i - wi1)?
2
(Pix1 — ;) - (wiu; - wip1) — uip HUiHQ)

P P
lwill] i ll; — (wi - wig1)?

Using (2.10) and the solution s, ¢ the points 0; and 04, can be computed as
2
(Pit1 — Pi) - (Wi [lwita |l — wir(ws - wit1))
2 2
ol [} leeia [l — (wi - wig1)?
2
(Pip1 —Pi) - (Wil - wir) — wigy |Jul];)

P P
fwill] i ll; — (wi - wi1)?

0; = lZ(S) =p;+

)

0q; = lit1(t) = pj1 +

Ui+1

(2.26a)

(2.26b)

(2.27a)

(2.27b)

(2.28a)
(2.28b)

(2.29a)
(2.29b)

(2.30a)

(2.30b)

(2.31a)

(2.31b)

These two points are the closest points on the axes of joint; and joint;, . Therefore, the link vector a;

and the link length a; are given by

a; = Oqg, — O;

a; = |aill, = [|oa; — ail,

(2.32a)

(2.32b)
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The Link Vector a;
The link vector a; is the vector that connects the two closest points on the axes of joint; and joint,;
respectively. Therefore, the link vector a; is the difference between the points o, and o; from (2.31).

a; = Oq, — O; (2333)
( (Piy1 — i) - (wiw; - wig1) —uip ||Uz‘||§) >
= | Pi+1 Uit

3 P
lwill; lwirall; — (wi - wig1)?

2
(Piv1 — Pi) - (Wi [[wia ] — wipr (s - wit))
—(p, ~ s . u; (2.33b)
llwill; lwisall; — (wi - wig1)
(Piy1 — i) - (Wi wig]” — wirr (i - wig))
= (Pig1 —Pi) — B D) 2 i
il [lwisa |l — (wi - wit1)
2
. _— . . u4 u- . u- — u, u,
n (Pit1 — i) - (wiwi - uitr) it+1 || ZHQ)UH_I (2.33¢)

P P
fwill] i ll; — (wi - wig1)?

In the next section it will be shown that the link vector a; is perpendicular to the axes of joint; and
]OZntZ +1-

The Dot Products a; - u; and a; - w41
In this section it is shown that the link vector a; is perpendicular to both axes of joint; and joint, . The
dot product between the link vector a; and the direction vector w; of the axis of joint; is equal to

2
(Pit1 — Pi) - (Wi [lwita [l — wia (wi - wit1))
2 2
will] i ]|, — (wi - wi1)?

2

(Pix1 — i) - (wiu; - wip1) — uip HUiHQ)
2 2
lwill] iy ]| — (wi - wigq)?
2 2 2
(Pit1 — ;) - (u ||Uz'||2 ||Uz'+1||2 — Uit ||Uz‘||2 (w; - wiy1))
2 2 2
will5 lwisa ], — (wi - wigr)

(Piy1 —pi) - (wilu; - Wit1)? — Uiy ||Uz||§ (w; - wiy1))

a; w; = (Piy1 —P;) Ui — (u; - u;)

(ui+1 . uz) (2343)

= (Piy1 —Pi) Wi —

(2.34b)
||Uz‘||§ ||Uz'+1||§ — (u; - uipr)?
— il 2 i 12 + (i - wig)?
= (Pip1 —P;) wi + (Pig1 — P;) - u( s (2.34c)
”’u’l”g ”ul-i-lHQ (uz uz—i—l)

= (Piy1 —P;) Ui — (Piy1 —D;) Ui =0 (2.34d)
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Analogously, it can be shown that the dot product between the link vector a; and the direction vector w;1
of the axis of joint;,  is then equal to 0, i.e., @; - u; 41 = 0.

(Piv1 — i) - (u HWHHS — Wit (Ui - Uit1))
| flwira |2 = (wi - wign)?
(Pix1 — i) - (wiu; - wip1) — g ”ung)
| fJwira |2 = (wi - wign)?
(Piy1 — pi) - (U Hui+1”§ (Wi - wig1) — w1 (wi - wi1)?)
|2 i ]2 — (i - igr)?

2 2 2
(Piv1 — i) - (i [[wipa ] (i - wir) — wipr ([} [[wisa|))

a; Uil = (Pz'+1 —D;) Wil — (i - Wit1)

+

(Wig1-uiy1) (2.35a)

= (pi+l - pl-) c U1 —

+ (2.35b)
||Uz'||2 ||Uz‘+1||2 — (u; - Uz‘+1)2
2 2
- ||Uz'H2 H’uz'+1||2 + (u; - uir)?
= (Piy1 — D) " Uiy1 + (P — P;) - uz’+1< ) 22 ) 22_ > (2.35¢)
||u2||2 Huz-l-lH2 (uz uz—i—l)
= (Pit1 — Pi) - Wiy1 — (Pip1 — D) - Wit1 =0 (2.35d)

Thus, the link vector a; is perpendicular to both axes of joints joint; and joint;, ;. This means that there
exists a plane 7; with normal vector a; which contains the axis of joint;. Also, there exists a plane ;41
with the same normal vector a; which contains the axis of joint,, |, see Figure 2.9.

2.3.1.4 The Easy Way to Compute a; and ||a;|,

The link vector a; is perpendicular to both of the axes of joint; and joint;, ; as shown in (2.34) and (2.35)
and in Figure 2.9. The unit vector ¢; given by the cross product between the direction vectors u; and of
the u;1 of the joint axes

U; X Uit1

AR (2.36)
lwi x wit1]],

C;, =
is parallel to the link vector a;.
Given two points p; and p,; on the axes of joint; and joint; respectively, the link length can be
computed as

U; X Uit1
laill, = [|(Pis1 — pi) - cif|, = ‘(p —Pi) T (2.37)
ll, = [Pis = i ZH? LT g X wigal,
and the link vector a; can be computed as
U; X Ui41 U; X Uit1
a; = ((Piy1 —P;) - €i)ci = <(pz-+1 —pi)- T X ] > TR (2.38)
2 2

These computations are illustrated in Figure 2.10. It can be shown by simple but very many algebraic
manipulations that the link vectors computed by (2.33) and (2.38) are identical.
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Figure 2.9: The axes of joint; and joint, | are contained in two parallel planes 7; and 7; 1 respectively.
The perpendicular distance between the planes 7; and ;1 is equal to ||a;|,.

The vector ¢; = u; X wit1/ ||u; X uiy1||, can either point from the axis of joint, to the axis of
joint,; 1 or in the opposite direction depending on the orientations of the vectors u; and w; 1. If the
vector ¢; points from the axis of joint,, | to the axis of joint,;, the dot product (p, ,; — p;) - ¢; is negative,
and the link vector a; will get the right orientation.

In the other case where the vector ¢; points from the axis of joint; to the axis of joint,, the one
shown in Figure 2.10, the orientation will obviously be right.

2.3.1.5 Special Case: The Joint Axes Intersect

If the axes of joint; and joint,, ; intersect then the shortest distance between the axes, a; is equal to zero,
and the link vector is the null vector, which has any direction. In this case, choose the link length, a; = 0
and the link vector to be equal to the cross product between the direction vectors, w; and u;41 between
the axes of joint; and joint, . That is, choose

a; = — 2 Wil (2.39a)
Jwi < wip1l,

a; =0 (2.39b)
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Figure 2.10: An easy way of computing the link length a;. Let the vector ¢ be equal to the unit cross

product between the direction vectors of the axes, i.e., the vector c; is given as ¢; = m, and let
T T
2

the points p; and p, | be arbitrary points on the axes, e.g., the points given in (2.10). Then the link length
is equal to the dot product between the vector ¢; and the vector (p;, | — p;). Thatis a; = (p; 11 — P;) - Ci.

For this special case it is convenient to choose such a strange link vector that does not conform to (2.38),
because the link length a; is a Denavit-Hartenberg parameter, and the link vector a; is used to attach the
coordinate frame, the x;-axis of link;. Furthermore, the origin o; and the point 04, are uniquely defined
as the intersection point.

2.3.1.6 Special Case: The Joint Axes are Parallel

If the axes of joint; and joint;; are parallel, there is no unique shortest distance between the axes, see
Figure 2.11. In this case, compute the link vector and the link length as follows

u; u;
a; = (pi-‘,-l -p;) — <(pi+1 -p;)- m) (2.40a)
tilg 2

a; = ||CLZ||2 (2.40b)

where p; and p;, ; are known points, and u; and w; 1 are known direction vectors of the axes of joint,
and joint, 1, see (2.10). The origin o; can be chosen arbitrarily, and the point 04, is obviously given by
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joint; joint azxes Joint,
 ‘ Uit
| ui \
w; a; = (P —Pp;) — <(pi+1 -p;)- ) ) )
Bir i) | Toadll) Teadl
s D Pig1
U;
[l |

Figure 2.11: The joint axes are parallel, so there is no unique shortest distance between them.

o; and a;. Since the origin o; can be chosen arbitrarily, it might be clever to choose it such that most of
the Denavit-Hartenberg parameters will be equal to zero.

2.3.1.7 Special Case: The First Joint

An articulated figure must start at some place, and therefore there is a problem with the very first joint,
because there is no link preceding it. Therefore, a base link is introduced, denoted link . The link frame
for linkg can be chosen arbitrarily, but it is clever to let it coincide with the link frame of link; when the
articulated figure is in its rest position. Then most of the Denavit-Hartenberg parameters will be equal to
Zero.

2.3.1.8 Special Case: The Last Joint

An articulated figure must stop at some place, and therefore there is a problem with the very last joint,
because there is no link following it. Generally, the coordinate frame of the last link can be chosen
arbitrarily, because there is no physical link, i.e., the articulated figure stops at the axis of joint 5, so there
is no link vector a . The only thing that is given is the axis of joint 5y which becomes the z y-axis. But it
is clever to choose the origin o, the link vector a (the xp-axis), the link offset d, and the link twist
a so that most of the Denavit-Hartenberg parameters are equal to zero.

2.3.2 Coordinate-Frame Attachment

Given an articulated figure, the first thing to do is to attach one coordinate system to each link. These
coordinate systems are called link frames. The procedure for attaching the link frames is as follows:
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joint;
joint,; 4 Jomnt;
S | u; /
N Wi—1 Uit
p -1 b Pit1

Figure 2.12: The joint axes of an articulated figure. The axes are given by the parametric equations
li(s) = p; + su;. Think of the joint axes as the vectors u,;.

1. Identify the joint axes.
2. Identify the common perpendiculars of successive joint axes.
3. Attach coordinate frames to each joint axis.

In the following will each of the above steps be performed.
First, identify the joint axes of the articulated figure (see Figure 2.12). The axis of joint; is given by
(2.10a), and repeated here for convenience.

li(s) = p; + su; (2.41)

Next, identify the common perpendicular between neighboring joint axes. That is, identify the com-
mon perpendicular a; between the axes of joint; and joint;,,. Also, identify the point o; where the
common perpendicular intersects the axis of joint,. This is illustrated in Figure 2.13.

In Section 2.3.1.3 we showed how to compute the shortest distance a,; between the axes of joint, and
Jjoint;, 1. We also showed that the shortest distance is along the common perpendicular between the axes
of joint; and joint, . Finally, we showed how to compute the location of the shortest distance o; on the
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joint;
joint,; 4 Jomnt;
S | u; g
N Wi—1 Uit
P ke Mo

Figure 2.13: The link vectors a; and the origins o;.

axis of joint;. What is needed here is the link vector a; and its intersection o; with the axis of joint;, see
(2.31) and (2.32a) in Section 2.3.1.3.
Finally, the i link frame, shown in Figure 2.14, can be constructed in as follows:

1.
2.

The Origin: Let the origin of the i*" link frame be at the point o; on the axis of joint,.

The z;-axis: Let the z;-axis be along the i joint axis. That is, let the z; be parallel to vector u;

from (2.41)
Uu;

Zi=—— (2.42)
1wl
The x;-axis: Let the x;-axis be along the link vector a; from (2.32a)
P (2.43)
laill,

The y,-axis: Let the x;-axis be such that the vectors x;,y,, z; form a right-handed orthogonal
coordinate system. That is, let y, be given as

y; = R X Ti (2.44)
z: x x|,
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joint;
joint,; 4 Jomnt;
S | u; /
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Pi-1 b Dii1
" ‘ZZ //
' Ziy1
o; ¢
P 01 ¢
Yir
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Figure 2.14: The articulated figure and its link frames o;, x;, y;, 2;.

2.3.3 The Link Twist o;

The link twist is the angle «; between axes of joint; and joint;, . The angle «; is measured around the
x;-axis. Positive angles are measured counterclockwise when looking from the tip of vector x; toward its
foot, see Figure 2.15. More specifically, the link twist «; is the angle between the direction vectors of the
joint axes w; and u;4+1 measured around the link vector a;.

Recall some properties of the scalar and vector products.

;- w1 = [, [[uital], cos a; 0<a;<m (2.45a)
H’U,Z X ui+1||2 = ||UZH2 ||’U,Z'+1||2 sin (67} 0< o, < (245b)

which is equivalent to
cos oy = Yit Uit 0<o<m (2.46a)

will, [lwitall,
i x wigal],

il lwipall,

0<o < (2.46b)

sino; =
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joint;
Wit
/ Pit
' Zit1

Yir1

Lit1

Figure 2.15: The link frames and link twist a;. In the figure, the link twist «; is negative.

Notice, since 0 < sina; < 1 while —1 < cosa; < 1, the angle «; will always be in the interval
0 < o; < 7, see Figure 2.16. In the following we show how to compute the link twist «; correctly.

Recall that the mathematical function arctan : R — R returns a value in the interval [—, 7. Let
the function arctan2 : R? — R be defined as

7

arctan % if n>0Ad>0
n .
arctan 7 if n<O0OAd>0
arctan2(n,d) = n (2.47)
arctan 7 4+ if n>0Ad<0
n .
arctan<g>—7r if n<0Ad<O
That is, if the link twist «;; is naively computed as
o = arctan2< loss x i, Ui Wit > (2.48)
(2 b)) M
lJwsll, [Jwirall, " lwill, [Jeisall,
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2 1
Ccos 0%( ) cos ag )

sin o

~_

Figure 2.16: The twist angle «; is always positive and in the interval 0 < a; < 7. Since 0 < sina; <1
(1) (2)

% 7

and —1 < cos a;; < 1 there are two possible angles o, and ;" depending on the sign of cos ;.

the result will sometimes be wrong, because sin «; from (2.46b) is always positive. That means, the angle

o) 2)

a; will always be one of the two positive angles «;"* or o;”” shown in Figure 2.16, i.e., a; will always be

positive.

The angle «; in the cross product, (2.46b), is measured around the axis w; X w;41. If the vector
u; X u;11 has the same direction as the link vector a; then the angle «; in (2.48) is correct, see Figure 2.17
If the vector u; X u;4+1 has the opposite direction as the link vector a; then the angle «; in (2.48) is not
correct. The correct angle «; is the negative of the angle in (2.48), see Figure 2.18.

To distinguish between the two cases where the vectors w; X u;41 and a; have the same or opposite
directions, it suffices to check the sign of their dot product (u; X ;1) - @;. That can be expressed in the
following equation

u; X u; Ty
+arctan2< s ZHHQ , i * Wit > if (w; X ujp1)-a; >0
o — sl llwirall, " [lill, [leisall, (2.49)
v u; X u; L )
— arctan2< | 'Z Z‘HHQ ) 1‘% UZ'H > if (u; X uip1)-a; <0
il llwivall,” il [Jwigall,
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Ui X Uit1

Figure 2.17: The twist angle is positive because the direction of the vector w; X u;41 has the same direction
as the link vector a;.

Ui X Uit1

Wi+1

U;

a;

Figure 2.18: The twist angle «; is negative because the direction of the vector w; X w;,1 has the opposite
direction of the link vector a;.
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jont;

Wit

/ Pit

' Zit1

Yir1

Lit1

Figure 2.19: The link offset is the distance between the origins of the coordinate frames attached to joint
joint;_; and joint; measured along the axis of joint;.

2.3.4 The Link Offset d;

The link offset is the distance between the origins of the coordinate frames attached to joint joint,;_; and
joint; measured along the axis of joint,. More specific, it is the distance between the point o4, , where
the x;_1-axis intersects the axis of joint; and the origin o; of the link frame of link;, see Figure 2.19. The
points o; and o, are given by (2.31) for any ¢. That is
d; = +HOZ'—OGZ,_1H2 %f (oi_oai_l) ~u; >0 (2.50)
- Hoi — O0q; H2 if (0 —0q, ) u; <0

2.3.5 The Joint Angle ¢,

The joint angle ¢; is the angle between the link vectors a;_; and a;. The angle ¢; is measured around
the z;-axis. Positive angles are measured counterclockwise when looking from the tip of vector z; toward
its foot, see Figure 2.20. The joint angle ; is computed the same way as the link twist «;, which was
described in Section 2.3.3. The difference between the computations are the vectors which are involved.
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Figure 2.20: The coordinate frames of the links and the joint angle. In the figure, the joint angle ¢; is
negative.

The joint angle ¢; is the angle between the link vectors a;_; and a; measured around the axis z;
which is parallel to the joint axis u;. Using the same arguments as in Section 2.3.3 the joint angle is
computed as follows

+arctan2< laiz1 x ai, di1 G > if (@i—1 xa;)-z;>0
o = laiall, llaill,” [lai-1ll, lail, Z YT 2.51)
Z arctan2< laizs x aifl, ai1-a: > if (a1 xa;)-z;<0 .
_ X oay) -z
laiall, llaill,” [lai-ill, lail, Z v

2.3.6 The Link Transformation (~VT;

The transformation (“""DT'; transforms entities from one frame to the preceding frame. This can be ex-
plained as follows. Given the coordinates of a point p, specified in linkframe,, the transformation =1,
transforms point p, such that its coordinates are specified in linkframe,_;.

The idea is to transform the point p, with coordinates in linkframe; with a transformation that
makes linkframe,_, coincide with linkframe,. The transformation of the coordinates of point p, from
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joint;

)

Figure 2.21: The coordinate frames of the links and the joint angle.

linkframe, to linkframe,_; is done in several steps:

1. Rotate the joint angle (; around the axis z;.

2. Translate the link offset d; along the axis z;.

3. Translate the link length a;_; along the axis x;.

4. Rotate the link twist angle a;;_; around the axis x;.
That is, the transformation “~T"; has the form

DT (i, diy ai1, @i1) = Ray (1) T, (ai-1) Tz, (di) R, (07) (2.52)

A detailed description of the transformations Ry, (ai—1), T's,(ai—1),T2,(d;), Rz,(¢;) is given in the
following sections.
2.3.6.1 The Transformation R, (y;)

Consider Figure 2.21. The angle between the x; and x;_ is equal to ¢; measured around the axis z;. So,
by rotating the angle (; around the axis z; we make the coordinate axes x; and x;_; parallel. The actual
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transformation is given as

cosy; —sing; 0 0
sinp; cosyp; 0 O
0 0 0 1

After this transformation, the axes x; and x;_; are parallel, i.e., @; || @;_1.

2.3.6.2 The Transformation T, (d;)

Still consider Figure 2.21, but remember that the axis «; has been rotated such that it is parallel to the axis
x;_1. By translating the distance d; along the z;-axis the axes «; and x;_; will not only be parallel, they
will lie on the same line. The actual transformation is given as

1

Tzi (dl) =

0
0
1 (2.54)
0

oo o
oo R, O
— & oo

After this transformation, the axes x; and x;_; are not only parallel, but they are located on the same line
i.e., r; = )\$z‘—1-

2.3.6.3 The Transformation T';,(a;_1)

Still consider Figure 2.21, but remember that after the previous transformations the axes x; and x;_; are
now on the same line. By translating the distance a;_; along the x;-axis, the origins o; and 0;_; will
coincide. The actual transformation is given as

1 0 0 a;—1
010 0

Ty, (ai—1) = 001 o0 (2.55)
000 1

After this transformation, the axes a; and x;_; are on the same line, and the origins o; and 0;_; coincide,
i.e., O; = 0;_1

2.3.6.4 The Transformation R, («;)

Still consider Figure 2.21, but remember that the axes x; and x;_; are now on the same line and that
the origins o; and 0;_; are coincident. The only thing that needs to be taken care of is to transform the
z;_1-axis into the z;-axis. This is done by rotating the angle «;_; around the axis x; = x;_1. The actual
transformation is given as

0 0
cosay_1 —Sino;_1
sino;_1  cosqy_q

0 0

R, (1) = (2.56)

OO O
_ o oo
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After these transformations the two coordinate systems coincide and the final transformation (=), from
linkframe, to linkframe,_ is established.

2.3.6.5 The Transformation (—)T;(d;, ©;)

As shown in the previous sections, the transformation =D is given as
CVTi(ds, @i, ai-1,0i-1) = Ra, (0i-1) T, (ai-1)T 'z, (di) R, (1) (2.57)

Usually, the link parameters a;_; and c;_; are constant for a given articulated figure, so the transformation
(=1 is really only a function of the two parameters d; and ;. Multiplying the matrices yields the
following expression for the transformation “~1)T;

COs ©; — sin ¢p; 0 a;_1
(i_l)T'(d' o) = cosay—1Siny; cosa;_1cosy; —sina;_; —d;sina;_q (2.58)
P sina;_1sing; sina;_jcosy; cosa;—1  d; COS ;1 )
0 0 0 1

In some literature, it is often seen that the transformation (‘~VT; is written in a different way. Omitting
the parameters, the transformation has the form

(i—l)Ti =R, T,T.R., (2.59)

from which it can be seen that there are only translation and rotation matrices. Furthermore, it can be seen
that they can be written in two groups

(i_l)Ti = (Rszmz)(TZZRZZ) (2'60)
By inspection, it can be seen that this special matrix product commutes
R, T, =T, R, (2.61)

and that is because the matrix T';, does only change the z-coordinate, and the matrix R, does not change
the z-coordinate.

By specifying the transformation *~!T;(d;, ;) for all links, s = 1, ..., N a transformation from link
N to the base, link can be written

OTN = OTN(dl, Oy ,dN, QON) = OTl(dl, @1)1T2(d27 @2) e N_ITN(dN7 SDN) (262)

Let 6; denote the generalized joint parameters for joint i, i.e., @; = (d;, ;). Then (2.8) may be written
0T N =T N (61,...,0N) = "T1(0:)' T2(03) - VDT n(Oy) (2.63)

When using the Denavit-Hartenberg description of an articulated figure, usually each joint is restricted
to having only one degree of freedom. That is, each joint has only a translatory parameter d; along its
z-axis if it is a prismatic joint, or it has one rotational parameter ¢; around its z-axis if it is a revolute
joint. If a joint needs more degrees of freedom, several joints with link lengths equal to zero are located
on top of each other.

This means that the generalized parameter vector 8; = (¢;, d;)” becomes an ordinary parameter, i.e.,
the generalized parameter 8; becomes d; for a prismatic joint, and it becomes ¢; for a revolute joint.
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Forward and Inverse Kinematics

Kinematics is the study of the motion of rigid bodies without consideration of Newtonian laws. This and
the following chapter describe methods of how to manipulate an articulated figure. Recall from Chapter 2
the definition of an articulated figure, its notation, and how to navigate the structure.

Forward kinematics , Section 3.2, is the most basic way to animate an articulated figure. All the joint
parameters are set manually and the result is the placement of all the links and joints in the whole figure.
This method is not very practical if one wants to have the end-point of the articulated figure touching some
specific point; for example, if a character in a computer game is to grab the door handle when opening the
door. It is almost impossible to calculate the parameters of each joint in order to get the arm and hand in
the position where they align with the door handle.

An easier way is to use inverse kinematics, Section 3.3. This method, as the name suggests, starts with
the end-point of an articulated figure and uses that to calculate each joint parameter. So an animator only
has to worry about this end-point. In forward kinematics, one specifies each joint variable and the result
is the end-point. In inverse kinematics the end-point is specified and the result is the joint variable. The
end-point is most often called the end effector. This chapter starts by giving a description of the properties
of this end effector.

3.1 End Effector

The end effector is defined to be the last coordinate system of an arficulated figure. Notice that a compli-
cated structure like a hand will have end effectors at the tip of each finger.

In the notation in Chapter 2, the end effector is located in joint N. Usually, an animator is interested
in the position and orientation of the end effector specified in base coordinates for easy use.

Sections 2.2 and 2.3 derived two expressions (2.9) and (2.63) for the transformation 0T 5, which
transforms the N" link frame to the base coordinate frame. The transformation is given by a 4 x 4 matrix,
which is parameterized by the generalized joint parameters 6 ;. This transformation is repeated here for
convenience.

TN ="Tn(6:,...,0n) ="T1(01)'T2(6s)--- NIy (6y) (3.12)
m11(01,...,0n) mi2(01,...,0Nn) mi3(01,...,0n) mi4(01,...,0N)
ma1(01,...,0N) ma2(01,...,0N) mo3(01,...,0N) mou(Bi,...,0N) (3.1b)
m31(01,...,01\7) m32(01,. ,ON) m33(017~‘701\7) M34(01,...,9N) ‘ ‘

0 0 0 1

The location and orientation of the N link frame might also be expressed relative to the base coordinate
frame as three rotations, one around each of the coordinate axes followed by a translation. This results in

45
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First: Yaw U Rotate the angle ¥ around the x-axis
Second: Pitch © Rotate the angle © around the y-axis
Third: Roll & Rotate the angle ® around the z-axis

Table 3.1: Order, name, and definition of the rotations.

an alternative expression for the transformation °T
"Tn ="Tn(p,©,0,¥) = T(p)R.(®)R,(O) R (T) (3.2)

where T'(p) is a translation matrix, and R.(®), R,(©), R,(¥) are rotation matrices. This expression is
a 4 x 4 matrix, where the elements are functions of the translation vector p and the Euler angles ®, ©,
and V.

The following sections will compute the transformation T'(p)R.(®)R,(O)R,(¥) and establish the
relations to the transformation 9T ~N(01,...,0N) given by (3.1). Finally, the notion of a state vector
is defined. The state vector relates the position p and orientation ®,©, ¥ of the end effector to the
generalized joint parameters 01, ...,0 .

3.1.1 Location of the End Effector T'(p)

The origin of the coordinate frame relative to some base coordinate frame can be specified by a translation

by a vector p = [ c Dy pz]T. Using homogeneous coordinates, the corresponding transformation
matrix T'(p) is given by
1 0 0 p,
101 0 py
000 1

3.1.2 Orientation of the End Effector—Roll, Pitch, and Yaw

Any 3D orientation relative to some base coordinate frame can be specified by three rotations, one around
each of the coordinate axes. These rotations are named roll, pitch, and yaw respectively, and are shown in
Figure 3.1.

The order in which these rotations are performed must be fixed. In the following, the order is: first
rotate around the x-axis, second rotate around the y-axis, and finally rotate around the z-axis. The order
and names of these rotations are summarized in Table 3.1, and described in the following sections.

3.1.2.1 The Yaw Transformation Y (V) = R, (V)
The Yaw transformation is a rotation by the angle W around the x-axis, and it can be expressed as

1 0 0 0
0 cos¥Y —sin¥ 0
0 sin¥ cos¥ O
0 0 0 1

Y(\Ij) = Rm(‘ll) = (3.4
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Roll ®

Yaw ¥

Pitch ©
T Y
Figure 3.1: Any orientation can be specified by three rotations, the Roll, Pitch, and Yaw around the x, y,
and z axes respectively. The order of rotations are: rotate around the axis x, y, z.
3.1.2.2 The Pitch Transformation P(©) = R,(O)

The Pitch transformation is a rotation by the angle © around the y-axis, and it can be expressed as

cos® 0 sin® 0
0 1 0 0
P(©) = Ry(©) = | _ sin® 0 cos® 0 3-5)
0 0 0 1
3.1.2.3 The Roll Transformation R(®) = R, (D)
The Roll transformation is a rotation by the angle ® around the z-axis, and it can be expressed as
cos® —sin® 0 0
sin® cos® 0 O
0 0 0 1
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3.1.2.4 The Roll, Pitch, and Yaw Transformation T'rpy (®, 0, V)

The Roll, Pitch, and Yaw transformation denoted T" p py is the composition of the three rotations described
above. The order of the composition is as follows

Trpy($,0,¥)=R(®)PO)Y (¥) =R.(P)R,(O)R,(¥) (3.7a)
[(c® —s® 0 0] [©® 0 s© 0] [1 O 0 0
_|s® c® 0 O 0 1 0 0|0 c¥ —s¥ O (3.7b)
10 0 1 0l|—s©® 0 c® 0| |0 s ¥ O )
0 0 0 1 0 0 0 110 0O 0 1

[cPcO cDsOsT — sPcT  cPsOcTU + sPsT
s®cO sPsOsY + cOc¥  sPsOcY — cPsW
—s0 cOsV cOc¥

0 0 0

(3.7¢)

_ o o O

where s® is shorthand for sin ®, and ¢® for cos P, etc.
The order of the rotations is essential: reading from right to left, first rotate around the a-axis, second
rotate around the y-axis, and finally rotate around the z-axis.

3.1.3 The Transformation of the End Effector °T y (p, ®, O, )

As outlined in the previous sections the 3D location and orientation of the end effector in some coordinate
frame can be expressed as three rotations and a translation. Specifically, the coordinate frame of the end
effector can be expressed in the base coordinate frame of the articulated figure as

Ty ="Tn(p.2,0,9) =T(p)Trpy(®,0,7) (3.82)

(1 0 0 pg| [c®cO® cPsOsTY — sPcV cPsOcY + sPs¥ 0

101 0 py| |5PcO 5PsOsY + cPcV¥  sPsOcY — cPs¥ 0 (3.8b)

[0 01 p.||-—s0 cOsV¥ cOcl¥ 0 ‘
00 0 1 0 0 0 1
[ccO PsOsY — sdcU  cPsOCY + sPsU  p,

_ |5PcO® 5P5OsY + PV 5PsOcY — cPsU  p, (3.80)

| —s06 cOsT cOc¥ D '
0 0 0 1

where s® is shorthand for sin ®, and ¢® for cos P, etc.

3.1.4 Computation of the Parameters p, $, 0, ¥

This section describes the relation between the general transformations 97"y given by (2.9) or (2.58) in
Sections 2.2.4 and 2.58 respectively, and the transformation (3.8c) from the previous section.

More specifically, it describes how to compute the parameters, p, ®, O, U, of the Roll, Pitch, and Yaw
model described in Section 3.1.3, given an arbitrary transformation matrix %"y which is a composition of
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translations and rotations. Such a transformation matrix could be obtained as described in Sections 2.2.4
and 2.3.6.5.

A transformation °T , which transforms points in the end effector’s coordinate frame to the base
coordinate frame of the articulated figure (see (2.9) or (2.58)), can be represented as a 4 x 4 matrix,
where the elements of the matrix m;; are functions of the joint parameters 01, ..., 6. Omitting the joint
parameters 6; for readability, the matrix has the form

mi1 M2 M1z My

me1 M2z Ma23 M2q

mg1 M32 M3z M34
0 0 0 1

TN = (3.9)

The reason why the last row in this matrix is equal to [0 0 0 1] is that the computations are done in
homogeneous coordinates and that translations and rotations are isomorphisms. Therefore, there are no
perspective effects of this transformation.

The matrix (3.9) and the matrix resulting from the Roll, Pitch, and Yaw model (3.8c) do the same
thing. They transform entities specified in the coordinate system of the end effector to the coordinate
system of the base of the articulated figure. Therefore, these matrices must be identical

mi1 Miz Mi3 Mig cPcO cPsOsY — sPcV  cPsOcV + sPs¥  p,
mo1 Mgy Moz Mas| _ 5PcO sPsOsV + cObcV  5PsOcY — cPsU  p, (3.10)
ms31 M3a M3z M3y —50 cOsv cOc¥ D ’

0 0 0 1 0 0 0 1

By observation several relations can be found. The following sections show how to express the parameters
p,®, 0, and V¥ as functions of the matrix elements {m;; | i,j =1,...,4}.

3.1.4.1 The Translation p

From (3.10) it can be seen directly that the translation vector p = [pz Dy pz} T is given by
Px mi4
Pz m34
3.1.4.2 The Yaw Angle ¥
The angle ¥ can be computed as follows by inspection of (3.10)
U= arctan<@>. (3.12)
m33

This is possible because the following relations hold

in ¥ in ¥
U = arctan<@> = arctan<w> = arctan(sm > (3.13)

mss cos O cos ¥ cos ¥
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The function tan has a period of m which might cause problems. In order to get the angle right, it is better
to use the function arctan2 given by (2.47). The result then becomes

¥ = arctan2(msa, ms3). (3.14)

3.1.4.3 The Pitch Angle ©

At this point, the angle ¥ is known, and it can by used for further computations. By inspection of (3.10),
and the knowledge of the value of the angle W, the angle © can be computed as follows:

—ma31
= arct . 3.15
© = arctan <m32 sin ¥ 4 mg33 cos \I!> ( )

This can be seen because the following relations hold

—ms1 sin ©
© = arct = arct 3.16
arckan (Tngg sin U + mg33 cos \I’> archan <cos Osin? ¥ + cos O cos? \Il> (5.162)
in© in©
= arctan - s21n = arctan < e > . (3.16b)
cos O(sin” ¥ + cos? ¥) cos ©

The function tan has a period of 7, so in order to get the angle right it is better to use the function arctan2
given by (2.47). The result is

© = arctan2(—ms;, m3z sin ¥ 4 mgg cos ¥) (3.17)

3.1.4.4 The Roll Angle ®

The angle ¥ can be computed as follows by inspection of (3.10)

¢ = arctan<@>. (3.18)
mi1

This can be done because the following relations hold

in ¢ cos © in ®
¢ = arctan<@> = arctan<%> = arctan(sm > (3.19)

mil cos ® cos © cos ®

The function tan has a period of 7. This might cause problems in some cases, so in order to get the angle
right, it’s better to use the function arctan2 given by (2.47)

® = arctan2(maoy, m11) (3.20)
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3.1.5 The State Vector

Let the state vector s be defined as follows:

[ Xposition | [ D2
Yposition Dy
| Zposition | | p:
s = Yaw = 'y (3.21)
Pitch ©
| Roll | | D |

where the vector p = [px Dy pz]T
(3.15), and (3.18).
As shown previously, the elements of the state vector s are computed from the elements of the trans-

formation matrix Ty given by (3.9), and the transformation matrix is a function of the joint parameters
01,...,0N

is given by (3.11), and the angles ¥, O, and ® are given by (3.12),

OTN(01,....08) ="T1(01) - VT8, - VDT y(Oy) =

m11(01,...,0n) mi2(01,...,0Nn) mi3(01,...,0n) mi4(01,...,0N)
m21(01,...,0N) Tngg(al,...,eN) m23(01,...,0N) m24(01,...,0N) (3-22)
m31(01,...,0n) m32(01,...,0N) m33(01,...,0N) m34(01,...,0N)|"

0 0 0 1

Because all the elements of the state vector s are computed from the elements of this matrix, the state

vector s is also a function of the joint parameters 0, . .., @, which yields
(D2(01,...,0N)]
py(eb 70N)
_ | p=(61,...,6N)
SO O = 150, o) (3.23)
@(017 70N)
_q)(elv B 0]\/) i

3.2 Forward Kinematics

Forward kinematics can be explained as follows: given all the link and joint parameters of an articulated

body, determine the 3D position and orientation of the link farthest away from the base, the end effector.
The assumption is that the link and joint parameters are known. Therefore, the generalized joint pa-

rameters 64, . .., 0 are known, and the transformation from the end effector to the base of the articulated
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figure °T v (01, ..., 0 ) can be computed as

OT N (01,...,0N) ="T1(61)---VT;(0,)--- VDT y(0y) =

mi1(01,...,0n) mi12(01,...,0N) mi3(01,...,0N) m1a(01,...,0y)
m21(01,...,0N) ma2(01,...,0N) ma3(01,...,0N) mau(O1,...,0N) (3.24)
m31(01,...,0n) m32(01,...,0N) m33(01,...,0N) m3u(01,...,0N)|"

0 0 0 1

The elements of the matrix {m;;(01,...,0n)} | 4,5 = 1,...,4} can be computed as described in Sec-
tions 2.2 and 2.3. From the transformation T x(@1,...,0y), the state vector s(61,...,0y) can be
computed as

pm(ela . ) ON)

py(ob cee ON)

pz(017 cee 70]\/)

01,...,0y) = . 3.25
O 08 = g9, 0y) (3:25)

©(01,...,0N)

D(6,,.. ,ON)_
The elements of the state vector are functions of the matrix elements m;; (01, ...,0y) and therefore also
of the generalized joint parameters 01, . . . , @ . The individual elements of the state vector s are computed

as described in Section 3.1.4.
Hence, by specifying all the generalized joint parameters 6; the position p and orientation ¥, ©, ® of
the end effector can be computed by computing the state vector s.

3.3 Inverse Kinematics

Inverse kinematics can be explained as follows: given a 3D position and orientation of the link furthest
away from the base, the end effector determines the parameters of the individual links and joints.

In forward kinematics, all parameters are given, and the only real work is to fill in all the values and
calculate the state vector. In contrast, inverse kinematics is more challenging. Given an end effector
position, there can be numerous valid solutions for the state of the remaining states of the articulated
figure. This can be verified by a simple test: place your index finger on a hard surface and move your
elbow. All positions the elbow passes through presents valid solutions of the articulated system (the whole
arm).

The first part of this section describes the theory, shows how to set up an equation system, and how to
reach valid solutions. Finally, a complete walk through is given using the Denavit-Hartenberg notation.

3.3.1 Computation of the Joint Parameters 0,

Assume that one wants to locate the end effector at some goal position p, with some goal orientation
4,04, V,. This results in a goal state vector s, which the end effector should move to. The problem is
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now how to compute the joint parameters ;, ¢ = 1,..., N such that the end effector reaches its goal.
Stated mathematically, it means: determine a vector [01, ...,0 N] T such that the function

£(61,...,08)=5(61,...,05) — s, =0. (3.26)

We will now study the Taylor expansion of s — s 4, but for convenience this will be done using the function
f. The Taylor series is discussed in detail in Chapter 20. The following sections describes a method that
uses an iterative process that slowly crawls toward the goal where f is sufficiently close to zero.

At each step in the iteration scheme presented, one has to calculate a new guess for the joint param-
eters. This is done via a Taylor expansion and the derivative of the state vector seeded with the old joint
parameter values. These values are then fed to the next iteration.

In this section, we present the Taylor expansion together with the step equation. The following three
sections present three special cases for computing the new guess for the joint parameters. Finally, we walk
through how to compute the derivative matrix of the state vector.

The Taylor expansion of the function f is equal to

F((01,...,0N)+A(6:,...,0n)) =

of(01,...,0N)
FO1- 0N+ 55—

o([AB1,....0N)]2).

Considering only the first two terms yields

AO,...,00)+ (3.27)

of(0,...,0
F((01,...,08) + AB1,...,08)) ~ F(O1,...,08) + G N)A(é)l, ..,0N).  (3.28)
0(04,...,0N)
The goal is that for some A(61,...,0y) the result should be zero, in which case the end effector is at the
right position and has the right orientation. Therefore, let the new value of f be equal to zero
F((01,...,0n) + A(61,...,0N)) =0. (3.29)
Substituting this into (3.28) yields the following equation
Of(61,...,6n)
o~ f(6,4,...,0 A(Bq,...,0 3.30
fO,..., N)+8(01,...,0N) (01,...,60N) (3.30)
which can also be written
a.f(eb 70N)
01,....0N) ~ — A(Bq,...,0nN). 31
.f( 1, ’ N) 8(01,,0]\[) (17 ) N) (33)

The function f only differs from the function s by a constant s,. Differentiating a constant yields zero,
so the Jacobian matrix is equal to

8f(01,...,0N) _ 88(91,... ,9]\[)
0(01,...,0n) 0(01,...,0n)

(3.32)
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where 5 P -
Px Px
ggl (017 70N) %0]\/'(017 70N)
&(017 aaN) . ﬁ(ob aaN)
ggl %HN
Pz Pz
6.,...,0 6.,...,0
88(01,...,01\7) _ %Oqj( 1 ’ N) 880‘1{’\7( 1, ) N) . (333)
001,---,0n) 1 %79, . 0y) ... 2 (0,,...,0x)
%% V7
—(017 ,0]\/) . (017 aaN)
53 b
— (0 (7] — (0 (7]
_801( 1, ) N) 80N( 1, ) N)_
Therefore (3.31) can now be written
0s(04,...,0
3(01,...,0N)—sg%—HA(Ol,...,HN). (3.34)
The difference joint parameters vector A(61,...,0y) is equal to
AOq 07" — 0, 6, 0,
A(Oq,...,0N) = : = : =1: — | (3.35)
Al N oY — Oy On ew On
and we conclude that
9s(01,...,0x) o1 o1
s IR . .
8(01,...,9]\/)—89%—8(011—01\];7) : —1 . (3.36)
e . .

new

This equation is derived using only the two first terms of the Taylor expansion of s, and it forms the basis
of the following derivations. It is only an approximation, but it can be used as an iteration scheme; see
Section 19, to obtain the desired solution. This will be shown in the following sections.

3.3.2 The Regular Case

If the Jacoby matrix 0s(01,...,0x)/0(61,...,0yN) of the vector function s is invertible, the matrix
9s(01,...,0N5)\
_ 3.37
<8(01,...,0N) (3-37)
exists, and (3.36) can be rewritten
01 01 1
. Jds 91, e 70N
: —|: |- (ﬁ) (s(61,...,0N) — 5,) (3.38)
BN BN ) )
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Because the matrix 9s(01,...,0xn)/0(01,...,0y) is a function of (01, ..., 0y), it must be inverted and
evaluated at each iteration.

3.3.3 The Over-Determined Case

If the Jacoby matrix 0s(01,...,0n)/0(01,...,0y) is over-determined, then it has more rows than
columns, and it can not be inverted. In this case the pseudoinverse can be used to obtain a least-squares
solution. To make the notation readable, let

88(91, e ,GN)
J=— —"-". (3.39)
9(01,...,0n)
In the over-determined case, the pseudoinverse has the form (see Chapter 19.4)
Jt=(JT3) T (3.40)
Insert J* instead of (8s(81,...,0x)/0(01,...,0x)) " in (3.38) yielding
0, 0,
: =1 1| =J"(s(61,...,0N) — 5g). (3.41)
oN new 0N
The matrix T'+ is a function of (81, ..., 0y). Therefore, it must be evaluated at each iteration.
3.3.4 The Under-Determined Case
If the Jacoby matrix 9s(01,...,0xn)/0(01,...,0y) is under-determined, it has more columns than rows,

and is not be invertible. In this case the pseudoinverse can be used to obtain the least-squares solution,
which has the smallest norm. To make the notation more readable, let

_ 88(91,... ,GN)

J = i (3.42)
0(04,...,0N)
In the under-determined case, the pseudoinverse has the form
Jt=JT(JJm) (3.43)

Inserting J+ instead of (9s(61,...,0x5)/0(01,...,0x)) " in (3.38) results in the following equation
0, 0,
: =1 : | —=J"(s(01,....0Nn) — sg). (3.44)
On On

new

Because the matrix J—+ is a function of (61, ...,0y), it must be evaluated at each iteration.
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3.3.5 Computing the Jacobian of the State Vector

In Section 3.3.1 we showed generally how to set up an iteration scheme (see Section 19), to compute the
joint parameters 01, ...,0y. The only thing that is missing is how to compute the Jacoby matrix of the
state vector s. The Jacobian of s is equal to

[ Ops

6.,...,0 0 .,0
201( 1 y N) %ON( 1 ) N)
Ipy Py
ggl (017 70N) %0 (017 70N)
Pz Pz
83(01,,01\7)_ 8—01(01,,0]\[) 80]\[(01,,0]\[)
0. 0 U v . (3.45)
O1,-,08) |29, . 6y) ... ——(0y,...,0N)
% B
87(01’ S 0N) 87(91, S 0N)
o0 od
_8—01(017 70N) . 80N(017 70N)_

From (3.22) it can be seen that the transformation °T"y has a special form

TN (81,...,0N)

- - . 3 (3.46)
=0T1(01) - IT (1) (03-1) TV T3(0:) T 141y (Bi1y) - - VI ().
When computing the partial derivative of the transformation 0T N (01, ... ,0N) with respect to some vari-
able 6;, only one matrix (Z_I)TZ’ depends on the variable ;. This observation will be used in the following
to compute the elements of the Jacoby matrix of the state vector.
Considering partial differentiation with respect to the joint variable 6;, let the matrices P and C be
given as

P="T; 1)(01,...,0,_1) ="T1(81) - "IT;(8,_1) (3.47a)
C ="Tn(Ous1)s-- - ON) =Ty 0ty N VTN (Oy). (3.47b)

The choice of name P indicates that the matrix contains the transformations of all the links that are
parents to link;, and the name C indicates that the matrix contains the transformations of the links that
are children of link;.

It can be seen that the matrices P and C are constant with respect to the variable 8;. Therefore,
partial differentiation of the matrices with respect to the variable ; yields zero. With these assumptions,
the transformation °T"y can be written

0T v (8;) = P<<Z’—1>Ti(ai)>c (3.48)
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which is a product of three matrices where only the one matrix {m;; | ¢,j = 1,...,4} is a function of
joint variable 8;

P P12 P13 piua| [m1i(0;) mi2(0;) maz(0;) mia(0;)| |ci1 ci2 ci3 cua
P21 P22 P23 paa| |m21(0;) moa(0;) mo3z(0;) mos(0;)| |co1 coo ca3 ca (3.49)
P31 P32 P33 paa| |ms31(0;) ms3a(0;) ms3(0;) msa(0;)| |31 c32 c33 caal| '

0 0 0 1 0 0 0 1 0 0 0 1

Under these assumptions, the (k;)™ element of the matrix °T y, denoted (OT N) j» €N be written

4 4
TNk =Y Y prwmni(0:)cy (3.50)

=1 h=1

and its partial derivative with respect to 6; is equal to

AOTNO)r) = [ Omu(6:) G3s1)
20, = Pkh 20, 1 .
I=1 h=1
which is equivalent to
9(°Tn(0:)x;) o("IT;(6y))
~ e, < 50, >C*j 2
where Py, denotes the k" row of matrix P, and C «j denotes the j th column of matrix C, and
8777,11(91) 8m12(01) 8m13(01) 8m14(9z)
) 87’)12160@ am22€02 am23€02 8m24602
8((2—1)’1’2.(92.)) B 353
00; B 8m31€91) 8m32502 8m33€02 8m34602 ' (3.53)
87’)141 601) 8m42 602 8m43 6 8m44 (7«02
L 00; 00; 00; 00; |

With (3.53) and either (3.38), (3.41), or (3.44), we can now solve the iterative scheme of (3.36).

When using the Denavit-Hartenberg description of an articulated figure, each joint is restricted to have
only one degree of freedom: it has either a translatory parameter d; along its z-axis if it is a prismatic joint,
or it has one rotational parameter ; around its z-axis if it is a revolute joint. If a joint needs more degrees
of freedom, several joints with link lengths equal to zero are located on top of each other. This means that
the generalized parameter vector ; = (¢;, d;)T becomes an ordinary parameter. For a prismatic joint, the
generalized parameter 8; becomes d;, and for a revolute joint it becomes ;.

The following sections show examples of how to compute the Jacoby matrix of a prismatic and a
revolute joint.
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3.3.6 Example Using Denavit-Hartenberg

Recall that the state vector s is given by

m14(0;)
(0] e
(6, mas(6;)
Dz (0'1) _ arctan (mz ) > | 50
\IJ(OZ) —m31(Y;
ggzlg aretan <m32(0i) sin W(0;) + m33(0;) cos \II(GZ)>
) - arctan M
L mll(ei) i

where mkj(ei) is the kj th element of the matrix given by (3.48). The matrix is repeated here for conve-
nience

0T v (8;) = P<(i‘1)Ti(0i)>C (3.55)

where the matrices P and C are given by (3.47).
When using the Denavit-Hartenberg notation, the generalized parameter is equal to 8; = [goi di] T
and the transformation matrix “~DT;(0;) is given as

>

COs ©; — sin ¢p; 0 ai—1
(i_l)Tl(dl )= cosay_1Siny; cosq;_1cosy; —sina;_; —d;sina;_ (3.56)
v ~ |sinay_1sing; sino;_1cosp;  cOS ;1 d; cos a;;_1 ’
0 0 0 1
The Jacobian of the state vector s is given as
-0, Oy -
87;1(01,...,0N) agN(ol’ .,0y)
0 0
8—2?(017 70N) 80#(017 70N)
Op. Op.
88(01,,0}\[) 87(01,,0]\[) 80 (01,,0]\[)
(01,....0n) oV o0 (3:57)
’ ) 8—01(017,01\7) @(01, ,ON)
00 0
20, 01, 0N) 2000 0N)
o0 o
8—01(017 70N) %(017 70N)
where the ;" entry is the partial derivative with respect to the variable 6,
0 , i
o( Tg;éz))kj _ Pk*<a(< zgi(ei))>c*j (3.58)
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The matrices P and C are given by (3.47).
In the following sections, the matrix 8((2_1)Ti(0i)) /00, is computed for both a prismatic and a
revolute joint.

3.3.6.1 A Prismatic Joint

The general transformation matrix “~1T’; is given by (3.56). For a prismatic joint, the generalized joint
parameter 0; is equal to 8; = d;. Therefore, the partial derivative of (’_I)TZ- given by the matrix (3.56)
reduces to

. 00 0 0
o(\"=HT,;(0; g -
( ( )) _ 0 00 sin a;; 1 (3.59)
8(12 0 00 COS ;1
0 0 0 0
The State Variable p(d;) The state variable p is given by (3.11) as
Pz miq ( TN(di))m
p(di) = |py| = |mas| = | ("Tn(di))y, (3.60)
p= ms34 (°Tn(di)) s,

Computing the transformation matrix Ty (d;) using (3.55) and (3.56) yields the following expression for
the location vector p

pz(di) = ai—1p11 + P1a — p12¢3asin o1 — dipr2 sin oy
+ (p11c14 + p13caa sin a;_1) cos p; — p11c24 8N @; + pr3ci4 sin a;_q sin @;

+ (p13 (c34 + d;) + P12C24 COS P; + P12c14 SIN Y;) COS Vi1 (3.61a)
py(di) = ai—1p21 + pasa — paacaasin o1 — d;paa sin oy
+ (p21€14 + P23cas sin a;_1) cos p; — P21C24 SN @; + pazcig sin a1 sin ;
+ (pa3 (c34 + d;) + P22Cag COS p; + Paocia Sin ;) COS ;1 (3.61b)
P2(d;) = a;—1p31 + p3a — p3ac3asina; 1 — dipsa sina;
+ (p31€14 + P33c24 Sin ;1) COS ; — P31C24 SN @; + P33€14 Sin 01 sin @;
+ (p33 (c34 + d;) 4 p32c24 €OS @; + p3aci4sin ;) cos 1. (3.61¢)
The partial derivative of the location p with respect to the variable d; is equal to
[ Opa(di) T _8(OTN(di))14_ P, w C.,
od; . 0d; ' oD )
ap(di) — apy(di) a( TN(di))24 = | P, 8( Tl(dl)) C., (3.62)
apz(dz‘) a(OTN(dZ'))?A 8((1_1)T2(d2))
L Od; | i ad; i _PS* <—8dZ > 0*4_
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where the matrices P and C' are given by (3.47), and the matrix 8((i_1)Ti(di)) /0d; is given by (3.59).
Multiplying the matrices yields the following expressions for the partial derivative Op/dd; of the state
variable p with respect to the joint parameter d;

Ops(d;
P (di) = P13 CoOS ;1 — P12 Sin a;_1 (3.63a)
ad;
Opy(d;
M = P93 COS (vj_1 — P92 SiN ;1 (3.63b)
od;
Op.,(d;
pg((i i) = P33 COS (¥j_1 — P32 Sinq;_1. (3.63¢)
1

The Yaw Angle U (d;) The state variable ¥ is given by (3.12) as

m32(di)>
W(d;) = arctan 3.64
() <m33(di) 64
and its partial derivative with respect to the variable d; is equal to
ov(d;)) 0 maa(d;)
= t 3.65
od; o " <m33<dz-) (05
- ! 0 (mi”?(d")) (3.65b)
14 <m32(di)>2 ad; m33(di)
m33(d;)
m33(di)ﬂ _ mw@.)ﬁ
= ! 0d; 0d; (3.650)
2 2 :
14 <Tn32(dz)> m33(dz)
ms3(d;)

1
+<m32(di)>2 <m33(di) ad;  mas(dy)? 9d,
m33(d;)

1 Omaga(d;))  msa(d;) 8m33(di)> —0 (3.65d)

The elements mkj(di) are elements of the matrix T, which are given by (3.55) and (3.56). Computing
0T yields the following expressions for the elements m3z(d;) and ms3(d;)

ms3a(d;) = —psacaz sina;_1 + (psici2 + P33can sina;_1) cos @;

— P31C22 SN ; + p33ci2 Sin a1 Sin@;

+ (p33c32 + P32c22 oS @; + P3acia sin ;) cos a1 (3.66a)
m33(d;) = —psac33sina; 1 + (p31c13 + p33caz sina; 1) cos ;

— P31C23 SN ; + P33c13 Sin ;1 Sin @;
+ (p33c33 + P32c23 cos @; + p3aci3 sin ;) cos a1 (3.66b)
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The elements dmy,;(d;)/0d; are given by

omy - (0(ITu(d)
o = P <T C., (3.67)
where the matrices P and C are given by (3.47), and the matrix 6((i_1)Ti(di)) /0d; is given by (3.59).
This yields
Omsa(d;) o(VT;(d;))
adi 3 adz C 2 0 (3 683)
Oms3(d;) o= DT y(dy))
— < = P3| ————2 |Cy3 = 3.68b
ad; 3 ad; 3=0 ( )
from which it can be seen that (3.65d) is equal to zero
oW (d;)
= 3.69
od; 0 (3-69)

The Pitch Angle ©(d;) The state variable © is given by (3.15) as

N —ma31(d;)
Q(dz) = arctan <m32 (dz) sin \I’(dz) + mgg(di) COS \I’(dz) > ’ (370)

The expression for © has the form

N(d;
O(d;) = arctan<D§d3> (3.71)
where the numerator /N and the denominator D are equal to
N(d;) = —m31(d;) (3.72a)
D(d;) = ma2(d;)sin ¥(d;) + ms3(d;) cos U (d;) (3.72b)

where the angle U is given by (3.64) and (3.66).
The elements my,;(d;) are elements of the matrix 0T, which are given by (3.55) and (3.56). Com-
puting °T y yields the following expressions for the elements m3; (d;), ma2(d;), and m33(d;)
m31(d;) = —p3ac31 sin ;1 + (p31c11 + P33car sin ;1) cos @;
— P31C21 SN ; + p33ci sin a1 Sin@;
+ (p33c31 + p3aca1 cos @; + p3aciy sin ;) cos a1 (3.73a)
maz(d;) = —p32ac32 sin ;1 + (p31c12 + p3zcaz sin ;1) cos @;
— P31C22 SN ; + p33ci2 Sin a1 Sin @;
+ (p33c32 + P32c22 cOS @; + P3acia sin ;) cos a1 (3.73b)
m33(di) = —ps2c3g sin ;1 + (p31c13 + p3gcas sin ;1) cos ¢;
— P31C23 SN ; + p33c13 Sin ;1 Sin @;
+ (p33c33 + P32ca3 cos @; + p3aci3 sin ;) cos a1 (3.73¢)
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Using this simplified notation, the partial derivative of © with respect to the joint variable d; can be

written
00d) 1 9 (N(d)
o N@>ﬂm<mw> G740
+<mw>
ON (d;) 9D (d;)
H(N@v2 D(d;)? '
D(d;)

-y R

1 ON(d;) N(d;) aD(di)> (3.74¢)

where expressions for N and D have already been derived in (3.72). Expressions for 9N (d;)/0d; and
0D(d;)/0d; will be derived in the following

8N(dz) . _amgl(di)

od, ad; (3.75a)
az;gli) = maa(d;)sin U(d;) + mas(d;) cos ¥(d;) (3.75b)
. 8m32(di) . ) ) ) 8‘1’(dz)
= ad, sin U(d;) + maa(d;) cos ¥(d;) ad (3.75¢)
Omss3(d;) . N\ 0¥ (d;)
+ —od cos U(d;) — mass(d;) sin U(d;) ad. (3.75d)
The elements dmy,;(d;)/0d; are given by
omy; - (0(6ITu(d)
Sa = P <T C., (3.76)
where the matrices P and C' are given by (3.47), and the matrix 8((i_1)Ti(di)) /0d; is given by (3.59).
This yields
Omgzi(d;) o("=VT(dy)) B
—od, Ps, ~a C.a=0 (3.77)

from which it follows that the partial derivative of the numerator ON (d;)/dd; is equal to zero. In (3.65d)
it was shown that the partial derivative OW(d;)/0d; is equal to zero, and (3.68) shows that the partial
derivatives Omss /0d; and Omss/dd; are also equal to zero. Therefore, the partial derivative 9D (d;)/0d;
is equal to zero

am31(di) . 87’)132((12') . 8m33(di) _ a\I/(dZ) _ 0 8N(dz) _ 8D(dz)

od; od;  9d ad; =~ o4 od =0  (3.79)
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from which it can be seen that (3.74c) is equal to zero

ON(d;)  dD(d;) 20(d;)
= = = 3.79
ad; os, 0 = “aq, 0 (5-79)
The Roll Angle ®(d;) The state variable ® is given by (3.18) as
m?l(di)>
®(d;) = arctan| ———= 3.80)
() (mn(dz‘) (
and its partial derivative with respect to the variable (; is equal to
= 3.81
ad; ad; arctan(mll(di) ( a)
1 m21(di)>
_ (3.81b)
<m21(di)>2 ad; <m11(di)
my1(d;)
Oma1 (d; omi1(d;
mll(di)ﬁ _ 21(@)&
_ 1 . 0d; _ Od; (3.81¢)
1+ <m21(d2)> mll(dz)
my1(d;)

1 Oma(di)  moi(di) amll(di)) —0. (3.81d)

+<M>2 <m11(dz’) ad; mi1(d;)?  9d;

The elements m,;(d;) are elements of the matrix 0T, which are given by (3.55) and (3.56). Computing
0T\ yields the following expressions for the elements mo1 (d;) and m11(d;)

ma1(d;) = —piacar sina;—1 + (pricin + pi3car sina;—1) cos @;

— P11€21 8in ; + p13ciy Sin a1 sin @;

+ (P13€31 + P12€21 €COS ; + pracisin ;) cos a1 (3.82a)
moi1(d;) = —paacar sina;—1 + (pa1ci1 + pascar sina;_1) cos @;

— P21€21 8N ; + Pa3cyy Sin a1 Sin @;

+ (p23c31 + P22ca1 oS ; + paaci sin ;) cos a1 (3.82b)

The elements Omy,;(d;)/0d; are given by

Omy; o(“ITi(dy)\
9 _Pk*<T C., (3.83)
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where the matrices P and C' are given by (3.47), and the matrix 8((i_1)Ti(di)) /0d; is given by (3.86).
This yields

omai(d;) o(0-VTy(dy)) _
ad, Py, ad. Ca=0 (3.84a)
Oma1 (d;) o("=VT;(dy))
od. P, ad C.a=0 (3.84b)
from which it can be seen that (3.81d) is equal to zero
o®(d;)
od, 0 (3.85)

3.3.6.2 A Revolute Joint

The general transformation matrix “~1)T"; is given by (3.56). For a revolute joint, the generalized joint
parameter 0, is equal to 8; = ;. Therefore, the partial derivative of (=1, given by the matrix (3.56)
reduces to

. — sing; — COS 0 0
8((’_1)Tz‘(0¢)) _ |cosaj1cosp; —cosay1 sinp; 0 0 (3.86)
ad; sinq;_jcosp; —sina;_1sing; 0 0 )
0 0 0 0
The State Variable p(d;) The state variable p is given by (3.11) as
P mig (°Tn(pi)),
p(ei) = |py| = [mas| = |(“Tn(pi))y, (3.87)
Dz m3q (OTN(QOZ-))34

Computing the transformation matrix °T n(¢p;) using (3.55) and (3.56) yields the following expression
for the location vector p

Pe(pi) = ai—1p11 + P14 — pr2caasina; 1 — diprasin oy

+ (p11c14 + p13cas sin a;_1) cos p; — p11c24 8N @; + p13ci4 sina;_q sin @;

+ (p13 (€34 + d;) + P12C24 COS P; + P12c14 SIN Y;) COS ;1 (3.88a)
Py(@i) = ai—1pa1 + Paa — prac3asinoy_1 — d;par sin oy

+ (p21€14 + P23cas sin a;_1) cos p; — P21C24 8N @; + Pazcig sin a1 sin @;

+ (pa3 (c34 + d;) + P22Cag COS P; + Paocia Sin ;) COS ;1 (3.88b)
Pz(pi) = ai—1p31 + P34 — p3acassina; 1 — dipsa sina; 1

+ (p31€14 + P33c24 Sin ;1) COS p; — P31C24 SN @; + P33C14 Sin @1 5in @;

+ (p33 (€34 + d;) + P32C24 COS P; + P32c14 SIN Y;) COS (Vi1 (3.88¢)
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The partial derivative of the location p with respect to the variable ¢; is equal to
ate)]  [UTN) ) [ (AT,
Op; od; ] 18902'
op(ei) _ | Opylei) | _ |OCTN(@))ys | _ | p (2D Tilei) ) c (3.89)
= , e 2| ——F— |Cu«u .
Op; dp; od; ] i
Op=(i) (TN (1)), p. (2Ti))
RPN I e B L G e L

where the matrices P and C are given by (3.47), and the matrix 9 (~VDT;(y;)) /O¢; is given by (3.86).
Multiplying the matrices yields the following expressions for the partial derivative Op/0yp; of the state

variable p with respect to the joint parameter ¢;

%579(;?) = (—p11C24 + P12€14 COS 1 + P13C14 SIN (1) COS P;
— (p11€14 + P12C24 COS (j—1 + P13Ca4 SIN (1) Sin @;
3]?;7;202') = (—pa1C24 + P22€14 COS i1 + pagcia sin oy _1) cos @;
— (p21€14 + P22€24 COS Qi1 + P23cas sin 1) sin g;
%579(;?) = (—p31C24 + P32C14 COS ;1 + P33ci48in a; 1) cos p;

— (p31€14 + P32€24 €OS i1 + p33cas sin 1) sin p;

The Yaw Angle U (y;) The state variable W is given by (3.12) as

U(p;) = arctan <:§z§i:§>

(3.90a)

(3.90b)

(3.90c¢)

(3.91)
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and its partial derivative with respect to the variable ¢; is equal to

a\gffi) B ai aman@ﬁ?;) (3.92a)
‘ i 33(@i
1 9 m32(90i)>
- 3.92b
14 <m32(%)>2 Ipi <m33(s0i) (3.92b)
m33(¢;)
0 i 0 i
1 mgs(%)%@ — maa( i)%(?)
) 2 (P : (3.92¢)
14 <m32(90i)> 33(i
m33(¢;)

(3.92d)

_ 1 < 1 Omga(pi)  maa(ei) 5m33(90z')>
- <m32(¢i)>2 ma3(pi)  Opi ma3(pi)?  Op;
m33(pi)

The elements m. j(goi) are elements of the matrix %7 5, which are given by (3.55) and (3.56). Computing
0T\ yields the following expressions for the elements m32(¢;) and m33(;)

m3z2(pi) = —p3ac32 sina;_1 + (p3ici2 + p3gcaa sina;_1) cos @;
— P31C22 SIN ; + P33ci2 Sin ;1 Sin @;
+ (p33c32 + P32c22 oS @; + p3acio sin ;) cos a1 (3.93a)
m33(pi) = —p3ac3zsina;_1 + (p31c13 + p3zcas sina;_1) cos @;
— P31C23 SIn ; + p33c13 Sin ;1 Sin @;
+ (p33c33 + p32cas €os p; + P3aci3 sin @;) cos a1 (3.93b)
The elements Omy,;(¢;)/0p; are given by
Omy; (VT (g
mij _ p, (OC0Ti9) C.; (3.94)
dy; 0p;
where the matrices P and C' are given by (3.47), and the matrix 8((i_1)Ti(g0i)) /Oy is given by (3.86).
This yields
o . (VT (0.
maa(ei) _ p ( (" Ti(ei) ) C (3.952)
i i
= (—p31c22 + p32c12 cOS ;1 + p33ci2 Sin a; 1) cos p;
— (ps1c12 + p32can cos a1 + p33caa sin 1) sin @; (3.95b)
P , (VT (p;
m33(901) _ P3*< ( z(@z)))c*g (3950)
i i

= (—p31c23 + P32c13 COS (i1 + P33Ci3 sin 1) €OS @;
— (p31€13 + P32€23 €OS (i1 + P33Cag sin 1) sin g; (3.95d)
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The Pitch Angle ©(yp;) The state variable © is given by (3.15) as

—m31 (i) )
O(yp;) = arctan - (3.96)
o (o) + T )
The expression for © has the form
N (%’))
O(p;) = arctan( (3.97)
) Dig)

where the numerator /N and the denominator D are equal to
N(gi) = —ma1(pi) (3.98a)
D(pi) = maa(pi) sin W(p;) + maz (i) cos ¥(p;) (3.98b)

where the angle U is given by (3.91) and (3.93).
The elements my,;(¢;) are elements of the matrix 0T n, which are given by (3.55) and (3.56). Com-
puting °T y yields the following expressions for the elements m3; (¢;), m32(¢;), and ms3z(p;)

m31(p;) = —p3acar sin a1 + (p31c11 + p3gcar sina;_1) cos @;
— P31C21 Sin; + p33ci1 Sin ;1 Sin@;
+ (p33ca1 + p3acai cos @; + p3aciy sin ;) cos oy (3.99a)
m32(p;) = —p3acaz sina;_1 + (p31¢12 + P3geae sina;_1) cos @;
— P31C22 Sin; + P33Ci2 Sin ;1 Sin @;
+ (p33c32 + p3acan cOs @; + P3acio sin ;) cos a1 (3.99b)
ma3(i) = —p3acs3sinai—1 + (p31¢13 + P3scas sinag—1) cos @;
— P31C23 Sin; + P33C13 Sin ;1 Sin @;
+ (p33C33 + P32€23 COS @; + P3aciz sin ;) cos a1 (3.99¢)
Using this simplified notation, the partial derivative of © with respect to the joint variable ¢; can be
written
00(y; 1 0 N(p;
(ps) _ : < (%)) (3.100a)
i (N(goz-)) i \ D(pi)
1+
D (%’)
ON (i) 9D(y;)
o D)) ) 2P
- Opi Opi (3.100b)
— 5 2 i
D (%’)
1 1 ON(y; N(p;) 0D(p;
N(%)) D(pi)  Oyp; D(pi)?  Op;
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where expressions for NV and D have already been derived in (3.98). Expressions for ON (y;)/0p; and

0D(y;)/0¢; will be derived in the following

ON(pi) _ Omsi(gi)

OD(¢: .
aff ) = maz2(p;) sin U(w;) + ma33(p;) cos ¥(p;)
_ Omaa(gi) | ' ' 0¥ (p)
- T% sin W(p;) + maz2(p;) cos U(p;) T,
0 i . OV (i,
+ %(80) CcoS \I/(goz) — 777,33(g0i) s \If((pl) af;p )

The elements dmy,;(p;)/0p; are given by

. (VT (p;
Pi

B Op;

(3.101a)

(3.101b)

(3.101¢)

(3.101d)

(3.102)

where the matrices P and C' are given by (3.47), and the matrix 8((i_1)Ti(g0i)) /Oy is given by (3.86).

This yields

Omz1(pi) p <8((i_1)Ti(%’)) > C
—— 2 =P3 | ———— |Cy
Op; 0p;
= (—p31c21 + p32ci1 €OS a1 + P33ciy sin 1) €OS @5
— (p31€11 + P32c21 €OS (i1 + p33ca1 sin 1) sin p;
Omsa(e1) _ p (8((i_1)Ti(90z')) > C
—— . =P3 (| —————|Cy
dy; 0p;
= (—p31c22 + P32€12 COS (i1 + P332 Sin 1) COS @5
— (p31€12 + P32€22 €OS (i1 + P33Cog sin ;1) sin p;
omss(pi) (" ITi(¢))
——— - =P3, | ————|C,3
Op; 0p;
= (—p31c23 + P32ci3 COS 1 + p3zciz sina;—1) €os p;
— (p31€13 + P32€23 COS (1 + P33Cez sin 1) sing;

The Roll Angle ®(p;) The state variable ® is given by (3.18) as

®(p;) = arctan (Zig::; >

(3.103a)

(3.103b)

(3.103c)

(3.103d)

(3.103e)

(3.103f)

(3.104)



“book” — 2005/9/30 — F5:44 — page 69 — #81

3.3 PHYSICS-BASED ANIMATION 69

and its partial derivative with respect to the variable d; is equal to

(9(1;50%) _ 8?0 amtan<zzléii§> (3.1052)
7 7 11 7
_ 1 0 <m21(90i)> (3.105b)
1+ <m21(90z')>2 Opi \ma1 (i)
ma1 (i)
0 i 0 i
mn(%)m _ mm(%)M
_ 1 i Opi Opi (3.105¢)
1+ <m21(90i)> man (i)’
mi1 (i)

(3.105d)

_ 1 ( 1 Oma(pi)  ma(ei) 3m11(%)>
- <m21(g0i)>2 mii(p:i)  Opi mii(gi)? Oy
mai (i)

The elements m. j(goi) are elements of the matrix %7 5, which are given by (3.55) and (3.56). Computing
0T\ yields the following expressions for the elements ma1 (¢;) and m11(;)

mll(%’) = —pi2c31 sinoy—1 + (p11611 + p13ca sin ai_l) COS ©;
— p11€21 Sin; + p13ci1 Sin ;1 sing;
+ (p13¢31 + P12C21 COS Y; + Pr2cit Sin ;) Cos a1 (3.106a)
ma1(pi) = —paocsy sin a1 + (p21c11 + P23cer sin ay—1) cos @;
— P21C21 Sin; + Pa3ci Sin ;1 Sin @;
+ (p23ca1 + pazcai cos @; + paaciy sin ;) cos oy (3.106b)
The elements Omy,;(¢;)/0p; are given by
Omy; (VT (g
i _ p, (20T o (3.107)
dp; Op;
where the matrices P and C' are given by (3.47), and the matrix 8((i_1)Ti(g0i)) /Oy is given by (3.86).
This yields
o , (=D (0.
M = Py, (M)C*l (3.1082)
i Op;
= (—p11c21 + p12¢11 cOs ;1 + p13ci1 sina; 1) cosp;
— (pr1c11 + pr2car cos ai—1 + pi3cor sin ;1) sin g; (3.108b)
b . (VT (p;
m21(902) _ P2*< ( z(%)) >C’*1 (3.108¢)
0p; 0p;

= (—p21c21 + p2aci1 COS i1 + Pa3ciy Sinay—1) €os @;
— (p21€11 + P22€21 €OS i1 + pascar sin 1) sinp; (3.108d)
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3.3.6.3 Summary

From the above it can be seen that, for a prismatic joint, the partial derivatives of the state variables ¥, ©, ®
with respect to the joint parameter d; all vanish, that is,

oU 00 0%

8d¢_8di_8d¢:0 (3.109)

This should come as no surprise, because the state variables ¥, @, ® describe the orientation of the end
effector. A prismatic joint performs only translation, and a translation can only change the position of the
end effector, but it can not change its orientation.
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4

Motion Interpolation

An animation can be defined as “a motion picture made by photographing successive positions of inani-
mate objects (as puppets or mechanical parts).” The first animations were drawn by hand and then pho-
tographed onto a film strip. In this way, Walt Disney made Mickey Mouse come to life. It is a very
time-consuming task to draw all the frames by hand, and in the beginning of this industry, cartoon films
only had twelve frames per second as opposed to the 25-30 frames per second of modern films. A time
and money saver was the use of in-betweeners. An in-betweener was a less-known artist whose job was
to fill in the blanks left by the famous artists. So the expensive artist would draw up Donald Duck in
the meaningful poses (key frames), and the in-betweeners would draw all the in-between less important
frames, thereby making sure that Donald Duck was animated from key-frame to key-frame.

Today computers are the in-betweeners. The animation artist places the character or object in the
key positions and tells the system when the model should be in a specific position. Then the computer
calculates the positions of the model at each frame, renders it, and saves it.

In the previous chapters, we showed how to model a complex model and how to help the computer
calculate specific positions for each object in the model. That is just one example of an automated calcula-
tion. One could also use a simulator to estimate the position and shape of the model. The most basic way
to animate is to use forward kinematics and no automation, just like the old Disney animators did. The
focus of this chapter is how to calculate the frames without a simulator or an automated system—although
they are often used in conjunction with each other.

The most basic way to calculate the in-between frames is to interpolate the storytelling poses, the
key-frames. Simple linear interpolation results in a jerky result. The character will walk like a stiff robot,
or if one is animating a color, it will flicker.

The first part of this chapter explores how to use higher-order splines instead of simple linear interpo-
lation so as to preserve the continuity over the key-frames and hide the key-frames. The parameter of the
interpolating curve has no physical meaning. This can present some difficulty to the animator. A more
intuitive way to think about the interpolating parameter is by using time or traveled distance along the
spline. The latter part of this chapter shows how to reparameterize the splines so they become a motion
function of time instead of the spline parameter and have some sort of physical meaning.

4.1 Key-Framing

In this section we will show how forward kinematics can be used to animate articulated bodies. It has just
been shown how the state vector s specifies the position and orientation of the end effector given values
for the generalized joint parameters 01, ...,0 . By varying the joint parameters, the articulated figure
will move. So, by letting the joint parameters be functions of time ¢, that is, 61 (t),...,0x(t), the state
vector will also be a function of time, s(¢), and the articulated figure can be animated by stepping the time
parameter ¢, and computing the state vector s(t).

71
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4.1.1 Key-Frames

In practice, it is not easy for an animator to specify all the joint parameters as functions of time, that is,
01,...,0N. A helpful tool is to specify the joint parameters by using what is known as key-frames or the
storytelling poses. The animator only has to specify the most important configurations of the articulated
figure and also at what time ¢; they occur, see Figure 4.1. Having specified the key-frames, that is, the
joint parameters @; at some discrete times t;, the joint parameters at the key-frames can be plotted on a
timeline, see Figure 4.2. The idea behind using key-frames is that the animator should not specify a huge
number of joint parameters, but only the ones that are important for the animation. The joint parameters
that are in between the key-frames should be calculated automatically such that the animation looks like
the animator imagined when he specified the key-frames.

The only thing that is known is the joint parameters at the key-frames, but the joint parameters between
the key-frames are not known, so this suggests an interpolation between the joint parameters at the key-
frames.

4.1.2 Linear Interpolation

The first idea that comes to mind is linear interpolation. If linear interpolation is used, the functions that
represent the joint parameters will look like the ones shown in Figure 4.3. As it can be seen from the
figure, the joint parameters make some very abrupt changes at some of the key-frames. The functions for
the joint parameters are continuous, but not differentiable. Especially, it can be seen for joint parameter
0o at the key-frame at time ¢;. The joint parameter 6 varies linearly from 45 ° to 90°, and then it abruptly
changes and returns to 45 °. The same can be seen at time {5 where the joint parameter 6, varies linearly
from 90° to 45° and then it stops immediately.

At the key-frames, the function is continuous but not differentiable, and that might look unnatural to
the beholder of the animation. Worse, if the joint parameter functions of the animation was to be used for
an actual industrial robot, the forces at time ¢; might be so big that the robot would break.

4.1.3 Spline Interpolation

As it was discussed in Section 4.1.2 linear interpolation is neither adequate for animation nor for sim-
ulation of industrial robots. The reason is that the functions representing the joint parameters must be
differentiable. Otherwise, the animation will look unnatural or the industrial robot will break.

The idea is now to make a continuous differentiable curve, which passes through the joint parameters
at the key-frames, that is, the curve must be continuously differentiable and also pass through the points
specified by the joint parameters at the key-frames.

To do this job there is a family of curves named interpolating splines. So, in order to get a smooth
function for the joint parameters, we use the parameters at the key-frames as points that must be interpo-
lated and use a spline to interpolate them. A result of such a spline-interpolation is shown in Figure 4.4.
At first, it seems strange that the curves of the joint parameters have some strange bends. They are nec-
essary because the curves must be continuously differentiable. How much the spline bends and wiggles
depends on which type of spline and how many control points are used for controlling the spline, see
Figure 4.5, where there are used as extra control points for the spline. Given access to an interactive tool
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(a) to : 00 :450791 = —1350

(C)tz : 90 :450,01 = —450

(b)tl 290 :900,01 = —900

(d)tg : 90 :450,01 = —900

Figure 4.1: The configuration of an articulated figure at times tg, ..., t3.
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Figure 4.2: The joint parameters at the key-frames plotted against time.
0;
90° | ‘
we| ool
0° t
—45°
—-90°
—-135° j
01 (to)
Figure 4.3: The functions of the joint parameters if linear interpolation is used between the joint parame-
ters at the key-frames.
—
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90° |

45°

—45°

-90°

—135°

Figure 4.4: The functions of the joint parameters are interpolated between the joint parameters at the key-
frames by a smooth interpolating spline. The control polygons used are those from the linear interpolation
shown in Figure 4.3, i.e., just the known joint parameters at the key-frames. The control polygons are
shown as dashed lines.

90° |

45° O 9(7)7(153)

—45°

-90°

)1 13)
~135° 1

Figure 4.5: The functions of the joint parameters are interpolated between the joint parameters at the key-
frames by a smooth interpolating spline. Here, extra control points are used to control the spline, which
gives a more smooth curve without wiggles. The control polygons are shown as dashed lines.
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where it is possible to choose the type of interpolating spline and to adjust the chosen splines parameters,
an experienced animator might obtain very visually pleasing results.

However, using spline interpolation introduces a little inconvenience for the animator. Looking at
Figures 4.4 and 4.5 the curves for the joint parameters 61 and 6» look as if they are functions of time ¢, but
they are not. The curves are given as a vector function (¢(u), #;(u))”, where the coordinate functions are
functions of the spline parameter u, which is not necessarily intuitive for an animator.

That means if the animator wants to compute the value of a joint parameter 6; at some given time 7,
this must be done in two steps:

1. Compute the spline parameter # corresponding to the time . This can be done numerically as a
root-finding problem, and because the function #(u) is a monotone increasing function, there is a
unique solution. That is, find @ such that Ht(a) - tH2 < € using any root-finding algorithm.

2. Compute the joint parameter 0; corresponding to the spline parameter , i.e., 0;().

4.2 Scripted Motion Using Splines

Imagine the following scenario: an elevator is riding up and down between the first and fifth floor in a
house. Inside the elevator is a person who throws a ping-pong ball against the elevator floor and catches
it when it pops back up. When the ping-pong ball and the elevator floor collide, the ball is affected very
much by the collision, but the elevator is not. The elevator will continue to move as if the ball had not hit
the floor.

To animate such a scenario on a computer, it would be a waste of computer power to animate both
the elevator and the ping-pong ball as physically correct. Only the ping-pong ball should be animated
physically correct. The motion of the elevator could be modeled by a 3D curve, e.g., a spline, describing
the location of the elevator during the animation.

A rigid body whose motion is described this way is called a scripted body. Modeling a scripted body
as described above might be done by key-frames analogous to the description in Section 4.1. Specify some
3D positions the scripted body must pass through, and then compute an interpolating spline to describe
the trajectory of the scripted body.

4.2.1 The Basic Idea

The trajectory is a 3D curve C(u) = [z(u) y(u) z(u)] 4 parameterized by the spline parameter u, and
it has the same inconveniences as described in Section 4.1.3. The spline is parameterized by u and not
time ¢.

Animation is about how a point p moves in time. More specifically, it can be stated:

1. What is the location of point p at time ¢?
2. What is the velocity v of point p at time ¢?

3. What is the acceleration a of point p at time ¢?

In order to make it easier for an animator to control the scripted body, the spline C' can be reparame-
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terized such that it becomes a function of time ¢.
This reparameterization can be done in two steps. First, express the spline C' as a function of the arc
length s, and then express the arc length s as a function of time .

1. Express the spline C' as a function the arc length s. That is, construct a function U : R — R
which maps the arc length to the corresponding spline parameter .

2. Express the arc length s as a function of time ¢. That is, construct a function S : R — R which
maps time ¢ to arc length s.

Using the above reparameterizing, the original spline C(u) can be expressed as a function of time ¢

CU(S5(t) —p= |y(US{?))) 4.1)

This means that an animator can control the position p, the velocity v, and the acceleration a as shown
below

p(t) = CU(S(t)) (4.22)
_dp(t)  d _ dC dU dS
2pt)  d? d (dC dU dS
at) = 20— L cwson - 5 (F 2 D) @20
d2C [(dU\? (dS\? dCdUd%S dC d*U [dS\?
(= = bt il i (4.2d)
du? \ ds dt du ds dt? du ds? \ dt
Some of the derivatives
dC d2C

are easy to compute, because they are given directly by the definition of the original spline C. The symbol
dC' /du means the spline C differentiated with respect to the original spline parameter u, analogous to the
symbol d>C'/du?. The other derivatives

dU d?U dS d?s
— — — and —

4.4
ds ds? dt dt? 4.4)

are difficult to compute because the functions U(s) and S(¢) can not be expressed analytically, but must
be computed numerically.

The following sections will describe how to reparameterize the spline C' with the arc length s, how to
reparameterize the arc length with time ¢, and how to compute the derivatives in (4.4).
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>
/

Figure 4.6: The arc length s as a function of the spline parameter .

4.2.2 Reparameterizing with Arc Length

Let the trajectory of some point p = [:U Y z]T be given by a space-spline C' : R — R3, and let the
spline be parameterized by a global parameter u

Clu) — p(u) = [z(u) y(u) =(u)]" 4.5)

However, the parameter v is not intuitive to use for humans. It is quite difficult for a human to predict
exactly which point on the spline corresponds to a given value of the parameter u. Humans are much
better at thinking in terms of the arc length s of the spline C. The arc length s of the spline C' can also be
explained as the distance traveled along the spline. The arc length s of C'is given as the integral

) — /0 C(u)

du
where ||C(u)/dul|, is the length of the derivative of C' with respect to the parameter u.

In order to reparameterize the spline C' with the arc length s a function U : R — R was introduced
in Section 4.2.1. The function U (s) maps the arc length s to the corresponding spline parameter u. This
means that the function U is really the inverse of the arc length function from (4.6).

As we will show later, the arc length function (4.6) can not be computed analytically for a spline curve.
Therefore, it is not possible to obtain an analytical expression for the inverse function U. The arc length
(4.6) is a monotone function as shown in Figure 4.6, so the value u = U(s) can be computed numerically
as follows:

du (4.6)

2

1. For some specified arc length § find the corresponding parameter value @ such that s(u) = 8.

2. Given 3 compute @ such that [|s(i) — 8||, < € using a root-finding algorithm and (4.6).
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3. Having computed the value u, compute C(@). Using this procedure, points on the spline C' can be
computed using the arc length s as parameter.

This corresponds to expressing the spline parameter v as a function of the arc length s
u=U(s) 4.7)

and use it to compute a point p on the spline p(s) = C(U(s)).
This reparameterization makes it easier to predict how the scripted body moves along the spline,
because the spline parameter used is the arc length, which is the traveled distance along the spline.

4.2.2.1 The Arc Length Integrand

Let C(u) be a cubic spline in 3-dimensional space

z(u) azu® + byu? + cpu + dy
Cu) = |y(u)| = |ayud +bu®+ cyu+dy,| . (4.8)
2(u) a,ud + byu? + cou +d,
Alternatively in matrix notation
3
Gy bz Cg d:c 52
C(u) = |ay by, c, dy u 4.9)
a, b, ¢, d,
1
The arc length function (4.6) of the cubic curve then becomes
“AldC
s(u) = / dC(u) du (4.10a)
0 du
2
u
:/‘Jm#+BW+CM+Du+ﬂm (4.10b)
0
where
A=9(a}+a.+a?) (4.11a)
B =12(ayby + ayby + ab,) (4.11b)
C = 6(azcy + aycy +azc,) + 402 + sz/ +b%) (4.11c)
D = 4(bycy + bycy + bc) (4.114d)
E=(c+c+c) (4.11e)

Unfortunately, it is not possible to find an analytical expression for this integral, so it is necessary to do a
numerical integration in order to find the value of s(u) for a given a value of u. The function

|5

du

‘:¢mﬁ+3ﬁ+cw+Du+E 4.12)
2
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Figure 4.7: The traveled distance s plotted against time ¢ as a number of discrete (¢, s;) pairs.

is the arc length integrand. By applying Horner’s rule for factoring polynomials (4.12) can be rewritten to
a more computationally friendly form

%"

With the theory developed so far, one can pick any numerical integration method, which fulfills the re-
quirements to performance and accuracy and then apply it in order to compute the arc length s(u).

V(((Au+ B)u+ C)u+ D)u + E. (4.13)

2

4.2.3 Reparameterizing with Time

To obtain an even better feeling of how the scripted body moves let S : R — R be the arc length
expressed as a function of time ¢.

An animator knows how a point p should move over time, so the function S can be specified by
a number of time-distance pairs (¢;, s;) at discrete points in time as shown in Figure 4.7. The discrete
(t;, s;) pairs might be interpolated by a spline V : R — R? whose coordinates are functions of the spline
parameter v as shown in Figure 4.8.

T
V(v) = [t(v) s(v)] (4.14)
Now, the arc length function S(¢) can be computed as a function of ¢ as follows:

1. Given a value £ find the corresponding value © such that Ht — tH < €, using a root-finding
algorithm. Time ¢ is a monotone increasing function, so a unique solutlon exists.

2. Compute the second coordinate function s(v) of V.
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Figure 4.8: The discrete (Z;,s;) pairs are interpolated by a spline V : R — R? yielding a continuous
function (¢(v), s(v))? which can be used to compute the traveled distance S(t) as a function of time t.
The slope of the spline is equal to the velocity of the point traveling along the curve.

This corresponds to expressing the spline parameter v as a function of ¢, and use it to compute the arc
length s = s(v(t)) = S(t). This arc length can now be used to compute the parameter u for the spline
C'(u) as described previously. What has been obtained is the computation C'(U(S(t))), which computes
points on the trajectory of the scripted body using time ¢ as parameter.

An articulated figure might be animated using scripted motion as follows. Consider the end effector
of an articulated figure as a scripted body, and let its trajectory be specified by a space-spline C(t) as
explained previously.

Then, by incrementing the time parameter ¢ with small time steps At, the corresponding points on
the space-spline C'(¢) might be computed as described above. Finally, the actual joint parameters can be
computed using inverse kinematics. This way, it is possible to animate the articulated figure as a scripted
body.

4.2.4 Computing the Derivatives

From (4.3) and (4.4) it is seen that the following values need to be computed

iC  d*C dU dU  dS 428
@ o4y dofr a2 415
du  du? ds  dss  dt ¢ ae (4.15)

The derivatives dC/du and d*C/du? are easily computed from the analytic expression of the spline
C'(u). This leaves the remaining four derivatives

AU dPU  dS 425
e @ 416
a5 ds? @ M ogp (4.16)
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Analytic expressions for the functions S and U are not available, but fortunately this is not the case for
their derivatives, which can be computed analytically.
Starting with (4.6) the integrand can be rewritten as the dot product of the derivative of the space-spline

s(u) = /Ou du = /Ou \/dC(“) ACW 4, 4.17)

du du
which is a more convenient form. Differentiating the arc length function s(u) with respect to the parameter
u, is the same as differentiating the integral as a function of its limits. This yields

ds(u)  [dC(u) dC(u)
du _\/ du  du (4.18)

C(u)
du

Recall, the function U(s) is the inverse of the arc length function s(u) given in (4.17). Therefore, the
derivative of U(s) with respect to the arc length s is equal to
au 1 1
) _ — (4.19)
LT N L IOV RS AT
du du du

From the above, it can be seen that although the function U(s) can only be computed numerically, it is
possible to compute its derivative, because dC'/du is given by an analytic expression, and U(s) can be
computed numerically. Differentiating this derivative with respect to s yields

d?U(s) d 1
ds*  ds \/dC(U(s)) dC(U(s)) (3200
du ' du
d <dC(U(s)) ' dC(U(s))>
_ ds du du v (4.20b)
5 <dC(U(S)) . dC(U(S))>
du du
<d2C(U(s)) ' dC(U(s)) n dC(U(s)) ' dQC(U(s))> dU(s)
_ du? du du du? ds (4.200)
) <dc<U<s>> | dc<U<s>>>3/2 |
du du
After some rearranging of terms it is found that
) dC(U(s)) ' d*C(U(s))

ds? <dC(U(s)) _ dC(U<s))>2
du du
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The derivatives dC/du and d*C/du? are given by analytic expressions and U (s) can be computed nu-
merically, so the derivative d?U (s)/ds? can also be computed.

Recall that the reparameterization of the arc length with the time S(¢) was done using a spline V' given
by (4.14) and repeated here for convenience

V() = [tw) s)]" (4.22)

Since the function V is a spline, so is each of its coordinate functions. This implies that analytic expres-
sions for
dt(v) and ds(v)
dv dv
can be found by straight forward computations. In fact, these would be second-order polynomials when
V is a cubic spline.

Recall that given a value of ¢ the corresponding value of the spline parameter v could be found nu-
merically by a root search. This corresponds to expressing the spline parameter v as a function of time
t. Denote this function v(¢). With this notation the arc length can be expressed as a function of time
S(t) = s(v(t)). The derivatives of S with respect to time is then given by

ds(t) _ ds(v(t)) _ ds(v(t)) dv(t)
dt dt dv dt

Looking at the last term, it can be seen that this is in fact the inverse mapping of (4.23). Therefore, the
above expression can be written

(4.23)

(4.24)

dS(t)  ds(v(t)) 1
d dv dt
7o (0(®)
The value of v(t) is already known. It was found by the root search that was performed in the time
reparameterization phase of the space-spline.
The second derivative of the function .S with respect to ¢ can be computed as follows. From (4.25) it
is found that

d?S(t)  d*s(v(t))

(4.25)

a2 dt? (4.26a)
_ d*s(v(t)) du(t) 1 ds(v(t)) -1 d dt(v(t))
B dv? dt dt(v(t)) * dv <dt(v(t))>2 dt < dv > (4.26b)
dv dv
@s(v(1)) ds(v(t)) o) ot
_ dv? B dv v v
- <dt(v(t))>2 <dt(v(t))>2 dv2dt (4.26¢)
dv dv
Psu(t)  ds(u(t) dPt(u(t)
= e (4.26d)

() ()
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The value v(t) is known so the above expression is an analytic expression evaluated at v(t).
Looking at all the equations for the derivatives, it is realized that whenever
aCc(U dt(v(t
dCWUE) _ o o ®) 4.27)
du dv
might cause problems. However, it turns out these degenerate cases do not cause any problems in practice.
—®
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Simulation of multibody dynamics deals with simulating the motion of multiple rigid bodies, possi-
bly connected to each other through joints. The various fields concerned with multibody dynamics have
developed slightly different language usages. The computer graphics literature often uses the term rigid
body simulation and the applied mathematical and engineering literature uses the term multibody dynam-
ics. Therefore, it is appropriate to begin our discussion on multibody dynamics with a clarification of the
terms we have decided to use in this book: multibody simply means multiple bodies. Multibody Dynamics
is the physics of multiple bodies all in mutual contact with each other or possibly connected to each other
by joints. By simulation of the multibody dynamics we get a Multibody Animation.

The terms articulated figure, articulated body, or jointed mechanism are often used for rigid bodies
connected by joints. Sometimes the term rigid body simulation is used for those simulators that do not
handle jointed mechanisms. Thus, multibody animation is the most general term covering every topic and
scenario you can think of concerning rigid bodies.

Particles and rigid bodies are often the first concepts introduced in physics, and they are regarded as
the basic theoretical building blocks. The same view is also often applied in physics-based animation:
rigid body simulation is considered the basic starting point for many practitioners.

Many consider multibody dynamics to be simpler to simulate than chaotic and turbulent natural phe-
nomena such as water, smoke, or fire. In our opinion this is a misconception, and although the free motion
of a single rigid body floating in empty space is embarrassingly simple to simulate, rigid bodies are ideal
real-world models. However, in the real world everything deforms. For rigid bodies, this idealization
results in difficult discontinuities, causing the numerics to become ill-conditioned and sometimes even
unsolvable.

The dynamics and mathematics of rigid bodies have been known since Newton. Nevertheless, nearly
400 years later it is still a topic of active interest and scientific publication. Since the 80s there have been
papers on rigid body simulation in every ACM SIGGRAPH Proceedings. The explanation is that even
though the physics and mathematics is well established, it is not easily solved on a computer. Further-
more, there is a continuous demand to simulate more and more rigid bodies faster and faster. Finally,
in animation we often want to simulate unreal things that should appear plausible. Hence methods are
needed that are incredibly fast, stable, robust, and tolerant for faulty configurations, none of which is the
main focus in classical mechanics.

The traditional approach for analyzing systems in classical mechanics often deals with systems in
equilibrium. This is of little interest in animation, where we want to see objects in motion and colliding
with each other. At equilibrium, the animation is usually over. In contrast, robotics has a long tradition of
simulating mechanics; an equilibrium state is often the goal. Further problems are more concerned with
kinematics of a single mechanism, controlling, planning, or computing the motion trajectory in a known
and controlled environment. In animation, nothing is known about what should happen, and often only
animation of several mechanisms is interesting. Besides, robotics tends to be aimed at only simulating the
joints of a mechanism, not contact forces with the environment or other mechanisms.

The quest for bigger and faster simulators seems endless and is mainly driven forward by the computer
gaming industry and the movie industry. Rigid bodies are attractive in computer games, since they fit in
nicely with the level of realism, and they are fairly easy to use to plan game events and build game
levels. Basically, the industry knows how to use rigid bodies to create interesting game effects. The movie
industry has moved beyond multibody animation to deformable objects, natural phenomena, humans, etc.
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This part is a thorough introduction to multibody animation. The theory and methods we present are
highly biased toward our own work in the field, and readers should not expect a complete, in-depth, and
detailed walk-through of every method and paradigm.

Our contribution on multibody animation in this book begins with the simplest possible approach to
model multibody dynamics: the so-called penalty-based methods. Penalty-based methods were among
the first to appear and are still in use today. Then we will turn our attention toward the impulse-based
methods, which are considered easy to implement compared to other methods. Impulse-based methods
are characterized by the fact that they represent every interaction between bodies in the world through
collisions; even a cup resting on a table is modeled by a series of highly-frequent collisions. Constraint-
based methods are probably the kind of method that resembles a physicist’s view of the world. Constraint-
based methods set up the motion of equations, and solve explicitly for the contact and constraint forces,
considering that Newton’s second law can be integrated to calculate the complete motion of the objects.

After we have introduced the reader to the three traditional “main-stream” methods for simulating
rigid bodies, we will describe a formal, conceptual module design. The module design is used to explain
many details of rigid body simulators, such as interaction with the collision detection engine or the time-
stepping strategies. Finally we will present contact graphs, a convenient data structure to store information
about contact points.

Our aim with the multibody dynamics theory presented in this book is to equip the reader with the
skills for building stable and robust multibody simulators capable of simulating large configurations with-
out breaking down or giving up on unexpected errors or faulty starting conditions. We have focused on
high performance, but it’s more from an algorithmic point of view, and not our most important concern.
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Penalty-Based Multibody Animation

Rigid bodies in the real world do not penetrate each other, and the penetration is impossible due to the
contact forces between rigid bodies. In penalty-based multibody animation, a spring-damper system is
used for penalizing penetrations. A spring-damper system behaves like a harmonic oscillator in classical
mechanics, which will be reviewed here. For full detail see Section 22.4.

Penalty methods have a lot in common with mass-spring systems, because all effects are modeled by
springs and dampers, see for instance [Provot, 1995], and they are generally applicable to both deformable
and rigid objects. Spring-damper models are even found in biomechanical muscle models such as Hill’s
muscle model and Zajac’s force model, see [Chen et al., 1992].

This chapter covers rigid bodies, but the theory is generally applicable. We strongly encourage readers
new to the subject of classical mechanics to examine Section 22.1 for basic theory of the motion of rigid
bodies.

5.1 The Basics

The motion of a single rigid body is described in the Newton-Euler equations. These are derived in full
detail in Section 22.1. Here, we will briefly review the notation and equations.

The center of mass is given by r, the orientation is given by the quaternion ¢ and the linear and angular
velocities are given by v and w

r v
d |q 3Wa
- )
7 | v a | (5.1
w «a
where a and a are the linear and angular acceleration, and can be found by
F -1
a=— and a=I"(tT+wxlIw). (5.2)
m

Here m is the total mass and I is the inertia tensor. Furthermore, F' is the total linear force acting on the
center of mass and 7 is the torque w.r.t./ the center of mass. The ordinary differential equation (ODE) in
(5.1) is called a Lagrangian formulation. Given initial conditions, one can use a numerical integrator to
integrate the motion of the rigid body. See Chapter 23 for details about numerical integration.

The Hamiltonian formulation of the motion of the rigid body is an alternative to the Lagrangian for-
mulation and is given by

T v
d|q| _ |3wq
L T

89
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Figure 5.1: Penalizing penetration by insertion of springs.

where P and L are the linear and angular momentum respectively. In the Hamiltonian formulation v and
w is found by

v=— and w=I'L (5.4)

As with the Lagrangian formulation the Hamiltonian formulation can also be numerically integrated.

Regardless of the chosen formulation, one needs to find the values of the force F' and torque 7 at a
given instant in time in order to perform the numerical integration. These values would include contri-
butions from external forces, such as gravity, and contact forces stemming from contact with other rigid
bodies.

In order to compute, the contact forces springs with rest-length zero are inserted at all penetrations as
shown in Figure 5.1. The springs will try to remove the penetrations, which is why they are called penalty
forces. Furthermore, larger penetrations means larger spring forces. That is, springs penalize penetrations,
hence the name penalty method. The contact force from each point of contact is thus computed as a spring
force. Call the external contributions f . and Tex and the ¢’th spring force f,in,, and Tspring,. Now the
total force and torque are computed as

F=f+ Z fspringi (5.5)

T = Text T Z T spring; (5.6)



“book” — 2005/9/30 — ]15:44 — page 91 — #103

5.1 PHYSICS-BASED ANIMATION 91

In case of gravity being the only external force, we have

fext =mg (5.7
Text = 0 (5.8)

where g = [0, —9.81,0] is the gravitational acceleration.
In its most pure form the simulation loop of the penalty method can be summarized as

e Detect contact points (run collision detection)
e Compute and accumulate spring forces
o Integrate equations of motion forward in time

This is the pure form of the penalty method. In practice, it is combined with several other techniques,
some of these are surveyed in Section 5.9.

Now we’ll turn our attention toward the actual computation of the penalty forces in a general simulator.
Let the k’th contact point between the two bodies 7 and j with center of mass at 7; and r; respectively be
at position p;, given in 3D world coordinates. The k’th contact point has the contact normal, n, also in
3D world space, pointing from body ¢ toward body j, and a measure of penetration depth, d;. Then the
penalty force acting on body j is given by

Fj = (—/{Jdk — buk . nk) ng, (59)
where uj, denotes the relative contact velocity at the k’th contact point, i.e.,
up = (v; +w; X ) — (Vj +wj X T5), (5.10)

where r1; = pp, —7; and r; = p;, — ;. For uy - ny < 0 objects are approaching each other, u, - 1, = 0
there is no relative movement, and if uy, - n;, > 0 objects are moving away from each other. Notice how
carefully the viscosity is modeled only to work in the direction of the contact normal. It was pointed out
in [Baraff et al., 2003a], that damping should only work in the constraint direction. The force acting on
body ¢ is by Newton’s third law,

F;=—F;. (5.11)

Besides the linear force terms arising from the penalty force, there are also some torque terms which must
be taken into account.

Tj =TEj X Fj (5123)

So far we have derived what can be termed the simple or classical penalty method. There are, however,
several difficulties associated with it.
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Figure 5.2: Figure illustrating that it is not always easy to determine penetration depths and contact nor-
mals based on local information only.

e First of all it is not trivial to compute satisfactory contact normals or penetration depths. This is
illustrated by Figure 5.2. Distance fields are ideal for these computations, but they lack global
knowledge about the entire state.

The problem of determining meaningful contact normals and penetration depths is mostly caused
by the use of local computations as shown in the figure. If a global computation [Kim et al., 2002]
is used instead, these problems can be resolved.

e Some contact points like the face-face case appearing in a box stack is difficult to handle by applying
a penalty force at the contact point of deepest penetration [Hasegawa et al., 2003], as illustrated in
Figure 5.3. To alleviate this problem, researchers have tried to sample the entire contact region with
contact points as shown in Figure 5.4. There also exist methods, that integrate over the intersection
area and/or volume.

e Figure 5.2 illustrates another problem with contact normals, in the left column a “healthy” state is
shown, the right column shows a slightly more displaced state. Observe that from the left to the
right state, the contact normals make a discontinuous change; the problem is treated in detail by
[Hirota, 2002, Hirota et al., 2001].
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Figure 5.3: Figure illustrating a resting box, undergoing an unwanted and endless wiggling.

Figure 5.4: Figure illustrating the idea of oversampling to alleviate the wiggling problem.
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Figure 5.5: The one mass harmonic oscillator.

5.2 The Harmonic Oscillator

In Section 5.1 we showed how penetrations were penalized with spring-damper systems. A spring-damper
system is equivalent to a damped harmonic oscillator. In order to study the behavior of the penalty method
we should study the behavior of the harmonic oscillator.

In this section we will briefly review the harmonic oscillator. The reader is referred to Section 22.4
for more detailed treatment.

5.2.1 The One Object Harmonic Oscillator

Consider a particle attached to a wall of infinite mass with a spring as shown in Figure 5.5. The spring
force given by
Fopring = —kx, (5.13)

is called Hooke’s Spring Law, and k > 0 is called the spring coefficient. Newton’s second law of motion,
dictates the motion of the particle as,
mx = —kux, (5.14)

which yields the second-order ordinary differential equation
mz + kx = 0. (5.15)
An analytical solution to this equation exists and can be shown to be

x = Bsin (wpt) + C cos (wot) , (5.16)
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Figure 5.6: An undamped harmonic oscillator

where
k

wo =1/ — (5.17)
m

is known as the natural frequency. The constants B and C can be evaluated from the initial position and
velocity of the particle. The analytical solution (5.16) can be rewritten as a single cosine function,

x = Acos (wot + ¢), (5.18)

The particle follows a cosine motion with amplitude A, frequency wq, and phase ¢. The motion is conse-
quently repetitive with a period T,

2
=" (5.192)
wo
2
_ T (5.19b)

L3
m
Figure 5.6 shows an example of a harmonic oscillator. The idealized harmonic oscillator assumes that

there is no loss in energy over time. This is physically unrealistic, and practically not as useful as a
damped harmonic oscillator. A typical damping force is given by

Fdamping = _biH (520)

which is commonly referred to as a linear viscosity force, and the coefficient b > 0 is called the damping
or viscosity coefficient. From Newton’s second law of motion, the motion of the damped particle must
obey,

mx = —kx — bz, 5.21)
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which is equivalent to the second-order ordinary differential equation

mi + bx' + kx =0, (5.22)
or ) .
I+ —r+—x=0. (5.23)
m m
Using the natural frequency w3 = % and introducing v = %, this may be written as,
i+t +wir = 0. (5.24)

An analytical solution exists and is simply stated here as,
= Aexp (—%t) cos (wit + @), (5.25)
where A and ¢ are constants determined from initial conditions, and
w1 =\jwj — — (5.26)

is the frequency. The frequency w; has real solutions when

2 ’Y2
k b2
=~ _>0 (5.27b)
m  4m?
= 4km — b >0 (5.27¢)

Comparing the damped harmonic oscillator (5.25) with the undamped harmonic oscillator (5.18) it is seen
that the amplitude of the damped oscillator is exponentially decaying and that the frequency w; of the
damped oscillator is less than the frequency, wg, of the undamped oscillator.

The zero-crossings of the damped harmonic oscillator naturally occurs at equal time intervals by the

period
2
==, (5.28)
w1
Surprisingly, the peaks of the motion do not lie halfway between the zero-crossings as illustrated in Fig-
ure 5.7. The damped motion may be described qualitatively by examining the value of b2 — 4mk and the
ratio of
X (5.29)
w1
The motion is:

Overdamped, when b — 4mk > 0. Two cases of over-damping can be distinguished:
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Lightly Damped Harmonic Oscillator
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Figure 5.7: A lightly damped harmonic oscillator

Lightly damped, if wll < 1 then A(t) decays very little during the time the cosine makes many
Zero-crossings.

Heavy damped, if wll is large then A(t) rapidly goes to zero while the cosine makes only a few
oscillations.

Critical damped, when b?> — 4mk = 0. In this case the amplitude tends most rapidly to zero (without
crossing zero) and flattens out.

Underdamped, when b? — 4mk < 0. In this case the amplitude decays even faster than in the case of
critical damping, but the amplitude will cross zero and increase again before flattering out.

Examples of the four categories are illustrated in Figure 5.8. Using a harmonic oscillator for a mass-
spring system to model penalty forces, reasonable motion is obtained for heavily damped or at best critical
damped, since oscillating forces such as oscillating contact forces are often undesirable. Furthermore, it is
often desirable to require that the amplitude should decay to zero within a time-step, since this will make
objects appear rigid.

5.2.2 The Two Object Harmonic Oscillator

Consider a two-body system, as shown in Figure 5.9, where two particles are connected with a spring.
Hooke’s law for this system is given as the following two equations,

mjjfj =—k (l‘j — :ZIZ) . (530b)
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Figure 5.8: A qualitative analysis of a damped harmonic oscillator.

Figure 5.9: The two-mass harmonic oscillator.
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Dividing the first equation by m; and the second by m, yields

1
i = k— (z; — 1), 5.31
B o (zj — x;) (5.31a)
1
PR LR 531b
T m; (zj — 24) ( )

and subtracting the first from the second, yields

. . 1 1
I‘j — Ty = —]ﬂm—] (.rj — I‘Z) — kE (.rj — .rz) (5.323)
1 1
=—k <— + —) ($j - I‘Z) . (532]3)
mj my

The two-object harmonic oscillator has the same motion as the one-object harmonic oscillator. This may
be seen by setting, x = x; — z;, in (5.32b), such that

1 1
T =—-k <— + —> T (5.33)
’I?’Lj m;
Introducing the reduced mass as,
= (5.34)
m; +my
it is discovered that
uE = —kx. (5.35)

We conclude that the two-object harmonic oscillator behaves as a one-object system of mass .

5.3 Picking Parameter Values

Using a harmonic oscillator to model penalty forces, reasonable motion is obtained in case of a heavily
damped or critical damped harmonic oscillator, since oscillating forces such as oscillating contact forces
are undesirable. Furthermore, it is desirable to require that the amplitude should decay to zero within a
single frame computation, since this will make objects appear rigid and ensure that an observer will not
notice any oscillating behavior.

Thus we need a method for picking the values of the spring and damping coefficients, so that we can
control the behavior of the harmonic oscillator to achieve the desired motion. That is, we want to pick
parameter values such that we are not able to see the springiness of the corresponding mass-spring system.

The oscillation cycle of a harmonic oscillator, i.e., the time period (5.28), is given by

2
=" (5.36)

wl’



“book” — 2005/9/30 — 1?:44 — page 100 — #112

100 CHAPTER 5. PENALTY-BASED MULTIBODY ANIMATION

To avoid temporal aliasing the time-step At between two frames must be smaller than %T according to
Nyquist sampling theory [McClellan et al., 1998]. That is

T
At < 3 (5.37)
This knowledge can, for instance, be used to determine a suitable spring coefficient k, that will allow us

to use the maximum frame time-step without temporal aliasing. That is

T

At=—=l T (5.38)
2w 2 _
Wo — 1

Rearranging, we find that

72
Atyfwf — == (5.39)

Squaring both sides and isolating wg we get,

At? <w2—f> S 5.40
0 4 =T". (5.40)
Using wi = % and vy = % we find that
k 2 b2
— = A—t2 + 4—7,”2 (5.41)
It is thus concluded that ) )
mm b
k= Az + i (5.42)

This approach is used in [Hasegawa et al., 2003], but it does not provide us with any means for picking
the coefficient of damping b, i.e., it is impossible to control the rate of the decay.

In order to get a method that also allows control of the coefficient of damping, we will start by deriving
the conditions for a highly damped oscillator. For such an oscillator we must have that the ratio in (5.29)

goes to infinity,

. (5.43)

Y
— = - —. 44
m VT g2 (5.44)

b\> b2
<—> = - P—. (5.45)

Substituting v = -2 and (5.26) we derive

Squaring yields
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Substituting (5.17) and collecting terms gives

2\ (bN\? Lk
(1 N C_> <_> —2f (5.46a)
4 m m
1 1\ /b\* &k
= <_2 + _> (_> ==, (5.46b)
c 4 m m
Taking the limit for ¢ going to infinity, gives
b2
=—. 547
i (5.47)

Observe that this is in fact a critically damped oscillator, because we have b — 4mk = 0, so we have
shown that the limiting case of the heavily damped oscillator is in fact the critical damped oscillator, as
expected.

We’ll investigate the critical damped harmonic oscillator further by looking at the frequency of it

w=yud -2 (5.48a)
k b2
A 5.48b
m  4m?2 ( )
1
—0. (5.48d)

This means that the frequency vanishes, and there is no oscillation. Observe that this indicates an infinite

long period, since

2
lim T = lim 22 = oo, (5.49)

w1—0 w1—0 w1

Using these facts about the critical damped harmonic oscillator, we see that the equation describing the
motion of the harmonic oscillator (5.25) reduces to a simple exponential decay:

x = Aexp (—%t) cos (w1t + ¢) . (5.50)

In our case w; = 0, and the phase shift is zero since at time ¢ = 0 the spring will have maximum amplitude
equal to the penetration depth between two rigid bodies. Thus we conclude that

z = Aexp (—%t) . (5.51)

Exponential decay is often characterized by the time 7 required for the amplitude of the signal to drop to
e~! ~ 0.37 of its initial value. That is

exp (—1) = exp (—%7) (5.52)
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This time is called the characteristic time or the damping time [Kleppner et al., 1978]. For our purpose 7
becomes a parameter for controlling the rate by which the signal tends to zero. For the moment we will
let the value of 7 be a user-specified parameter. By the definition of 7 in (5.52) we derive

gl

~1=-gr, (5.53a)

Sq=1, (5.53b)

which yields a formula for selecting the value of the viscosity coefficient

2
p= " (5.54)
T
Knowing that we want critical damping, indicating that b> — 4mk = 0, we can derive a formula for
selecting the value of the spring coefficient

b — ﬂz (5.55)
T

Although our derivations differ from the ones given in [Barzel et al., 1988], the approaches are identical.
The problem that remains is a method for picking the value of 7. We will derive such a method in the
following.

We want the amplitude to drop to a fraction 0 < € < 1 within a single frame computation. Thus we
need to determine how many steps n of 7 are needed before the amplitude decays to a fraction below ¢,

exp (—%m-) = (e_l)n <e, (5.56)
from this we derive
() <e (5.57a)
J
nln(e7') <Ilne (5.57b)
J
n> —lne (5.57¢)

In conclusion, we see that we must pick n = [—1Ine]. Given the time-step At between two frames we
can compute T as
At

n

(5.58)

T

This completes the derivation for our method of picking parameter values. Pseudocode is listed in Fig-
ure 5.10. In Figure 5.11 is shown a piece of Matlab code, illustrating how parameters could be picked,
such that the amplitude drops to below one percent of its initial value within a single simulation time-step.
In Figure 5.12 is shown the output from the Matlab code from Figure 5.11. Note the values of the coeffi-
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Algorithm pick-parameter-values ( At,e,m )

n=[—lne|
T=At/n
b=2m/T
k=m/r?

End algorithm

Figure 5.10: Pseudocode for picking parameter values of a spring. The time-step between two frames is
given by At, the decay fraction of the amplitude is given by € and the mass is given by m. In general m
would be the reduced mass (see Section 5.2.2).

dt = 0.01; % Time-step size

tau = dt/6; % Damping time

A = 0.02; % Initial Amplitude

m = 10; % Mass

gamma = 2/tau;

delta = 1/tau"2;

b = 2*m/tau; % Damping Coefficient

k = m/tau”2; % Spring Coefficient

omega_0 = sqgrt(delta); % Natrual Frequency
omega_1l = sqrt(omega_072 - gamma”2/4); % Frequency

t = 0:tau/100:6*tau;

X = A * exp(—(gamma * t)/2).*cos(omega_1l*t); % Signal of harmonic oscillator
plot (t,x);

title(’Critical Damped Harmonic Oscillator’);

xlabel ("time (seconds)’);

ylabel (’Penetration depth (cm)”’);

text (tau,0.5*A, textlabel ( 'A *exp(-gamma*t)*cos(omega_1l*t)’) );
text(tau,0.4*A, ['k = ' mat2str(k)] );

text(tau,0.3*A, ['b = ' mat2str(b)] );

Figure 5.11: Matlab code for picking spring- and damper-parameter values of a critical damped oscillator
with a controlled decay.
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Critically Damped Harmonic Oscillator
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Figure 5.12: Plot showing the amplitude of the critical damped harmonic oscillator from Figure 5.11.
Notice that the amplitude, i.e., the penetration depth, drops to almost zero within a single time-step At =
0.01 seconds.

cients, k and b. The half-life time is an alternative time constant, which is defined as the value 7 for which
the signal has dropped to one half of its initial value, that is

exp (—17') = 1 (5.59)

2 2
If preferred, one could use the half-life time instead of the damping time, to derive formulas for picking
the values of k£ and b.

5.4 Solving Harmonic Oscillators Numerically

In the previous section we worked directly with the analytical solution to the damped harmonic oscillator.
This is seldom possible in a simulator, which must rely on numerical methods. This section is devoted to
the task of applying a numerical method to a spring-damper system. Two methods are essentially studied:
the explicit Euler method and the implicit Euler method. The interested reader is referred to Chapter 23.1
for more details.
According to (5.51) we have x(t) = Aexp (—%t). Differentiating w.r.t. time yields
A |
z(t) = —§x(t), (5.60)
which is the ordinary differential equation we will try to solve numerically.
For the explicit first-order Euler scheme, the numerical approximation, x;41, at time ¢;.1 = t; + h to
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the analytical solution z(¢;41) is given by

it

Tit1 =T + thi (5.61a)
_ <1 i h%) . (5.61b)

Initially zq = A, from which we get
Tis1 = (1 + h%”)m 2o = A (1 - h%)m . (5.62)

Since the exact solution is z(t) = Aexp (— %t) then the absolute error is given by

|x(t;) — =i = ‘Aexp (—%ih) —A (1 — h%)z' (5.63a)
— |A| |exp (—%h)i _ (1 _ h%)' , (5.63b)

from which we see that the accuracy of the numerical solution is determined by how well 1 — 73 approx-
imates exp (—%h). Furthermore, the numerical solution will only converge to the analytical solution if

(1 — h%‘ <1, (5.64)

see Chapter 23.1 for more details. This effectively restricts the time-step h for the numerical method:
since h,~y > 0 then there are two cases to consider. First, if hy < 1, then numerical convergence may
only occur, when 1 — h% < 1, hence

0 < hy<2. (5.65)

Second, if hy > 1, then numerical convergence may only occur, when 1 — h% > —1, hence
2 < hy < 4. (5.66)

Notice, if in the first case h > % then we are in second case. Thus from ‘1 - h%‘ < land h,v > 0 we
have 4 4
h<-=2E (5.67)
0% b
where p is the reduced mass of a two object harmonic oscillator as described in Section 5.2.2. From (5.67)
two things become clear:

e The greater mass ratios there are present in the system, i.e., m; < m,, the smaller time-step is
required.

e More damping requires less time-step size as well.
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An alternative to the explicit Euler is the implicit first-order Euler scheme in more depth. It is defined
as
Tit1 = T; + hTiqq. (5.68)

Since we know the analytical solution to the problem x(t) = Aexp(—3t), this is easily evaluated to
_ g
Tip1 = T; — h§$i+l- (5.69)
A little mathematical manipulation yields

(1 n h%) Tiv1 = i, (5.70a)

= T = (5.70b)

Remembering that the analytical solution has x(¢) — 0 for ¢ — oo, but in contrast to the explicit method,
the implicit method converges even as h — oc:

. T\ _
hh_)n;O <1 T h%) =0. (5.71)

This effectively means that the stability requirements do not require a bound on the time-step of the
implicit method. We say that the implicit method is unconditionally stable.

Comparing the explicit with the implicit methods for a spring-damper system, the implicit method is
obviously superior, since it will always converge to the correct solution regardless of the chosen time-step.
Figure 5.13 compares the implicit and explicit method for different values of the time-step. However,
while the implicit method always converges to the correct solution, it does so at a slower rate than the
exact solution. The explicit method gets into more and more trouble the closer h gets to %; when h passes
this value the numerics simply explode. Furthermore for those time-step sizes where the explicit method
is stable, it will converge to zero even faster than the analytical solution.

5.5 Using the Penalty Method in Practice

The previous section appears to supply bulletproof values for the coefficients of the spring-damper sys-
tem, nevertheless practitioners report that massive amounts of parameter tuning is needed for mass-spring
systems. Surprisingly enough, they are still widely used and very popular—soft bodies in tools such as
Maya or 3DMax clearly illustrate this. We believe this popularity is mainly due to the simplicity of mass-
spring systems; they seem easy to understand and implement. However, there is also a computational
justification for using penalty methods. If a configuration has k£ contact points, the collision response
only takes O(k) time and has very low time constants. In comparison, a constraint-based simulation to
be discussed in Chapter 7 has at least O(k?3) expected average time for an exact solution, and with quite
high time-constants and some constraint-based methods, only guarantees expected polynomial time, that
is O(k™) for some n > 1. Although recent research in iterative numerical methods for constraint-based
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Figure 5.13: Comparison of explicit and implicit Euler method, and exact solution of z(t) =
Aexp (—31).
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methods yields much better results [Erleben, 2005], the penalty-based approach is still a computationally
cheap method. Impulse-based simulation, to be discussed in Section 6, is in some cases comparable to
the O(k) running time of the penalty-based method. However, in some cases it is possible to design
configurations that have O(co) running time with an impulse-based simulator. With some tricks of the
trade it is possible to enforce a O(ck) running time for an impulse-based simulator with some constant
¢ > 1. Other simulation methods solve QP optimization problems. For instance, optimization-based an-
imation [Schmidl, 2002], which is an NP-hard problem. So in short, there is a performance benefit from
using penalty-based methods, because even though the other methods have worse time complexities, they
can be numerically more pleasant, allowing them to take larger time-steps. Penalty methods are known
to produce stiff, ordinary differential equations, which requires small time-steps to satisfactory solve the
equation numerically, whereas, for instance, a velocity-based complementarity formulation, as described
in Section 7, can take extremely large time-steps in order of thousands times that of the penalty method,
without ever becoming unstable.

It is not just the problem of stiff ordinary differential equations that can make penalty methods in-
tractable, they can also suffer from a secondary oscillations. These are resonance effects, which occur in
forced and possibly damped harmonic oscillators, i.e., where some external time dependent force, F'(t) is
affecting the system,

P4yitwir=F(t). (5.72)

In classical mechanics the behavior of this system is often studied with
F (t) = Fycos (wt). (5.73)

Here Fj is some constant, and w is the driving frequency. F'(t) is called the driving force. Secondary
oscillation is seen when w is close to the frequency of the oscillator i.e., wg for undamped and w; for
damped. The effect is seen as an increase in amplitude. For the undamped oscillator the amplitude goes
to infinity as w — wy, physically this is not a problem, since no real-world systems are undamped, but in
a simulator this might occur, since we are working on an ideal world. In the damped case, the amplitude
cannot go to infinity, but is limited by ~, see [Kleppner et al., 1978, pp. 427]. In other words, secondary
oscillation can amplify the penalty force in a simulator, such that the amplification can kick objects away
from surfaces. One way to combat this is to make ~ as large as possible, and one way to detect such a
phenomena is to track the total energy of the system—if it suddenly increases, this might be hint of such
problems.

The observant reader might at this point claim that it is very unlikely that there is a driving force in
form of (5.25), and in most cases, we will often only have to deal with three kinds of driving forces:

Imprecision: In cases of imprecision, ¢, the equation of motion becomes
P4yt +wir = (5.74)

We have no way to predict what kind of function € is, we only know it is very small valued, and
unlikely to be periodic.

Gravity: Gravity is another force acting on the system, so the equations of motion become

i+ i+ wir = e+ myg. (5.75)
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This is a constant force and should not prove to be a problem.

Contact: There is also the contact forces from all other objects, such as in a box stack. This is equivalent
to a serial connection of springs as can be seen in Figure 5.14. Looking at the equation of motion
for a single spring in such a system gives

T+ + w%x =€+ mg + Fiontact- (5.76)

Since all other contact forces are also modeled by spring-damper systems, these forces will act
as a damped driving force. There might be more than one object in contact, which means that
the driving force might contain many different frequencies. Multiple contacts might even cause
a damped driving frequency close to the oscillators frequency, in which case an effect similar to
secondary oscillation can be expected to occur.

Looking at all the spring-damper systems as a whole system, the energy is shifted from one spring-
damper system to another, and the damping will dissipate energy over time and the system will
eventually settle in equilibrium. Thus, from this viewpoint, there is no secondary oscillation effect,
instead a wobbly elastic effect may be seen.

In conclusion, we do not know if numerical issues might cause secondary oscillation, nor whether multiple
contact formations are likely to cause a local effect for each spring similar to secondary oscillation. It is
therefore likely to expect problems similar to secondary oscillation the more complex the configuration
gets. These secondary oscillations are another source for parameter tuning, generally speaking, increasing
the value of « should help alleviate the problem. Increasing + can only be done by increasing b, which
means that the system is likely to become over-damped instead of critical damped.

5.6 Secondary Oscillations

A secondary oscillation is a resonance phenomena. To gain more insight into the significance of the
secondary oscillation in the penalty method, we will study the case of a idealized box stacking as shown
in Figure 5.14. We have three boxes denoted by the numbers 1, 2, and 3. Each box is described by three
positions, 1, z2, and x3. Horizontal movement is ignored. The contact forces between the boxes are
modeled by a critical damped spring system, that is two springs, a and b, are inserted between the boxes
as shown in the figure. The springs and damping coefficients are determined as outlined in Section 5.3.
The boxes are given a size of 1 meter, and initially they are displaced such that there is 1 cm empty space
between them. The bottommost box is fixed, meaning it has infinite mass and therefore is immovable.
Damped springs are inserted between two neighboring boxes whenever they penetrate each other. As
soon as neighboring boxes are touching or separated, the springs are removed.

Figure 5.15 shows a Matlab implementation of a box stack simulation. In Figure 5.16(a) the simulation
result of the stack of 3 boxes is shown. The simulation is done perfectly, in Figure 5.16(a) no oscillation
can be seen, and as verified in Figure 5.16(b) the deviation from equilibrium position is small and boxes
quickly come to rest. Notice however, that when the upper box comes in contact with the box beneath
it, then it is thrown upward. This indicates a small energy gain. The damped secondary oscillation that
was previously discussed is not seen in Figure 5.16. However, let us increase the complexity of the
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Figure 5.14: Idealized box-stack example, used for analyzing secondary oscillations. Notice that penalty
springs are a serial connection of a mass-spring system.

configuration by increasing the stack height. Simulation results are shown in Figures 5.17 and 5.18 for
box stacks of 5, 10, 20, and 40 boxes. For a stack of 5 boxes we see nearly the same results as we
did for a stack of 3 boxes, however some small jittering is slowly becoming noticeable. It takes roughly
0.2 seconds before the jittering vanishes, which corresponds to 20 frames of the animation. The jittering
becomes worse and longer as the box stack is increased. For 20 and 40 boxes it has become so clear
that it will catch the eye of an observer. If we look at the deviation from the equilibrium positions, the
damped secondary oscillation is clearly seen as we increase the height of the box stack, starting to be
noticeable around a stack of 10 boxes. Notice also that the oscillations are orders of magnitude larger than
the simulation time. For stack heights of 20 and 40 another effect of the penalty method becomes evident:
when the system reaches equilibrium there are still errors in the simulation. Notice that for a box of 40
objects the topmost box deviates from its expected equilibrium position by 5 cm, i.e., 5% error. Of course
this an accumulated error, due to the errors in the positions of the 39 boxes below the topmost box. The
deviations for the stack height of 40 boxes also shows that within the first second of simulation, we will
see a single oscillation of the topmost box with an amplitude of 10 cm. This will definitely be noticeable
by an observer.

Another interesting effect of a penalty-based method is seen if the initial conditions of the box stack
is changed slightly, such that the boxes are initially penetrating by 1 cm instead of being separated. Fig-
ure 5.19 shows the simulation results of a box stack with seven initial penetrating boxes. Notice how
objects are being thrown up in the air. The initial penetrations make the springs work like a spring gun on
the boxes. Even a small penetration as the one in the example can make the topmost box fly up in the air
at a height of the same order as the size of the box itself.

In our simulations shown in Figures 5.16, 5.17, 5.18, and 5.19, the mass properties of the boxes were
chosen in a favorable way, the masses were all equal and small in magnitude. If a box stack has large
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function x_plot = boxstack (N)

x_equilibrium = 0:1.:N; %$——— Equilibrium of N boxes width of 1 m.
x = 1.01*x_goal; %$——— Setup initial positions, 1 cm space.
v = zeros(size(x)); %$——— initial velocity of boxes
m = ones(size(x)); %—-—— masses of boxes
m(l) = realmax; $——— First box is fixed
mu = (m(l:end-1).*m(2:end))./(m(l:end-1)+m(2:end)); %$—--—- Reduced masses
timestep = 0.01; %$——— Simulation time-step
tau = timestep/6; %$——— Damping time
kc = mu/ (tau*tau) ; %$——— Spring coefficients
bc = 2*mu/tau; %——— Viscosity coefficients
h = min( mu./bc); %$——— Integration time-step (<4 mu/b)
i =0; $——— Iteration counter
F = zeros(size(x)); $——— Total external force
x_plot = x’; %—-—— Results
while ( i<maxsteps ) __

dx = x(2:end) - x(l:end-1) - 1;

dv = v(2:end) - v(l:end-1);

S = zeros(size(dx));

if max (dx<0)

S (dx<0) = S(dx<0) - kc(dx<0).*dx(dx<0) - bc(dx<0).*dv (dx<0);

end

F(2:end) = —-m(2:end)*9.81; %--- Gravity

F(2:end) = F(2:end) + S(l:end);

F(2:end-1) = F(2:end-1) - S(2:end);

F((1) = 0; %$——— First box is fixed

X = X + h*v;

v=v+ (h* (F./m));

i =1 +1;

if ( mod (i, 20)==0 )

x_plot = [x_plot,x’];
end

end

Figure 5.15: Matlab code for resonance phenomena analysis of box stack.
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Figure 5.16: Simulation result for stack of 3 boxes.

ratios in masses, the same effects as we have shown can appear for even small box stacks of height 2 or
3. Besides the large mass ratios will make the ordinary differential equations describing the box motions
become even stiffer.

5.7 Inverse Dynamics Approach

In this section we will embark upon a quite different approach originally presented in [Barzel et al., 1988].
The approach taken here does not suffer from the secondary oscillation problems described earlier. The
general idea is to set up the desired motion, by using the critical damped spring system, and then solve for
the penalty forces required for this desired motion to occur, this is called inverse dynamics. After having
solved for the penalty forces, the total force acting on each object can be computed and the equations of
motion can be integrated forward in time (forward dynamics). We devote this section to outline the system
of equations that needs to be solved for the inverse dynamics problem.

Consider a total of n rigid bodies and K contacts, and assign a unique number & to each contact. Then
assign a unique index for each object in our scene, and let ¢, and j; denote the indices of the two incident
bodies in contact k. We use the convention that 7, < 7. We also have a contact normal n, and a contact
point p;; with respect to body 7;, (similar for body j). Both contact normal and points are given in the
world coordinate system, and with the convention that the contact normal points from the body with the
smallest index to the body with the largest index. This is illustrated in Figure 5.20. Note that we can never
have i;, = ji. For each contact we can compute a vector from the center of mass, r;, of an incident body
with index ¢, to the point of contact p,,, that is

Tki = Pp; — T4 (5.77)

From classical mechanics we have the Newton-Euler equations (see Section 22.1 for details) describing
the motion for all bodies. For the i’th body, the mass of body i is given by m; and the inertia tensor by I;,
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Figure 5.17: Simulation results for box stacks of (a) 5 and (b) 10 boxes.
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Figure 5.18: Simulation results for box stacks of (a) 20 and (b) 40 boxes.
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Figure 5.19: Simulation results for stack of seven boxes with initial penetration of 1 cm.

Figure 5.20: Notation for the £’th contact point.
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the position is given by 7; and the velocity of the center of mass as v;, the orientation is represented by the
quaternion ¢; and the angular velocity by w;. The acceleration of the center of mass is denoted by a; and
the angular acceleration by «;. The Newton-Euler equations for the 7’th body look like this (summations
are taken over all contact points):

A (5.78a)
4 = 3wig; (5.78b)
vi=mit Y Fr—mit Y ftm (5.78¢)
Ge=i =i
Wi =" r X Fe—= L7k X f, (5.78d)
Ge=i =i
— Ii_lwl- X Izwl + Ii—lquxt (5786)

The dot notation means the time derivative %, and is used to ease readability. Observe that f, denotes the
contact force at the k’th contact. The effect of all external forces on the center of mass is given by f:*
and the total torque from external forces are given by 7.

We will start with defining two position vectors,

[ Tj + 71y

Tj, + T2
p; = . (5.79)
| Tjx T TKj

T, + T

Ty + T2
p; = . . (5.80)

_TZ‘ K —l— TKi
The concatenated separation vector now simply reads

d=p; —p;. (5.81)
In practice, the separation vector is more easily computed by concatenating the contact normals multiplied

by the corresponding penetration depths. Introducing the “contact” matrix C' € R6"*3K defined as,

;

-1 for h = 24, — 1

-7y, for h = 2i

Ci.=+<1 forh =25 — 1 (5.82)
r,jj for h = 2y,

0 otherwise
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where a* is the cross product matrix (see Proposition 18.4) and the generalized velocity vector u € R6"
as
T
u = [’Ul,(—dl,’UQ,(dQ,"' 7Un7wn] . (583)

Then the derivative of the separation vector is simply written as
d=C"u. (5.84)

By the product rule we find the second derivative to be

d=C"u+CTaq, (5.85)
where
—(wiy) 7y, for h = 2iy,
Cur = (wz,) ry;  forh =2j . (5.86)
0 otherwise

Now using the generalized mass matrix M € R%x6n,

mll 0
I,
M = , (5.87)

my1
0 I,

and the external forces, torques, and velocity dependent forces, f.,, € R%",
Foa = [F5 75 — w1 X Lo, PSS — w0, X Tywn] (5.88)
The Newton-Euler equation reads,
= M"(Cfpenary + Fext) (5.89)
Here fpenaiy € R3K is the concatenation of all the contact forces f, using this in our derivative formula

results in ) 7
d=C u+C "M (Cf oy + Foxt) - (5.90)

which is rewritten into,
. . T _ _
d=C u+C "M 'Cfrpuy + CTM ' . (5.91)

Requiring all contacts to be critical damped results in the simultaneous vector equation,

. 9. 1
d+=d+—d=0. (5.92)
T T
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Substitution of our past results yields the matrix equation,
- T _ _ 2 1
(€ ut CTM T C f pepay + CTM ™ o) + “CTu+ —d =0, (5.93)

Rearranging a little yields,

. 2 1
CTM'C fouary +C u+CTM ' fop + ~CTu+ —d=0 (5.94)
A ~~ -
b
Af penay — b= 0. (5.95)

This is a linear system, which can be solved for the penalty forces. Observe that A might not be invertible;
multiple contact points will result in linearly dependent rows. Multiple solutions can exist; a method like
singular value decomposition (SVD) can therefore be applied to solve for the penalty forces. Given the
generalized position and orientation vector, s € R™:

8= [ri,q1, 72,42, Tns ] (5.96)
and the matrix S € R™*6", i i
1 0
Q,
S = , (5.97)
1
0 Q]

where ¢; = [s;, 5, yi, 2] € R* and Q; € R¥¥3:

—Ti Y T

_ Ll Zi o Y
Q; = 2=z s wm | (5.98)
Yo  —Ti S

The matrix Q, is derived from the relation %wiqi = Q,w;, as shown in Proposition 18.47. The Newton-
Euler equations, see Section 22.1, can now be written as

5= Su (5.99)
=M1 (C J penalty + fext) i (5.100)

Now all that remains is to solve these ordinary differential equations with a suitable numerical integration
method, see Section 23.1.
If we restrict the penalty forces to work only in the normal direction, that is

frn=mnnfn, (5.101)
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and by introducing the matrix of contact normals N € R3K*K,
n, 0
n2
N = ) , (5.102)
0 ng

this is simply written for all contact points as the matrix equation

fi
f2
fpenalty =N . =Nf. (5.103)
fK
Now (5.81) changes slightly, and instead we will have,
d=NT"(p;—p,). (5.104)

The vector d is now simply a vector of penetration depths measured along the contact normals. Perform-
ing the double differentiation again, this time remembering that the newly added term IV is also time
dependent, yields

d=N" (p;—p;,) + N"C"u, (5.1052)
d=N"(p;—p)+ N CTu+N'C"u+ NTC" u+ N"C"a (5.105b)
— N (p; —p;) + 2N CTu+ N"C"u+ N"C"a. (5.105¢)

Using d + %d + T%d =0and i =M ' (CNf + f.,) together with some mathematical manipulation
yields the linear system,
Af+b=0, (5.106)

where
A=NTcTM~CN, (5.107)

and

b=N'"C"M'fo.+N (p;—pi) +2N C'u+N'C u

2

. 9 (5.108)
+= (NT (p; —pi) +NTCT’“) t3 (N* (p; — i) -

The only difficult things to handle in (5.108) are the terms IV and IN. However, since their elements are
vectors each describing only a direction, we can compute these matrices by taking the cross product of the
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individual elements with the respective angular velocities. That is,

Wi, X Ny 0

. Wi, X Ny
N = ' , (5.109)

0 Wix X NEK

where w;, denotes the angular velocity of body ¢ at the £’th contact point. By differentiation w.r.t. time
we have

o XNy +w;; X (wil X nl) 0
N = : (5.110)

0 Qi X MK + Wi X (wiK X nK)

where «y;, denotes the angular acceleration of body ¢ at the k’th contact point. Having solved for f, we
can write the equations of motion as

w=M ' (CNf+ feu), (5.111)

and the forward dynamics problem can be solved by integration of (5.111).

5.8 Modeling Friction

Previously we have only been concerned with normal forces, that is forces that should prevent penetration
of the rigid bodies, however another important contact force is friction. Coulomb’s friction law as de-
scribed in Section 22.2 is a popular choice. It consists of two kinds of friction static friction and dynamic
friction. The latter occurs in the case when objects are relatively sliding.

Friction is very important for the motion to seem physically plausible for a human observer. The
reason is that friction is an important part of our everyday life. In fact we are so used to friction that we
often don’t even think about it. How should one go about modeling friction in a penalty-based simulator?
It seems reasonable to use a spring-damper system for the friction force as well [Hasegawa et al., 2003,
Pedersen et al., 2004]. This is done by tracking the contact points.

At first point of contact, an anchor point, a, is saved. This is an unmovable point in the world
coordinate system. Subsequently the friction is determined by the spring force stemming from the zero-
length spring with spring coefficient k between the anchor point and the current position p of the contact
point that caused the creation of the anchor point.

Fiiction = k (a - p) . (5.112)
During the simulation we keep an eye on whether the following condition holds

||Ffricti0nH <u ||Fn0rmal|| . (5.113)
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Figure 5.21: Figure illustrating the idea of frictional springs.

Here o is the coefficient of friction, and F oy is the normal force, where the penalty force often may be
used as the normal force. If the condition is fulfilled we say that we have static friction and we do nothing,
if, on the other hand, the condition is broken we say that we have dynamic friction, and the anchor point

(5.114)

is moved such that the following condition holds,
”FfrictionH =u HFnormal” .

The general idea is illustrated in Figure 5.21. The frictional spring force model can be physical justified
as a crude model of the external shear stresses acting between two bodies [Lautrup, 2005]. Since it is the
external shear stresses that we experience as friction in our everyday life. As such, the friction model adds

an element of compliance to the rigid bodies.
Another approach to model friction is simply to use (5.114) as used in [McKenna et al., 1990], i.e.,
u
Fiction = — HFpenalty H _t7 (5.115)
[ |

where wu; is the tangential relative sliding velocity. This approach only models dynamic friction, thus

static friction is ignored.
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5.9 Survey on Past Work

Moore and Wilhelms [Moore et al., 1988] were among the first to model contact forces by springs in
computer animation. They used a simple linear spring, but added a twist of letting the spring constant
depend on whether the motion is receding or approaching. The relationship is as follows

Frecede = € kapproachy (5.116)

where ¢ describes the elasticity of the collision, € = 0 corresponds to totally inelastic collisions, and € = 1
to perfectly elastic collisions.

Furthermore, Moore and Wilhelms extended the penalty method with an algebraic collision resolving
method, similar to Newton’s collision law, as described in Section 6.1.4.1. The main idea is to handle
colliding contacts before applying springs. This is because colliding contacts requires very stiff springs,
which are numerically intractable.

Terzopoulos, et al. [Terzopoulos et al., 1987] used another kind of penalty force. The main idea
behind their derivation comes from conservative forces, which are known to be the negative gradient of a
energy potential, i.e., the negative gradient of a scalar function, see Section 22.3. A scalar energy function
is then designed, which penalizes penetration:

dde
E = cexp <%> , (5.117)

where c and € are constants used to determine the specific shape of the energy potential. The penalty force

is then . J
F=— (V— exp <ﬂ> n> n, (5.118)
g &

where m is the unit contact normal. Such penalty forces are called exponential springs. Exponential
springs are stiffer for large displacement than linear springs. However, for small displacements exponen-
tial springs are less stiff than linear springs [McKenna et al., 1990].

Barzel and Barr [Barzel et al., 1988] used a constraint force equation,

. 9. 1
D+-D+ D=0, (5.119)

T T
where D is a function measuring the constraint deviation, i.e., the penetration depth, 7 is a specified time

constant, used for controlling the rate of constraint satisfaction. Comparing with our damped harmonic
oscillator, we see that

2 b
y=2=— (5.120a)
T m
1k
wy=—=—. (5.120b)
T m

The criteria for critical damping is,
b2 — dmk = 0. (5.121)
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Dividing by m? gives,

2
% - 4% =0 (5.122a)
7 — 4w = 0. (5.122b)

Substituting the v = %, and wg = }2 we see that the model used by Barzel and Barr is critical damped.

Furthermore the paper [Barzel et al., 1988] formulates an inverse dynamics problem which handles simul-
taneous constraints.

In [McKenna et al., 1990], a twist on penalty forces is introduced to model collisions, inspired by
Newton’s impact law, described in Section 6.1.4.1, which relates pre- and postvelocities through a coeffi-
cient of restitution, ¢, where a value of zero corresponds to completely inelastic collisions and a value of
1 corresponds to fully elastic collisions. For interpenetrating contacts, moving away from each other, the
penalty force is multiplied by e.

if dgepn <O andwu-mn >0 then

F penalty = eF penalty
end if

In Hirota et al. [Hirota et al., 2001, Hirota, 2002] a penalty force is integrated over the intersecting
polygon and combined with an implicit finite element method.

In Jansson and Vergeest [Jansson et al., 2002a], a mass-spring model is used for modeling both rigid
and deformable objects, here simple springs are created when particles move within a nominal distance,
and springs are deleted again when their incident particles move further away than a given fracture dis-
tance. The spring force is simply modeled as
r; — mj

F = —k(|lz; — ;]| — 1) (5.123)

i — ;"

where k, is the spring constant, x; and x; are the particle positions, and [ is the nominal distance. Details
for determining nominal and fracture distances can be found in [Jansson et al., 2002b].



“book” — 2005/9/30 — 1?:44 — page 124 — #136



“book” — 2005/9/30 — 1?:44 — page 125 — #137

6

Impulse-Based Multibody Animation

Impulse-based simulators [Hahn, 1988, Mirtich, 1996, Guendelman et al., 2003] simulates all physical
interactions between the objects in the configuration by collision impulses. Static contacts such as one
object resting on another are modeled as a series of collision impulses occurring at a very high frequency.
Except for static contacts, impulse-based simulators are computationally effective for systems having
many objects moving at high speeds.

Constraint-based simulators, as described in Chapter 7, solve for the time-integral impulse in order
to determine the final velocities of objects. This is not to be confused with the impulse-based paradigm
described in this chapter, which uses collision impulses to model physics. To make the distinction clear,
we refer to these constraint-based simulators as velocity-based simulators, and simulators using collision
impulses as impulse-based simulators.

In an impulse-based simulator a one-sided-approach to advance the simulation time is typically used
together with a sequential collision resolving method based on some incremental collision law. In this
chapter, we will introduce the reader to these concepts and their theories.

It is worth noting that impulses often need only to be applied at the closest points between two objects.
The contact determination or spatial-temporal coherence analysis [Erleben, 2005], therefore may often be
completely omitted from the collision detection pipeline. This greatly simplifies the implementation of an
impulse-based simulator compared to a constraint-based simulator, as described in Chapter 7.

We will start by studying the physics and mathematics behind a single point of collision, followed by
an explanation of how general-purpose simulators can be built using only single-point collisions to model
all physical interactions.

6.1 Single-Point Collision

A single-point collision means that if we have two objects, A and B, then they touch each other at exactly
one point. We call this point p. We will assume that we have some method for computing a unique normal
vector, 1, at the point p. This is explained in detail in Chapter 14. We call this vector the contact normal.
For objects with continuous smooth surfaces, the contact normal is parallel to the surface normals of the
two objects at the point p. Note that under this condition, the two surface normals of the two objects are
parallel but pointing in opposite directions. In the following, we will use the convention that the normal
n always points from B toward A. The contact normal 7 and the contact point p define a contact plane
consisting of all points that fulfill the equation

Ve € R3 where n-x—n-p=>0. (6.1)

Alternatively, we can represent this contact plane by two orthogonal unit vectors t1 and to, both lying in
the contact plane and both orthogonal to the contact normal. We will use the convention that these vectors

125
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Figure 6.1: An example of a single-point collision with the origin of the World Coordinate System (WCS)
indicated.
form a right-hand coordinate system with the contact normal. That is

n =1t x ts. (62)

For 2D, we will simply drop the subscript on the tangent vectors and use ¢. Knowing the position and
orientation of object A and B, we can compute the contact points w.r.t. for either one of these objects, that
is,

pA=riird (6.32)
P B_pB rcﬁ, (6.3b)
P A= pB. (6.3¢)

The superscript refers to the object, 7.y, is the position of the center of mass, and r is a vector from the
center of mass to the contact position. The notation is illustrated in Figure 6.1. We’ll look at the contact

point on body X, this is given by

pX=rX 4l (6.4)

using the body frame BF x, as described in Section 22.1.4, we can rewrite 7 ~ as

r=RY[r Y] (6.5)
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where R is the orientation of the body frame of object X represented as a rotation matrix. Now using
(6.5) in (6.4) we have

pY =R [r g +ran (6.6)
If we differentiate (6.6) with respect to time, we get the contact velocity of the contact point on body X,
that is,

pY =R [r Y]+ 6.7)

The columns of R are unit vectors along the axes of BFx. These are body-fixed vectors. So using what
we know from (22.27) we can write the time derivative of a body-fixed vector as the cross product of the
angular velocity and the body-fixed vector, that is (6.6) is rewritten as

pxszﬁrth{+u§, (6.8a)
p¥=[w¥ xR [wXxRY |w¥ x RX | [r ], +o, (6.8b)
pX :wX X (RX [r X]BFx) +’Uc)n{1, (680)

where we have introduced the notation 7.X = v for the linear velocity of the center of mass. Now we

do a mathematical trick of adding zero to (6.8c) and obtain

pX=w x| RX [r X]BFX +rX X | + vk (6.9)

pX

We recognize the (6.6) and reduce (6.9) to

pX=w x (@ —r) +vem (6.10)
using (6.4) we have
rX=pX X (6.11)
substituting into (6.10), we have
pYX=wXxrX 40X (6.12)

We can now write a formula for the relative contact velocity, u, between the two objects A and B.
u=pt—phb. (6.13)

The relative contact velocity tells us something about how the two objects are moving relative to each
other. For instance, if we look at the relative contact velocity in the normal direction,

u, =n’ (pt-pP), (6.14)
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then we know that
Separating  if u,, > 0
relative contact = < Resting ifu, =0. (6.15)
Colliding  ifu, <0

A separating contact means that in the future, no matter how small a time-step we look forward, the
objects will no longer be touching at the contact point p. Resting contact means that the contact point
p will persist in the future regardless of how small a time-step we take. Colliding contact means that if
we do not take any counter action, such as applying a collision impulse at the contact point, then the two
objects will penetrate in the future no matter how small a time-step we look ahead.

We are interested in the colliding case, thus we have derived an equation telling us when we need to
apply a collision impulse to a single point of contact in order to avoid penetration.

Theorem 6.1 (The Collision Test)
Two bodies A and B are colliding, if, and only if,
up, =n" (wrxrt4ol) - (wBxrBirol)) <o (6.16)

In the real world, a collision will not happen at a single point of contact, but it will occur over a small area.
Actually, what happens is that when real objects come into contact, they deform slightly to accommodate
each other’s shape. During this deformation the kinetic energy of the objects is transformed into internal
elastic energy in the objects and some of the energy is dissipated as heat. When the kinetic energy reaches
a minimum, the objects will have come to a stop relative to each other. We say that we have reached the
point of maximum compression between the two objects. Now the buildup elastic energy is converted to
kinetic energy. While doing so, the objects will begin to move away from each other and the deformation
will reverse. This real-world model of a collision is depicted in Figure 6.2. The above description is still
a very simplified view about what is going on in the real world. We have neglected many small details,
such as plasticity of the deformation, fracture, and chemical and thermo-dynamical effects going on in the
materials. However, for our purpose of computer animation, it suffices to understand the real world just a
little better.

In particular, we should note two things: first, the collision occurs over a small time duration; it starts
at time ¢; and ends at time ¢ ;. Somewhere in between we have the time of maximum compression #pc. In
particular, we know that for these times, we have

ti =mu,=nT(pr-pP)<o0
p*-pP)=0. (6.17)

pr-p%) >0

Second, two phases take place, a compression phase where energy is built up in objects, then a restitu-
tion phase where internal energy is released back as kinetic energy. As we will see later, most physical
laws describe this process by a coefficient of restitution, which indicates the amount of energy that is
transformed into kinetic energy during the restitution phase.

From our everyday experience, we do not usually notice the deformation process taking place in
what we understand as a rigid body collision. This is because the time-duration of the collision becomes

t=<the = U, =N

e I R

ty =u,=mn
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ol

Compression Restitution

Figure 6.2: A real-world collision consisting of two phases: a compression and a restitution phase.

smaller and smaller the more rigid an object is. In the limiting case of an infinitely rigid object, we have —
a mathematical model of a rigid body. This model is often referred to as the rigid body assumptions. To

make it perfectly clear, when those of us in physics, simulation or animation use the term rigid body, we

assume the rigid body. There do not exist any such objects in the real world that actually behave according

to these assumptions; however, the approximated behavior of many objects can be explained by them.

Definition 6.1 (The Rigid Body Assumptions)
During a collision, the following four assumptions apply to rigid bodies:

e The duration of the collision is zero, thatis ty — t; — 0.

o Only impulsive forces must be used to avoid penetration.

e Positions and orientations are the same before and after the collision.

e Non impulsive forces have no effect during the collision.
Definition 6.1 has many consequences. In practice it implies that there are no wave “effects” in the
collision, such as the deformation. We can ignore gravity and velocity-dependent forces such as Coriolis
forces etc.

Impulse is defined as the time integral of force. Given the net force, F', acting under a collision, the
collision impulse is therefore

tr
J:/ Fdt. (6.18)
ti



“book” — 2005/9/30 — 1?:44 — page 130 — #142

130 CHAPTER 6. IMPULSE-BASED MULTIBODY ANIMATION

Note that the collision impulse has units of force xtime. From Newton’s second law we have

dP

P (6.19a)
ty ty
/ Fdt = / dP, (6.19b)
t; t;
J = P(t;) — P(t;), (6.19¢)
J =AP. (6.19d)

In the above, we have only considered linear motion, but it is clear that the collision impulse corresponds
to a change in the momentum of a rigid body. Since P = mwv.n, we see that the impulse is equivalent to a
change in the velocity of the rigid body, when the mass of the rigid body is considered to be constant. The
exact relationship between impulse and change in rigid body velocities is derived in Theorem 6.2. From
Newton’s third law it follows

Ja=-Jp. (6.20)

Mathematically it is difficult to work with (6.18), when ¢ f —t; — 0. In order to circumvent this problem, a
reparameterization is used when deriving equations. Any legal parameter v must by monotonically strictly
increasing, that is,

dy

— . 6.21
T (6.21)

This requirement comes from the equivalent real-world model, where time always runs forward, never
pauses, or stops. If we have a -y parameter with the same property, then there is a one-to-one correspon-
dence between the y-parameter and the time-parameter. Therefore, it does not matter with which one we
choose to parameterize our motion. Looking at a real-world collision, we know that the impulse in the
normal direction has

dJy,
— > 0. 6.22
7 (6.22)
This means for any legal parameter -y the following condition must also hold
dy
— > 0. 6.23
4 (6.23)

This follows from the same argumentation that we used to explain the requirement in (6.21).
In order to compute an impulse, we need a method called a Collision Law. There are basically four
different kinds of Collision Laws:

e Algebraic Collision Laws
e Incremental Collision Laws
e Full Deformation Collision Laws

e Compliant Contact Model Collision Laws
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Figure 6.3: A Simple Compliant Contact Model.

Algebraic laws are characterized by the fact that they consist of an algebraic equation. Given the initial
conditions of a collision, we immediately know the collision impulse by evaluating an algebraic equation.
Therefore, algebraic laws are computational inexpensive and for the same reason, they are attractive in
computer games and computer animation. They do, however, lack some realism, which is captured by the
three alternative collision laws.

Incremental laws, are characterized by having some microscopic contact model, described as an ordi-
nary differential equation. The resulting impulse is then computed by infegration over the compression
and restitution phases. Incremental laws are computationally more expensive than algebraic laws, but they
produce more realistic results. For an example of an incremental law we refer the reader to [Mirtich, 1996].

Full-deformation laws are properly the computationally most expensive of all the four kinds of col-
lision laws. Full-deformation laws are based on continuum mechanics equations for the complete body,
such as linear elasto-dynamic equations. Here a partial differential equation is solved using appropriate
material properties. Full-deformation laws are not really usable in computer animation for two reasons:
first they are too computationally expensive and second, it is impossible to determine the initial conditions
for the multitude of material properties that need to be specified. Thus, algebraic laws are prevalent and in-
cremental laws are used to some extent. See [Chatterjee et al., 1998] for references about full-deformation
laws.

Finally, there are compliant contact model laws, which we mention for completeness only. These
collision laws can be thought of as a kind of spring-damper system, which describes the deformation
process that takes place during a real-world collision, similar to the penalty-based methods described in
Chapter 5. One has to determine stiffness and damping terms for this kind of collision law. Figure 6.3
illustrates a compliant contact model. We refer the interested reader to [Kraus et al., 1997] for more
details. The theme of this book is animation, therefore we will limit ourselves to treat only algebraic
collision laws. The general recipe for a collision law consists of combining a contact model with one or
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more physical laws.

Definition 6.2 (Collision Law)
A collision law is
Collision Law < Physical Law + Contact Model (6.24)

Physical laws are often used in one of two ways: either as stop criteria in an incremental law or to eliminate
unknown variables in an algebraic law. Usually there are also some assumptions, such as the impulse is
only pointing in the contact normal direction or something similar.

In computer animation we are interested in: how fast can we compute an impulse? How difficult is
it to set up the collision law? How realistic are the effects a collision law can give? In the following, we
will derive theory and tools that can help the reader evaluate these three questions, and finally we will end
with some examples on typical used algebraic collision laws.

6.1.1 Impact and Friction Laws

Four physical laws are often encountered in collision laws: Newton’s impact law, Poisson’s hypothesis,
Stronge’s hypothesis, and Coulomb’s friction law.

Newton’s impact law defines a simple linear relation between the initial relative contact normal veloc-
ity, un(;), and the final relative contact normal velocity, ., (v),

un(vf) = —eun (i), (6.25)
where e is the normal restitution coefficient with values limited to the interval
0<e<. (6.26)

The restitution coefficient can be thought of as a measure of bounce. A value of one corresponds to a
complete elastic collision. That is, if a ball is released over a table, the ball will bounce back from the
table and jump back to the same height it was released from, before falling back down toward the table.
This bouncing up and down will continue forever. If the value is set to zero, then the ball will hit the table
in a perfect inelastic collision, that is, the ball will hit the table bluntly and just stop moving upon impact.
This is perhaps best described as a dead ball.

In practice, neither setting the coefficient of restitution to zero nor one yields very realistic behavior.
However, some algorithms use these extreme cases to model certain aspects. Also these two extreme cases
are very useful when testing a simulator.

Newton’s impact law is considered the most simple physical law that describes the effect of a rigid
body collision. It is commonly used in computer games, but when combined with friction it suffers
from serious problems, such as a breakdown of energy conservation, That is, adding frictional impulses
according to Coulomb’s friction law could result in energy gain.

Poisson’s hypothesis describes a linear relationship between the normal compression impulse J,, (Vmc)
and the normal restitution impulse J,,(7¢) — Jpn(Yme)

Jn(’)/f) - Jn('Vmc) = eJn('Vmc)y (6.27)
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where e is the normal restitution coefficient with values limited to the interval
0<e<l. (6.28)

By the normal impulse, we mean the size of the projection of the impulse onto the contact normal. That
is, Jn(y) = n - J(7y). Poisson’s hypothesis is a little more advanced than Newton’s impact law, however
it suffers from the same problem. Energy conservation breaks down when friction is added.

Stronge’s hypothesis describes a quadratic relationship between the work done by the normal impulse
during the compression phase W, (Ve ) and the work done by normal impulse during the restitution phase
W, ('Yf) — Wi (Yme)

Wn(’}/f) - Wn(’}’mc) = _62Wn(7mc)> (6.29)

where e is the normal restitution coefficient with values limited to the interval
0<e<l. (6.30)

The work done by the collision force F' over the duration of a real-world collision is by definition work

(see Section 22.3):
ty
W = F(t) - x(t)dt. (6.31)

t;

Reparameterization gives us a workable model applicable under the rigid body assumptions

w= [ Fe) .l )<dt>dt 632)

According to Newton’s second law F'(y) = £.J(v), and without loss of generality, we assume v; = 0.

Furthermore, & () is the velocity of the contact point, thus with respect to body A we have () = w4 (7).
Therefore the work done on object A is

Vs d
W = / wa(1) - I (3)d. (6.33)
0 2
Similarly, the work done on object B is
Vi d
Wp = — / up(y) - —J(Y)dv. (6.34)
0 Y
Since u = u4 — up, we end up with the total work
Vs d
W= / u(y) - ——J(v)dv. (6.35)
0 dy

Taking the dot product n - J(+) gives the amount of work done in the normal direction. When we have
derived the Impulse-Momentum Law in Section 6.1.2 the work (6.35) can be written in terms of the relative
contact velocity only.
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To our knowledge, Stronge’s hypothesis is considered the most accurate physical law describing a
rigid body collision today. The major benefit of Stronge’s hypothesis is that energy conservation holds
when friction is added. This means in terms of physics, it is superior to both Newton’s impact law and
Poisson’s hypothesis.

Coulomb’s friction law describes a relationship between the frictional force and the magnitude of the
normal force. A more detailed description of Coulomb’s friction law can be found in Chapter 22.2. If we
know the force of the normal direction, F',,, and the relative velocity in the contact plane w; is nonzero,
then we have dynamic friction, also called sliding friction. In this case the friction force F'; is given by

Uy

Fi=—p [ Fnll, (6.36)
[ |

where p is the coefficient of friction. If the relative velocity in the contact plane is zero then we have static
friction; also called dry friction. We distinguish between two cases of static friction: stable and unstable.
If the time derivative of the contact velocity in the contact plane is zero, that is

u; =0, (6.37)
then we have stable static friction and the magnitude of the friction force is given as
[Fdll < pl[Fl - (6.38)

However, unlike dynamic friction, we cannot say anything about the direction. If, on the other hand,
u; # 0, then we have unstable static friction and the friction force is given by

|F¢l| = p||Frn| and Fy-4, <0. (6.39)

Thus, in this case, we know that the friction force obtains its maximum magnitude and that it opposes the
relative acceleration in the contact plane. However, the friction force is still not uniquely determined. The
name “unstable” means that a transition can occur either to dynamic or stable static friction.

It should be mentioned that the coefficient of friction often has different values under static and dy-
namic friction. In computer animation, this is often overlooked and the same value is used for both the
static and the dynamic case.

6.1.2 Contact Model

From Newton’s second law we have

F A(y) = maag(7), (6.40)
and from Euler’s equation we have

T4 =r A x FA(7) = Taa () +w 4(7) x Taw (). (6.41)
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The term w () x I 4w “(7) can be ignored during collision, since it is only dependent on velocity
terms. So we have the more simple equations

F () = maaeg (7). (6.422)
rAx FA>y) = Lia (). (6.42b)
Integrating from ~y; to v < vy, we have

v v
F A(f}/)d,‘y :/ mAacﬁ(’Y)df}/v (6.43a)

i Vi

7oA A K A

/ r X F 2 (y)dy = / I 002 (y)dy. (6.43b)

Vi Vi

Using the definition of impulse (6.18) on the left-hand side and noticing that mass terms on the right-hand
side are constant, we have

T A(y) = ma (ven(7) — v (), (6.44a)
Av ()

rAx JAy) =14 (w Ay) —w A(’yi)) . (6.44b)
Aw A(y)

By the rigid body assumptions, we can disregard any integration constants. These will be finite and thus

insignificant during a infinitesimal time duration. Now we have a simple relation between the collision
impulse and the changes in linear and angular velocities

T A7) = madvgy(7), (6.45)

r A x JTAC) = ThAw A(y). (6.45b)

Rewriting, we end up with a couple of equations telling us how to compute the effect of an impulse on a
rigid body.

Theorem 6.2 (Applying Impulse to a Rigid Body)
Applying impulse J to a rigid body changes the linear velocity v and the angular velocity w, with the
amounts:

Av="T, (6.46a)
m
Aw=T"1(rxJ). (6.46b)

We have omitted the y-parameter and A-object label in Theorem 6.2 to make it more readable.
Previously from (6.12), we know how to compute the contact-point velocity on object A

pPAY) =w () x v+ i) (6.47)



“book” — 2005/9/30 — ]?:44 — page 136 — #148

136 CHAPTER 6. IMPULSE-BASED MULTIBODY ANIMATION

Therefore, the change in contact-point velocity must be
Ap A7) = Aw A7) x 7 4+ Ao (),

substituting (6.46) for Aw 4 and Av 2, we have

cm?

A
8pA0) = (17 (rx T A)) =t 0

using the cross product matrix (18.65) and letting 1 be the identify matrix, we have

890 = (1= ()T ) T4

ma

If we do the same thing for object B, then we have

89 20) = (1= 7)1 (%)) 720

mp

Recall that JZ = —J4 so

ApP(y) =~ <mi31 + (TB)XIBI(’“B)X> J ().

Using (6.13), we can write the change in relative contact velocity as
Au(y) = Ap () — Ap B(v),

substitution of (6.50) and (6.52) into (6.53), we have

sut) = (G o) 1= (0N 10+ 07) 1 0%)) ) 740

ma mp

K
We have derived the algebraic form of the impulse-momentum relation.

Theorem 6.3 (The Impulse-Momentum Relation)
The change in relative contact velocity between two rigid bodies is given by

Au(y) = KJ(v),

where K is the collision matrix and is given by

K- (L T i) - () I3+ (0B) 15 (05 ).

ma mp

(6.48)

(6.49)

(6.50)

(6.51)

(6.52)

(6.53)

(6.54)

(6.55)

(6.56)
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In this form the impulse-momentum relation is often used as the contact model for algebraic collision
laws.

Theorem 6.4 (Properties of the Collision Matrix)
The collision matrix K is

e constant
o symmetric
® positive definite

e invertible

Properties of the Collision Matrix:
Looking at (6.56) we see that the collision matrix is constant because all terms in this equation are constant
before, during, and after a collision according to the rigid body assumptions in Definition 6.1.

Looking closely at (6.56) we see that it consists of the summation of three kinds of matrices, that is,
we can write the collision matrix as

K =DM+ Ay + A, (6.57)
where
M = <i + i) 1, (6.58a)
ma  MB
Ag=— (N1 (Y, (6.58b)
Ap = —(rB) 15 (+B)". (6.58¢)

Looking closely at the types (6.58b) and (6.58c), we see that the transpose of A x is

A% = (1R (rX)X>T, (6.59)
X T X T

== () (1)) (6.59b)

= —(rX) I3 (%), (6.59¢)

— Ay (6.59d)

The last step in the derivation follows from the fact that the inertia tensor is a symmetric matrix and the
cross product matrix is skew symmetric. In conclusion, the A x-matrices are symmetric. The K-matrix
consists of the sum of three symmetric matrices and is therefore itself symmetric.
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Now we will show that A x-matrices are positive semidefinite. Given any v # 0, we have

vl Axv =o' (—(TX) XI;{1 (T‘X) X) v, (6.60a)
= o7 (rX) I (rX) ", (6.60b)
T
=) | I | () |, (6.60c)
S—— S——
=w! I'w >0. (6.60d)

The inertia tensor is known to be positive definite, that means for any vector w # 0, we have w™ T ;<1w >
0, if w = 0, then obviously w!lT ilw = 0. Thus, we realize that
v Axv =w! I w >0, (6.61)
which is the definition of a positive semidefinite matrix. In conclusion, the A x-matrix is positive semidef-
inite.
This means that K -matrix is the sum of a positive definite matrix M -matrix and two positive semidef-

inite matrices A 4 and A p, from which we conclude that the K -matrix is positive definite. And since K
is positive definite it is also invertible. U

From (6.55), we have

Au(y) = KJ(7), (6.62a)
u(y) —u(yi) = KJ(7). (6.62b)
If we differentiate with respect to -y, then we get
d d d
— — —u(y) = K—J(v), 6.63
7w = uln) = K2 () (6.63a)
iu( )—KiJ( ) (6.63b)
d’-}/ /7 - d"}/ /7 ) .
because u(7y;) and K are constants. Since K is invertible, we have
d d
—J(7) =K '—u(y). 6.64
770 &) (6.64)

These are the differential forms of the impulse-momentum relation.

Theorem 6.5 (Differential Form of Impulse-Momentum Relation)
Given two objects, the impulse-momentum relation can be written in differential form as either of the
equations

—u(y) = K—J(v), (6.65)

—J(7) =K —u(y). (6.66)
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This form is often used as the contact model in incremental laws. Note that substitution of (6.66) into
(6.35) yields

vr d
W= / u(v) - K~ ——u(v)dy, (6.67)
0 dy

thus it becomes an integral only in the variable w(7).

6.1.3 The Permissible Region in Impulse Space

Now we will start to describe the region in impulse space, where collision impulses yield physically
plausible results. For this we will need two reference impulses and a definition of kinetic contact energy.
Before doing so, we will introduce the shorthand notation w; = u(7;) and uy = u(7yy).

Theorem 6.6 (Plastic Sliding Impulse)
A perfect plastic sliding impulse is given by

T,,.
J;=— ( n i >n. (6.68)

nTKn

The relative normal contact velocity is zero and tangential contact velocity is unchanged when this impulse
is applied.

Plastic Sliding Impulse:

Substitution of (6.68) into (6.55) yields

uy=KJ;+u,, (6.69a)
—K (;?;;) n+ u;. (6.69b)
We’ll take the dot product with n, that is
Up- M= <K <;;L;1Z> n> “n+u; - n, (6.70a)
= —nTui% + u; - n, (6.70b)
= —’I’LTUZ'% +u;-n=0. (6.70c)

In the last step we used that K-matrix is symmetric. From the above, we see that the J ; impulse results
in a final zero relative contact normal velocity as wanted. Now we’ll take the dot product with a contact
plane tangent vector, ¢

—nTuZ'
up-t= KnTKn no-t—i-ui't, (6.71a)

— ;- t. (6.71b)

We see that the relative contact velocity in the contact plane is unchanged by the impulse .J ;. (]
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Figure 6.4: Perfect plastic sliding impulse makes normal relative contact velocity, but leaves tangential
relative contact velocity unchanged.

A perfectly plastic sliding impulse is illustrated in Figure 6.4.

Theorem 6.7 (Plastic Sticking Impulse)
A perfect plastic sticking impulse is given by

Jy=-—K lu,. (6.72)

The relative normal contact velocity is zero and so is the tangential contact velocity after applying this
impulse.

Plastic Sticking Impulse:
Substitution of (6.72) into (6.55) yields

ur = KJH + u;, (6.73&)
=K (-K 'w) +u, (6.73b)
= KK 'u;+ u;, (6.73¢)

That is, the final relative contact velocity is zero, which is what we wanted to show. U

A perfectly plastic sticking impulse is illustrated in Figure 6.5. We can define a quantity called the kinetic
contact energy as follows.
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Before

Figure 6.5: Perfect plastic sticking impulse makes relative contact velocity zero.

Definition 6.3 (The Kinetic Contact Energy)
Given the relative contact velocity u and the collision matrix K, the kinetic contact energy E., is defined
as

1
Ec=Ju; K uy. (6.74)

The kinetic contact energy looks nothing like the kinetic energy, as described in Section 22.3, which is

1 1 T 1 1
Eyin = —mAvC‘;‘l : vcﬁ + 3 (w A) Taw?+ —mpv B v B 4

: > S (w?) Ipw . (6.75)

In fact, it is quite trivial that F. # FEy,, however, we are interested in measuring changes in energy, not
absolute values. It turns out that a change in the kinetic contact energy is equal to a change in the kinetic
energy. Thus, the two types of energy are equivalent except for a constant offset.

Theorem 6.8 (Change in Ey;, is equal to change in E.)
If the change in relative contact velocity is Au, then the change in kinetic contact energy

AE, = %AUTK_IAU, (6.76)

and the change in kinetic energy A FEy;, are equal, that is,
AFEu, = AE,, (6.77)

as mentioned in [Chatterjee et al., 1998].
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From the impulse-momentum relation (6.55), we have

J=K'(u—-u), (6.78a)
J=K'u— K 'u,, (6.78b)
J =K 'u+Jy, (6.78¢)
J—Ji =K lu, (6.78d)
u=K(J—Jy). (6.78¢)
Inserting (6.78e) into (6.76) yields
1
E.=5 (K (J—Ju) K~ (K(J = Ju), (6.79)
1
E, = 5(J—JH)TK(J—JH). (6.79b)

Now we have an expression for the kinetic contact energy, E', in impulse space.

Theorem 6.9 (The Kinetic Contact Energy in Impulse Space)
Given the collision impulse J between two objects, the kinetic contact energy is given by

1
E.=5(J - JNTK(J-Jy). (6.80)

The impulse J j; works as a reference point for kinetic contact energy.

Image J = 0, then inserting into (6.80) gives

1
E. = 5J;—QKJH, (6.81a)
1
= (K'w,)" KK'u;, (6.81b)
1
= §u;fFK1ui = E,. (6.81c)

We have discovered the initial kinetic contact energy F;, that is, the available amount of energy. It would
be very unphysical if E,. ever were larger than F;, since it would indicate an energy gain coming from
nowhere.

Theorem 6.10 (The initial Kinetic Contact Energy)
The initial kinetic contact energy, E;, is given by

E; = ~u! K'u,. (6.82)
If we keep a fixed value of energy F, and try to find all vectors J yielding that energy, we will find an

elliptical surface in impulse space. This follows from the fact that K-matrix is positive definite, as was
proven in Theorem 6.4, and Proposition 18.11.
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Figure 6.6: Elliptic level set surface corresponding to the initial kinetic contact energy.

Theorem 6.11 (Elliptical Kinetic Contact Energy Level Set Surface)
Given a fixed value of kinetic energy E, all impulse vectors J yielding this energy lie on an elliptical
surface in impulse space.

The fact that a given energy level is an ellipsoid is very useful for a geometric interpretation of a collision.
We can simply draw elliptic level set surfaces for fixed values of E. In particular, F; is interesting because
if it has an impulse outside this initial energy ellipsoid, it indicates an energy gain, which is unphysical.
Figure 6.6 illustrates the initial energy ellipsoid in two dimensions. Notice that the impulse J = O lies on
the level set surface of E; and the impulse Jy lies at the center of the ellipsoid. It is easily verified that the
impulse 2J also lies on E;

1

E.= 5 (2JH - JII)T K (ZJII - JII) ) (6.8321)
1
- §J§KJH, (6.83b)
1 1, \T 1
=5 (K'u;)” KK'u;, (6.83¢)
1
= iu;fFKlui = (6.83d)



“book” — 2005/9/30 — ]f,‘44 — page 144 — #156

144 CHAPTER 6. IMPULSE-BASED MULTIBODY ANIMATION

-~

Figure 6.7: Given impulse J, resulting relative contact velocity from applying that impulse is equal to
normal of energy level set surface.

Given any collision matrix K, one can easily draw the initial energy ellipsoid by computing J, then
perform an eigenvalue decomposition on K. The eigenvectors will yield the orientation of the axes of the
ellipsoid, and the eigenvalues the scalings along these axes (see Proposition 18.12). This implies that one
draws a unit sphere, scales it by the eigenvalues of the K -matrix, uses the eigenvectors of the K -matrix
as columns in a rotation matrix, applies the rotation to the sphere, and finally performs a translation by the
impulse J 1.

We’ll try to compute the normal of an energy level set surface E.,

VE.=K (J - Jy), (6.84a)
VE,= KK !, (6.84b)
VE,. = u. (6.84¢)

So given an impulse J we can find the resulting relative contact velocity by looking at the normal at the
point of the level set surface where J touches. This is illustrated in Figure 6.7.

Theorem 6.12 (The Normal of the Elliptical Kinetic Contact Energy Surface)

Given an impulse J, resulting in the kinetic contact energy E., the resulting relative contact velocity is
given by the normal to the elliptical surface corresponding to E. at the point where J touches the level



“book” — 2005/9/30 — 1?:44 — page 145 — #157

6.1 PHYSICS-BASED ANIMATION 145

-~

Figure 6.8: Line of sticking, corresponding to impulses that results in zero final relative tangential contact
velocity.

set surface. That is
u=VE,. (6.85)

Theorem 6.12 gives us another powerful tool for interpreting the effect of certain impulses by geometric
constructs. In the following, we will apply this tool to find a line of sticking and a plane of maximum
compression.

We define a line running through the point Jy; in impulse space and crossing all the kinetic energy
level set surfaces at the two points where their normals are parallel to the contact normal. Every impulse
that lies on this line yields a resulting final relative contact velocity with no components in the contact
plane. This implies that the two objects will not move relatively in the tangent plane after the collision. In
other words, they are sticking. We therefore call the line: line of Sticking.

Theorem 6.13 (Line of Sticking)
The line of sticking runs through the point J jj and cuts the energy level set surfaces where their normal is
parallel with the contact normal.

The line of sticking is illustrated in Figure 6.8. Observe that on the line of sticking we always have u ; || n.
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In similar fashion to the line of sticking, we define a plane in impulse space. The plane has the point
J1 lying on it, and every point belonging to the plane results in final relative contact velocity that is
orthogonal to the contact normal. We can write this as

nTu=n" (KJ +u;)=0. (6.86)

Looking at a specific energy level set surface in 3D, all points on the surface having a normal orthogonal
to the contact normal lie on an elliptical circle and the circle is planar. According to (6.15), we call this
plane the Plane of Maximum Compression.

Theorem 6.14 (Plane of Maximum Compression)
The plane of maximum compression is given by all points in impulse space where the normal of the kinetic
contact energy level set surfaces are orthogonal to the contact normal.

Note that in 2D, the plane of maximum compression is a line and not a plane. Another property of the
plane of maximum compression is that it corresponds to impulses where the coefficient of restitution is
ZEerT0.

Theorem 6.15 (Zero Restitution)
For all points J on a plane of maximum compression, the coefficient of restitution e, has the value

e=0. (6.87)

The plane of maximum compression is illustrated in 2D in Figure 6.9. The impulse J ; must lie on the
n-axis and it also must lie in the plane of maximum compression, so we can draw J ; where the n-axis
intersects the plane of maximum compression. The impulse 2.J ; also lies on the n-axis and it conserves
energy, so we can draw it where the n-axis crosses the initial kinetic contact energy level set surface, ;.
Note the coefficient of restitution is one for 2.J ;. The two impulses J; and 2.J ; are shown in Figure 6.10
Observe that both J; and Jp; lie in the plane of maximum compression.

Finally, we will interpret the physical laws in terms of geometry in the impulse space. First there
should not be any energy gain, this is equivalent to

E. < E; (6.88)

and implies that any resulting collision impulse must lie inside or on the ellipse given by F;. Second,
collision impulses cannot attract objects to each other; they must be repulsive. This implies that the
collision impulse must not point in the opposite direction of the contact normal, that is

ntJ > 0. (6.89)

Geometrically, this means that collision impulses are restricted to lie above or on the contact plane. Third,
the collision impulse should result in a final relative contact velocity, such that the two objects will not
penetrate, that is, we require nonpenetration, which means that

nfu; > 0. (6.90)
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Figure 6.9: Plane of Maximum Compression. This corresponds to zero restitution.

This implies that the impulse must lie on or above the plane of maximum compression. Finally, Coulomb’s
friction law dictates that the impulse should be inside or on the cone defined by

|J—(n-d)-nl < p(n-J). (6.91)

That is, the cone with apex at the origin and sides with slope equal to +. This cone is called the friction
cone. Applying these four conditions, we end up with a region in impulse space. The region describes the
set of all impulses, which make physical sense to apply in a single-point collision. This permissible region
in impulse space is illustrated in Figure 6.11. We can learn several things from the permissible region
of impulse space; first it is a closed 3D space, in fact it is a spherical bounded cone, intersected by the
contact plane and the plane of maximum compression. To parameterize the permissible region requires
three parameters. This is remarkable because most collision laws in use only have one or two parameters,
which means that they cannot reach the full domain of the permissible region. Often they are limited to a
line or plane in the permissible region.

Another observation is that it is possible to have a restitution value larger than one, without being in
conflict with the physics. This is shown in Figure 6.11, the impulses 2J ; and 2J; have e = 1. In fact, all
impulses lying on the line between 2.J ; and 2J7; have e = 1. This means that impulses lying above this
line have e > 1. It is assumed that coefficient of restitution is a measure of how much the relative normal
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Figure 6.10: The two impulses J and 2J ;.

contact velocity is reversed after the collision.
The geometrical interpretation of physically valid impulses can be used to correct physical invalid
collision impulses, simply by projecting these back onto the closest point on the permissible region.

6.1.4 Examples of Algebraic Laws

Now we will derive three examples of simple algebraic collision laws: Newton’s collision law, a two-
parameter frictional law, and a frictional version of Newton’s collision law.

6.1.4.1 Newton’s Collision Law

We assume that the collision impulse is parallel with the n-axis, that is
J = jn, (6.92)

where j is the magnitude of the collision impulse. We will also assume that only the relative contact
velocity in the normal direction changes. From Newton’s impact law we have

un(vf) = —eun(Vi)- (6.93)
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Figure 6.11: The permissible region in impulse space.
So the change in relative contact velocity in the normal direction can be written as
Au-n = up(vr) — un (i), (6.94a)
Au-n = —eup(y;) — un(i), (6.94b)
Au-n=—(1+e)u; - n. (6.94¢)
Looking at the impulse momentum relation we have
Au = Kjn. (6.95)
We are only interested in the normal direction, so we take the dot product with the contact normal
Au-n=(Kjn)- n, (6.96a)
Au-n=nT"Knj, (6.96b)
isolating j we get Newton’s collision law
j = _(17:;—?;;” (6.97)

After we compute j by (6.97) we insert into (6.92) to find the resulting impulse .J.
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6.1.4.2 A Two-Parameter Frictional and Energy Conserving Law

Now we will look at collision law proposed in [Chatterjee et al., 1998]. It is simple, fast, and includes
friction as well as reversible impacts. Furthermore, it is guaranteed to be in the permissible region of
impulse space. In the Collision Law, one first computes an impulse .J according to the equation

J:(1+6n)J[+(1+6t)(JH—J[), (6.98)

the coefficient e, is the coefficient of normal restitution and e; is the coefficient of tangential restitution.
The normal restitution coefficient tells us something about how elastic the collision is in the normal direc-
tion. A value of zero means completely inelastic and a value of one means totally elastic. The tangential
restitution coefficient tells us something about how much the tangential velocity is reversed. A value of —1
will completely remove any tangential effects, turning J into a newton impulse. A value of 1 corresponds
to full tangential velocity reversal.

Here the impulse J and Jy; are both perfectly elastic collisions in the normal direction. The first
does not affect the tangential direction, whereas the second brings the two bodies into sticking contact in
the tangential direction, as can be seen from Theorems 6.6 and 6.7. For convenience, we will repeat the
equations for the impulses. J is computed as follows

n-u
1=~ (sren) ™ 6.99)
and Jyj as
Jyp=-K . (6.100)

As a final step in the Collision Law, it is tested if the impulse .J lies outside the friction cone. This can be
done with the following test:
|J—(n-J)n|>un-J. (6.101)

If the impulse lies outside, then it is projected back onto the friction cone by computing &,

p(l+e,)n-Jr
K = , (6.102)
I Jrr—(m-Ji)n| —pn-(Jr—Jrg)

and finally the impulse J is computed according to

J:(l—i-en)J[—l-/{(JH—J[). (6.103)

6.1.4.3 Newton’s Collision Law with Friction

The next algebraic law we will describe is based on [Guendelman et al., 2003]. First we will assume
sticking, that means for the final tangential relative contact velocity u;, = wu;(7y) and the normal contact
velocity up, = un(vy), we require that

w, =0, (6.104a)

Uy, = —eun(yi)n. (6.104b)
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Now we can compute the change in relative contact velocity Au = u y —u;, and from impulse-momentum
relation (6.55), we have
J=K'(u;—u). (6.105)

Now we compute the normal and tangent components of the impulse, that is

J,=(J -n)n, (6.106a)

J,=J—J,. (6.106b)
If

N Tell < 1Tl (6.107)

then the impulse J is in the friction cone and we can use it. Otherwise we need to consider sliding

friction. To consider sliding friction, we first determine the direction of sliding, that is, first we compute
the tangential component of the initial relative contact velocity

Up, = (u; -M)n, (6.108a)

(6.108b)

Now the direction of sliding can be computed as the unit vector

=B (6.109)
[, ||

and we define an impulse as
J =jn — pjt, (6.110)

where j is the magnitude of the normal impulse. If we take dot product of the impulse-momentum relation
and the contact normal we get

Up, = Up, + 0 KJ. (6.111)
Using Newton’s impact law
—etUy, = Uy, +nTKJ, (6.112)
substitution of (6.110) yields
—ety, = Uy, +nT K (jn — pjt). (6.113)
Finally, we can solve for j
—(1+e)u,, =nTK (jn — pjt), (6.114a)
—(1+e)u,, =nTKnj —n? Ktuj, (6.114b)
—(1+e)u,, =n"K (n —tu) j, (6.114c)
j= % (6.114d)

Knowing 7, we can insert it into (6.110) and compute the impulse J.
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Figure 6.12: The contact force or impulse equivalence principle. The contact region on the left is replaced
by a discrete finite set of points, consisting only of vertices lying on the convex hull of the contact region.

6.2 Multiple Points of Collision

The most interesting simulations in computer animation involve pairs of objects that touch each other at
more than a single collision point. Even a simple cube falling flat onto a table top, has infinitely many
points of contact on the face touching the table during impact. It seems that all the theories we have from
single-point collisions are useless.

To avoid the problem of having infinitely many contact points, we can use the contact force/impulse
equivalence principle.

Lemma 6.16 (Contact Force and Impulse Equivalence Principle)

Equivalent forces or impulses exist such that when they are applied to the convex hull of the contact region
the same resulting motion is obtained, which would have resulted from integrating the true contact force
or impulse over the entire contact region.

The principle is illustrated in Figure 6.12. This is a very useful principle, especially in computer animation,
where contact regions often are polygonal areas. With this principle we have reduced our problem of
infinitely handling many contact points to having to handle a finite discrete set of contact points only.

In a simulator there are generally two basic types of methods for handling multiple points of collisions:

e Sequential Collisions
o Simultaneous Collisions

The names may be a little misleading. There is no concept of time propagation, as there is in compliant
contact models [Kraus et al., 1997]. The names reflect how impulses are computed or propagated at a
single instance in time. The sequential collision approach is sometimes referred to in the literature as
propagating impulses. The task of computing equivalent contact impulses and applying them to the rigid
bodies is called collision resolving.



“book” — 2005/9/30 — 1?:44 — page 153 — #165

6.2 PHYSICS-BASED ANIMATION 153

algorithm simple-sequential (C: Contacts)
while collision
collision = false
for eachce C
ifcis colliding then
Resolve collision ate
collision = true
end if
next c
end while
end algorithm

Figure 6.13: Pseudocode of simple sequential collision resolver.

We cannot really talk about one method being more correct or better than the other because it is
possible to set up physical configurations of colliding rigid bodies where one of the methods computes the
wanted motion and the other does not and vice versa [Mosterman, 2001].

Most simultaneous collision methods are based on complementarity conditions at the velocity level,
however it has been found that complementarity conditions at the velocity level have no fundamental phys-
ical basis for collisions of even extremely stiff objects [Chatterjee, 1999]. We will only treat simultaneous
collisions superficially, since Chapter 7 is devoted to velocity-based complementarity formulations.

The sequential collision method is based on the idea of treating multiple concurrent single-point colli-
sions as a series of single-point collisions. One can just continue to iterate over the single-point collisions
and resolve them one by one using a suitable collision law until none of them is colliding [Baraff, 1989]. A
simple sequential collision resolving algorithm is shown in Figure 6.13. The sequential collisions method
suffers from some difficulties:

e Different simulation results can occur if collisions are treated in a different order
e Infinite calculations

Recent research on sequential collision resolving [Chatterjee et al., 1998, Mosterman, 2001] is concerned
with the order in which the collisions are resolved and how to avoid infinite calculations. In Section 6.2.4,
we present our own solution to the problem. In [Mosterman, 2001] it is shown that there is a relation-
ship between the values of coefficient of restitution e and whether simultaneous or sequential collision
resolving produces the physical expected results.

Many consider the simultaneous collision resolving to be more physical, but there is no justification
for it, except perhaps that it mimics the way a physicist would solve the problem: determine the degrees of
freedom, analyze forces from a free body diagram, set up equations of motion, and solve for the motion.

However, in comparison with the sequential collision resolving, the simultaneous collision resolving
always produces the same global solution to a given problem. Whether the solution results in the physical
expected motion is another question. The sequential collision resolving, on the other hand, solves the
problem through a series of local solutions, thus there is a risk that it will never converge a global solution
of the system. The sequential collision resolving is often beneficial over the simultaneous approach in
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Figure 6.14: Two balls on table, causing sequential collision solver to enter an infinite loop.

terms of computational expense. It is also capable of modeling propagation of forces/impulses through
the mechanical system; the simultaneous approach totally lacks this capability.
We’ll study the problems of sequential collision resolving through some simple examples.

6.2.1 Nontermination of Sequential Collision Resolving

A small ball is resting upon a fixed plane, the coefficient of restitution between the small ball and the
plane is zero. A large ball is resting on top of the small ball; the density of the larger ball is 1,000 times
larger than the small ball. The coefficient of restitution between the small and large ball is zero. The
large ball is initially given a downward velocity of v. There is no friction in the configuration. The
example configuration is illustrated in Figure 6.14. The example is completely one-dimensional, and the
balls interact through central frictionless collisions, which mean that we can safely ignore any rotational
motion. We have two contact points, the first contact point is between the table and the small ball, the
second contact point is between the two balls.
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Figure 6.15: Billiard balls wrapped by a frame. Initially ball E' is moving to the right with speed v.

The first colliding contact point is the second contact point between the two balls. Since we have a
completely inelastic collision, from conservation of momentum we have

1000v = 1000v4fier + Vafier, (6.115a)
1000
= A1
Vafter 1001 v, (6.115b)
where we have used v = ||v||, after having resolved the collision both balls move downward with the

same speed of %v. This means that the next colliding contact point is the first contact point.

The plane has infinite mass, which means that after the collision resolving the small ball and the plane
move downward with zero velocity. The next colliding contact point is now the second contact point. As
before, from conservation of momentum we get

1000

1000 T 1000V4fter + Vafter, (6.116a)
1000
Vafter = <M> v. (6.116b)
Now the two balls move downward with a speed of (%) ? The pattern repeats itself, and it is easily seen
that after n passes over the two contact points the speed of the large ball will have decreased to (%)n.

From the example, it is also clear that the speed of the larger ball will never become zero, thus we will
loop infinitely over the two contact points. Of course, in a computer simulation, we will at some point
after a lot of computation time, encounter an underflow error and the computations will blow up in our
face.

As another example, imagine a series of small billiard balls, with a frame wrapped around them. The
balls all have the same mass and the frame has the same mass as a single billiard ball. Furthermore, the
coefficient of restitution is one between all objects and there is no friction. The configuration is shown
in Figure 6.15. Initially, the rightmost ball E' is given a speed v to the right. The ball will collide with
the frame in a completely elastic collision, thus after the collision, the ball will have zero speed and the
frame will move to the right with speed v. Now the frame is colliding with ball A in a completely elastic
collision, meaning that afterward the frame will have zero speed and ball A will move to the right with
speed v, ball A will now collide with ball B, and so on until ball D collides with ball F. We are now back
where we started. The pattern can thus repeat itself forever without ever changing.
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Box

Furture contact points

Figure 6.16: Box falling onto plane, making completely elastic impacts at the four contact points a, b, c,
and d.

If the experiment is performed in the real world, one sees that the linear momentum will distribute
itself equally over all objects, implying that they will all move to the right with the speed of %v. This is
actually the solution a simultaneous method will compute.

6.2.2 Indeterminacy of Sequential Collision Resolving

Another issue with sequential collision resolving is that different results can be obtained depending on the
order in which collisions are resolved.

As an example, imagine a box falling with one face flat against a fixed plane. For simplicity we will
assume that there is no friction and that the coefficient of restitution is one between the box and the plane.
Therefore, we expect the box to bounce back upward again without changing its orientation. In fact, if
the simulation is run for long enough time, we expect to see the box jumping up and down on the plane
without every changing its orientation. The configuration is shown in Figure 6.16. Upon impact we will
have four contact points. We’ll label these a, b, ¢, and d. When the box touches the plane all contact points
will collide; therefore we have to choose one contact point. Let’s pick a. Applying a normal impulse at a
will make the box rotate with its axis going in the direction of b and d.
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Figure 6.17: Three balls colliding in a completely symmetrical fashion.

By symmetry, two things can happen next, either we choose the contact point ¢ as the next colliding
contact point to treat or we choice one of the b and d contact points. Picking the ¢ contact point will correct
some of the rotational motion that was caused by the normal impulse at a. It is very likely that none of
the contact points will be colliding after having picked ¢, and the box will bounce upward almost with
unaffected rotational motion. On the other hand, if we choose contact point b, the rotational motion will
become even worse, and we may end up with a rotating box bouncing back from the plane. The point to
be made here is that different things can happen dependent on the order we choose to resolve the contact
points a, b, d, and e in.

Heuristics for picking a deterministic and correct order are available [Chatterjee et al., 1998]. These
heuristics require that one examines the colliding contact points and sorts them according to some physical
measure. This causes the sequential collision resolving to be more computationally expensive.

However, it is possible to come up with configurations that exhibit special geometries, where no
heuristic can be applied to resolve the problem of picking an order. Imagine, for instance, a ball at rest
with a identical ball on its left side moving to the right and another identical ball on the right side moving
to the left. The two balls on the sides are mirror images of each other implying they will hit the center
ball at the exact same time. At the time of impact we will have two completely identical contact points.
There is no preference for choosing the left contact point over the right or vice versa. The configuration is
shown in Figure 6.17. Another commonly encountered case exhibiting special symmetry is a billiard ball
hitting a corner. At the time of impact, the ball touches the corner walls at two different contact points,
but there is no way of favoring which contact point to resolve first.

Notice that in both of the examples of special symmetry, picking one order over the other would lead
to different simulation results. It is important to understand that the cause of this indeterminacy is not
due to our lack of ability to find a good heuristic for picking an order. It is a basic physical problem.
In [Chatterjee et al., 1998] it is suggested that a random ordering is the best way to deal with special
symmetries.

6.2.3 Simple Simultaneous Collision Resolving

As an example of a simultaneous collision resolver we will derive the method proposed in [Baraff, 1989].
It is a simple method in the sense that it only considers normal impulses and normal contact velocities,
and there is no friction. We refer the reader to Chapter 7 for more advanced modeling.

If ¢ is the index of a contact point then the collision impulse .J; at that contact is

Ji = gin, (6.117)
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Figure 6.18: Simultaneous Contact. Showing how object B resolves collision between object A, and
objects C' and D.

where n; is the contact normal of the ¢’th contact point. Since impulses are required to be repulsive, we
have
Ji =2 0. (6.118)

We restate Newton’s impact law as described in Section 6.1.1 for multiple contact points, let u;, be the
initial relative contact velocity in the normal direction of the ¢’th contact point, and similarly u;, is the
final relative normal contact velocity, then

Ui, > —eU;,, (6.119a)

ui, +eu;; > 0. (6.119b)

The > is needed because more than one object can be pushing on a single object. To make sure we do not
get too much impulse we will require

Ui > —eu;, = j3i = 0. (6.120)

To gain some intuition, it can be helpful to study a small example, as shown in Figure 6.18. Here object
B pushes object A away from object C' and object D, so there is no need for impulses between objects A
and C and objects A and D. We can rewrite (6.120) into a complementary condition,

ji (ui; + eu;,) = 0. 6.121)

Knowing that u;,, is a linear function of all the impulses, j = [jo - ji - - ]T, that is, u;,(j) to be shown
shortly, we can write a linear complementarity problem, for all ¢ we require

Ji =2 0, (6.122a)
ui, (§) + eui; >0, (6.122b)
Ji (ui; (3) + eus;) = 0. (6.122¢)

Now we will look at how much the ¢’th impulse changes the contact velocity at the j’th contact point on
X. The situation is depicted in Figure 6.19. The change of contact velocity at the j’th contact point w.r.t.



“book” — 2005/9/30 — 1?:44 — page 159 — #171

6.2 PHYSICS-BASED ANIMATION 159

Figure 6.19: Multiple contact points. The change in relative contact velocity at the j’th contact point
depends on impulses at both 7’th and 2’th contact points.

to object X due to the impulse at the 7’th contact is

Auﬁ< = AvS + Aw S xr X (6.123)

J )

where Av X = £ j; and Aw; X = £I" (r; x n;) ji, where the sign depends on the direction of the
contact normal. Substituting for Av;X and AwiX and assuming X plays the role of B at the ¢’th contact,
we have

n; B '
Aujf = —ji + (I (Y x =) ji) x )%, (6.124)
mx
cleaning up
n
Auf = ( ~ 4 (I (r x ) x rjX> i- (6.125)
mx
That is,
Aujf = s ji, (6.126)
where

sy = <_ni + (I (7 x —ny)) x rjX> . (6.127)
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If X played the role of A then we should have used n; instead of —n;. To find the total change of the
contact velocity at the j’th contact point we must sum over all the contact points in contact with X,

Aqu _ Aujé( 44 Auﬁ( Lot Aujff’ (6.128)
with our new notation
Aqu :Sj%fj(]"i’"'+Sj$(ji+"'+sj§jn' (6.129)

Now we must also find the change of contact velocity w.r.t. object Y, similar derivation will lead to
AuY = s jo+ -+ 85 ji+ -+ 8jdn. (6.130)

Now assume X played the role of A at the j’th contact point, then Y must be B at the j’th contact point,
so the change in relative contact velocity is

X Y X Yy X Y X Yy
We are only interested in the normal direction, so we can simplify our derivation by taking the dot product
with the contact normal, that is

wj, = Ajojo + -+ Ajiji + -+ Ajnlin + ujy, (6.132)

where
Aj; = (s% —s)) - nj. (6.133)

Jtu Jji

Writing up the linear system for all contact points results in
Aj+b>0 compl. 3 =>0. (6.134)

Figure 6.20 illustrates pseudocode for setting up the A-matrix and the b-vector.

6.2.4 Robust and Stable Sequential Collision Resolving

In this section we give the technical details for an efficient stable and robust implementation of a sequential
collision resolver. It overcomes some of the problems with infinite looping at the price of physical realism.
The method still yields plausible results. The method is based on the ideas in [Chatterjee et al., 1998].

The method described will need a collision law, which has a coefficient of normal restitution, e. Other-
wise any collision law can be used. During initialization all single point collisions, i.e., the contact points,
are inserted into a heap data structure .S. The contact points are sorted based on their relative normal
contact velocity, u,,, computed as in (6.14). If u,, < 0, then the objects are colliding at the contact point
and we need to apply an impulse J to the objects.

As suggested in [Chatterjee et al., 1998], the contact point with the smallest relative normal contact
velocity is obtained from the heap S. This contact point is called the minimum contact point. Getting the
minimum contact point is a constant time operation, as the minimum element in a heap often is the first
element. If the minimum contact point is colliding, an impulse is applied to resolve the collision. If on
the other hand, the minimum contact point is noncolliding, then by the heap property of S, there cannot
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A = new (nXmn)-matrix
b = new n-vector
C = set of all contacts
for each j in C
b(3] = (1+e)uy,
for each 1 in C
A[§1[i] =0
if one of the bodies of i is body A of j
let X be the body of i that is body A of j
A[F) (1] +=s5 - ny
if one of the bodies of i is body B of j
let Y be the body of i that is body B of j
A[J1[1] -=s); 7y

Figure 6.20: Pseudocode for setting up linear complementarity problem for simple simultaneous collision
resolving.

be any other contact points with a relative normal contact velocity less than the minimum contact point.
Therefore, there cannot be any more colliding contact points and the algorithm can terminate. If a collision
impulse is applied, then the relative normal contact velocity is recomputed, for all contact points having at
least one object in common with the minimum contact point. These contact points are said to be affected
by or dependent on the minimum contact point, since their relative contact velocity depends on the two
incident objects at the minimum contact point. After having updated all the dependent contact points,
the heap S needs to be updated, in order for the heap property to be fulfilled. Hereafter, the algorithm
obtains the minimum contact point from the heap S, and repeats the above steps until termination. A
pseudocode version of the algorithm is shown in Figure 6.21. If an implementation is made precisely as
the pseudocode outlines, it will quickly cause trouble in practice. A test like u,, > 0 is difficult to apply
due to precision errors. One solution to the problem is to use a threshold value, € > 0, such that the test
becomes

Uy > —€. (6.135)

The threshold value € should be a small positive number indicating the accuracy of the floating-point
operations. In practice, the test works excellently, especially in combination with a collision envelope,
which it magnitudes greater than the precision.

The problem with the pseudocode algorithm is due to the physics. As explained in Section 6.2.1 there
are configurations causing an infinite sequence of collisions. The important thing to notice is that if e < 1,
then the relative contact velocities are always monotonically decreasing. In [Chatterjee et al., 1998] it is
therefore suggested that when infinite loops happen, a truncation or extrapolation can be used to obtain an
answer.

However, it’s not easy to determine when an infinite sequence of collisions occurs. An ad hoc solution
to the problem is to test whether the current value of the relative normal contact velocity has decreased in
absolute value to some specified fraction of the initial smallest relative normal contact velocity. A fraction
of 1/1000 usually works well in practice. A smaller fraction means that the collision resolving will take
more computation time, and a larger fraction means less correct simulation results. Notice that the test for
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Algorithm sequentiall (C':Contacts)
Heap S
for eachce Cdo
compute u, for c
put (un,c) into S
next ¢
while forever
(tn, ¢) = min(S)
if un > 0 then
return
end if
compute J for ¢
apply J to objects inc
for V¢ € C,¢ sharing object withedo
compute u, for ¢
update heap with (un,c’)
next ¢
end while
End algorithm

Figure 6.21: Sequential collision resolving based on minimum relative normal contact velocity.

an infinite loop is based on a global threshold value and a local test for each contact point. The local test
is performed each time the minimum contact point is obtained from the heap S.

However, the infinite loop test will only detect infinite loops in configurations where truncation could
resolve the problems, such as the two balls on a table configuration, as shown in Figure 6.14. Configu-
rations such as the framed billiard balls in Figure 6.15 will not be detected. To circumvent this problem,
a simple counter test is introduced; each contact point keeps track of the number of times it has been
resolved. When the minimum contact point is obtained from the heap, its counter is incremented by one,
afterward it is tested if the counter exceeds a user-specified maximum count. Care must be taken not to set
the maximum count too high or else an excessive amount of computation time can be wasted. If set too
low the collision resolver may detect perfectly solvable configurations as containing infinite sequences
of colliding contact points. Usually values in the range of 20-100 works well for computer animation
purposes. Initially, the resolving counter is set to zero for all contact points.

Figure 6.22 illustrates the modifications to the pseudocode in Figure 6.21. When an infinite sequence
of colliding contact points is detected, an evasive action has to be performed or else there is a risk for a
never-ending computation. If e < 1, then it seems sensible that kinetic contact energy will continue to
dissipate a little for each an every collision that is resolved, until there is no more kinetic energy left. The
limit at which there is no more kinetic energy corresponds to the relative normal contact velocity being
zero, that is, u,, = 0. We know from theory that setting the coefficient of restitution to zero, e = 0,
will make u,, = 0 when resolving one contact point. Therefore, an evasive action is simply to set e = 0
when computing the impulse for a contact point, which has passed the infinite loop test. Setting e is called
truncation and the computed impulse is called a truncated impulse.

Theoretically, setting e = 0 should give u,, = 0. In practice however, numerical precision often causes
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Algorithm sequential2 (C:Contacts)
Heap S
for eachce Cdo
compute u, for c
counter(c) =0
put (Un,c) into S
next c
(tn, c) = min(S)
Efraction = (1/1000)Un
]Vmax =20
while forever
(tn, ¢) = min(S)
ifu, >0 then
return
endif
counter(c) = counter(c) + 1
if Un > Efraction Or counter(c) > Npax then
...handle infnitite loop...
else
...compute impulse as usual...
end if

end while
End algorithm

Figure 6.22: Modification of sequential collision resolver to detect infinite sequences of colliding contacts.

Uy, to be slightly nonzero. During the update of contact points in the heap, it is better simply to set u,, = 0
when updating a contact point that has just been resolved with a truncated impulse. A Boolean flag is
needed on each contact point, so a contact point can be marked as having been resolved by a truncated
impulse or not.

If instead, w,, is recomputed by (6.14) when a contact point has been truncated it might occur that the
value is slightly lower than the precision threshold limit. This will cause the algorithm to do several series
of truncations on the same contact point before the single-point collision has been resolved. The result is
more iterations and slower simulation.

To counter artifacts from numerical precision it is often also advantageous to truncate the post collision
velocities of the objects from a contact point where a truncation impulse has been applied. Pseudocode
for the velocity truncation is shown in Figure 6.23. The final pseudocode version of sequential collision
resolver algorithm is shown in Figure 6.24.

The sequential collision resolver algorithm in Figure 6.24 will be able to to detect an infinite loop in
configurations like the two balls on the table and the framed billiard balls. It should be noted that truncation
impulses are not the whole answer to making a bulletproof evasive action on an infinite loop. Notice that
the coefficient of restitution is zero for all contact points in the two balls on a table configuration, and this
results in an infinite loop.

The algorithm will not always return the physical expected result. If detection of infinite loops is
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algorithm truncate (v,w)

If |ve| < € Then
Ve =0

End If

If |vy| < e Then
vy, =0

End If

If |v:| < € Then
v, =0

End If

If |we| < & Then
we =0

End If

If |wy| < e Then
wy =0

End If

If |w.| < e Then
w, =0

End If

end algorithm

Figure 6.23: Pseudocode for postvelocity truncation to counter numerical precision artifacts.

over-eager, then the algorithm will have an effect of artificially decreasing the coefficient of restitution.
Typical large values € > % returns plausible results, whereas values € < % seem to be clamped to zero,
and values in between seem artificially damped. These value ranges are typical for the values listed for the
fraction-test and maximum resolve count test. Other values for these constants would result in different

behavior.

The algorithm is excellent for use in computer games or computer animation, since it is robust and
stable, and can be made to run very fast if one is willing to sacrifice physical realism. It should be noted
that a good heap data structure is crucial for good performance.

It is possible to make variations of the algorithm. For instance, contact points could be sorted in the
heap data structure based on penetration depth or some other physical or geometric quantity. Also, other
evasive actions could be taken in case an infinite loop is detected. For instance, one could switch to a
simultaneous collision resolving method.

The algorithm can have a serious impact on configurations with e = 1; if an infinite loop is detected it
will simply set e = 0. In a configuration like the one shown in Figure 6.15, all objects will come to a halt,
which is not the wanted simulation result. To circumvent this problem one could add an extra test on the
value of the coefficient of restitution to detect what kind of infinite loop that has been detected. If e < 1 it
is safe to apply a truncation impulse, if e = 1, another solution method could be applied.
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Algorithm sequential3(C:Contacts)
Heap S
for eachce Cdo
compute u, for c
counter(c) =0
truncated(c) =false
put (Un,c) into S
next ¢
(tn, c) = min(S)
Efraction = (1/1000)Un
]Vmux =20
while forever
(tn, ¢) = min(S)
counter(c) = counter(c) + 1
if un, >0 then
return
endif
if Un > Efraction Or counter(c) > Npax then
sete=0
compute J for ¢
apply J to objects inc
truncated(c) =true
else
...compute impulse as usual...
end if
for V¢ € C,c sharing object withcdo
if truncated(c’) then
Un =0
truncate(va,wa)
truncate(vp,ws)
truncated(c’) =false
else
compute u, for ¢
end 1if
update heap with (un,c’)
next ¢
end while
End algorithm

Figure 6.24: Final pseudocode version of sequential collision resolver.



“book” — 2005/9/30 — 1?:44 — page 166 — #178

166 CHAPTER 6. IMPULSE-BASED MULTIBODY ANIMATION

6.3 Conservative Advancement

In the work [Mirtich et al., 1994, Mirtich et al., 1995, Mirtich, 1996] a new simulation paradigm emerged
building on the early ideas of [Hahn, 1988]. The paradigm was named impulse-based simulation. Later,
the work was extended to hybrid simulation [Mirtich, 1995], a paradigm combining constraint-based and
impulse-based simulation. The main focus here is the time-stepping method presented in [Mirtich, 1996].

Looking at rigid bodies at a microscopic level, all kinds of contact can be modeled by collision im-
pulses, even something like a cup at rest on a table. This type of contact is called static contact. Static
contact is modeled as a series of highly-frequent collision impulses occurring between the two objects in
static contact. The frequency of the collision impulses is so high that it is nearly impossible to distinguish
the individual collision impulses. The limiting case with infinite frequency will be equivalent to com-
puting the time-integral of the contact forces (6.18) over a finite time-step At. The force time-integral is
confusingly called impulse, but it is not a collision impulse.

In practice, we do not have the computational resources to compute an infinite series of collision
impulses, therefore we use a collision envelope around each object. The collision envelope can be thought
of as a thick surface of an object. It is a model of the atomic layer of an object that comes into contact
with the atomic layer of another object. Thus, it is the atoms in these layers that are bouncing against each
other during static contact. It is important to realize that objects are defined as touching when they are
within each other’s collision envelopes. An actual distance of zero between the geometries of two objects
is never seen.

Frequent collisions occurring during static contact is now modeled by applying an impulse only at
the closest point between two objects. The closest point will lie inside the collision envelopes of the
objects. After having applied the collision impulse, the velocities of the objects will have changed, such
that if we advance the time of the simulation by integrating the free-moving body state function (22.81)
of the two objects, the objects will move away from each other at the closest point, regardless of how
small a time-step we integrate forward. This will mean that at some point in the future a new closest
point within the collision envelopes will be found. Thus, static contact is modeled as an object that
vibrates on top of another object. If the collision envelope is small enough the vibration will occur at a
frequency where a human observer will not notice it. Figure 6.25 illustrates the idea using an exaggerated
collision envelope. In [Mirtich et al., 1994, Mirtich et al., 1995, Mirtich, 1996] a time-stepping method
is presented that computes an estimate for a time-step, that can be used to integrate the rigid body state
functions describing the free motion of the objects without causing penetration or zero distance of the
object geometries. The time-step is found by computing a conservative lower bound for the Time of
Impact (TOI) between all potential colliding object pairs.

A TOI value should be easy and fast to compute, since it is expected to be recomputed many times. In
fact, it must be recomputed every time two objects collide or whenever the time-stepping has reached the
time of a TOI. Thus due to performance considerations, it is crucial that a TOI value is computationally
inexpensive to compute. A TOI value should always be a lower limit to the true time of impact and the
lower limit should converge toward the true time of impact the closer the objects are. This is what we mean
by a conservative TOIL. Computing TOI values in this way will ensure that a collision is never missed, and
that it is safe to integrate forward in time to the minimum TOI value.

Figure 6.26 illustrates the basic idea behind the TOI time-stepping method. Notice that the stepping
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Closest Colliding Contact

Closest Colliding Contact

Collision Envelope

(a) First atomic collision (b) Second atomic collision

Closest Colliding Contact

(¢) Third atomic collision

Figure 6.25: The collision impulse model of static contact. A box A is resting on top of a fixed box B.
The static contact is modeled as a series of collisions occurring between the closest point between A and
B. Thus, box A is in fact vibrating on top of box B. The smaller the collision envelope, the higher the
vibration frequency, and an end user will not notice the vibration.
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algorithm run (¢, At)
tﬁnal =t+ At
do
do collision detection
resolve colliding contact points
twi = min(compute toi’s for all object pairs)
At = min(tﬁnal - tmi, ttinal — t)
integrate forward by At
t=t+ At
while t < tfna
end algorithm

Figure 6.26: Pseudocode for simple TOI time-stepping.

method is invoked with a wanted time-step size, which indicates the end-time for the next frame of the
simulation. That is the simulation time for the next frame that should be rendered in an animation. The TOI
time-stepping method belongs to a group of time-stepping algorithms termed Conservative Advancement
because time only runs forward, unlike in Retroactive Detection, where time is rewound when a simulation
goes bad. There are two major problems with the time-stepping method outlined in Figure 6.26. First,
how should a TOI value be computed? Second, recomputing TOI values between all pairs of objects takes
quadratic time, which is computationally intractable in large-scale simulations.

6.3.1 Time of Impact (TOI) Computation

Assume that the narrow-phase collision detection algorithm (see Chapter 13) returns the closest points
between two rigid bodies. Unfortunately, these two points do not provide enough information themselves
for estimating the position of an actual future impact between the two objects because the objects may be
moving away from each other at the closest points, which indicates that some other points on the objects
are moving toward each other. This is illustrated in Figure 6.27. However, if we assume that the objects
are convex, the closest points can be used to give us some information. If the objects are convex then any
future colliding points must at least travel the distance between the closest points before they can collide.
This is shown in Figure 6.28. If we let the function d 4(-) be the distance traveled by the colliding point
x 4 as a function of time, and similar dg(-) is the traveling distance for x p, then the distance traveled by
both the colliding points, d(-), at the true time of impact .. is

d(te) = da(te) +dp(te) > ||d]f, (6.136)

where d = p4 — pg. If (6.136) is solved for the time ¢ yielding equality, then the solution will be a lower
bound for the true time of impact ¢.. As objects come closer, the colliding points will end up being the
closest points just before the actual impact. Thus, the lower bound becomes a better and better estimate
for the time of impact the closer the objects come.

Unfortunately, the functions d 4(-) and dp(-) are unknown, because the colliding points 4 and xp
are not yet known, only the closest points p 4 and py are known. To get around the problem, the functions
d(-) and dp(-) are approximated by two other functions giving a conservative upper limit for the traveling
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Figure 6.27: A bad case for TOI computation, two closest points are moving away from each other.
However, there exist two other points moving toward each other.

Figure 6.28: The actual colliding points x4 and xp must at least travel the distance, d, given by the
closest points p 4 and pp before they can collide.
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distance. Notice that it is important that the traveling distance is an upper bound in order for the time
estimate to be a lower bound.
From (6.12) we can write the velocity of any point of the surface of an object X, as

ux(t) =w X () x ¥ + g (1), (6.137)

where 7 X is the body-fixed vector of the surface point.

If we assume that the forces acting on an object are constant during the time-step At and that there
is no torque acting on the object, then the object will move along a ballistic trajectory. This may sound
prohibitive, but it is the same motion as an object moving freely under gravity, thus, it is a good assumption
for computer animation purpose. Under this assumption the linear velocity of the center of mass is given
as

Ve (1) = Vo (teur) + g [t — teur] s (6.138)

where ¢, is the current simulation time, and g is the gravitational acceleration. The speed of any surface
point on object B in the direction of d can now be found by substituting (6.138) into (6.137) and taking
the dot product with d,

up(t) - d=(wPt) xrP) - d+vl(te) d+g-d[t —teu]. (6.139)

The surface velocity of any point on object A is almost identical except that —d should be used. Since the
actual collision points are unknown, 7 4 and r © are unknown. However, since an upper bound is wanted,
any surface point can be used, which maximizes the term (w *(¢) x r ) - (£d).

The surface point fulfilling this requirement must be the point lying farthest away from the center of
mass. Let the distance of this surface point be given by rX. . which can easily be precomputed before the
simulation starts. The motion of the object is assumed to be torque free, therefore, it’s possible to compute
an upper bound on the magnitude of the angular velocity, w;\. . derived in (6.149). Combining these two
facts yields

(w*(t) xr¥) - (£d) < wpTi (6.140)

max’ max-*

Using (6.140) in (6.139) gives the upper bound on the surface point velocity,
up(t) - d<wB B +vB(tw) -d+g-dt —te, (6.141)

thus integrating (6.141) from ¢, to ¢, yields an upper bound on the distance traveled by any surface point
on B, that is,

t t
/ (u(T) X d) dr < / ((Ucfn((tcur) +glt— tcur]) < (xd) + wgaxrfrfax) dr, (6.142a)
teur teur

= %g-(id) [t — teu]” + (Ven (teur) - (£d) + wikxTma) [t — teur] . (6.142b)

max’ max

Introducing the constants,

1
Ax =59 (£d), (6.143a)
Bx = v (tew) - (£d) + WX rX (6.143b)

max’ max?’
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where “+” is used, if X = A, and “—" otherwise, the approximation to (6.136) is
(Ag+ A) [t — tew)® + (Ba+ Bp) [t — tew] = ||d]| - (6.144)

This is a second-order polynomial that is easily solved. The TOI value is now given as the smallest positive
root of (6.144) plus the current simulation time. If no such roots exist then the objects cannot collide and
the TOI value can be set to infinity.

Note that if the distance between the two objects ever becomes zero, then d = 0, the trivial solution
to (6.144) is t = 0, causing the algorithm in Figure 6.26 to enter an infinite loop, since the smallest TOIL
value will always be the same as the current simulation time.

Computing the value of w;X,. can be done by noting that the rotational kinetic energy of the object must
be conserved, since there is no torque acting on the object. The rotational kinetic energy, F/, computed in
the body frame of the object is given by

1
E= §w(t)TIbodyw(t), (6.145)

for convenience the body label X has been omitted. The term I'poqy is the inertia tensor w.r.t. body frame.
It is thus diagonal and constant. Writing (6.145) element-wise yields

1 I, 0 0 [wy(t)
E=3 [wa(t) wy(t) w()] [0 I, O] |wy(®)], (6.146)
0 0 L] |w.(t)
which can be reduced to
2F = Lyw,(t)* + Lwy(t)* + Lw,(t)?, (6.147)
this is easily rewritten into the equation of an elliptical level set surface
wq (1) wy(t)2 ws(t)?
35 Y5} 55— 1. (6.148)
I, I, I

This level set surface defines all possible w(t), picking the w(t) with the largest magnitude will yield a
value for wp,y. From geometry it is clear that ||w(¢)]| is largest along the major axis of the ellipse, which

means
2K
Wmax = \/— (6.149)

min{I,, I, I}

6.3.2 Time of Impact Heap

The second problem of the algorithm in Figure 6.26 is that it is computationally intractable to compute
TOI values between all pairs of objects. Fortunately, it turns out that this is not necessary.

If a heap data structure is used to store object pairs sorted on their TOI value, then the minimum TOI
value can easily be accessed in constant time. Only the TOI value between the object pairs corresponding
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to the minimum TOI needs to be recomputed, as well as all other TOIs having at least one object in
common with the minimum TOI object pair. All other TOI values are known to be larger than the minimum
TOI value and the rigid body states of their object pairs are unaffected by a possible collision taking place
at the contact point corresponding to the minimum TOI. Thus, their future collisions are unaffected and
the TOI values are still valid lower bounds. After having updated the TOI values of all affected object
pairs, the TOI heap needs to be updated in order for the heap property to be fulfilled.

Initially, it is a bad idea to compute TOI values for all object pairs in order to initialize the heap.
Instead, only TOI values for objects that are in close proximity are kept in the heap. If sweeping volumes
are used in the broad-phase collision detection algorithm as described in Section 12.5, then the results
from the broad-phase collision detection algorithm yield object pairs that may collide in the near future.
Whenever an object pair is reported by the broad-phase collision detection algorithm, which is not already
in the heap, it is inserted into the heap.

To keep the storage requirements for the heap from accumulating to quadratic size, it is beneficial to
remove object pairs from the heap when they are far from each other. First intuition might suggest simply
to remove object pairs when they are no longer reported by the broad-phase collision detection algorithm.
However, this can have fatal side-effects. Imagine a ball bouncing up and down on a fixed plane. The
TOI value between the plane and the ball will constantly be added and then removed from the heap, thus
yielding a substantial overhead in maintaining the heap data structure. A better solution is to approach the
removal of heap elements in a lazy manner. That is, TOI values are only removed from the heap if the
object pair of the minimum TOI is no longer close to each other.

Figure 6.29 illustrates how the TOI heap works and Figure 6.30 shows a pseudocode version of the
algorithm.

In most cases, the TOI heap time-stepping method is extremely fast, especially in cases with many
fast-moving objects. It is beneficial in computer games such as flight simulators, where there is almost
no static contact. However, the algorithm will have difficulties with rotating objects that have large aspect
ratios. For instance, a see-saw configuration can exhibit slow convergence for the TOIs corresponding to
impact with the ground. This is because rp, is very large, and d, is small.

The same behavior of slow convergence of the TOIs, can be seen when objects are in static contact.
Here, d becomes very small causing the computed TOI-values to be very small. Stacking of objects can
cause a simulator to come to a halt, due to the computations involved in updating the TOI values and
taking time-steps close to zero.

Note that the entire algorithm actually only needs to resolve a single-point collision between any two
objects. There is no need for sequential or simultaneous collision resolving.

6.4 Fixed Stepping with Separation of Collision and Contacts

Besides the convergence problems of the time-stepping approach described in Section 6.3, it has other
serious flaws. It turns out that these flaws stem from the basic nature of doing time-integrating of the free
motion of the rigid bodies and then resolving collisions. Any time-stepping method taking this approach
to impulse-based simulation will thus suffer from the same flaws. In [Guendelman et al., 2003], the basic
nature and cause of these flaws was explained and a new time-integration method was proposed as a
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Figure 6.29: Conceptual drawing of how the TOI heap works to control the time-stepping.

solution. This new time-stepping method is the subject of this section. We will discuss the problems of
implementing an efficient and robust simulator based on this time-stepping method.

In a traditional time-stepping method, the equations of motion (22.81) are integrated. That is, the
first-order coupled differential equations

d d 1

E""cm = Ucm aq = 5 [0,(—0] q, (6.150a)
d F d

E'vcm = % %Lcm — Tcm, (6150b)

are numerically integrated. Here, 7.y, is the position of the center of mass, v, is the linear velocity of the
center of mass, and F' is the total force acting on the center of mass, L., = Iw is the angular momentum
w.r.t. center of mass, I is the inertia tensor, and w is the angular velocity. Ty, is the torque. ¢ is the
orientation represented as a quaternion after the numerical integration collision resolving is performed.
In Figure 6.31 an example simulation of a box on an inclined plane using the traditional time-stepping
strategy is shown. In the example, the coefficient of restitution is one, and the coefficient of friction is
large enough to prevent the box from sliding down the plane. Initially the box is at rest, however, after
having performed the first integration the box will have gained linear velocity, due to gravity acting on
the box. During collision resolving a collision impulse is applied to the box and the collision impulse
will change the linear velocity of the box, so it no longer will be colliding with the plane. However, since
the coefficient of restitution is one, the linear velocity after collision resolving is pointing in the normal
direction of the plane. This means when integration is performed again, the box will fly up in the air,
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algorithm toi-heap-time-stepping()
while TOI (b,b') at top of heap=tar
narrow-collision (b,b’)
contacts = contact-determination (b,b’)
collision-resolve (contacts)
recompute all TOI’s wherebis part of
recompute all TOI’s whered' is part of
ifband b no longer close
remove TOI (b,b') from heap
end if
end while
tiext = TOI at top of heap
At = Tnext — Ceur
overlaps = broad-phase (At)
for each overlap(b,b’) in overlaps
if not TOI(b,b') exist
compute TOI (b,b")
insert TOI(b,b') in heap
end if
next overlap(b,b’)
twext = TOI at top of heap

integrate forward by tpext — teur
end algorithm

Figure 6.30: Pseudocode illustrating how to use the TOI heap for time-stepping. The pseudocode replaces
the body of the while-loop in Figure 6.26.

gravity will then work on the box, and eventually the box will fall down on the plane again, but it will hit
the plane at a lower position. Thus, the box seems to bounce downward on the plane. The same artifact
causes objects resting on the ground to vibrate, making it impossible to create high stacks of objects.

The novelty of the work in [Guendelman et al., 2003] is to split the numerical integration of (6.150)
into two separate phases causing a separation of the collision resolving from the contact handling to give
the following simulation loop:

1. Collision resolving

2. Advance the velocities using (6.150b)
3. Contact handling

4. Advance the positions using (6.150a)

The step given by (6.150b) is termed the velocity update and the step by (6.150a) the position update.
They are both handled by a single explicit Euler step.

In [Guendelman et al., 2003] a different approach is taken to collision resolving: a fixed number of
iterations are performed over all the contact points. Thus, after having performed the collision resolving,
there might still be colliding contacts.
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(a) Initial state, box at rest (b) Integration of first time-step

lg
&

(c) Collision resolving in first time-step (d) Result for first time-step

(e) Integration for next time-step (f) Several time-steps later

Figure 6.31: Box at rest on inclined plane, coefficient of restitution is one, friction is large enough to keep
box from sliding. However, due to the nature of the time-stepping method, box starts to bounce down
inclined plane.
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algorithm time-step (At)
for 5 iterations
collision resolving
next iteration
velocity—-update
tmp = epsilon
epsilon = -1
for 10 iterations
epsilon += 1/10
contact-handling
next iteration
shock-propagation
epsilon = tmp
position-update
tcur = tcur + At
end algorithm

Figure 6.32: Pseudocode of the separated collision and contact time integration method. In
[Guendelman et al., 2003] 5 collision resolving iterations and 10 contact handling iterations are used.

Similarly, when doing the contact handling, a fixed number of iterations is used. Contact handling is
different from collision resolving in several aspects. For instance, the coefficient of restitution is set to 1
and incrementally raised so that in the last iteration it has value zero. This has the effect of slowing down
objects before they are stopped. Also, more iterations are used than in the collision resolving.

Shock propagation is done immediately after the last contact handling iteration. Shock propagation
also uses a restitution coefficient of zero. Furthermore, objects in a stack are cleverly fixated and unfixated
while iterating over the contact points. Together, this has the effect of propagating a shock through a stack
of objects, correcting faulty behavior. Note that contact handling is needed before shock propagation,
otherwise objects will not feel the weight of each other.

As with the collision resolving, colliding contact points are not guaranteed to be completely resolved
after the last contact handling and shock propagation iterations, even though the coefficient of restitution
is zero in these cases. This should be clear from the two balls on the plane example in Section 6.2.1.

Figure 6.32 shows a pseudocode version of the new time-stepping method.

The predicted positions of objects are used for the collision detection queries. This means that before
each iteration of the collision resolver, contact handler, and the shock propagation, the predicted position
is computed before doing a collision detection query. The collision detection query will therefore return
future expected colliding contact points. These contact points are used to change the current velocities
such that penetration is avoided. However, having altered the velocities, one must update the predicted
positions in the following iteration. The predicted positions are computed taking a single explicit Euler
step on (6.150a).

Figure 6.33 shows pseudocode of the collision resolving. Contact handling is similar to collision
resolving. Shock propagation is similar to the contact handling, however there are some significant dif-
ferences. A contact graph is built and contact points are processed in an order corresponding to their
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algorithm collision-resolve
move all bodies to predicted locations
collision detection
order contact points by penetration depth
for each contact point apply collision law
end algorithm

Figure 6.33: Collision resolving consists of a single iteration over all contacts.

algorithm shock-propagation-handling
move all bodies to predicted locations
collision detection
compute contact graph
for each stack layer bottom up order
order contact points in layer by penetration depth
for each contact point apply collision law
next layer
end algorithm

Figure 6.34: Shock propagation. This is similar to collision resolving except that contacts are processed
in a bottom-to-top stack layer fashion.

placement in the contact graph. The contact graph is used to analyze if objects are stacked on top of each
other. Afterward, contact points are organized into disjoint sets representing the stack layers in a stack.
These layers are processed in a bottom-to-top fashion using a coefficient of restitution equal to zero, and
setting lower bodies to be fixed. That is, they have infinite mass for this computation. Figure 6.34 shows
a pseudocode version of shock propagation.

Taking large fixed time-steps is an advantage from a computational viewpoint, and thus very attractive
for large-scale simulations. However, if time-steps are too large, tunneling or overshooting can easily
occur. To reduce the chance of this simulation artifact, the time-step can be limited; for instance, by
making sure that the fastest moving object does not move further than some specified fraction of the
smallest bounding box width of the smallest object. This can definitely be incorrect, but seems to work
well in practice.

In [Guendelman et al., 2003] after having applied an impulse to a contact point, the collision results are
reevaluated between the object pairs for that contact point. That is, the object pairs’ predicted positions are
updated and the narrow-phase collision detection query is repeated. This is done in the hope that resolving
a colliding contact point may change the predicted positions, such that the object pair will no longer be
colliding. The method outlined here corresponds to the optimized method in [Guendelman et al., 2003].

There are a few publicly available implementations of the method using an even more optimized
approach, in the sense that fewer collision detection queries are performed. For instance, one can reduce
the number of iterations to just one for both the collision resolving and contact handling. Furthermore, a
single collision detection query could be run and the same contact points can be reused for the collision
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Penetration in stack layer 1

< Penetration in stack layer 2

(a) Shock propagation results in Figure 6.35(b) (b) Shock propagation results in Figure 6.35(a)

Figure 6.35: Errors cannot be corrected by shock propagation if there are cyclic dependencies.

resolving, the contact handling, and the shock propagation. This, of course, will increase the chance of
artifacts such as penetrations, tunneling, and overshooting. On the other hand, it will yield a speed-up of a
factor of 10-16 depending on the number of iterations and the kind of collision detection algorithms one
chooses to use.

Finally, the purpose of shock propagation is to fix simulation errors. Therefore it can be replaced
by other error-correcting methods, such as the projection error-correction explained in Section 7.10 and
Section 7.14. These have the advantage of being able to completely fix penetration errors. Note that the
propagation that occurs from the bottommost layer of a stack to the top, has trouble fixing errors for cyclic
configurations as illustrated in Figure 6.35.

6.4.1 Computing Stack Layers

Contact graphs are easily computed [Erleben, 2005], a contact group is a subset of objects in the configu-
ration, all in mutual contact with each other. Edges are created between objects if they are in contact and
contact points are stored directly in these edges. Thus, we want to analyze a contact group for its stack
structure and if possible, compute stack layers of the contact group.

A stack is defined as a set of objects being supported by one or more fixed objects. A cup on top of
a table is a stack. The table is the fixed body and the cup is supported by the table. Objects in a stack
can be assigned a number indicating how far away they are from the fixed object supporting them. This
number is an indication of the height of the object in the stack. Thus, all fixed objects in a configuration
have a stack height of zero. Nonfixed objects in direct contact with the fixed objects have a stack height
of one. Nonfixed objects in direct contact with objects with stack height one, but not in contact with any
fixed objects, have a stack height of two. A simple example is shown in Figure 6.36. This definition of
stack height does not give a unique sense of an up-and-down direction as is commonly known from the
real world. This is illustrated in Figure 6.37. Notice the position of the object with the largest stack height.
An object is said to be closer to the bottom of the stack compared to another object if the stack height of
the object is lower than the other object. Similarly, the bottommost objects are those having the lowest
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fixed

0

Figure 6.36: Simple stacked objects annotated with stack height.

fixed

21

Figure 6.37: Nonsimple stacked objects annotated with stack height. Free-floating objects are marked
with a question mark.

stack height, that is the fixed objects.

A free-floating object is special, since it is not in contact with any other objects; however, one may
even have an entire group of bodies, all in mutual contact with each other, but none in contact with a fixed
object. In these cases, it does not make sense to talk about assigning a stack height to the objects. Instead,
the convention can be used to assign these kinds of objects an infinite stack height to distinguish them
from objects that are part of a stack. A negative value could also be used, but is not an efficient choice for
the algorithm presented in this section.

The stack height of objects is easily computed by doing a breadth-first traversal on each contact group.
Initially, the stack height of all objects is set to infinity unless they are fixed objects, in which case their
stack height is set to zero. Also, all fixed objects are pushed onto a queue. This queue is used by the
breadth-first traversal. The initialization steps are shown in Figure 6.38.

After the initialization, the breadth-first traversal will pop an object, A, from the queue and iterate

over all incident contact graph edges to object A. For each edge it is tested to determine if the object, B,
at the other end of the edge has been visited by the traversal before. If not, this object is pushed onto the
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Queue Q
for each body in Group do
if body is fixed then
height (body) =0
Q.push (body)

visit (body) = true
else
height (body) = infinity
visit (body) = false
next body

Figure 6.38: Initialization of stack analysis algorithm. All bodies in a contact group are traversed; fixed
bodies are identified and added to a queue for further processing.

queue. The height hp of the object B is also computed as
hp « min(hp,hg + 1). (6.151)

That is, either a shorter path to object B is already known, in which case hp is left unchanged, or it is
shorter to get to B, by going from A. The cost of taking this part is one more than the cost of getting to
object A.

During the traversal a stack layer index is computed for the edges as they are being visited. A stack
layer is defined by two succeeding stack heights, such as 0 and 1. These two stack heights define a subset
of objects in the contact group. That is, stack layer O is defined as all objects with stack height 0 and stack
height 1, and all edges between these objects. Stack layer 1 is defined by all objects with stack height 1
and stack height 2, and all edges between these objects, and so on. This means that an edge between an
object with height 7 and another object with height ¢ 4 1 is given stack layer index %.

Note that there is some subtlety with edges between objects with the same object height. As an
example, for stack layer i, if we have an edge between two objects both with stack height ¢ + 1, then the
edge belongs to stack layer ¢. Ideally an edge between two objects with height ¢ should also be added to
stack layer 7. However, this is not done because the stack layers are processed in a bottom-up fashion,
thus contact points belonging to the edge between objects at height ¢ were taken care of when stack layer
1 — 1 was processed.

Figure 6.39 shows pseudocode for assigning stack heights to objects and stack layer indices to edges.

After having assigned stack heights to objects and stack layer indices to edges, it is a simple matter to
traverse these and assign them to the respective layers they belong to.

Objects are a little special. Given an object, A at stack height 7, one must traverse the edges and
examine the stack heights of the objects at the other end. If an object B with stack height ¢ — 1 is found,
then object A is safely added to stack layer ¢ — 1; if an object C' is found with stack height ¢ + 1, then
object A is added to stack layer ¢. Object A can only belong to stack layer ¢ — 1 and ¢; this means as soon
as two other objects have been found indicating that object A should be in these two stack layers, one can
stop traversing the remaining incident edges of object A.

Figure 6.40 shows the pseudocode for building the stack layers.
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List edges
timestamp = timestamp + 1
height = 0;
while Q not empty
A = pop(Q)
for each edge on A do
B = body on edge that is not A
if not visit (B) then

Q.push (B)
visit (B) = true
end if
height (B) = min( height (B), height(A) + 1 )
if height (B) = height (A) and height (B) not 0 then
layer (edge) = height (B) -1
else

layer (edge) = min( height (B), height(a) )
height = max(height, layer (edge))

if not timestamp(edge) = timestamp then
timestamp (edge) = timestamp
edges.push (edge)

end if

next edge
end while

Figure 6.39: A breadth-first traversal is performed, assigning a stack height to each body, equal to the
number of edges on the minimum path to any fixed body. Edges of the contact group are collected into a

list for further processing.
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Group layers[height +1]
for each edge in edges do

idx = layer (edge)

add contacts(edge) to layers(idx)
next edge

for each body A in Group do
if height (A)=infinity then

continue
end if
in_lower = false
in_upper = false

for each edge on A do
B = other body on edge
if height (B) > height (A) then
in_upper = true

end if

if height (B) < height (A) then
in_lower = true

end if

if in_upper and in_lower then
break

next edge
if in_upper then
layers[height (A) ] .push (body)
end if
if in_lower then
layers[height (A) - 1].push (body)
end if
next body
return layers

Figure 6.40: Building stack layers by processing all edges and bodies examining their stack height and
layer indices.
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Constraint-based simulation is usually grouped in four formulations: force-based, velocity-based, kinetic
energy-based, and motion-space based. This chapter will discuss the force- and velocity-based meth-
ods. We refer the reader to [Milenkovic et al., 2001, Schmidl, 2002] for the kinetic energy-method and to
[Redon et al., 2003] for the motion-space method.

In force-based formulations, the exact contact force at a given time is found and then used in an
ordinary differential equation describing the motion of the bodies in the scene. In a sense, a force-based
formulation sees the instantaneous picture of the configuration, while a velocity-based formulation on the
other hand, sees the effect of the dynamics over an entire time interval. Imagine that the true physical
contact force, f,.(t), is somehow known. The impulse J in the time interval At is then given as

At

J = S e () dt. 7.1

0

and with Newton’s second law of motion one can solve for the velocity, v a¢, as follows
At At

dv

md—dt = e (t) (7.2a)
0 t 0

m(var —vo) = J (7.2b)

A new position can now be found by integrating the velocity. The “force,” f, which we try to solve for in
a velocity-based formulation can be interpreted as

J = Atf, (7.3)

which numerically will produce the same movement as if we had known the true contact force and com-
puted the time integral. Since velocity-based formulations solve for impulses, they are also called impulse-
based formulations, not to be mistaken with impulse-based simulation, which is an entirely different sim-
ulation paradigm, as discussed in Chapter 6.

A force-based formulation on the other hand, tries to compute the force, f (%), then it will use the
force to solve for the acceleration of the motion, which is then integrated once to yield velocities and twice
to yield a new position.

Force-based formulations cannot handle collisions, and we must switch to an impulse-momentum law
at the point of collision [Baraff, 1989, Anitescu et al., 1996, Pfeiffer et al., 1996b, Chatterjee et al., 1998].
Force-based formulations also suffer from indeterminacy and inconsistency [Baraff, 1991, Stewart, 2000].
The velocity-based formulation suffers from none of these drawbacks. Another advantage of the impulse-
based formulation is that it does not suffer from the small time-step problem in the same extent as the
force-based formulation, meaning that larger time-steps can be taken during the simulation. The small
time-step problem is described by Milenkovic and Schmild [Milenkovic et al., 2001, Schmidl, 2002].

183
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Velocity-based formulations in constraint-based methods are widely popular and used, e.g., Open Dy-
namics Engine [ODE, 2005], Karma from MathEngine [Karma, 2005], and Vortex from Critical Mass
Labs [Vortex, 2005]. In the following, we will present the classical velocity-based constraint formu-
lation [Stewart et al., 1996, Stewart et al., 2000], give a possible object-oriented implementation design,
and discuss various practical issues. Furthermore, we will discuss work presented [Anitescu et al., 1997,
Sauer et al., 1998, ODE, 2005].

Many papers and books written on velocity-based formulations use a rather high and abstract level of
mathematical notation together with a great amount of “long forgotten” analytical mechanics. There is a
widespread notation and many small variations.

7.1 Equations of Motion

From classical mechanics, we have the Newton-Euler equations (see Section 22.1 for details), describing
the motion for all bodies. For the 7’th body, the mass of body i is given by m; and the inertia tensor by I,
the position is given by 7; and the velocity of the center of mass as v;, the orientation is represented by
the quaternion ¢; and the angular velocity by w;. The Newton-Euler equations for the 7’th body look like
this (summations are taken over all contact points):

4 = sw;qi (7.4b)
T)i:m;lz‘fk_mi_lz,fk"i_mi_lfiem (7.4¢0)
p=i ip=i
d)l- = IZ._l Z Tkj X -fk’ — Ii_l Z Tk X fk (74d)
jr=i =i
— Ii_lwi X IZLUZ + Ii_lTZ- ext (746)

The dot-notation means the total time derivative % and is used to ease readability. Observe that f;, denotes
the contact force at the k’th contact. For the time being, we will ignore joints and motors. The effect of all
external forces on the center of mass is given by f, ' and the total torque from external forces is given
by Ti ext‘

For notational convenience, we introduce a contact table. Consider a total of K contacts, and assign
a unique number k to each contact. For each contact, we know the indices i and j; of the two incident
bodies. We use the convention that 7, < j;. We also have a contact normal n; and a contact point p;, both
specified in the world coordinate system, and with the convention that the contact normal points from the
body with the smallest index to the body with the largest index. This is illustrated in Figure 7.1. Note that
we can never have i, = ji. For each contact we can compute a vector from the center of mass, 7;, of an
incident body with index 7, to the point of contact p,,, that is,

Tki =P — Ti (7.5)
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Figure 7.1: The contact normal convention and notation.

The Newton-Euler equations can now be written as

s$=Su (7.6a)
=M1 (CNf+fou). (7.6b)

Now we will introduce some matrix notation, which will allow us to write the Newton-Euler equations for
all bodies in a single equation. The position and orientation of n bodies may be concatenated into a single
generalized position and orientation vector, s € R™:

s=[rLan e Tl (7.7)

Similarly, we can write the generalized velocity vector u € R as
u = [v,wy, V2, ws, ,vn,wn]T. (7.8)
For the time being, the frictional effects will be ignored, implying that the contact force can be written as
Jr = fen. (7.9)

This means that we only need to remember the magnitude, f%, of the normal force, and these can now be
concatenated into a single vector f € R¥

f=1ffo frl" (7.10)
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The external forces, torques, and velocity-dependent forces can also be concatenated into a vector, f.,, €
Rﬁn
T
Fewt = [fl K M —wy x Lwy, -, £, 7, —w, x Inwn] . (7.11)

Given q; = [s;, x4, Yi, zi]T € R*, we can write the rotation as a matrix Q, € R**3 as:

o 1 Si Zq —Yi
Q, = 3 s 2 | (7.12)
Yi —xy S

where %wiqi = Q,w;, as shown in Proposition 18.47. The rotations can now be concatenated into a
matrix S € R7x6n

1 0
Q,
S = , (7.13)
1
0 Q.
Matrix S is also illustrated in Figure 7.2. The generalized mass matrix M € R%7*6" jg
[mi1 0
I
M — : (7.14)
my,1
L 0 In_

where 1 is the identity matrix. The layout of the mass matrix is illustrated in Figure 7.3. The matrix of
contact normals IN € R3KxK jg
ny 0

ny
N = _ , (7.15)

0 g

as shown in Figure 7.4, and the matrix of contact conditions C' € R6"*3K is

-1 forl = 2ip, — 1

—r,jl.k for | = 24y,

Cur=11 forl =25, —1. (7.16)
r,jjk for | = 27,

0 otherwise
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6n
N
1
Q
1 ~L
e
Q, |4
S =

>7n

1
Qn
Figure 7.2: The S matrix layout.
Here 7> € R3*3 is the skew-symmetric matrix given by
0 —T3 T2
r* =\ r3 0 —-r]. (7.17)

—r9 T 0

It is easy to show that »*a = r x a (see Chapter 18). Every column of C' corresponds to a single contact
and every row to a single body (see Figure 7.5).

Using an Euler scheme as described in Chapter 23, we can write the discretized equations of motion
as follows,

sTA = st AtSulTAY (7.18a)
u A =l + AIM T (CN TR+ f ) (7.18b)
Here, superscript denotes the time at which a quantity is computed. Note that the matrices depend on time

through v and s. If they are evaluated at time ¢, then we have a semi-implicit method, and if they are
evaluated at time ¢ + At, then we have an implicit method.
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Figure 7.3: The M matrix layout.

3K

Figure 7.4: The N matrix layout.
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Mk

Mik

A

k

Figure 7.5: The C' matrix layout.

7.2 The Contact Condition

The projection matrix, P, € R3¥*3 will be needed for further analysis of the k’th contact point. Its
transpose is defined as

000 0 0 Of||1 0 O[O0 O O 000
Pr=1|1o o of|.../{o 0 of||lo 1 o|[{0o 0 Of|...[|0 0 Of[. (7.19)
000 0 0 Of||0 O 1]{(0 O O 000
That is, the k£’th 3 x 3 submatrix is set to the identity matrix. The normal component of the relative contact
velocity of the k’th contact point is given by

n;‘fP;‘gCTu = n;‘f (Vj, + Wy X Tjy) — n;‘f (v, + Wiy, X T, ) - (7.20)

Notice that multiplying by the projection matrix will mask out the k’th contact conditions. If body B;,
and Bj, touch at contact point p,, at time ¢, then the complementarity condition for the velocities must
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hold
nI PICTu!™" >0 compl. to f; > 0. (7.21)

A complementarity condition means that if we have two conditions, then one is nonzero and the other is
zero or vice versa. Stewart and Trinkle [Stewart et al., 1996] originally used a complementarity condition
on position. Anitscu and Potra [Anitescu et al., 1997] discovered that using the velocity complementarity
problem guarantees solution existence. Sauer and Schomer [Sauer et al., 1998] expanded the velocity
formulation further by handling future potential contact points.

If there is no contact at the potential contact point p,, at time ¢, then the following linearized comple-
mentarity condition holds:

an;‘fCTUHAt > % compl. to  fr > 0. (7.22)

Later we will go into details on the linearizing. If we use v, = 0 for all touching contacts, then we can
formulate a complementarity condition for all contacts (touching and potential ones) as

NTCTqt+At > ﬁ compl. to  f > 0, (7.23)

withv = [1y,. .., VK]T € RX . Inserting (7.18b) into (7.23) gives
v

NTCT (u! + AtM™ (CNFFA 1 f..) - x 2O (7.24)
Rearranging yields
NTCT"M~'CN Atf+2 4 NTCT (uf + AtM ™' f,,,) — — >0, (7.25)
" —— AtJ

b

which results in a linear complementarity problem (LCP) (see Section 19.10) of the form
Az +b>0 compl.to x>0, (7.26)
where A € RE*K and ¢, b € RX. Entry I, k of A is

1
Ay = S <m

L T _~ 1 _.xX7-1.X%
03,7, M <m 1 rh.lek rkjk> ng
Ik
— 8, nl L1—7‘X I'r \n
Jitk 'Yl . Uy " kig k
m,
1
T X 71X
+ 95,1 <—jk1 lelek Tiin | T (7.27)

with the Kronecker symbol being

 erie
5ij = ore =7, (7.28)
0 fori #j.
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7.3 Linearizing

Sauer and Schomer [Sauer et al., 1998] use a linearized contact condition in (7.23). In the following, we
will derive the linearized contact condition. The linearization serves as a measure of when a potential
contact constraint should be switched on. This allows bigger time-steps to be taken while keeping the
error low. Taking the same time-step size without the linearization will imply a larger approximation
erTor.

The k’th potential contact point may be represented by the closest points p;, and p; between two
bodies, B;, and Bj, , which eventually meet and form the £’th contact point. The closest points depend on
the position and orientation of the bodies. If we let the vector s;, € R4 be the generalized position vector
of the two bodies, where s’s function dependency of time has been omitted for readability,

Sk = [rika Qir> T s ij] ) (729)
the minimal distance between the two bodies, d(sg), is
di(sk) = ni (sk) (pj, = Pi,) >0, (7.30)
where n, is a unit vector pointing from p; to p;, . A first-order Taylor-expansion of dj(sy) at s, is
T
di(sk) = di(sp") + (Vsdi(s,))" (sk — s') + O(A). (7.31)

Notice that V4, is the functional derivative introduced in Section 18.4. If we look at the backward differ-
ence of the time derivative of the generalized position vector, we find

d A Skt—l-At st
o (Sk ) == + O(At). (7.32)
Rearranging yields
d
8, AL _ g, t 4 7 (sk t+At) At + O(At?) (7.33)

Again, we approximate Vg, dj(s,’) at s, t+at

sion to get

using Taylor’s Theorem by taking the zeroth order expan-
Verdi(s,') = V. di(s, T2 + O(AY). (7.34)
Substituting (7.33) for sy in (7.31) gives
d
di (3,78 ~ di(s,") + (Ve din(sy)) " <s,j + = (sk t*“) At — sk’> (7.35)

= di(s;') + (VSkdk(Sk/))T (s1" —5")
1 d
+ At (Vadi(s)" = <sk t+At> . (7.36)
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Now we insert (7.34) in the last term and get
T
di (s, = di(s) + (Vsydi(sy,”) (s — i)
d (7.37)
LAt (Vskdk(skt+At)> = <Skt+At> .
Recall that the distance function is actually a function of time, dj (s (t)), so by the chain rule we have
d d
do (s At ) (Vd t+At ) ( t+At> . 738
= (s (i) = (7.38)
Inserting (7.38) into (7.37) yields
T
di(s, ") ~ di(s,) + (Vapdi(sy)" (s —s;)) 739)
d t+At ’
+ At (d (s, )).
From past work such as [Baraff, 2001, Baraff, 1994], we know
d
dt (dk( )) = ng ((Ujk + wj;, X Tjk) - (vik +wi, X le)) (7.40)
Using this in (7.39) together with (7.30), we derive N
T
di.(s") + (Vardi(s) " (81" = 51,")
+ Atnz ((vijAt + wjktJrAt X rjk”m) (7.41)
_ ( kt—i—At tw, AL rikt+At)) > 0.
Rearranging, we have
nf (( ]kt-l—At +w, tHAL rjkt+At) _ ( kt+At +w, tHAL rikt+At))
1 - (7.42)
> -~ (dk<sk )+ (Voudr(si)" (5" = 1))
Recall that the left side of this equation is in fact 12, PTC’T t+At 1t now follows that
1 T
nlPICTy A > — (dk(sk’) + (Vo di(s,”)” (8" — sk')) . (7.43)
Comparing with (7.22), we write
T
vp = — (dk(sk’) + (Vsudi(s,)) (8" — sk’)) . (7.44)
All curvature information is lost with the linearized constraints, which implies that a step of length O(At)
introduces errors of O(At?). Hence the approach of Sauer and Schomer prevents the penetration of
increasing to more than O(h?).
—
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t, ; t,

Figure 7.6: The friction pyramid approximation. We have chosen 1 = 6; observe that the dj, ’s positively
span the friction pyramid.

7.4 The Frictional Case

In this section we will expand the formulation given in (7.26) to include friction. For each contact, we use
two orthogonal unit vectors ¢1, and o, , which span the tangential plane at the k’th contact. Together with
the normal vector n, the three vectors form an orthogonal coordinate system (see Definition 18.6). The
friction cone at the k’th contact is approximated by a discretized version having 7 direction vectors d,,
with h = 1,...,n, where n = 2i for all ¢ € N and ¢ > 2. The direction vectors are concatenated into a
matrix Dj, € R3*7

Dy =[d,,...,d,], (7.45)

dy, = cos (@) t, +sin (@) ta, . (7.46)

We have transformed the spatial cone limiting the friction force due to Coulomb’s friction law and called
the friction cone into a friction pyramid with 7 facets, as illustrated in Figure 7.6. For each direction vector
we will use 3, for the magnitude of the component of friction force in the direction of dj,, . As before,
we can build up a vector of all friction components 3;, € R",

B =B Bnl” (7.47)

The modification of the equations of motion (7.6) is the definition of contact force f; from (7.9), which
We now write as

where

i = feni + DyBy. (7.48)
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eta K
AN
1 eta

/—M

D= ° >3 3K

Figure 7.7: The D matrix layout.

As before, we use matrix notation, which will allow us to write the equations of motion in a single matrix
equation. The generalized acceleration is again described by the Newton-Euler equations

=M (C(Nf+DB)+ feur)- (7.49)
We need a vector, 3 € R
T
B=81,....8%] (7.50)
That is the concatenation of the 3,-vectors; we also need the matrix D € R3%>nK
D, 0
D,
D = ) (7.51)
0 Dy

Figure 7.7 illustrates the D matrix layout. Using an Euler scheme gives us the discretized approximation
uw A =y L AtM Y (C(Nf+DB) + fou) - (7.52)

In order to model the relationship between the normal force and the friction, known as Coulomb’s friction
law, we need to add two complementarity conditions for the friction forces in addition to the previous
complementarity condition for the normal force. We have a total of three complementarity conditions for
the £’th contact:

Aer + DI PTCTu A2 > 0 compl. to 3, >0, (7.53a)

i fre — efﬁk >0 compl. to  Ax >0, (7.53b)

nl PTCTu A — Z—kt >0 compl. to  fi, > 0. (7.53c)

where i, is the friction coefficient at the k’th contact point and e}, = [1,..., 1]T € R". The symbol A\

is a Lagrange multiplier with no real physical meaning, but it is an approximation to the magnitude of the
relative tangential contact velocity. Possible contact states modeled by (7.53) are:
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Separation: In this case, n! P} CTwu tF2t — Xt > 0, and (7.53c) implies that f; = 0. Substitution of
this into (7.53b), implies that 3, = 0, i.e. there is no friction force. From (7.53a) we see that Ay
can take on any value without violating the conditions.

Sliding: For sliding, DT P} C"u 5! is nonzero, since the columns of D), positively span the entire
contact plane. There must be at least one direction vector such that dfk PTCTu ™At < 0, and
since the corresponding (3;,, > 0, we must have A\j, > 0 for (7.53a) to hold, and (7.53b) implies that
Bhy, = i fr-

Rolling: In this case, D} P CTu +5% is zero, and (7.53a) implies that \;, > 0. There are two interest-
ing cases:

Case 1: Choosing A, = 0 (7.53a) implies that 3; > 0. This means that the contact impulse can
range over the interior and the surface of discretized friction cone.

Case 2: Choosing \;, > 0 (7.53a) implies that 3;, = 0, (7.53b) will only be fulfilled if py fr, = 0.
This is a nongeneric case that occurs by chance in the absence of a frictional impulse, that is,
when p, = 0.

We can now proceed analogously to the frictionless case and try to insert (7.52) into (7.53a) and (7.53c):

Mver + DEPLCT (u + ALM ™ (C(Nf + DB) + fo)) >0

compl. to 3 >0, (7.54a)
nf PCT (u'+AtM™ (C (Nf +DB) + for)) = 1+ 2 0
compl. to  f, > 0. (7.54b)

Rearranging provides us with two new complementarity conditions, which replace those in (7.53a) and
(7.53c¢):

AtDIPICT"M'CNf + AtDI PICT"M~'CDp
+rer + DIPICTu 't + AtDTPICTM ™ £ > 0
compl. to (B >0, (7.55a)
Atnl PICTM'CNf + Atn] PICTM~'CDB
+nI PTCTut + AtnT PTCT M f, — % >0
compl. to  f; > 0. (7.55b)
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By rearranging the complementarity conditions (7.53b), (7.55a), and (7.55b), we can formulate the LCP-
formulation (see Section 19.10) on matrix from as
D'c"™m~'cD D'C"M'CN E At3
NT'CTM-'cD NTCTM~'CN o] |Atf
—ET 14 0 Aaux
DTCT (ul + AtM ™' f )
+ |[NTCT (u'+ AtM ') — % | =0
0
At3
compl. to Atf| >0, (7.56)
>\aux
where the diagonal matrix g € R¥*5 is given as
1 0
12
= ) , (7.57)
0 MK
and the matrix e € R *X is given by
(] 0
€2
E = . . (7.58)
0 eK
That is, E consist of R” dimensional submatrices. All submatrices on the diagonal consist of ones and of
diagonal submatrices that are 0 (see Figure 7.8). Finally, the vector A,x € RE is given as
Aax = Ay Ak (7.59)
Let the matrix A € ROMH2EX(0+2)K pe defined as
D'ctmM~'cp D'CTM™'CN E
A= |NTc"mM'cD NTc™™'CN o], (7.60)
—E” m 0
and the vector & € ROH2K 49
At3
x = |Atf], (7.61)
)\aux
| :
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Figure 7.8: The E matrix layout.

and the vector b € R(1H2)K 4¢

DTCT (u'+ AtM ' f.)
b= |NTCT (u'+AtM'f) — % (7.62)
0

then we see that we have a typical LCP formulation (see Section 19.10) of the form
Ax+b>0 compl.to x> 0. (7.63)

The above formulation can further be extended to include torsional friction [Trinkle et al., 2001].

Because of real-time demands, a scalable friction model for time-critical computing is important; the
constraint-based method is easily adopted to a scalable friction model by controlling the number of facets,
7, used in the friction pyramid approximation.

Several methods could be used for setting the value of 7; a global control could be used based on the
amount of computation time or the total number of variables in the LCP problem (see Section 19.10). If
either of these exceed some given limits, 7 is decreased correspondingly.

However, local control could also be used. Often only visualization is important; accurate friction is
therefore only needed for objects seen by a user. In such cases, it is reasonable to use a low 7 for all
objects outside the view-frustum, and for those objects inside the view-frustum a higher 7 value is used.

7.5 Joints

In the previous sections we have treated the problem of contact mechanics using classical mechanics
taught in first-year undergraduate physics and linear algebra. The approach is straightforward and easy
to understand even though there are many symbols and much notation. Until now we have treated what
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18 called unilateral contacts, where unilateral refers to the “>"-constraints on the contact forces. In this
section, we will try to generalize our formulation and include bilateral constraints. Here bilateral refers
to a “="-constraint on the constraint forces. Bilateral constraints are used for modeling joints between the
bodies, such as hinges and ball-in-socket connections.

In this section, we will show how we can go from the formulation based on classical mechanics into a
formulation based on analytical mechanics. To achieve a more abstract and general formulation, we need
to introduce concepts of holonomic and non-holonomic constraints and Jacobians.

The analytical mechanics approach for complementarity problems has been studied amply in the liter-
ature, [Pfeiffer et al., 1996b, Anitescu et al., 1996, Anitescu et al., 1997, Anitescu et al., 2002]. A useful
reference for further reading on analytical mechanics is [Goldstein et al., 2002].

7.5.1 Holonomic Constraints

Working with constraints, we are particularly interested in the number of degrees of freedom (DOF), that
is, the minimum set of parameters needed to describe the motion in our system. For instance, a free-
moving body has six DOFs because we need at least three parameters to describe its position and at least
three parameters to describe its orientation. For two free-floating rigid bodies we have 12 DOFs, from
which we conclude that the smallest possible generalized position vector we can find will have 12 entries.

Following the conventions from previous sections, the spatial position vector s; =¢ R for the I’th
joint between the two bodies B;, and Bj, can be written as

S1= [Tizv qiys gy, le]T . (7.64)

To facilitate notation we will not bother to write the subscript indicating the joint number or the contact
number in the following sections, so we simply write

s=[ri,qi, 7,0 (7.65)

The position vector s is not the minimum set of parameters, since we use quaternions for the represen-
tation of the orientations, and thus use four parameters instead of the minimal three for each orientation.
For describing velocities and accelerations we could use time derivatives of the quaternions, but this is
tedious, since the physics laws use angular velocities w. Instead, we need a transformation like the one
we introduced in Section 7.1

s = Su, (7.66)
where
u = [v;,w;, vj,wj]T, (7.67)
and
1 0
S = Qi 1 . (7.68)
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We write the position vector 7 € R12 associated with the integrals of u as

r = [’I"Z',OZ',’I"]',GJ']T, (7693)
= [(Ei,yi,Zi,ai,ﬂi,’}’i,$j,yj,Zj,Oéj,/gj,’}’j]T. (769b)

Here 0 is the integral quantities of w;, that is,

d

= Er. (7.70)

u

In general, the quantities 6; and 6; in 7 do not give meaning as finite quantities, and in plain computer
graphics language you cannot use them like Euler angles to make a rotation matrix. Nevertheless, 7 is a
minimum spatial position vector.

When we link two rigid bodies together by a joint, then we are removing DOFs from the system,
and we can therefore find an even smaller generalized position vector. For instance, if we make a rigid
connection between the two free-floating bodies, then we can remove six DOFs because we only need to
describe the movement of one of the bodies, and the movement of the other body will follow immediately
from the movement of the first body. This means that the smallest possible generalized position vector has
six entries. From the example we see that we can at most remove six DOFs from any joint.

By definition, a holonomic constraint between two bodies B; and B; can be written as a function ¢
of time and spatial position vector s =€ R, such that we always have

d(t,s) = 0. (1.71)

All joint types presented by us can be modeled by time-independent holonomic constraints, meaning that
for the I’th joint we have m holonomic constraints

P,(s) =0, (7.72a)
Dy(s) =0, (7.72b)
®,,(s) =0, (7.72¢)

where m is the number of degrees of freedom removed by the constraints. This type of holonomic con-
straint is called a scleronomous constraint.

Assume that the I’th joint is a ball-in-socket joint between the two bodies B; and B;. A ball-in-socket
joint is characterized by the fact that two points, one from each body, are always connected to each other,
meaning that we have one constraint saying the z-coordinates of the two points must be equal, another
constraint requiring equality of the y-coordinates, and a third one for equality of the z-coordinates. That

)

is, if we let the two points be specified by two fixed vectors 7. and 73, in the respective body frames of
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I'th Joint

Figure 7.9: A ball in a socket joint in 2D.

the two bodies as shown in Figure 7.9, then we can formulate the geometric constraint as follows

[(7s + R(qi)7ine) — (1 + R(gj)7nc)], = O, (7.73a)
@)

[(ri + R(@:)rane) = (rj + R(gj)Tiuc)], = 0, (7:73b)
@,

[(ri + R(gi)Tinc) = (rj + R(q;)7inc )], =0, (7.73¢)
@

where R(q) is the corresponding rotation matrix of the quaternion ¢. From the equations above it is clear
that the geometric constraint characterizing the ball-in-socket joint can be expressed as three holonomic
constraints on vector form as

D (s)

®(s) = |Pa(s)| =0. (7.74)

D3(s)
Note that the small example is not only illustrative; it actually provides us with a recipe for deriving
different joint types. In conclusion, a holonomic constraint is equivalent to removing a degree of freedom
from the system, which means that we can find a generalized position vector with one less entry than the
spatial position vector.

By differentiation with respect to time, we can derive a kinematic constraint from each holonomic
constraint

“Hy(s) = —— (7.75a)

=—Su (7.75b)

=0. (7.75¢)
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The matrices %% € R™* M and Jg € R™*12 are called Jacobians; they describe relations between

velocities in different coordinate representations. Finally, we have the kinematic constraint
Jou; =0. (7.76)

Performing another differentiation w.r.t. time leads us to the acceleration constraint

d—z-@(s(t)) _d (Jou) (7.77a)
dt2 A e '
:i(.] Yu+ J i(u) (7.77b)
dt - ® *at '
=0, (7.77¢)
from which we conclude that
Jou = —Jou. (7.78)

For our velocity-based formulation we have no use for the acceleration constraint; however, if we set up a
force-based formulation, we would need to augment the Newton-Euler equations with these acceleration
constraints.
It is well known that the generalized constraint force exerted by a holonomic constraint can be written
as
Fp=J . (7.79)

This follows from the principle of virtual work described in Section 22.6. The Ag € R™ is a vector of
Lagrange multipliers. They account for the reaction forces coming from the joint bearings; the Lagrange
multipliers can take any real value, both positive and negative. Observe that the dimension of A ¢ depends
on the number of constraints on the joint. Therefore, we conclude that we have as many independent
reaction forces as there are constraints.

7.5.2 Non-Holonomic Constraints

A non-holonomic constraint is a differential constraint that cannot be integrated; however in this context,
we define a non-holonomic constraint as a constraint that cannot be put into the form of a holonomic con-
straint (7.71). There are many different kinds of non-holonomic constraints, and we will restrict ourselves
to a certain kind, namely those called unilateral constraints.

The non-holonomic constraint between two bodies B; and B; can, by definition, be written as a
function ¥ of time and generalized position vector s € R4, such that we always have

W(t,s) > 0. (7.80)

The condition for a contact can be modeled by (1 + 1) time-independent non-holonomic constraints, that
is,
W(s) > 0. (7.81)
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This looks very different from the contact conditions we have seen previously, but don’t be concerned; the
connection with our previous derivations will be made clear later on. Taking the time derivative gives us
a kinematic contact constraint,

d oW ds
E\I;(S) =355 q (7.82a)
= 8—‘IlSu (7.82b)
0s
——
Jy
=Jyu (7.82¢)
>0, (7.82d)

where Jy € RUI+7%12 ig the Jacobian of the contact constraint. Taking the time derivative one more time
yields an acceleration constraint

d—z\Il(s(t)) _ 4 (J 7.83

a2 =g Jrw (7.83a)
=Jou+ Jgu (7.83b)
> 0. (7.83¢)

The generalized constraint force exerted by the contact constraint can be written as
Fy = JL Ay, (7.84)

where Ay € R!*7 is the vector of Lagrange multipliers. Unlike the Lagrange multipliers used for the
joint reaction forces, the Lagrange multipliers for the contacts can only take nonnegative values, that is,

Au > 0. (7.85)

As pointed out by Anitscu and Potra [Anitescu et al., 2002], one should be careful about the constraint
4 (s) > 0, because if we have
¥(s) >0 (7.86)

indicating a potential future contact, this does not imply that

d
—v . 7.87
SW(s) >0 (7.87)
Only so-called active contacts, where
Y(s) =0, (7.88)

require this. This boils down to the fact that separated contacts are allowed to move toward each other
until they become touching contacts, and a touching contact can either continue with being a touching
contact, or it can become a separated contact.
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Momentarily reintroducing the subscript for the contact ordering, we can write all the kinematic con-
straints and force contributions as

Jy,up >0, where Jy, € RUFM*I2Z (7.89a)
fo, =J4Aw,, where Ay, € R'. (7.89b)

Concatenating them into matrix equations, we have

J contactr = 0, (7.90a)
Jeontact = J z:)ntactAcontacta (7.90b)
where u € Re®" is the generalized velocity vector (Section 7.1), u = [V1, w1, V2, wWa, -, Uy, wn]T, and

Acontact € RE (1+7) is the concatenated vector of all the Lagrange multipliers.
T
Aeontact = [ Ao s AT AL ,Agy]‘j”] : (7.91)

The J contact € RE (L+m)%6n iq the system Jacobian for all the contacts, and it is given by

7l n
J\Ill ........................ \Ill
— 1 ) J
Jeontact = | Sy, 0 Ty, o Ty, T, (7.92)
1 n
_J\IIK ........................ \IIK i

This Jacobian is extremely sparse since the k’th contact only involves two bodies ¢ and j, meaning that
the only nonzero entries in the k’th row of J copact are the columns corresponding to the bodies ¢ and j

[ i J@J = Jy,. (7.93)

We will now prove that
C (Nf + DIB) = Jg;ntactAC()ntaCt- (794)

The above equation follows from straightforward computations and permutations of the left-hand side of

C(Nf+DB)=CNf+CDg (7.95a)
— [CN CD] V ] (7.95b)
——— /6
~—~

T ( J;I:mtﬂﬁ) ™ (Aconlacl)
=7 (J z:mtact)‘contact) ) (7.95¢)
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where 7(+) is a permutation. Now we simply swap rows and columns, such that

Ay, = fr, (7.96a)
AL, =B (7.96b)
A(Jj Y =B, (7.96¢)

and the relation between the Jacobian, J .ontact, and the matrices C, IN, and D is clear.

7.5.3 A Unified Notation for Unilateral and Bilateral Constraints

Now we’ll show that both bilateral and unilateral constraints are added to the govern system of equations
of motion through the same notion of Jacobian and Lagrange multipliers.

Momentarily reintroducing the subscripting on both the joint and contact ordering, we have K contacts
and L joints, and we can write all their kinematic constraints and force contributions as

Jo,u =0, where Jg, € R™*12 (7.97a)
Jy,up >0, where Jyg, € RUFMx1Z (7.97b)
fo,=J5 e, where Ag, € R™, (7.97¢)
fu, =J4,Av,, where Ay, € R'7. (7.97d)
Following the same recipe as in Section 7.5.2 for concatenating these into matrix notations, we get
Jiomu =0, where Jiop € R(Z1m)x6n, (7.982)
Jeontact® > 0, where  Jontae € REHMX6n (7.98b)
Fiom = I HinNoint, Where  Ajoin € R ™, (7.98¢)
Foomact = J fontact Meontact;  Where  Aconaer € R (7.98d)

The Jacobian J contaet and the Lagrange multiplier vector Aconeact Was given in (7.92) and (7.91). The
system joint Jacobian J oy and the joint Lagrange multiplier vector Ajoin; follows the same pattern and is
given as

(TG, oo 3.
Tiiw = | Jb, -~ T, o Ty o T | (7.99)
L T .

This Jacobian is inherently extremely sparse, since the I’th joint only involves two bodies ¢ and j, meaning
that the only nonzero entries in the [’th row of J juiy are the columns corresponding to the bodies 7 and j

[ b, J;l] = Jo, (7.100)
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and -
Ajoint = [A}I,l,...,)\gbll,...,)\}l)K,...,)\gf] . (7.101)

Using the matrix notation to write constraint forces of both bilateral and unilateral constraint, the general-
ized acceleration vector can be written as

u = M_l (fcontact + fjoint + fext) (71023)
= M_l (Jg;mact)\contact + JjJ;intAjoint + fext) . (7102]3)

This is a completely general way to add constraints; it will be further explored in the remainder of this
chapter. In the end it will also lead to a general and efficient implementation framework.

7.6 Joint Modeling

In this section we will derive the machinery for modeling joints and later joint limits as well as joint
motors. We will start by introducing a submatrix pattern of the Jacobian matrix. Hereafter, we will
describe joint error, connectivity, and error reduction.

For the I’th joint constraint, we can write the kinematic constraint as

Jiu = 0. (7.103)

Since we will focus on joint types, we will omit writing the subscript indicating the joint ordering, that is,
for a given joint type we simply write the kinematic constraint as Ju = 0. There is a remarkable submatrix
pattern of the Jacobians, which we will use extensively, because later on it will make the assembly of the
system matrix easier, that is, A. Writing the generalized velocity vector with its subvectors as

Ju =0, (7.104a)
U;

) . . , ws

in Jang i Tine v; =0. (7.104b)
Wi

Observe that there is a part of the Jacobian matrix that is only multiplied with the linear velocity of body
i

1, which is denoted J fin, a part that is only multiplied by the angular part of body 7, J;,,, and so on. In
fact we can interpret

Tin0i + JongWi (7.105)
as the velocity of the joint bearings on body %, and
T+ Jh.w;, (7.106)

as the velocity of the joint bearing on body j. It is now obvious that in order to keep the joint bearings
together, the bearings must move with the same velocity and the sum must therefore be zero. This obser-
vation provides us with a strategy for designing the Jacobians: given the body velocities, set up a matrix
equation, such that the relative velocity in the direction of the joint bearings is always zero.
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7.6.1 Joint Error

By now it should be clear that the kinematic constraints are constraints on the velocities, not the positions;
meaning that both numerical errors and errors stemming from internal approximations can sneak into
the computations of the positions as the simulation proceeds. Imagine that some positional error has
occurred, such that there is a positional displacement of the joint bearings and/or a misalignment of the
joint bearings. This error could be reduced by adjusting the velocities of the joint bearings, such that the
error is smaller in the following simulation step. Therefore we augment our kinematic constraints with a
velocity error correction term, b

Ju=>=. (7.107)

To illustrate, we will present a simple one-dimensional example: imagine two particles that can move
along a line, where the particles are jointed together, such that their positions are always equal. Their
kinematic constraint will then be

V; —V; = 0. (7108)
Now imagine that some error is present
Terr = Tj — T4, (7.109)

with ||rer|| > 0. To adjust the velocities so that this error is eliminated within some time At¢, we require
that

v — v, = ’“Aitr, (7.1102)
J ~~~
v b
Ju = b. (7.110b)

If joint or limits is subject to an initial error and incident links are at rest, then error terms will acceler-
ate the links; so not only will the error be corrected, but also bodies will continue to move afterward. This
is obviously an unwanted effect!

The error correction should not add kinetic energy to the system. In fact, the error correction has
the same effect as using Newton’s collision law for solving simultaneous collisions [Baraff, 1989]. An
acceptable and practical workaround is to use an error reduction parameter to control the rate of error
correction, which will be discussed in Section 7.6.3.

7.6.2 Connectivity

We will describe the connectivity and movements of all joints by using anchor points and joint axes. An
anchor point is a point in space, where two points, one from each incident body are always perfectly
aligned. The placement of an anchor point relative to a body, 4, is given by a body frame vector, ... The
position of the anchor point in the world coordinate system (WCS) w.r.t. to body 7 is given by

Tad® = 1y 4+ R(q;)T - (7.111)
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A joint axis describes an allowed direction of movement, such as an axis of rotation or a direction of
sliding. The joint axis is given by a 3D unit vector, s, . In Section 7.7 we will explain the details in
describing different joint types using the notation of anchor points and joint axes.

This way of describing the connectivity is very similar to the paired joint coordinate frames described
in Featherstone [Featherstone, 1998]. In comparison, anchor points correspond to the placement of the
origin of the joint frames and joint axes correspond to the orientation of the joint frames, such as the z-axis
of the joint coordinate frame. Alternative notations for describing the connectivity of jointed mechanisms

are used in some literature [Featherstone, 1998, Craig, 1986].

7.6.3 Error Reduction Parameter

The kind of approach for simulating joints that we are outlining in this paper belongs to a class of algo-
rithms referred to as Full-Coordinate methods because every body in a jointed mechanism is described by
the full set of rigid body motion coordinates.

An alternative approach is the Reduced Coordinate methods, where a good example is Featherstone’s
algorithm [Featherstone, 1998]. The central idea is that only the relative motion of bodies between joints
needs to be described; only the relative coordinates of the joints are therefore needed.

The main difference between the two approaches is that Reduced Coordinate methods explicitly work
with joint parameters. The position and placement of the links are derived from these joint parameters.
With a Full-Coordinate method, we work explicitly on the links and we need to derive joint parameters if
needed. There are some benefits and disadvantages of these methods, which we will describe shortly.

The Reduced Coordinate methods are often computationally faster, since they have fewer variables
to work on, and since they are often implemented by recursive algorithms like Armstrong and Feather-
stone [Armstrong et al., 1985, Featherstone, 1998]. These recursive algorithms are often limited to tree-
like mechanisms and only with great difficulty can these recursive algorithms be extended to handle closed
loops and contacts.

The Full-Coordinate methods are not limited by any kind of topology, but they are often more com-
putationally demanding, because they must describe all the constraints on each link’s rigid body motion.
Reduced Coordinate methods need only to describe the free movement, which is often of lesser dimension.

Many people prefer the Full-Coordinate methods because they think the notation is easier to read and
work with. Reduced Coordinate methods appear to have long and difficult terms representing coriolis
and centripetal accelerations.

From a computer animation viewpoint, numerical errors in a Full-Coordinate method seem to be much
more noticeable than in a Reduced Coordinate method. This is because errors in the body coordinates will
split joints apart and introduce an effect called drifting because links that supposedly should be jointed
together are drifting apart. Reduced Coordinate methods do not suffer from the drifting problem, since no
matter how big numerical errors one obtains, the simulation will always show bodies connected properly.

In conclusion, with Full-Coordinate methods we can expect drifting problems; there are two ways
these can arise in a working simulator:

e The user interacts with a mechanism and forgets to set the correct position or orientation of all the
links in a mechanism.
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e During the simulation, errors can creep in that result in the links drifting away from their joints.

In Section 7.7, we describe the kinematic constraints of different joint types and we will introduce some
error correcting terms. These are all multiplied by a coefficient, ko, Which denotes a measure of the rate
of error correction. The idea is as follows: for each joint we will have an error reduction parameter, kerp

0 < kerp < 1. (7.112)

Its value is a measure for how much error reduction should occur in the next simulation step. A value of
zero means that there is no error correction at all; a value of one means that the error should be totally
eliminated.

If we let the duration of time in the next simulation step be denoted by a characteristic time-step, At,
then the following constant is a measure of rate of change

1
kfps = Kt (7113)
The coefficient k., can now be determined as
keor = kerpkfps- (7.114)

Setting kerp = 1 is not recommended, since various internal approximations can cause the errors not to be
completely fixed. The Open Dynamics Engine [ODE, 2005] uses the same approach for correcting errors.
They recommend using a value around 0.8.

7.7 Joint Types

In this section we will derive the Jacobians for several different kinds of joint types needed for the kine-
matic constraints explained in the previous sections.

7.7.1 Ball-in-Socket Joint

A ball-in-socket joint allows arbitrary rotation between two bodies as illustrated in Figure 7.10. We already
know that a ball-in-socket joint removes three DOFs, so we conclude that the Jacobian, J p,, for the ball
is a 3 x 12 matrix. From our previous example in Section 7.5.1 it should not come as a surprise that the
submatrix of the Jacobian is given by

Jpan = [J%ina']j J;nnggng] ’

lin>

(7.115)
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where
(1 0 0
in=10 1 0f, (7.116a)
0 0 1
, (-1 0 0
J,=10 -1 0], (7.116b)
0 0 -1
. . X
Jimg=—(R(qz-)r§nc) : (7.116¢)
. . X
meg=<R(qj)r§nC) , (7.116d)

c R3X3, J;.ng c R3><3’ Jj c R3><3’ Jj

3x3 : :
lin ang € R”7*°, and the velocity error correcting term,

and where J fin
byan € R3, is given by ' _
Bait = Koor (15 + R(47)Tne — 75 — R(4i)Tonc) - (7.117)

7.7.2 Hinge Joint

A hinge joint, also called a revolute joint, only allows relative rotation around a specified joint axis as
illustrated in Figure 7.11. We describe the joint by an anchor point placed on the axis of rotation and a
joint axis, s, }'®, given by a unit vector in the world coordinate system. We only have one DOF, meaning
that the hinge joint places five constraints on the relative movement. Hence the Jacobian, J pipge isa 5 x 12
matrix '

Thinge = [Thn Ting Tl Ting] - (7.118)
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Figure 7.11: A hinge joint example.

where J},, € R>*3, meg € R5*3, Ji € R5%3, Jgng € R5%3, and byinge € R5. A hinge joint has the same
kind of positional constraints as the ball-in-socket joint, so we can immediately borrow the first three rows
of the ball-in-socket Jacobian and the error measure, and we only have to extend the hinge Jacobian with
two more rows, which will constrain the rotational freedom from the ball-in-socket joint to only one axis

of rotation.

The strategy for adding the two rotational constraints is as follows: since we only want to allow
rotations around the joint axis, only the relative angular velocity of the two bodies with respect to the joint
axis is allowed to be nonzero, that is,

Saxis * (Wi —wj) # 0. (7.119)

The relative angular velocity with any other axis orthogonal to s,xjs must be zero.

In particular, if we let the two vectors £, V¢, ¢, > € R3 be two orthogonal unit vectors, and require

them to be orthogonal to the joint axis s, j."°, then

t]_ wes | (wz _ wj)

ty " - (wi — wj)

0, (7.120a)
0. (7.120b)

From these two equations we have the two needed kinematic constraints and we can write the hinge



“book” — 2005/9/30 — 1?:44 — page 211 — #223

7.7 PHYSICS-BASED ANIMATION 211

Jacobian as follows:

OO O~ O

0
0
1], (7.121a)
0
0

Jh =

lin

) (7.121b)

|- (RB@)rh)”
Tine = (t, V)t , (7.121c¢)
(8"
| (B(a)ri)”
The=| =, |. (7.121d)
—(t,")"

For the error-measure term, we already have the first three error measures from the ball-in-socket joint
taking care of positional errors. Two further error measures are needed for rotational misalignment around
any nonjoint axes.

If we store the joint axis with respect to both body frames, s,.% and sax{s, then computing the joint

axis directions in the world coordinate system with respect to each of the incident bodies gives

5; " = R(q;)s’ s, (7.122a)
5; " = R(q))S s (7.122b)

If s, ¥ = s, ", then there is obviously no error in the relative hinge orientation between the bodies. If
there is an error, then the bodies must be rotated such that s, ** and s; ™ are equal. This can be done as
follows: imagine the angle between the two vectors is 0, then we can fix the relative error by rotation of
0o radians around the axis

u=s; " xs; V. (7.123)

Let’s say that we want to correct the error by the angle 6., within the time At, which could be the
size of the time-step in some time-stepping algorithm, then we would need a relative angular velocity of



“book” — 2005/9/30 — 1?:44 — page 212 — #224

212 CHAPTER 7. CONSTRAINT-BASED MULTIBODY ANIMATION
magnitude
lweor|| = feor (7.124a)
At
kerpeerr
= 7.124b
AL ( )
1
= Rerp x Verr 124
Fep 570 (7.124¢)
= KerpKtpsOerr (7.1244d)
= keorOerr- (7.124¢)

The direction of this correcting angular velocity is dictated by the u-vector, since

u

Weor = chor” T (7.125a)

[[u]

u

= keorlerr T (7.125b)

[
= heorllen ——. (7.125¢)

sin Gepr
In the last step we used that s, ™" and s; " are unit vectors, such that

ul = ||s; ¥ x ;|| = sin O (7.126)

We expect the error to be small, so it is reasonable to use the small angle approximation, where 0 ~
sin Oy, 1.€.,
Weor = KeorW. (7.127)

WCS

We know that u is orthogonal to s, J,

with the error measure

so we project it onto the vectors t; ¥** and £, ***, and we end up

(75 + Rlas)rne — 71 = Rlai)inc)
bhinge = k'cor tl Wes L . (7128)

t2 wes gy

7.7.3 Slider Joint

The slider joint only allows translation in a single direction, as shown in Figure 7.12. Hence there is only
one DOF, so the Jacobian of the slider joint, J gjiger, must be a 5 x 12 matrix

J slider :[ i T T Jg’ng], (7.129)

where Ji, € R%3, Ji € RO*3, Jl € R® 3, and JY,, € R%*3. We will use the first three rows of the

1

lin lin

Jacobian to ensure that the two bodies connected by the slider joint do not rotate relative to each other,
hence we require that they have identical angular velocity.
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Figure 7.12: A slider joint example.

The last two rows of the Jacobian is used to make sure that the bodies only move relatively in the
direction of the joint axis, s,,%*. This is done as follows: first we note the following relation between the
bodies’ linear velocities

vV = V; + w; X €+ Uslider, (7.130)

where ¢ = 7; — 7;, and vgjiger is the joint velocity along the slider axis. Recalling that w; = w;, we can
rewrite the velocity relation as follows:

Vj = V; + W; X €+ Vslider, (7.131a)

—Vslider = Vi — Vj +W; X C, (7.131b)
w; +w;

—Vglider = Vi — Vj + % X c. (7.131¢)

From the joint axis, s, **, we can compute two orthogonal vectors ¢, *** and ¢, V**. By the workings of

a slider joint we know that we may never have any relative velocities in the directions of the two vectors
t, ¥ and t, V. That is,

0=1%"""(—vslider) , (7.132a)
0=1%""" (—Vsider) - (7.132b)

From these two equations we can derive the remaining two rows in the Jacobian slider matrix, and we find
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0
0

=10 : (7.133a)
(
(

Jl =

lin ’

(7.133b)

0
1

Ting = 0 , (7.133c)
X
X

e = 0 —1|. (7.133d)

lex t, "

wcs
§C X t2

Now we will look at the error term, bgiger € R°. The first tree entries are used for rotational misalign-
ment between the two links, such as sliding along a bend axis. The last two are used for fixing parallel
positional displacement of the joint axis.

As for the hinge joint, we derived an angular velocity to correct the misalignment error of 6, radians.
The magnitude of this correcting angular velocity is as before

0
|weor|| = ﬁ (7.134a)
kerpeerr
_ 7.134b
AL ( )
1
— ooy —— Oy 134
Fep 0 (7.134¢)
= KerpKitpsOerr (7.134d)
— KeorOerr- (7.134¢)

As before, the direction of this correcting angular velocity is dictated by an rotation axis given by some
unit u-vector

Weor = ”wcorH u (7.135a)
= keorlerrut. (7.135b)
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However, unlike previously, the correcting angular velocity will be derived as follows: let the rotational
misalignment be given by the quaternion, g, then we have

Qerr = [5, 0], (7.136a)

061'1‘ . 06[’['
Qerr = [cos <7> ,sin <7> u] . (7.136b)

The error is suspected to be small, so the small angle approximation is reasonable and we find

6
—u ~ sin <%> u=v. (7.137)
Using this in our formula for the correcting angular velocity, we get

Weor = keor2v. (7.138)

This will be the first three entries in the bgj;g.,-vector.
We can describe the current joint position by an offset vector, r 4, which indicates the initial differ-
ence between the body centers, that is,

rop = R(qj)T (rj — ;). (7.139)

Observe this offset vector is computed when the joint initially was set up, that is, before simulation, and it
is a constant. The corresponding offset in the world coordinate system is then simply found as

ol = R(gj)r j- (7.140)
If there is no parallel displacement of the joint axis, then the vector, ¢ — 7 ' will have no components
orthogonal to the joint axis. From this observation we have the last two entries in the vector bgjiger,

2v
bstider = Keor |ty wes (C - ,r,of\chs) . (7.141)

t2 WCS | (C _ ,r,of\chs)

7.7.4 Hinge-2 Joint

The hinge-2 joint is also called a wheel joint because its motion resembles that of a turning front wheel on
a car. Therefore, we will explain the workings of this joint type by the example of a car wheel as shown
in Figure 7.13.

The wheel joint is the same as a series of two hinge joints. Its motion is described by a rotation axis,
Saxis,» given by a unit vector in the body frame of body i, and another rotation axis, 8 antsy» ZIVEN as a unit
vector in the body frame of body j.

In the following, we will implicitly assume that body ¢ is the car and body j is the wheel. Using this
convention, the axes are referred to as the steering axis or suspension axis and the motor axis.
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A

Figure 7.13: A car wheel joint example.

We will also use an anchor point like before, where both axes are going through this anchor point. We
will assume that the axes do not lie along the same line, and that they are always separated by the initial
angle, 0, between them.

From the description, it is clear that the joint has two DOFs, from which we know that the wheel joint
Jacobian must have dimension 4 x 12
lin

theelz[Jﬁn Joe Ty Tl > (7.142)

where J, € R4*3, meg e RP3, Jl € R*™3, and Jgng € R4*3,
Following the same recipe as previously, we reuse the ball-in-socket joint for the positional constraints
and we are now left only with the fourth row in the Jacobian matrix.

Let’s compute the joint axis in the world coordinate system

8; VS = R(q;) Sy, (7.143a)
5,V = R(q;)8, (7.143b)

j axe’

then the constrained rotational DOF is dictated by a rotational axis orthogonal to the two rotation axes,
that is,

u=s; " xs;"". (7.144)
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For the hinge to keep its alignment, we must ensure that there is no relative rotation around this axis
U w;—u-w; =0. (7.145)

This give us the missing fourth row of the Jacobian matrix

100
. o1 0
lin — o0 1|’ (7146&)
0 0 0
(-1 0 0]
; 0 -1 0
J
Jin= 10 o —1| (7.146b)
(0 0 0]
- -
Ting = (R(q;)fanc) : (7.146¢)
4 X
T = — [(R(qi);im) } (7.146d)

From the ball-in-socket joint we also have the first three entries of the error term, bypee; € R*. Therefore,
we only need to come up with the fourth entry to reestablish the angle § between the two joint axes. Let’s
say that the current angle is given by ¢, then we need a correcting angular velocity of magnitude

000r
cor|| — .14
loweorll = (7.147a)
kerp (9 - ¢)
_ 24 7.147b
AL ( )
1
= k:erpE (0 — o) (7.147¢)
= Kerpkips 0 — o) (7.147d)
= keor (0 — 0) . (7.147e)
We can now write the error-term vector as
_ boan
bwheel - k'cor (9 _ ¢) . (7148)

Finally, two more tricks are possible: first, one rotates the axes of the ball-in-socket joints, such that the
first constraining axis is along the suspension axis, which allows one to model suspension by modulating
the translational error in the ball-in-socket joint along its first axis. Second, a small angle approximation
for the fourth entry in the error-term vector may be used [ODE, 2005].
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Figure 7.14: A universal joint example.

7.7.5 Universal Joint

The universal joint is in some sense similar to the wheel joint, and is described similarly by the two joint
axes

Saxiel ’ (7. 1493)

S oyt (7.149b)

axeg )’

and an anchor point, which the two axes run through. The difference from the wheel joint is that it is
further required that axis two makes an angle of 7/2 with axis one. An example of a universal joint is
shown in Figure 7.14.

We notice again that we have two DOFs, and the Jacobian matrix of the universal joint, J ypiyversal, must
be a 4 x 12 matrix

. f— ; ) j
J universal — fin Jgng Jlin

Thne | - (7.150)

Since this joint type has derivations almost identical to previous types, we will ease on notation and go
through the steps faster. We start out by reusing the ball-in-socket joint for the positional constraints, and
then we compute the constrained rotation axis

X §; " (7.151)

along which we know there must be no relative angular velocity. We can now write the Jacobian matrix
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for the universal joint as

(1.0 0
. lo1o
T= 1o o 1| (7.152a)
00 0
[—1 0 0]
; 0 -1 0
J_
Jin=10 o _1| (7.152b)
0 0 0]
i [ R(Qi)ri )X—
Je = ( anc 7.152
ang | UT -7 ( C)
; X
Jgng:_ [(R(qj);gnc) } (7.152d)
u

We already have the first three entries of the vector, bypiversal, and we must find the fourth. We do this by
first looking at the magnitude of the correcting angular velocity

0
loweorll = <7 (7.153a)
Kerp (‘75 — %)
= — =7 7.153b
AL ( )
T
= Keor ((;5 - 5) , (7.153¢)
where ¢ denotes the current angle between the two joint axis. If ¢ is close to /2, then
T
o — B ~ cos (¢) (7.154a)
=5, " 8 wes, (7.154b)
We can now write the error-term vector as
buniversal = kcor |:_ S. wl::a.lls ) wcs:| . (7.155)
i J

7.7.6 Fixed Joint

For fixed joints, we know that it constrains two bodies completely from any relative movement, and it
therefore has zero DOFs, from which we know that the Jacobian matrix, J fyeq € R*12

J
Sine| -

(7.156)

Juniversal = fin szg Jl]in



“book” — 2005/9/30 — 1?:44 — page 220 — #232

220 CHAPTER 7. CONSTRAINT-BASED MULTIBODY ANIMATION

The fixed joint is described by an anchor point, and initially we compute an offset vector and store it in
the body frame of body % _
Toff = T3 — T'j. (7.157)

Observe this offset vector is computed when the joint initially was set up prior to simulation, and it is a
constant. The corresponding offset in the world coordinate system is then found by

Tt ™ = R(qi)7 ot (7.158)

Since we have a fixed joint, both incident bodies must be rotating with the same angular velocity and the
linear velocities must obey the relation

V; =V; +w; X ,rof}vcs' (7.159)

From all this we can now set up the Jacobian matrix as

100
010
; 00 1
Jlin = 0 O O N (7 160a)
000
0 0 0
-1 0 0]
0 -1 0
; 0 0 -1
J
Jiu=1¢0 o ol (7.160b)
0 0 0
0 0 0
wes) X
(Toff )
Jiong = ] 0 ol (7.160c)
0 1 0
0 0 1]
[0 0 0]
0 0 0
, 0 0 0
The = | 1 0 0 (7.160d)
0 -1 0
0 0 -1

Similarly, the error term is straightforward, since most of it was presented for the ball-in-socket joint, by,
from where we get the first three entries, for positional error, and from the slider joint, bgjiger. We may
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reuse the first three entries to take care of any rotational errors. We can now write the byyxeq vector as

bﬁxed = kcor

(ri+ Rl 7 - R<qj>ran%)] 7.161)
2v

where v comes from the quaternion representing the rotational error

Jerr = [5,0]. (7.162)

7.7.7 Contact Point

As we have explained, contact constraints are completely different from joint constraints, but they too, are
described by a Jacobian matrix. As we will show, this Jacobian matrix J ¢onact, can be expressed in the
same submatrix pattern as the joint Jacobians; one can even construct an error correcting term.

From previously, we know that the contact Jacobian has 1 + 7 constraints, so it is (1 + 7)-by-12
dimensional matrix,

Jcontact:[ i Jine Jhn Jgng]. (7.163)

The first row corresponds to the normal force constraints and the remaining 7 rows correspond to the
tangential friction constraints, that is,

. [t
Jin = | _ IT?LZ] (7.164a)
Tt
Tiin = {;g] (7.164b)
. [ (rxa\T
J;ng = ("'z n) T » (71640)
= (ri* Dy)
. [ (e T
The = (’“JX n) ol (7.164d)
| (r;*Dy)

If the penetration constraints are violated, then an error correcting vector, beonace € R, can be used as

bcontact = kcor |:dpene(;ration:| . (7.165)

where dpenetration 18 the penetration depth. These observations regarding the submatrix patterns of the
Jacobians of both the contact and joint constraints allow us to implement these kind of constraints using
almost the same kind of data structure.
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7.8 Joint Limits

It is not always enough just to set up a joint, even though the relative motion is constrained to move only
in a consistent manner w.r.t. the joint, other constraints need our attention. For instance, in the real world
we cannot find a jointed mechanism with a sliding joint that has an infinitely long joint axis. In other
words, we need some way to model the extent of a sliding joint. We will do this modeling by setting up
Jjoint limits. To be specific, we will treat joint limits on a sliding joint and a hinge joint.

The general approach we will take here for introducing joint limits is very similar to the way we use
unilateral constraints for enforcing normal nonpenetration constraints at the contact points. In a sense,
setting joint limits this way is nothing more than a slightly exotic way of computing contact points for
normal force constraints disguised as joint limits.

7.8.1 Slider Joint Limits

Recall that in specifying the slider joint we used an offset vector, which was the initial difference between
the origin of the body frames; that is, at time ¢ = 0, we compute

o= R(q)T (r; — 7). (7.166)

As before, the initial offset w.r.t. the bodies current location in the world coordinate system is computed
as

Tor " = R(gj)7 - (7.167)
Now letting ¢ = r; — 7;, we can compute the current displacement, 7 4;s, along the joint axis as
Tdis = C— Ty o (7.168)

wCs
axe

Taking the dot product with the joint axis, s
along the joint axis,

, gives a signed distance measure of the displacement

ddis = Saxe  * Tdis- (7.169)

When the joint limits are imposed on the slider joint, we want to be able to specify a lower-distance limit,
dyo, and an upper-distance limit, dp;. If one of these are violated, for instance,

dgis < do, (7.170)

then we will add a new unilateral constraint. This constraint specifies that the relative velocity of the joint
along the joint axis must be such that the displacement does not move beyond the limit. For a slider joint
that means we require

Sae (v —v) 2 0. (7.171)
We immediately see that this is equivalent to a 1 x 12 dimensional Jacobian matrix, J ;i , where
Tin = (sa™)" (7.1722)
T = (50", (7.172b)
Jong = 0, (7.172¢)

Jle =0. (7.172d)
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However, this would be the wrong Jacobian to use because when we look at the reaction forces from
the joint limit, this Jacobian will not model the torques coming from the limiting force, only the linear
contribution is included.

We will now remodel the Jacobian to include all the force and torque contributions. Let’s say that
the position of the joint limit is given by the vectors: r; ' and rhnvlvjcs. These vectors are specified in the
world coordinate system and are running from the respective body centers to the position of the joint limit.

Now say that some force, F', is acting on body ¢ at the joint limit, then the force is required to be
parallel with the joint axis s, . The force contribution to body j is —F according to Newton’s third law
of motion. The limit force also result in a torque on body ¢

Thim; = P ® x F, (7.173)

and a torque on body 7,
Tlim; = —Tlir\r);;.cs x F'. (7.174)

For a slider joint we must also require that these torques do not induce a relative angular velocity of the
two bodies, meaning that angular momentum should remain unchanged. From Euler’s equation, we get

Tlim; + Tlim; = 0. (7.175)

Recalling that the corresponding reaction force is given by

T
Fslilt(i)er = (Jslilger) Alos (7.176)

where \|, is a nonnegative Lagrange multiplier. This suggest that the Jacobian should look like
Tt = = (5a™)" (7.177a)
Tl = (52" (7.177b)
Jziing = (rhnvlvfs X Sax\gcs)Ta (7.177C)

. T

Sing = — (Tnnﬂvfs X saxYl“) : (7.177d)

wCs

However, it is not obvious that J. ,w; + Jgngwj = 0, also to avoid computing the vectors r;"** and

ang
wce

Tlim, $ during simulation it would be nice to remove them from the expressions.
Observe that the vector, ¢ = r; — 7;, can be written as, ¢ = rhr‘r’lvfs - rlin"lvjcs. We will now show that
with the c-vector we can obtain:
1 1
rin® X F = sex F = (rﬁgfs - rhgf) x F, (7.1782)
1 1
rune X F = —sex F=— (rhgfs - rhgf) x F. (7.178b)
From the second equation we have
WCS ]' WCS ]' WCS
Tlim]' X F = _§Tllmz X F + §Tlim]- X F, (7.179)
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which yields
1

§rhr‘r’f]“ x F = —Erhr‘r’ff“ x F, (7.180)

and substituting this into the first equation yields

1
P X F = (rm;V;S - rh;f“) x F (7.1812)
= Erlmvlvfs x F — Erhggs x F (7.181b)
1

= §Tllrrlvlcg x F — < 2 lll’\l’icg X F) 5 (7181C)
Tlim, . X F' =@ < F. (7.181d)

This proves (7.178a). Repeating the steps but interchanging equations easily derives (7.178b). Observe
also that the sum of the two equations is equal to zero as required by Euler’s equation. We can now rewrite
the angular parts of the Jacobian as

i =~ (sae)" (7.182a)
Th = (5", (7.182b)
1
Ting = 5 (€% 5,87, (7.182¢)
1
Ting = =5 (€ X 5,8 (7.182d)
To verify that J},,w; + J),w; = 0, we insert (7.182¢) and (7.182d) and find

1 wesy\ 7' 1 wes\ T’

2(c><s )" w; — 2(c><s ) w;j =0, (7.183a)
1

= Slex 5o (Wi —wjy) =0, (7.183b)

and because we have a slider joint w; = w;. In conclusion, we see that with the Jacobian in (7.183), both
the kinematic constraints are satisfied, and the reaction forces are prober.
Putting it all together, we have the complementarity constraint

J Shderu >0, compl.to A, > 0. (7.184)
An error correcting term, bghder is easily added to the right side of the kinematic constraint as
dio — dgj
bslil((i)er = kerpf (7.185a)
= keorderr, (7.185b)

where we have set de;r = djo — dgis.
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In conclusion, we have derived a single linear complementarity constraint for the lower joint limit of
a slider joint. The same approach can be used to derive a single linear complementarity constraint for the
upper limit. It should be apparent that all that is really needed is to negate the Jacobian, that is,

Jslihdier = _Jslilgerv (7.186)
and the error term
pohi g dni — dais
slider = Ferp ™ 77— (7.187a)
= keorderr- (7.187b)

7.8.2 Hinge Joint Limits

There really is not much difference between setting limits on a slider joint and a hinge joint. The major
difference is that the joint axis now describes a rotation axis, and instead of distances, we use angle
measures.

If we store the initial relative rotation of two bodies in the quaternion, ¢i,;, then we can compute the
current relative rotation of the two bodies as

Grel = q; 9iGini- (7.188)

This quaternion corresponds to a rotation of 8 radians around the unit axis, v, that is the angle measured

from 7 to j around the joint axis,
0 0
Grel = [cos <§> ,sin <§> v] . (7.189)

Using standard trigonometry and taking care of the double representation of rotations by picking the
smallest angle solution, one can extract the angle from the quaternion of relative rotation. Specifically,
taking the dot product with the vector part of the quaternion, sin £, is obtained since v - v = 1, now arctan
can be used to obtain %.
As we did in the case of the slider joint, we want to impose a low- and high-joint limit, 8, and 6y;. If,
for instance, the lower limit is violated as
0 < b, (7.190)

then we will add a new unilateral constraint, which specifies that the relative angular velocity of the joint
around the joint axis must be such that the angle does not move beyond the limit. For a hinge joint this
means that we must require

Sae (W) —wi) 2 0. (7.191)
We immediately see that this is equivalent to a 1 x 12 dimensional Jacobian matrix, J hiL%e, where
iin = 0, (7.192a)
T =0, (7.192b)
Ting = = (5°)" (7.192¢)
Ting = (5,8°)" (7.192d)
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The corresponding reaction force from the joint limit is given by
T
Frine = (Thinge) Mlos (7.193)

where \|, is a nonnegative Lagrange multiplier. We see that we have the complementarity constraint

Jhinge® > 0, compl. to Ao > 0. (7.194)
An error correcting term, bhih‘;e, is added to the right side of the kinematic constraint as
O — 0
Bhinge = hierp— - (7.195a)
= keorOerrs (7.195b)
where O = 61 — 0.
The constraints for the high limit of the hinge joint is obtained by negating the Jacobian
Thinge = —Tinge: (7.196)
and the error term is given by,
; O — 6
Bhinge = herp— 1 — (7.197a)
= keorlerr- (7.197b)

7.8.3 Generalization of Joint Limits

In the previous sections we derived constraint equations specific for low- and high-joint limits on slider and
hinge joints. Fortunately, it is possible to extend these ideas to a more general framework. For instance,
the concept of a reach cone, i.e., multiple angular joint limits, is often used in biomechanics to describe
the limited movement of the shoulder or hip joints in the human skeleton [Wilhelms et al., 2001].

In fact, we could formulate the allowable configuration space or the reachable region for a joint, by an
implicit function, C(...) € R, of the joint parameters. For the slider and hinge joints, the joint parameters
are the displacement and the angle, which we will specify with the generalized joint parameter vector, g,
as a function of the generalized position vector, s. Furthermore, the implicit function has the following
characteristics,

C(g(s)) <0 Outside, (7.198a)
C(q(s)) =0 On boundary, (7.198b)
C(q(s)) > 0 Inside. (7.198c)

We can now reformulate positional constraints as

C(q(s)) > 0. (7.199)
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Differentiation w.r.t. time leads to the kinematic constraint,

d _dC(q(s))dq ds
7 Ca(s)) = dq ds di (7.200a)
—_—
Jo °
=Jou (7.200b)
>0, (7.200c¢)

which could be augmented with an error reduction term
Jou > be. (7.201)
The reaction forces are determined by

T
Flcion = JEAC (7.202)
where A¢ is a vector of nonnegative Lagrange multipliers. Finally, we have the complementarity con-
straints,

Jou—bc >0, compl.to Ag > 0. (7.203)

The constraints in terms of the Jacobian and the error term should be added to the system equations,
whenever a joint limit has been violated or its boundary has been reached. This is completely analogous
to collision detection; enforcing joint limits in this manner is therefore not much different from finding
contacts and computing normal forces.

Observe that in a force-based formulation, the kinematic joint limit constraints should be differentiated
w.r.t. time to get the acceleration constraints needed for augmenting the system equations.

7.9 Joint Motors

With joints and joint limits, we are capable of modeling the range of relative motion between two bodies.
We will now look at one way to control the motion that is taking place.

A joint motor applies torque or force to a joint’s degrees of freedom to induce movement. The joint
motor model uses two parameters for this: a desired speed, Vgesired, and the maximum torque or force,
Amax. that can be applied to reach the desired speed.

From past sections we have seen that the error correcting term can be used to adjust velocities. The
same principle can be used to drive a joint toward a desired speed by

J motor® = Bmotor, (7.204a)
U;
: ) . . Ry
[ fin szg J{in ngg] ; Z bmotor- (7204]3)

wj
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For a one DOF joint like a slider and a hinge joint, the motor Jacobian will have dimension 1 x 12, and
the right-hand side will be a scalar. In fact,

bimotor = Vdesired - (7.205)
The Jacobian is also easy to derive for these two cases

J slider __ [S WCS7 0,—s WCS7 0] , (7.206a)

motor axe axe

J hinge [07 _Sax\gcsa 0.s wcs] . (7.206b)

motor » < axe

The motor force is given by the relation
F motor — J Ij;lotor)\motora (7.207)

where Anotor 1 @ Lagrange multiplier, that can be interpreted as a measure of the magnitude of the joint
force along the degrees of freedom in the joint. By setting upper and lower limits on Apetor, We can model
the aspect of the maximum available force, that is,

_)\max § )\motor S )\max- (7208)
Finally, we require the force and the desired velocity term to be complementary to each other, that is,
J motor® > bmotor, Compl- to |/\motor| < Amax- (7.209)

The basic idea behind this is that if the velocity exceeds the desired velocity, then the motor force should
work at its maximum to bring the velocity back to the desired speed.

On the other hand, if the desired speed has been reached, then the motor force can assume any value
between 0 and |Amax| to keep the desired speed.

In conclusion, we have developed linear complementarity constraints with both upper and lower limits
for joint motors. The theory we have outlined can be extended to more complex joint types in a straight-
forward manner, simply by formulating Jacobians for their degree of freedom movement.

Another aspect of joint motors, which comes in handy, is that they can be used to model friction in
joints. This is done by setting the desired velocity to zero and the maximum force to some constant value;
then all joint motion will be slowed down by the frictional motor force.

To drive the joints to a specified position, a positional joint motor would simply be a hybrid of the
joint limit model and the joint motor models we have outlined. The trick lies in setting the lower- and
upper-joint limits equal to the wanted position, and then limiting the motor force as we did in this section.

In contrast to real-life motors and engines, the presented motor controls capture the essential idea
of limited power and the need for controlling the speed. Higher-level controllers could be added to a
simulator (motor programs) for manipulating the joint motors, but this is out of the scope of this book.
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Algorithm fixed-time-step(s®,u? At)
s'=s'+AtSu'’
A=LCP(s’,ut)
uw T =u M (ITA+ Atf)
s TTAL — gt | ApGy A
return s ‘T4t
End algorithm

Figure 7.15: Fixed Time-Stepping.

7.10 Time-Stepping Methods

In order to calculate the movement of rigid bodies, the simulation loop needs to advance the simulation
time. This process is called a time-stepping method or time control. Knowing how to compute contact
and constraint forces or impulses at collisions, the time-stepping method sets up a scheme that integrates
the forces in order to obtain the motion of the rigid bodies. In the following, we will discuss mainly fixed
time-stepping methods.

The matrices M, C, N, and D depend on the generalized position vector s, which itself is dependent
on time.

In some simulators the time dependency is ignored and the simulator uses a fixed time-stepping rou-
tine, such as is the case of the Open Dynamics Engine [ODE, 2005]. The general idea is illustrated in Fig-
ure 7.15, and the main advantage is that only a single LCP problem is solved per time-step. Unfortunately,
it also leads to penetrations and drifting problems. In the Open Dynamics Engine several heuristics are
used to overcome these problems: constraint Force Mixing, Error Reduction Parameter, and a specialized
position update. These heuristics will be discussed in this section.

Now we will discuss the detection of contacts. There are several ways to approach this for the pseu-
docode in Figure 7.15. One way is to invoke the collision detection at time ¢ and hope for the best, but
new contacts might develop during the time from ¢ to ¢t + At. The future contacts that are overlooked at
time ¢ could potentially end up as violated contacts at time ¢ + At. That is, deeply penetrating contacts.
This is illustrated in Figure 7.16.

Stewart and Trinkle [Stewart et al., 1996] propose a retroactive detection approach to detecting over-
looked future contacts. First, all contacts are detected at time ¢, then a fixed time-step is taken, and finally
all contacts at time ¢t + At are detected. If any new and violated contacts are found, then these contacts
are added to the set of contacts found at time ¢, the simulation is then rewound to time ¢, and a new fixed
time-step is taken. These steps are repeated until all the necessary contacts have been found. Pseudocode
can be found in Figure 7.17. Although it is obvious that only a finite number of contacts exist, and that the
algorithm sooner or later will have detected all contacts necessary for preventing penetration, it is, how-
ever, not obvious how many iterations the algorithm will take, and it is therefore difficult to say anything
useful about the time-complexity. The retroactive detection of contacts is similar to the contact tracking
algorithm described in Section 14.3.

Detecting a future contact at an early stage can have an undesirable effect, in essence, a contact that
appears at time ¢ + At is resolved at time ¢. This would make objects appear to have a force field or
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time t time t+dt

v |9

Figure 7.16: 2D illustration of the problem with violated contacts in a fixed time-stepping due to over-
looking potential future contact. Small white circles show valid contacts and black small circles show
violated contacts. Notice that contacts not detected at time ¢ will be detected as violated contacts at time
t + dt.

Algorithm retroactive-1(s® u?t, At)
repeat
Scontacts = collision detection(s *)
s At — fixed-time-step(s *, u t, At)
Sl ontacts = collision detection(s F4%)
if violated contacts in S s then
for all contacts ¢ € Seues 4O
if cviolated and ¢ ¢ Sconues then
addcto Sconlacls
next ¢
else
return s
end if
until forever
End algorithm

t+At

Figure 7.17: Retroactive Detection of Contacts in a Fixed Time-Stepping Method.
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..\‘g!iStic baII l g “‘n..“‘::‘elastic ball
| ° |

Figure 7.18: 2D example showing visual artifacts of resolving future contacts at time ¢. The elastic ball
never touches the fixed box before it bounces; the inelastic ball is hanging in the air after its impact.

o] |0

S

Figure 7.19: System moving along a concave boundary of the admissible region in configuration space.

envelope surrounding them, preventing other objects from actually touching them. Most noticeable, this
could cause an object hanging in the air, as shown in Figure 7.18. If we are simulating fast moving and
bouncing objects, it is unlikely that an observer would notice the visual artifacts, but if the time-step is
big enough, the artifacts illustrated in Figure 7.18 may annoy an observer. To remedy this effect, one
could either lower the time-step size, which causes a performance degradation, or one could remodel the
error terms to take into account that a contact does not exist at time ¢. This approach was elaborated on in
Section 7.3.

Time-stepping methods may result in penetrations when the system moves along concave boundaries
of the admissible region in configuration space [Anitescu et al., 1997, Stewart, 2000]. Configuration space
is the vector space consisting of the concatenation of the generalized position and velocity vectors. The
admissible region is the subspace of states that make physical sense, like states that do not cause a penetra-
tion. A simple example is illustrated in Figure 7.19. As can be seen in the figure, the dotted line indicates
the normal constraint; therefore the box is allowed to move along this line. Furthermore, since the lower
fixed object is concave at the touching contact point, a penetration will always occur no matter how small
a step the box moves along the dotted line. This indicates that situations will arise where all necessary
contacts have been detected, but still the algorithm will find violated contacts causing an infinite loop
since the if-statement in the pseudocode of Figure 7.17 always will be true. This seems to be an unsolved
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-
(@]

Figure 7.20: Different ways to project a violated contact back into a valid contact. The horizontal pro-
jection does not change the potential energy of the box; both the vertical and the inclined projections
increase the potential energy. In the following time-step, the added potential energy is transformed into
kinetic energy, resulting in a more violent collision between the two objects.

problem in the literature.

Stewart and Trinkle [Stewart, 2000] suggest that simple projection can be used to eliminate the prob-
lem of penetrations as a result of moving along concave boundaries in configuration space. They state,
however, that care must be taken to avoid losing energy in the process. In [Baraff, 1995] a displacement is
computed by using a first-order system A f = b, where A only contains normal and bilateral constraints.
In our notation, this corresponds to

Ao NTCTM~'CcN NTCTM'Js (7210)
| JIMTicN JEM1Js '

The b-vector contains the signed constraint errors. From the solution, f, the derivative, $, can be computed

as described in Section 7.14. Now using As = 5, a displacement can be obtained as s‘t2 = stTAt L Ag

(see [Baraff, 1995] for more details).

Solving penetration errors by projection can change the potential energy of the system, thus changing
the total energy in the system. Figure 7.20 illustrates the energy problem with the projection method. In
the figure, three possible projections of the box are shown as dashed boxes. Due to the gravitational field
g, both the vertical and the inclined projections will increase the energy of the system, while only the
horizontal projection will maintain the same energy level. If the geometries are mirrored in the vertical
direction, then the vertical and inclined projections will result in a loss of energy. In other words, projec-
tion must be done in such a way that the potential energy remains unchanged. It is not obvious to us how
a general method of projection can be designed to fulfill this.

Another approach for handling penetration errors is to use constraint stabilization. This can intuitively
be explained as inserting small damped virtual springs between objects at those places where penetration
errors are detected. In Section 7.6 and 7.7, the constraint-based method was extended with error correcting
terms that stabilized the constraints. An error reduction parameter was used to control the amount of error
correction. In case of large errors, or over-eager error reduction, stabilization can cause severe alterations
of the simulated motion because the stabilization is accelerating objects apart in order to fix the error.
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Resting Box

Stabilization

Figure 7.21: Example of constraint stabilization on a violated contact of a resting box causing the box to
bounce off the resting surface.

Thus the stabilization adds kinetic energy to the system; in severe cases stabilization can cause a shock-
like effect on constraints with large errors. The artifact of stabilization is illustrated in Figure 7.21. Several
approaches exist for minimizing the problem, but none of them completely removes it. By lowering the
time-step size, the magnitude of constraint errors would also be lowered, thus decreasing the chance of
large constraint errors and degrading performance. Lowering the error reduction parameter minimizes
the chance of stabilization being too eager; the drawback is that error correction will take longer, thus
increasing the chance of an observer noticing deep penetrations of objects. Finally, constraints can be
made softer by using Constraint Force Mixing as described in Section 7.13. This has the same drawbacks
as lowering the error reduction parameter; furthermore, it removes kinetic energy from the system. Thus
if used too aggressively, objects appear lazier than they should.

The matrices M, C, N, and D depend on time; the constraint-based method should rightly be formu-
lated as a nonlinear complementarity problem (NCP). A NCP can be solved iteratively by using a fix-point
algorithm as shown in Figure 7.22.

In [Anitescu et al., 1997] an explicit time-stepping method is used together with retroactive detection
of collisions. We have outlined the general control flow in Figure 7.23. The main idea is to halt the
simulation at the time of an impact and then handle the impact before proceeding with the simulation. In
[Anitescu et al., 1997], two LCP problems are set up and used to solve for postvelocities of the impact.
This is done using Poisson’s hypotheses for handling the compression and decompression phases of an
impact. In [Baraff, 1989], a simpler approach is used based on Newton’s impact law. This leads to nearly
the same kind of LCP problem we have outlined. Later in [Anitescu et al., 2002], an even simpler collision
model is used, which only supports completely inelastic collisions. The methods in [Anitescu et al., 1997,
Baraff, 1989, Anitescu et al., 2002] are termed simultaneous collision methods; we will not treat these
further. Another possibility is to use a so-called sequential collision method, which is treated in more
detail in Section 6.2.4.
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Algorithm fixpoint (s %, u? At)
s'=s'+ AtSu'’
repeat
A=LCP(s’,u?)
uw' =u'+ M (ITA+ALf)

" ’
s =8

s'=s'+AtSu’
until|s’' —s"| < enx
s t+At —3 /
t+At

return s
End algorithm

Figure 7.22: Fix-point-Iteration algorithm, Typical values according to [Sauer et al., 1998] are At < 1073
and €, < 1074

Algorithm retroactive-2 (st u? At)

S/:St
u/:ut
h:At/nsteps
t=0

whilet < At do
s"=s’"+hSu’
A=LCP(s",u’)
if no collision then

t=t+h

s/:sll

uw' =u'+ M ((J"A+ Atfy)
else

let tioi be time of impact
apply collision model

t= ttoi
end if

end while
SH—At:S/

return st+At

End algorithm

Figure 7.23: Explicit time-stepping with Retroactive Detection of Colliding Contacts.
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dt = T_target - T
do
simulate-forward (dt)
if intersection
rewind-simulation ()
dt = dt/2
else if contact
collision-resolving()

T =T + dt
dt = T_target - T
end if

while T<T_target

Figure 7.24: Example of retroactive advancement based on a bisection root search algorithm.

In [Anitescu et al., 2002] the same control flow is used in an implicit-time-stepping method, the major
difference being the way the LC P is formed. We have chosen to omit the implicit version, since it is out
of scope for the kind of applications we have in mind.

7.10.1 Numerical Issues with Retroactive Time Control

Due to numerical truncation and roundoff errors, thresholding is a necessary evil in order to determine the
type of contact between two objects, A and B. Using a threshold value ¢, an often-used rule of thumb for
determining the contact state is as follows:

e if A and B are separated by ¢, then there is no contact

e if distance between A and B is less than ¢, then there is contact

e if penetration between A and B is no more than ¢, then there is contact

e if penetration between A and B is more than ¢, then A and B are intersecting

Now we’ll review a typical retroactive advancement of the simulation. That is, if time control is handled in
aroot searching manner, the general idea is to watch out for penetrations and then backtrack the simulation
to the time of impact when they occur. This is illustrated in Figure 7.24. Of course, more elaborate and
intelligent root search schemes can be used, but the bisection scheme in Figure 7.24 suffices for our
discussion in this section.

Suppose A and B are in resting contact and penetrate each other with a penetration of ¢, and imagine
that during the forward simulation a small numerical drift causes A and B to interpenetrate with a depth
greater than €. As can be seen from the pseudocode, the root searching algorithm will be fooled into
thinking that a collision has occurred, even though no collision has occurred. Consequently, the root
searching algorithm will begin to backtrack in order to search for the time of impact. The result will
be a never-ending search for a nonexistent root. Even if a root is determined within a threshold value,
the subsequent attempt to advance the simulation is doomed to repeat a new root search for the same
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nonexistent root. In other words, the simulation will either go into an infinite loop never advancing the
simulation, or alternatively, the system will end up in a faulty state with penetrations greater than e.

One possible strategy to avoid the above-mentioned problems would be to adapt a more advanced
thresholding method, using one threshold for the root searching algorithm and another threshold value for
determining the type of contact [Baraff, 1995]. However, it is extremely difficult to get such an approach
to work efficiently and robustly in practice. Another way out would be to penalize penetrations by a force-
feedback term. However, what you get is all the troubles of penalty methods, and there is no guarantee
that the error will be within a certain limit, since a penalty force like a spring does not impose a hard
constraint.

If your simulator is already based on a penalty method, you have nothing to worry about; however,
retroactive advancement is a very bad choice for a penalty-based simulator; instead, fixed time-stepping
is often the preferred choice. On the other hand, if your simulator is a constraint-based simulator, it seems
daunting to add penalty forces to it, since it essentially will turn your simulator into a hybrid simulator. Not
only can you get the advantages from both types of simulator, but also you can inherit all the sicknesses.

In our opinion, a far better approach for resolving the problem is to displace objects when their pene-
tration depth is greater than a certain tolerance correction value. For example, set the tolerance correction

to
3

0= 15 (7.211)
whenever the penetration depth increases beyond ¢, objects are displaced to reduce or remove penetrations.
This resolution technique will guarantee that you never will get into problems with your main simulation
loop. However, there are some drawbacks; a displacement could change the potential energy of an object.
If the energy is increased, the subsequent simulation might transform the potential energy into kinetic
energy, causing objects to begin jittering and jumping around. In our opinion, it is more pleasing to look
at a simulation where potential energy vanishes. Our main point is that displacements should occur such

that the potential energy is nonincreasing.

7.10.2 Unavoidable Penetrations

In some cases, penetrations are simply unavoidable due to the discrete time-stepping. This can be hard to
grasp, so we will present a small example, originally presented in [llerhgj, 2004], illustrating how pene-
trations can occur. The example uses the fixed semi-implicit time-stepping method given in Figure 7.15.
In the initial state the rod is moving to the right and the box is fixed as seen in Figure 7.25. The time-
stepping method first tries to guess the next position by doing a fake position update, ¢’ = ¢ + At. This
fake position is first used to determine contact points shown as small solid circles, and then the velocities
are updated at the fake position. As shown in the figure, the velocity update predicts a tipping movement
of the rod at the fake position. Now the time-stepping method will use the velocities computed at the fake
position to update the real position. However, the tipping movement will cause an unwanted penetration
of the rod and the box. A rule of thumb is that penetrations can occur in the same order as the order of
the time-stepping method used. To be specific, the fixed semi-implicit time-stepping method introduced
in Section 7.10 is of first order, i.e., O(h), where h denotes the step-size. The errors accumulate linearly
with the number of steps n, such that the error after n steps is proportional to nh. This might appear to
be bad, however from a convergence theory point of view, lowering h will guarantee better accuracy, and
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Figure 7.25: Penetrations can occur with fixed semi-implicit time-stepping.
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in the limit & — 0 a perfect solution will be found. In practice this is not feasible, since all limiting cases
cannot be reached on a computer with finite precision arithmetic; even if the limiting cases were possible
it would take far too long to compute. Therefore, a better and practical approach is to pick a step size,
such that the errors never grow large enough for an end-user to notice them.

Another example of unavoidable penetrations is the configuration shown in Figure 7.19. Here the
problem is that we have a linear discretization, but a higher order surface. The numerics cannot see the
higher order and do not care about it.

7.11 A Unified Object-Oriented Constraint Design

From past chapters we learned that four types of constraints can be expressed by using Jacobians. These
are joint constraints, contacts, joint limits, and joint motors. For these types of constraints we derived the
following kinematic constraints

Jjoint® = Bjoint, (7.212a)
J contact® = Beontact (7.212b)
Jlimit® > biimit, (7.212¢)
J motor® = Bmoor- (7.212d)

Adding the reaction forces to the equations of motion results in the generalized acceleration vector
=M (T Noint + J tontact Acontact T J fmit Mimit +  motor Amotor + Fext) (7.213)

with the following limits on the Lagrange multipliers

—00 <Ajoint < 00, (7.214a)
0 <Acontact < 00, (7.214b)
0 <Ajimit < 00, (7.214c)
—Amax <Amotor < Amax- (7.214d)

Performing the usual discretization steps and substitutions, we derive the following complementarity for-
mulation

Ajoint Jjomt (U + AtM~™ lfext) Jomt
A1 Aqg Acontact J contact (u + AtM_ifext) — beontact
|:A21 A22] Xinic | + J11m1t (u + AtM_ fext) — biimit >0, (7.215)
Amotor J motor (u + AtM l.f ext) — bmotor
A Aaux baux
A b
where
JjointM ! J-Jj(;lnt JjointM ! Jz;)ntact J joth ! J limit J jointM 1 J 111110t0r
A = JCOHtaCtM ! J :,(;mt J contactM lJ g;ntact J COHtaCtM lJ l1m1t J contactM lJ aotor
= . (7.216)

1
Jllmlt M JJ oint

15T
Jmotor M~ J

joint

17T 17T
Jlimit M~ Jcontact Jtimit M~ Jllmlt Jiimit M ™ Jmotor

17T 1T
I motor M~ J T motor M Tt Tmotor M 1T

contact motor
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and Ajs, Ags, Aoy, and by corresponds to a permutation of the third row and column in (7.60), that is
the auxiliary constraints needed to model the frictional force. This is complementary to

— 00 0
0 o0
0 <AL | o© (7.217)
T /A\max )\max
0 o0
Alow Ahigh

where complementarity is understood coordinate-wise and is best explained by introducing the vector w
w=AX+b. (7.218)

The ¢’th coordinate of w is paired with the i’th coordinate of A. Complementarity means that for all 4,
one of the three conditions below holds

Ai = Alow,, w;i > 0, (7.219a)
B Ai = Anigh,, w; <0, (7.219b)
Alow; < Ai < Apigh,, w; = 0. (7.219¢)

Figure 7.26 helps illustrate the complementarity conditions in equation (7.219). Notice that as long as A;
is within its lower and upper bounds, w; is forced to zero. The vector w; is only nonzero at the lower and
upper bounds. Usually, the LCP is formulated with Ajoy, = 0 and Apjgn = 00, in which case the above
definition reduces to the familiar notation

A>0 compl.to w>0. (7.220)

We refer the reader to [Cottle et al., 1992, Murty, 1988] for more details on LCP or Section 19.10.
To ease notation further, we may concatenate all the Jacobians into a single matrix,

J joint
J contact
J = . (7.221)
J timit

J motor

Similarly we may concatenate all the error correcting terms,

bjoint
berror = Deontac : (7.222)
blimit

bmotor
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Figure 7.26: The complementarity condition on the ¢’th variable.

and we may thus write

JMgTt Alz} [J (w+ AtM ™' fo) — b
A+ ext et >0 7.223
|: A21 A22 baux - ( )
A b
complementary to
Alow < A < Anigh- (7.224)

Having rewritten the complementarity formulation into this form allows us to compute the system matrix
very efficiently. Notice also how easy we can write the generalized acceleration vector with the new
notation,

w=M"(J"X+ fo) . (7.225)

When assembling the system matrix, we must first allocate space for all matrices involved, and then set
up the subblock structure for each individual constraint. We evaluate each constraint, i.e., compute joint
axes, joint positions, joint errors, and so on. That is, all information needed in the Jacobian matrix and the
corresponding error term for each constraint, including any auxiliary constraints are evaluated.

Care must be taken in the evaluation since joint limits and motors depend on the joints they are attached
to, and joint motors and limits must therefore not be evaluated before the joints they are attached to.

After having performed the evaluation, we can determine which constraints are currently active and
which are nonactive. The nonactive constraints can simply be dropped from further consideration in the
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current assembly. As an example, the joint limit is nonactive whenever the joint has not reached its outer
limit.

Knowing how many active constraints there are, we can compute the dimensions of the matrices
involved. For each constraint we will query how many rows its Jacobian matrix contains and we will
query how many auxiliary variables there are. Summing these up we are able to determine the total
dimensions of the matrices and vectors needed in the assembly.

During these summations it is also possible to assign indices for the subblocks for each and every
constraint, where its Jacobian matrix, error term, and the auxiliary variable data should be mapped to.
Figure 7.27 shows the pseudocode. Observe that substantial memory savings can be achieved by using a
simple sparse matrix representation of the matrices M ~! and .J, as shown in the pseudocode as well. We
can now start filling in data in the matrices M ~1and J, and the vector besor, together with the parts of
the system matrix A and the right-hand side b containing the auxiliary data. Also, external forces, limits,
and the generalized velocity vector are easily dealt with as shown in Figure 7.28. Using these matrices it
is quite easy to compute (7.223) in a straightforward manner. The only real difficulty is that one must be
careful about the sparse representation of the matrices M ~! and J .

We have completed what we set out to do in this section. A unified framework for handling both
contact point constraints with friction and joint constraints with both motors and limits have been derived.

The framework allows a modularized and object-oriented design of all the constraints in a simulator.
This object oriented design is outlined in Figure 7.29. In the figure we have omitted details regarding
assembly of the jointed mechanism (linking bodies together with joints, and adding limits and motors).

7.12 Modified Position Update

When the new generalized position vector is computed as
sTHAt — gt L AtSu 1A (7.226)

then we call it a position update. In the position update written above, an infinitesimal orientation update
is used. This is fast to compute, but can occasionally cause inaccuracies for bodies that are rotating at high
speed; especially when joined to other bodies.

For instance, in a car simulation, four wheels might be attached to a chassis with a wheel joint. When
driving the car the wheels may rotate in incorrect directions, as though the joints were somehow becoming
ineffective. The problem is observed when the car is moving fast and turning. The wheels appear to rotate
out of their proper constraints as though the wheel axes have been bent. If the wheels are rotating slowly,
or the turn is made slowly, the problem is less apparent. The problem is that the high rotation speed of the
wheels is causing numerical errors. A finite orientation update can be used to reduce such inaccuracies.
This is more costly to compute, but will be more accurate for high-speed rotations. High-speed rotations
can result in many types of errors in a simulation, and a finite orientation update will only fix one of those
sources of error.

We will now outline a modified position update like the one used in the Open Dynamics Engine
[ODE, 2005]. For each body B; we want to be able at configuration design time to set a kind of bit flag
indicating if the body should be updated using the infinite or finite update method. In case of the finite



“book” — 2005/9/30 — 1?:44 — page 242 — #254

242 CHAPTER 7. CONSTRAINT-BASED MULTIBODY ANIMATION

Algorithm allocate(...)

C = set of all constraints

TNjacobian = 0

for each constraint ¢ € C do
c.evaluate ()
if not c.active() then

remove c¢ from C

end if
c.setJacobianIndex (Njacobian)
Njacobiant = C.getNumberOfJacobianRows ()

next c

Nauxiliary = 0

for each constaint ¢ € C do
c.setAuxiliaryIndex (Njacobian + Mauxiliary )
Nauxilicy+ = C.getNumberOfAuxiliaryVars ()

next c

J = matriz(njacobian, 12)
berror = 'UeCtOT(njacobian)
Ntotal = Mjacobian + Nauxiliary
A = matriz (Notal, Meotal )
b = vector (Nt

A = vector(nio)

Alow = vector (Niotal)
Anigh = vector (Mol

B = set of all bodies
Thody = B.size ()
My = matriz(3, 6nsody)
u = vector (6npoay)
T ext = vector (6npoay)
End algorithm

Figure 7.27: Allocate system matrix and setup subblock structure for constraints.
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Algorithm fillIn(...)
C = set of all active constraints
for each constaint ¢ € C do

i = c.getJacobianIndex/()

j'z i + c.getNumberOfJacobianRows ()

Jiin = Ji.g),0..2)

Jin = J.),3..5)

Jing = Ji.j),(6..8)

Jhe = Jii. gy, 0.11) '
.getLinearJacobian_i (Jj,)
.getLinearJacobian_j (Ji,)
.getAngularJacobian_i(J;g)
.getAngularJacobian_j(Jﬁg)
.getErrorTerm (beror,(i..5))
.getJacobianLowLimit (Apw,(i..5))
c.getJacobianHighLimit (Mg, (i..5))

Q00 Qa0

next c
for each constaint ¢ € C do
i = c.getAuxiliaryIndex()
j = 1 + c.getNumberOfAuxiliaryVars/()

Arows = A(i..j),(O..n,‘,u‘lfl)
Acols = A(O“nwml—l),(i..j)
c.getAuxiliaryRowsAndColumns (Arows, Acols)
c.getAuxiliaryLowLimit (Now,(i..5))
c.getAuxiliaryHighLimit (Ayien,(s..5))
c.getAuxiliaryRightHandSide (b, j))
next c
B = set of all bodies
for each body b € B do
i = 6 b.getIndex()
=1+ 6
.getMassInvMatrix (M, (i..i+3,0..2))
.getInertiaInvMatrix (Miy, (i+s..i+5,3..5))
.getLinearVelocity (u ;. i+2)
.getAngularVelocity (% ;4+3..545)
.getExternalForce (feu (i it2))
.getExternalTorque(fﬂu@+&i+@)
.getInertiaMatrix (I)
.getAngularVelocity (w)
Jext,(i43..545)— = w X Tw
next b
End algorithm

O 000000 O0uW -

Figure 7.28: Fill-in data in subblock structure for constraints and bodies.



244

“book” — 2005/9/30 — 1?:44 — page 244 — #256

CHAPTER 7. CONSTRAINT-BASED MULTIBODY ANIMATION

e N

Constraint

index body _i
index body_,j

void evaluate()
bool isActive()

int getNumberOfJacobianRows()
void setJacobianIndex(int)

int getJacobianindex()

void getLinearJacobian_i(matrix)
void getLinearJacobian_j(matrix)
void getAngularJacobian_i(matrix)
void getAngularJacobian_j(matrix)
void getErrorTerm(vector)

int getNumberOfAuxiliaryVars()
void setAuxiliarylndex()
int getAuxiliaryIndex()

void getAuxiliaryRowsAndCols(rows,cols)

void getRightHandSide(vector)

JointMotor Contact Joint JointLimits
LinearMotor AngularMotor LinearLimit AngularLimit
A
Wheel Hinge BalllnSocket Universal Fixed Slider

Figure 7.29: The Constraints Design. Observe the unification of contacts and joints.

update we want to compute a rotation, g, corresponding to the radians traveled around the rotation axis in
the time interval At, that is, the rotation angle 6 is given by

where the rotation axis is

0 = Atllwi, ,

The corresponding quaternion g is then given as

(2]

(7.227)

(7.228)

(7.229)
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This can be rewritten as follows:

[ 0 0
q= _cos <§> , usin <§>] (7.230a)
I 0 i At ||w;
= |cos <—> , Wi sin <ﬁ> (7.230b)
“°\2) il 2
[ . Atflwill,
) Sin —3
= |cos <—> W (7.230c)
2 Jwill,
i sin <At||wi||2>
0\ At 2
2
i At ||w; At [jw;
= |cos <¥> ,%wisinc <¥>] . (7.230e)

Introducing the notation & = At/2, and § = [|w;||, h, we end up with

q = [cos (0) ,w;sinc (0) h], (7.231)
where ,
) 1-Z if|z| <e,
sinc () ~ sin(x)ﬁ 21 . (7.232)
—,—  otherwise.

In order to avoid division by zero we have patched the sinc function around zero by using a Taylor expan-
sion for small values ¢ = 10~*. Furthermore, we want to be able to do both a full finite orientation update
and a partial finite orientation update. We have already taken care of the full finite orientation update, and
for the partial finite orientation update we split the angular velocity vector into a component w fpje along
a specified finite rotation axis 7 ,s, and a component wipgnie Orthogonal to it, that is,

Whinite = ('raxis : wz) T axis» (72333)

Winfinite = Wi — WHinite- (7.233b)
First, a finite update is done with wgyie followed by an infinite update done with winfinite

qi = 94, (7.234a)
¢ = ¢; + AtQWinfinite- (7.234b)

A partial finite orientation update can be useful in a situation like the previously mentioned wheel problem;
we simply set the finite rotation axis equal to the hinge axis. Figure 7.30 shows the pseudocode for the
position update on body B;.
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Algorithm position-update (i, At)
T =17 + Atvi
if finite rotation ontthen
if finite rotation axis on¢?then
Winite = (raxis . UJ'L) T axis
Winfinite =— Wi — WHinite

At = At/2

0 = (raxis - wi) At

gs = cos(0)

Gv = (sinc(0)At) Whnite
else

At = At/2

0 = flwill, * At

gs = cos(0)

Gv = (sinc(0) At) w;
end if
q = g5, @]
qi = q4i

if finite rotation axis on¢?then
qi = Qqi + AtC?i‘—"'inﬁnite

end if

else
g = qi + AtQiw;

end if

normalize (g;)

End Algorithm

Figure 7.30: Position update on ¢’th body.

7.13 Constraint Force Mixing
The constraint equation for a joint has the form
Ju =0b, (7.235)

where u is a velocity vector for the bodies involved, J is the Jacobian matrix with one row for every
degree of freedom the joint removes from the system, and b is the error correcting term.
The constraint forces, that is, the reaction forces from the joint bearings are computed by

F=J"X, (7.236)

where A is a vector of Lagrange multipliers and has the same dimension as b. The Open Dynamics Engine
[ODE, 2005] adds a new twist to these equations by reformulating the constraint equation as

Ju=b— Ku, (7.237)
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Where K . is a square diagonal matrix. The matrix K s mixes the resulting constraint force with the
constraint. A nonzero (positive) value of a diagonal entry of K ¢ allows the original constraint equation
to be violated by an amount proportional to K .ns times the restoring force A. Solving for A gives

Attt _
Mip=ME—_—% _ g7y (7.238)
At
from which we isolate u 2t as
u A = AM I (7.239)
Assuming that the constraint equation holds at time ¢ + At and substituting the expression for u 2+ into
the constraint equation, we get
Ju A = b — K e\, (7.240a)
Ju+ AtTM T ITA = b — Ko (7.240b)
Collecting A terms on the left side we get
TMIT ¢ LK f] A= L (b— Ju) (7.241)
At At ’ '

from which it is clear that the K s matrix is added to the diagonal of the original system matrix.
According to [ODE, 2005], using only positive values in the diagonal of K .nr has the benefit of
moving the system away from singularities and improves factorization accuracy.
This twist of the constraint equations is known as constraint force mixing, and the diagonal entries of
the matrix K ¢ controls the amount of mixing that is done.

7.14 First-Order World

First-order world simulation is greatly inspired by the way Aristotle saw and described the world at his
time. These misconceptions were later rectified by Newton in his three laws of motion. Regardless, a
first-order world is useful in animation for error correction and precise positioning of objects. Aristotle’s
basic views were:

1. Heavier objects fall faster.
2. To keep an object in motion at constant velocity, a constant force is needed.

The problem with the second statement was in not realizing that in addition to the pulling or pushing
force, there are other forces involved, typically friction and air or water resistance. Fortunately, these
misconceptions are of great practical use in computer animation and also in more serious applications
such as virtual prototyping for example, [Redon et al., 2003].
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Figure 7.31: A sequence in a first-order world simulation share two identical objects that are aligned. The
left box is pulled to the right. Observe that both the left and right boxes are equally affected.

2

Figure 7.32: A sequence in a first-order world simulation where two objects of different mass are aligned.
The left box has less mass than the right box. The left box is pulled to the right. Observe that the heavier
box on the right is less affected than light box on the left in comparison with Figure 7.31.

A first-order world is useful due to its controllability. In Newtonian mechanics, objects keep moving or
sliding after user interaction, making it hard to accurately position objects interactively in a virtual world.
On the other hand, in a first-order world, an object would stop immediately after a user stops pushing it.

Ease of interaction can be obtained by merely translating objects, but such an approach does not take
care of the rotational movement induced by collisions, etc. In a first-order world, misalignments between
objects are handled through simulation.

For instance, if a light misaligned object is pushed against a heavy perfectly aligned object, then the
simulation will automatically align the two objects w.r.t. each other. Furthermore, the light object will
be aligned more than the heavier object. Figures 7.31 and 7.32 show a few frames of a first-order world
simulation where two objects are automatically aligned. As seen in Figure 7.31 and 7.32 a first-order
world simulation is well suited for aligning objects and it respects their mass and inertia. This smooth
alignment is very attractive in many virtual environments; this also makes a first-order world simulation
an ideal tool for correcting simulation errors [Baraff, 1995]. An example of this is shown in Figure 7.33.

In a second-order system we have a state function, s(t), for a rigid body

1
, and §(t)= |2

s(t) = (7.242)

ST
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Figure 7.33: First-order world simulation used to correct penetration error. Left shows initial state, right
shows the corrected state. Observe that when corrected, the upper box is both translated and rotated.

where
P -1
v=—, and w=1 "L, (7.243)
m
or equivalently, we have
T v
1
s(t)= 2], and a(t) = 251 (7.244)
m
w I''(r—wx1L)

In a first-order system, the state function for a rigid body simplifies to

s(t) = m and 8(t) = [%I_% ] (7.245)

Observe that the difference is that force relates directly to velocity, that is,

F = mu, (7.246)
T=1Iw. (7.247)

This is the first-order world equivalent to the Newton-Euler equations of motion. Thus, in a first-order
world there is velocity but no acceleration, and first-order worlds are therefore very useful for evaluating
system kinematics. In a first-order system, the dynamics equation F' = mw dictates that objects have no
intrinsic velocity of their own; equivalently, the velocity at any given instant depends completely on the
forces acting at that instant. This means that velocity-based damping and friction are nonexistent in a first-
order world, and that inertial forces due to velocity are absent. As we will see later, these consequences
greatly simplify the contact modeling compared to a second-order world obeying the Newton-Euler equa-
tions of motion.
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7.14.1 Single Point of Contact

Now we’ll study a single point of contact, p;, between two bodies 7 and j. Let r; and 7; be the center of
mass position of the bodies, then the two vectors from the center of mass to the point of contact are found
as

Tki =Py — Ti, (7.248)
Tk = Pp — Tj- (7.249)

The change in velocity of the contact point with respect to each body are

Au; = Av; + Aw; X 14y, (7.250)
A’U,j = A’Uj + ij X Tgj- (7251)

In a first-order world, a change in velocity corresponds to a change in force. For the time being we will
ignore all other forces in the system except for the forces acting at the contact point. This means that the
change in force is simply the force acting at the contact point, and for body j we have

F

Avj = —, (7.252)
mj

Aw; = Ij_l (ry; x F), (7.253)

where F' is the force acting on body 7. Assuming the law of reaction equals action, we must have that the
force on body 1 is given by —F', yielding the following equations for body

Av; = —5, (7.254)
m;
Aw; = —I; ! (ry; x F). (7.255)

Now let us compute the relative change in contact velocity as
u = (Au; — Au;). (7.256)
Substituting previous results yield

u = ((Av; + Aw; x 115) — (Av; + Aw; X Ty5)) (7.257a)
<<£ + (Ij‘l (rrj x F)) x rkj> - <—£ + (=I;! (ry x F)) x rk>> (7.257b)

m; m;

u
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Using the cross matrix notation for the cross products we can isolate F' as

w= <(£ + (17! (rs*F)) rij> - <—£ + (~I;" (rei*F)) r,%-x)) (7.2582)

m; mg
1 1
mj m;
1 1
= <— + —> F— <Tkj><Ij_lTij + ’I‘kiXIi_lTkiX) F (7.258¢)
mj m;
1 1
= <(— + —> 1-— <Tkj><Ij_1Tij + ’I‘kiXIi_lTkiX)> F (7.258d)
m]' m;
K
u=KF. (7.258e)

The matrix K is the familiar collision matrix [Mirtich, 1996], and we have derived the same relationship
between force and contact point velocity in a first-order world as we have done earlier for collision im-
pulses and contact point velocities in a second-order world. Measuring the relative contact velocity in the
normal direction only n, yields

u, =n'u=n’ (KF), (7.259)

and restricting the contact force F', to be parallel to the normal direction is simply
u, = (n"Kn) f, (7.260)

where f is a scalar denoting the magnitude of the force F', and u,, is likewise a scalar denoting the
magnitude of relative contact velocity in the normal direction.

7.14.1.1 Penetration Correction

The previously derived relation (7.260) provides a convenient way for projecting penetrating bodies out
of each other. The idea is as follows: set up (7.260), such that you solve for the force F', which will yield
a change in the relative contact velocity w, that will correct the penetration during the next time-step h.

Let the penetration depth be given by the distance d, then the correcting velocity at the contact points
must be

d
Un = 7 (7.261)
and solving for the correcting force yields
d
h
= . 7.262
/ nTKn ( )

Now use F' = nf in the state function (7.245) to perform a single forward Euler step. This yields a
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position update, which will correct the penetration between the two objects, that is,

ritl =l 4 h@, (7.263)
m;

1,

gt =gt + h§ (I;7! (ris x (=F))) ¢, (7.264)
F

Pt =l 4 h—, (7.265)
m;
1/,

¢ = +h; (Ij L (pgy x F)) g\. (7.266)

In the above we have applied a forward Euler scheme, meaning that we have linearized the sought dis-
placements. The correction is therefore only correct to within first-order, but in practice this is seldom a
problem, since most simulation paradigms try to prevent penetrations, indicating that penetration errors
are likely to be small and only require small corrections.

7.14.1.2 Continuous Motion

The constraint forces needed in a first-order world simulation can also be derived from (7.258e). Taking
external forces into account, say forces F'., and F, and torques 7', and 72, working on bodies i and j
respectively, then it is seen by substituting the forces into (7.257a) that (7.258e) changes into the form

u=KF +b, (7.267)
where b is given by, '
b=~ = =S Tirg X miy — I T X T (7.268)
¥l (2

Here F' denotes the constraint force at the contact point, which must prevent penetration from occurring.
This implies that the relative contact velocity in the normal direction must be nonnegative, since a first-
order world is frictionless. According to the principle of virtual work it makes sense to require that the
constraint force is parallel to the normal direction; also the bodies are allowed to separate, which means
that the constraint force can only be repulsive. To summarize we have

up >0, and f>0. (7.269)

Furthermore, u,, and f must be complementarity, meaning that if u,, initially is greater than zero, then
there is no need of a constraint force, that is,

u, > 0= f=0. (7.270)

On the other hand, if we have constraint force acting at the contact point, then the normal velocity must
be zero, that is,
f>0=u,=0. (7.271)

In conclusion, we discover a linear complementarity condition similar to (7.21).
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7.14.2 Multiple Contact Points

In this section we will extend the machinery for a two body problem to handle an n-body system.
Let uj, denote the change in relative contact velocity and at the k’th contact, then

As previously, we also have
Aw;, = Av;, + Awjy, X Triy s (7.273)
Aujk = A’Ujk + ijk X Tkjk> (7274)

however this time we do not have a single contact force contributing to the k’th contact. To get the total
force and torque contributing to the k’th contact we have to sum over all forces and torques. Using the
indexing introduced in Section 7.1 we write

-k
J
Fey + Zh,jh:jk Fp— Zh,ih:ik Fy

Avj, = : (7.275)
Jk mjk
Awj =L 7l | S wy < Fi | = | Y mwi < Fu | | (7.276)
h, =7k h,in=Jk

where F'j, is the contact force at the ~’h contact point. If we perform the same substitutions as done in the
case of a single point of contact (7.267), then the contributions from the external forces and torques can
be collected in a single vector by. The contribution stemming from the contact forces can then be written

as a linear combination,
up = (Z KkhFh> + by, (7.277)
h

where
m%k + mLk) 1- ("“kijIj_lehij + 'rkikXIZ'_klrhikX) if ip, = iy and jp = Ji,
n;—ilk 1+ TkikXIi_klrhih X) if ip, = ix and jp # J,
P ni—fk 1+ (rag, T Thay, if i, = ji and jp, # ix, .278)
mLik 1-— T'k:ikXIi_kl""hth ifjh = ik and ih 7& jk,
ijk 1- <Tkjk><Ij_kl"°hth) ifjh = jk and in 7& 1k,
0 otherwise.

If we only consider relative contact velocity in the normal direction, and only allow contact forces to be
parallel with the contact normals, then it is easily seen that the equation transforms into

Unp = NEuy, = (Z nl Kpny, fh) + by, (7.279)
h
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where f}, denotes the magnitude of the h’th contact force. The equations for all the relative normal contact
velocities can now be written as in a single matrix equation,

Uno ngKoonO e nOTKOK_an_l fo ngbo
_ : : |+ L |, (7.280)
UK —1 nt Kk iono ... nk Kgx_1x_1mg_1| |fxk—1 nt bk
a A x b
—a=Af+b. (7.281)

This equation is a similar equation to (7.25), and recalling the definition of the contact Jacobian in Sec-
tion 7.7.7 and the assembly process in Section 7.11, we immediately generalize,

A= JcontactM_lJZ;)ntacn (7282)
b= JcontactM_lfext' (7283)

Note that in a first-order world f.,, does not contain inertial forces. An LCP can now be formulated for
the continuous movement of a first-order world as

a>0,f>0, and fla=0. (7.284)
A penetration correcting force can be computed by redefining the b-vector

_dO

b= (7.285)

1 :
A
—drg—1

and then solving the same LCP as we formulated above. For the case of a single-point contact, we could
solve the linear system. But for multiple contact points, the projection of a penetration of one contact point
might fix the penetration of another, and this induces a complementarity condition where there can be no
correcting force if there is no penetration. On the other hand, if there is a correcting force, the penetration
depth must be zero.

7.15 Previous Work

Impulse-based simulation was introduced by Hahn [Hahn, 1988], where time integrals of contact forces
were used to model the interactions. In recent times, Mirtich [Mirtich, 1996] worked with impulse-based
simulation using a slightly different approach, where contact forces were modeled as collision impulse
trains. Hahn’s and Mirtich’s work represent two different ways of thinking of impulse-based simulation:
as a time integral and as a sum of delta functions approximating the corresponding time integral. Mirtich’s
work led to a new simulation paradigm as discussed in Chapter 6. Hahn’s work could be interpreted as an
early predecessor to the velocity-based formulation.
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Stewart and Trinkle [Stewart et al., 1996, Stewart et al., 2000, Stewart, 2000] made a new impulse-
based method. Their method is now known as Stewart’s method. Like Hahn’s method, Stewart’s method
also computes the time integrals of the contact forces, and it has since inspired many: Anitescu and Potra
[Anitescu et al., 1997] extended the method to guarantee existence of the solution; Sauer and Schomer
[Sauer et al., 1998] extended with a linearized contact condition; Song et al. [Song et al., 2003] used a
semi-implicit time-stepping model for frictional compliant contact; and most recently, an implicit time-
stepping method for stiff multibody dynamics by Anitescu and Potra [Anitescu et al., 2002] and Hart and
Anitescu introduced a constraint stabilization [Hart et al., 2003] method.

Even though Stewart’s method is an impulse-based method, it looks and feels like a typical constraint-
based method, such as the one formulated by Baraff [Baraff, 1994, Baraff, 2001], Trinkle, Pang, Sudarsky,
and Lo [Trinkle et al., 1995], Trinkle, Tzitzoutis, and Pang [Trinkle et al., 2001], and Pfeiffer and Glocker
[Pfeiffer et al., 1996a]. These are termed force-based formulations and Stewart’s is termed an impulse-
based or velocity-based formulation.

Stewart and Trinkle originally used position constraints in their formulation; these position constraints
ensure nonpenetration, but suffer from existence problems unless all contact normals are linearly indepen-
dent.

Anitescu and Potra’s velocity-based formulation always guarantees a solution, but there is one draw-
back: penetrations might occur when the system moves along concave boundaries of the admissible region
in configuration space. Another side effect from the velocity-based formulation is that special attention
must be added to separating contacts moving toward each other. If these are present, they will be treated
as if they were in colliding contact; this could leave objects hanging in the air. Anitescu and Potra pro-
pose a time-stepping algorithm that correctly handles this side effect, but other authors tend to forget the
problem.

Stewart and Trinkle suggest that simple projection can be used to eliminate this problem, but care
must be taken to avoid losing energy in the process. However, they do not mention how one should do the
projection.

Stewart and Trinkle [Stewart et al., 2000] suggest using contact tracking (it could be coined “retroac-
tive detection” as well) to avoid the problem of explicitly determining all potential active contact con-
straints. That is, once a solution is found, the constraints at time ¢ + At are checked. If any one is found
to be violated it is added to the set of active contact constraints and the problem is resolved once more.
This of course, increases the amount of computations; often this is undesirable. For instance, in the Open
Dynamics Engine, a fixed time-stepping advancement is chosen and any errors occurring are reduced by
using penalty forces. The strategy is: don’t try to prevent errors, but fix or reduce them if they occur.
Another issue (which is not obvious, at least to us) is: is it possible to use a retroactive detection of con-
tact constraints when we know there is a problem with concave boundaries of the admissible region of
configuration space?

Sauer and Schomer [Sauer et al., 1998] use a linearized contact condition; they say this is for potential
contact constraints and they require the assumption that during their fixpoint-iteration contact constraints
do not change topologically, i.e., (F, E) — (V, E). It is not obvious to us why this is required.

In the summary section of Stewart and Trinkle’s paper [Stewart et al., 2000], there are some thoughts
on how their method can be extended to handle a nonzero coefficient of restitution. They suggest stopping
at collision times, which in our opinion is not an attractive choice. Actually their thoughts are based on the
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work by Anitescu and Potra. In the Open Dynamics Engine a slightly different approach is used similar
to [Baraff, 1989].

b e
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Deformable objects cover all object types that are not rigid, and thus span a wide range of different
object types with different physical properties, such as jelly, cloth, biological tissue, water, wind, and fire.

Deformable objects are considered more difficult to deal with than rigid body simulation for several
reasons. First, is the complexity of variables needed to describe the motion of a single object exploded
in magnitude compared to a single rigid object. For a rigid object, only the motion and orientation of
its center of mass are needed; for a deformable object every little particle needs to be described. Sec-
ond, since deformable objects could potentially self-intersect, both the geometric problem of detecting
self-intersections and the collision resolving are unpleasant problems to deal with. Third, the physics of
deformable objects is described by a constitutive law describing relationships between physical properties
inside the object, such as stress and strain. Although a constitute law often can be recognized as New-
ton’s second law of motion, a student often needs to learn a multitude of new mathematical notations,
terminology, and physical properties, such as calculus of variation, stress, strain, etc., in order to master
its application to deformable objects.

The dynamics of deformable objects have been well known by physicists for the last 200 years or
so. The mathematical models are well developed and the engineering community has been simulating
computer models of deformable objects almost since the beginning of computers. Compared with this
long history, it is not until recently that physically based animation of deformable objects has been in-
troduced to the computer graphics community by the pioneering work of Terzopoulos ef al. in 1987
[Terzopoulos et al., 1987].

Computer animation differs from traditional engineering applications in several aspects. First, the
computational resources are low and the demand for fast performance and high visual details are weighted
much higher than accurate computation. Second, computer animation is more concerned with showing
interesting motion such as object deformation or fracture, than with the end results. Computational grids
in computer animation are extremely coarse compared to the grids used in engineering, and stability and
robustness is strongly favored over accuracy and precision. Consequently, computer animation is often
based on implicit time-stepping methods with large time-steps, rather than explicit methods with small
time-steps as preferred in engineering disciplines. Finally, computer animation is about making tools such
as Maya® or 3DMax® for artistic and creative people, which have little respect for the real world. That
is, a material may be given unrealistic properties, which produce an entertaining motion on a computer
screen, but which do not correspond to any existing materials. Furthermore, objects may be forced into
unnatural poses, simply because the poses are funny. The implication is that although physics-based
animation uses physics as its foundation, physics-based animation must be able to cope with unphysical
situations robustly.

In the beginning, people used rather simple constitute models in computer animation. Simple lin-
ear models between stress and strain of isotropic materials were applied. The quest for higher realism
has moved the computer graphics community toward more advanced constitute models, since in anima-
tion large deformations are sought, and materials found in nature exhibit complex nonlinearities under
large deformations. Recently, there has been an increased focus in the computer graphics community
on improved handling of large deformations. The constitutive laws are often solved on mesh grids, but
simulating large deformations can severely damage the integrity of a mesh grid. For instance, mesh ele-
ments can be inverted or entangled. There have been attempts to remodel the underlying physical models
by introducing force-terms that counter these effects, or strategies for dynamically remeshing or simply
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Figure II.1: Analysis process in computational mechanics.

deleting erogenous mesh elements. However, many of these solutions exhibit visual artifacts, such as
mesh elements that pop out during simulation.

Deformable objects in computer animation have found their way to the movie theater: movies such
as Monsters Inc.® use implicit constraint-based cloth animation [Baraff et al., 1998] with untangling of
mesh elements [Baraff et al., 2003b], Phantom Menace® uses a guaranteed non self-intersecting time-
stepping method for cloth animation [Bridson et al., 2002], and The Rise of the Machines® used a fold
preserving and increasing method [Bridson et al., 2003]. In computer games methods based on over-
relaxation have become widely popular [Jakobsen, 2001].

The scope on the theory of deformable objects in this book is to establish the basic foundation. Our
main intention is to focus on describing the constitutive models and their implementation. We refrain from
the problems of mesh inversion and entangling and refer the interested reader to [Irving et al., 2004] and
[Baraff et al., 2003b].

The field of mechanics can be divided into four different subparts: theoretical, applied, computa-
tional, and experimental. In theoretical mechanics, the fundamental laws and principles of mechanics
are studied. In applied mechanics, the theory is applied to science and engineering applications by con-
structing mathematical models of physical phenomenon. In computational mechanics, actual problems
are solved by combining the mathematical models with numerical methods, leading to an implementation
on a computer that is then simulated. In experimental mechanics, observations of the physical laws, the
mathematical models, and the numerical simulations are compared. In computer animation, the field of
computational mechanics is used together with a plethora of simplifying assumptions that lead to faster
simulations.

The field of computational mechanics is highly interdisciplinary. It uses applied mathematics and nu-
merical analysis, computer science, and theoretical and applied mechanics to arrive at a discrete model
that can be solved on a computer. The analysis process that leads to a discrete model is illustrated in Fig-
ure II.1. Going from a physical system to a mathematical model is a process known as idealization. This
stems from the fact that the real world is seldom ideal, especially when trying to express a phenomenon
as a mathematical equation. The problem is expressed in an ideal situation that allows it to be formulated
mathematically. Discretization is the process of reducing the continuum of the mathematical model to a
finite algebraic system. In Figure II.1 three subpaths are shown at the discretization: Strong form (SF),
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Figure I1.2: Discretization of strong form, variational form, and weak form.

Weak form (WF), and Variational form (VF). Strong form is a system of ordinary or partial differential
equations in space and/or time together with a set of boundary conditions. It is called strong because the
system is satisfied at each point of the problem domain. Weak form is a weighted integral equation that
relaxes the strong form in a domain-averaging sense. Variational form is a functional whose stationary
conditions generate the weak and the strong forms. Variational calculus is used to pass from one form to
another: strong to weak form, or the other way around, variational to weak form, or variational to strong
form. Going from variational to strong form is essentially what is taught in variational calculus, whereas
the inverse problem of going from strong to variational form is not always possible. However, sometimes
it can be done, as will be shown for a simple example below.

Problems stated in strong form are a well-established part of calculus and mathematical physics. As
an example, Newton’s second law F' = ma is a strong form equation. The reason that the variational and
weak forms are used instead of the strong form is the following: a variational form functionally expresses
all properties of a model: field equations, natural boundary conditions, and conservation laws. The func-
tionals are scalars and therefore invariant to coordinate transformations, so variational form transforms
between different coordinate systems. Both variational form and weak form are used in discrete meth-
ods of approximation on computers. Variational form and weak form characterize quantities like mass,
momentum, and energy. Variational form and weak form lead naturally to conservation laws. Varia-
tional form and weak form systematize the treatment of boundary and interface conditions with discrete
schemes.

The continuum mathematical models in strong form, variational form, or weak form initially have an
infinite degree of freedom. The discretization process reduces this to a finite set of algebraic equations
that can be solved in reasonable time. The discretization process for the different forms leads to different
approximation methods as characterized in Figure I1.2. The strong form is usually discretized using the
Finite Difference Method (FDM) where the derivatives are replaced with differences. This is an easy
process for regular domains and boundary conditions, but becomes complicated for arbitrary geometry of
boundary conditions. The weak form is discretized using the Weighted Residual Method. This consists
of a lot of subclasses with names like Galerkin, Petrov-Galerkin, Subdomain, Finite Volume Method, and
Method of Least Squares. All these subclasses are called trial function methods. The weighted residual
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method gives approximate solutions everywhere in the domain. In earlier times, the weighted residual
method was solved by hand but the invention of the Finite Element Method (FEM) made a computer
implementation possible. The variational form is discretized using the Raleigh-Ritz method, which is a
special subclass of the Galerkin weighted residual method. Originally, the finite element method was
developed in this way.

To illustrate the different terminology introduced above, consider the following simple example. Let
y = y(z) be a function satisfying the following ordinary differential equation

y'=y+2, 0<zx<2 (IL1)

This is a strong form since the ordinary differential equation (ODE) is to be satisfied at each point in the
problem domain =z € [0,2]. Equation (II.1) alone is not sufficient to specify a solution. It needs to be
paired with a set of boundary conditions. Two examples are

y(0) =1, y(2) =4, (I.2a)
y(0) =1, y'(0) = 0. (I1.2b)

Equation (II.1) together with the boundary conditions specified in (II.2a) defines a boundary value problem
(BVP), which typically models problems in space. Equation (II.1) together with the boundary conditions
specified in (I.2b) defines an initial value problem (IVP), which typically models problems in time.

Consider the boundary value problem consisting of (II.1)) and (II.2a). This is the top box in Figure I1.3.
The residual is defined as r(z) = y” —y—2. The strong form in (I.1) is equivalent to r(x) = 0,Vz € [0, 2].
The residuals for the boundary conditions can be written as 7o = y(0) — 1 and ro = y(2) — 4.

Now, multiply the residual r(z) by a weighting function w(x) and integrate over the domain [0, 2],
multiply rq, r2 by weights wg, wo, and add them to get

2
/ r(x)w(x)dr + rowy + rowy = 0. (I1.3)
0

The problem is now on weighted integral form, which is a weak form. The reason for calling it weak is
that functions other than (II.1) with boundary conditions (II.2a) may satisfy the weak form in (II.3). This
is shown in the top part of the middle box of Figure II.3.

If the weight functions w, wq, wy are written as variations of functions v, vg, vo, the weak form in
(I1.3) is converted to the variational statement

2
/ r(z)ov(x)dx 4+ rodvg + redve = 0, (IL.4)
0

where ¢ is the variation symbol. The functions v are called test functions. This is shown in the bottom
part of the middle box in Figure I1.3.
For this example, the inverse problem of variational calculus has a solution. The functional

1

2

1

Jlyl = / [5 (y")? - §y2 + 2y | dz, (IL5)
0

restricted to y’s that satisfies the boundary value problem is stationary in a variational calculus sense.
Equation (II.1) is called the Euler-Lagrange equation of the functional in (IL.5). This is shown in the
bottom box of Figure II.3, which is now completely described.
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Figure I1.3: All the forms used in the simple example.
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Particle Systems

Farticles are the easiest objects to animate. They are objects that have position, velocity, and mass, but
no spatial extend, i.e., neither moment of inertia nor torque. Particles have been used to animate a large
variety of behaviors, such as gases, water (see Chapter 11), fire, rubber, clothes, flocking, rigid bodies,
etc. Several sections in this chapter are given in the spirit of [Baraff et al., 2003a, Baraff et al., 1998].

8.1 Newtonian Particle Systems

Newtonian particles are the most common and are governed by Newton’s second law
f=misi=f/m, (8.1)

2
where 7(t) = [x1, 29, 23]7 is the position of the particle at time ¢, and # = [#1, &9, #3]7 = %(t—) is the

instantaneous acceleration of the particle. The equation, #+ = f/m, contains a second-order derivative,
hence it is a second-order differential equation. First-order equations are the simplest to solve, and any
linear higher-order differential equations can be converted to a system of coupled first-order differential
equations.

Newton’s second law (8.1) is converted into two coupled first-order differential equations by projecting
the particles into phase space where a point in phase space is denoted by its position and velocity:

o= ][

The velocity is naturally found as the instantaneous change of position, 7 = v = d:l—y), and when r € R3

as typical in 3D computer graphics, then v € R?, and hence p € RS.
The second-order differential equation is changed into two first-order differential equations, one for r
and one for v, which are coupled through 7 = v. The instantaneous change is thus

o-[3-[1- £

In a simple explicit solution of this system of first-order differential equations, the velocity at time ¢ is
used to update the particle position for time ¢ + h, while the acceleration at time ¢ is used to update the
particle velocity for time ¢ 4+ h. Hence, the effect of setting forces at time ¢ will first have an influence on
the particle’s position at time ¢ + 2h. This will be discussed in detail in the following sections.

265
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8.2 Solving Ordinary Differential Equations

For a system of particles, we assume that the forces are given for all relevant interactions and positions,
therefore we know the accelerations acting on any particle at any time. We will also assume that the initial
positions and velocities for all particles are known. The problem is now an initial value problem on the
form p(t) = F(p(t)) under the condition p(ty) = po = [ro,70]’, where we wish to solve for some
t > 0. Most initial value problems in particle animation do not have a closed form solution; instead they
must be solved by discrete approximations, such as Euler’s explicit or implicit scheme. These techniques
are discussed in detail in Chapter 23. The simplest method for solving first-order differential equations is
by explicit Euler integration; this is the only method that we will discuss here.
Assume that time is discretized as follows:

tig1 =h+1;. (8.4)

A second-order accurate approximation of the position at time ¢; is given by the first-order Taylor Series

p(tit1) = p(ti) + hp(t:) + O(h?). (8.5)
Since we know the initial value of p(tg) and since we know F(p(t)) = [, £(t)/m]T, then we may
approximate p(¢1) as
p(t1) ~ p(to) + hF(p(to)), (8.6)
which is equivalent to
T1 To fo
R h . 8.7
=Bl Lmd o7
The following steps are thus calculated as
Ti+1 T; T'z
. ~ |, h . 8.8
wnl =)L) oY

It should be noted that there is a time difference between the solutions of the position and velocity differ-
ential equation, since the velocity calculated at time ¢; is used to update the position of the particle at time
t;+1. This is the price paid for solving higher-order differential equations as a system of coupled first-order
differential equations, and for animation purposes it is usually not a problem. Explicit Euler solutions to
ordinary differential equations are very simple to implement, and it is very fast to compute each iteration.
However, they are neither stable with respect to large steps, h, nor very accurate, which is demonstrated
in Figure 8.1. Figure 8.1(a) shows the iso-energy values of a rotational symmetric system. Assuming that
the speed is initially zero, then the correct solution would be the particular circle that the particle was
positioned on initially. However, the second-order Taylor approximation extrapolates the solution with a
finite step size, which implies that the particle will leave whichever circle it is currently on. Instability
is demonstrated in Figure 8.1(b). Again, assuming that the initial speed is zero, then the correct solution
is the iso-energy lines shown in the figure and the correct solution is the convergence of the particle on
the center horizontal line. However, if the step size is set too high, then the particle will diverge in this
particular example, since the Taylor approximation will extrapolate to positions with increasing forces.
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Figure 8.1: Euler’s method is neither accurate (a) nor stable (b).

The phase-space solution to the second-order differential equation simultaneously solves for position
and velocity. Using first-order Euler integration,

i) = o] -+ ) oo

Verlet [Verlet, 1967] suggested simplifying using the approximation,

r(t— h) = r(t) — ho(t) + %h%(t) +Oh?) (8.92)
= w(t) = W + %ha(t) +O(h?), (8.9b)

which may be inserted into a second-order integration

r(t+h) =r(t) + ho(t) + %hQa(t) +O(h?) (8.10a)
= —1(t — h) + 2r(t) + h%a(t) + O(h3). (8.10b)

This is called Verlet integration. A consequence of the scheme is that velocity is represented implicitly by
the previous and current positions.

An important part in physics-based animation is collision detection and response. A particularly
simple solution exists for Verlet integration, since Verlet integration does not store velocities. Hence, when
a particle is found to penetrate an obstacle, then a simple collision response projects out of the obstacle
along the shortest path. The cancellation of the velocity normal to the obstacle surface is thus automatic
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Figure 8.2: A particle trajectory colliding with a wall. When a particle moves into a wall, it is projected
the shortest distance out again.

in Verlet integration as illustrated in Figure 8.2! The idea was introduced to the graphics community
by [Provot, 1995] and discussed in [Baraff et al., 1998]. Later [Wagenaar, 2001] extended the method,
which was put to use in [Jakobsen, 2001]. In the graphics community, the idea was extended into the
impulse-based domain of cloth simulation by [Bridson et al., 2002]. With some freedom of interpretation
you could even claim that the shock propagation from [Guendelman et al., 2003] is related to this way of
thinking about constraints.

8.3 Hooke’s Spring Law

The motion of two particles connected with a spring is governed by Hooke’s Spring Law (Robert Hooke,
1635-1703), and it is given as

mzxz = ](IS (IL’]' — :ZIZ) and mjij = —ks (.Tj — :ZIZ) . (811)

where k is the spring coefficient, and where we have aligned the x-axis of the coordinate system along
the spring. This may be reformulated as

1 1
=k <_ + _> P (8.12)

m; m;
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m;m;
my +7’I’JLJ
is essentially a one-object harmonic oscillator harmonic oscillator as discussed in Section 22.4. A one-
object harmonic oscillator, such as a single particle connected to a wall with a spring may be described as

using r = z; —x; and p = and is called the reduced mass. Hence, Hooke’s undamped spring law

fepring = —ksT. (8.13)
Newton’s second law of motion of a particle with mass m is then
mi = —ksx = mi+ksax=0, (8.14)
and the analytical solution may be found to be
x = Bsin (wot) + C cos (wot) (8.15a)
= Acos (wot + ¢) . (8.15b)
The natural frequency is given as, wg = %, B and C are constants determined by initial conditions,

and ¢ is the corresponding phase.

The harmonic oscillator will continue its movement indefinitely unless it is interfered with by other
objects. This is unrealistic, since in the real world, springs lose energy due to the production of heat
through the movement itself and air friction. This dissipation of energy is often modeled using a damping
viscosity force

Fdamping = _kdjjy (816)
which implies that
mi = —ksx — kgt (8.17a)
= mi + kgt + ksx =0 (8.17b)
k k
=i+ Li+ =0, (8.17¢)
m m
for which the analytical solution is
= Aexp (—%t) cos (wit + @), (8.18)
using
k b ~2
2 _ ~ _ Y — 2_ 1 8.19
Wo m7 v m7 w1 C0) 4 ) ( )

and A and ¢ are constants determined from initial conditions. Solutions are only real valued when w3 —
2 i . ,
I > 0. Writing the damped harmonic oscillator as

x = A(t)cos (wit + ¢) = Aexp (—%t) cos (w1t + @) (8.20)

and comparing to the undamped harmonic oscillator (8.15b), we see that

o the amplitude of the damped oscillator is exponential decaying.

o the frequency wy of the damped oscillator is less than the frequency, wy, of the undamped oscillator.
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Figure 8.3: An energy function and the corresponding potential field. The positive slope acts as an attractor
and the negative slope is a repellent.

8.4 Particle Forces

The behavior of particles is controlled through the forces f. Typical forces are potential forces, which
are gradients of energy functions. An example of an energy function and its potential field is shown in
Figure 8.4. If no other forces are acting on the particle, then it will follow curves, where the potential field
on every point on the curve is tangent to the curve.

Farticle systems are conceptually simple; there are many systems, that with clever applications, make
use of only a few types of force fields. These are usually grouped into the following categories: unary
forces, which act independently on each particle, for example,

Gravity
0
F=1-9|, (8.21)
0
Viscous Drag
= —kar, (8.22)
Air Drag
F=—ka|r|,r, (8.23)

where the second coordinate is assumed to be the vertical direction, g is the gravitational strength, and k4
is either the viscosity or air friction coefficients; N-ary forces which are the interaction between groups of
particles, for example,
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fc, a b fd

Figure 8.4: An example of a system of particles, where two particles, a and b, are connected to each other
and immobile points of a wall at ¢ and d. All forces are spring or gravity forces.

Hooke’s Law for Damped Spring

1-1] 1
fo=—fr=- [ks(lll - R)+ de] ik (8.24)

where a and b are two particles connected with a spring, k is the spring constant, 1 = r, — 7 is the vector
connecting the two particles, 1 = v, — v} is the vector of instantaneous change, and R is the length of
the spring at rest. The final category is spatial interactions, which are interactions on single or groups of
particles that depend on their spatial position. Some of these forces are illustrated in Figure 8.4

8.4.1 Deformable Surfaces

Classically, cloth was modeled by using mass-spring systems [Provot, 1995]. These are essentially particle
systems with a set of predefined springs between pairs of particles. The cloth is modeled as a regular 2D
grid where the grid nodes correspond to particles. The cloth can be animated by moving the particles,
which will deform the regular grid.

Springs are not created at random between the cloth particles, but a certain structure is used to mimic
cloth properties. Three types of springs are used: structural springs, shearing springs, and bending springs.
These spring types are illustrated in Figure 8.5.

Structural springs are created between each pair of horizontal and vertical particle neighbors in the
regular 2D springs. The purpose of structural springs is to resist stretching and compression of the cloth.
This kind of spring is usually initialized with very high spring coefficients and with a rest length equal to
the interparticle distance.
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Structural + Shearing + Bending = Cloth Mass
Springs Springs Springs Spring System

Figure 8.5: Structural, shearing, and bending springs in a cloth mesh.

Shearing springs are used to make sure that the cloth does not shear, i.e., a square piece of cloth
should stay squared and not turn into an oblong diamond shape. The spring coefficient of these springs is
usually set less than the structural springs. Shearing springs are created between diagonal direction in the
regular grid. Thus a particle at grid location (i, j) will have shearing springs to particles at grid locations:
(i+1,7+1),6G+1,j—-1),(¢—1,74+1),and (: — 1,5 — 1).

Bending springs are inserted to make sure the cloth will not have sharp ridges when folded. These
springs are usually not very strong, since natural cloth does not strongly resist bending. The springs
are created along the horizontal and vertical grid lines, but only between every second particle. That is,
particles at grid location 7, j are connected with bending springs to particles at grid locations: (i + 2, j),
(i—2,7), (1,7 +2),and (i,5 — 2).

It is straightforward to create these springs for a rectilinear grid of particles and it offers an easy way
to model a rectangular piece of cloth. Spring coefficients can be tuned to model different kinds of cloth
types: cotton, polyester, etc., as discussed in [House et al., 2000].

One deficiency with modeling cloth this way is that it is limited to rectangular pieces of cloth. This is
very limiting when, for instance, modeling animation cloth on an animated person. Nevertheless, we will
focus on a generalization made in [OpenTissue, 2005], which can be applied to unstructured meshes such
as arbitrary triangle meshes.

The generalization is based on the observation that structural springs correspond to a 1-neighborhood
stencil in the rectilinear grid; shearing and bending springs correspond to a 2-neighborhood stencil. Simi-
lar neighborhoods can be defined in an unstructured mesh. We let the vertices of the mesh correspond to
particles, the cost of every edge in the mesh is set to 1, and for each particle the shortest paths to all other
particles is computed. If we want to create 1-neighborhood-type springs, then springs are created to all
particles having a cost less than or equal to 1. If we also want to add 2-neighborhood-type springs, then
springs are created to all particles with a cost less than or equal to 2. 3-neighborhood springs and so on
are created in a similar fashion. Figure 8.6 illustrate the springs created for a single chosen vertex.

Generally speaking, the larger the neighborhood size used, the more rigid the resulting object appears
to be. In fact, if the neighborhood size is large enough, springs will be created between every pair of
particles in the mesh, and if the spring constants also are large, then the object will appear completely
rigid. Thus we refer to the neighborhood size as the rigidity factor. The spring creation method was
named surface springs in [OpenTissue, 2005].
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(a) 0 neighborhood (b) 1 neighborhood (c) 2 neighborhood

Figure 8.6: Surface springs (thick lines) created for a chosen mesh vertex.

The path cost computation can be implemented elegantly by performing a breadth-first traversal on
each particle in the mesh. Once the traversal reaches particles lying further away than the rigidity factor,
the traversal is stopped. Figure 8.7 illustrates a pseudocode implementation of the breadth-first traversal
algorithm for creating surface springs. Observe that creating a rectangular mesh and applying the surface
spring creation method with a rigidity factor of two, will yield the traditional cloth mesh. In Figure 8.8 are
examples of a cow with rigidity factors 1-3, and in Figures 8.9-8.11 is the animation when the cow falls
under gravity.

8.4.2 Deformable Solids

The spring modeling ideas introduced in the previous section can be extended from surfaces to solids. For
instance, given a 3D rectilinear grid, structural, shearing, and bending springs can be extended straightfor-
wardly to the 3D case. However, one needs to consider spatial diagonals as well as shearing diagonals.
Shearing diagonals will prevent area loss; spatial diagonals will counteract volume loss. The general-
ization to unstructured solid meshes is also easily performed with the so-called volume mesh, such as a
tetrahedral mesh. The algorithm shown in Figure 8.7 can be applied unchanged to this type of mesh. In
Figure 8.12 is the cow simulation for an unstructured mesh.

Unfortunately, in practice a rectilinear grid or a volume mesh of the solid is not always available, but
instead a 2D surface mesh of the object is given. To make a solid mesh, a voxelization of the interior of the
surface could be performed and the resulting voxels could be used as a basis for creating a rectilinear grid
structure resembling the solid object. To keep particle and spring numbers as low as possible, a coarse
voxelization is often applied. The surface mesh can then be coupled to the grid-structure by initially
mapping each vertex into the grid-cube containing it. During animation, the vertex position can be updated
when the rectilinear grid deforms by using trilinear interpolation of the deformed positions of the grid
nodes of the containing grid cube. The mesh coupling idea is a well-known technique for deformable
objects [M.Miiller, 2004b, M.Miiller, 2004a].
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algorithm create-surface-springs(rigidity, mesh)
for each vertex V of mesh
S = empty set of vertices
traverse(V, V, 0, S)
for vertices in S unmark them
next V
end algorithm

algorithm traverse(V,A,distance, S)
if distance >= rigidity then
return
S = S union A
mark A
for each edge E of A do
let B be other vertex of E
if B not marked then
if not exist spring (A,B) then
create spring(A,B)
end if
traverse (V,B,distance+1,S)
end if
next E
end algorithm

Figure 8.7: Pseudocode for breadth-first traversal creation of springs in a mesh.

In [Jansson et al., 2002b, Jansson et al., 2002a] it is shown how spring models can be modeled based
on rectilinear grids. Furthermore, a mesh-coupling technique is adapted, although in their approach only
structural springs are initially created. During animation it is tested whether particles come too close,
i.e., whether the interdistance between particles drops below a user-specified threshold. In that case, a
spring is created dynamically on the fly and kept active until the interparticle distance is increased beyond
a spring-breaking threshold distance specified by the end user.

A solid model can be created from the surface mesh by clever insertion of springs. This approach has
been explored in [Mosegaard, 2003], where a cone-based spring creation method was presented. The idea
herein is readily generalized to create volume preserving springs for surface meshes. Such a generalized
approach will be presented in the following.

Given an unstructured surface mesh, we let the vertices denote particles. Initially angle-weighted
vertex normals [Aangs et al., 2003] are computed. These normals are favored, since they are independent
of the tessellation of the mesh. For each vertex a cone is created, the cone will have apex at the vertex
position, and the angle-weighted vertex normal will denote the cone axis. Next, all other vertices are tested
for inclusion inside the vertex cone. For each vertex found inside the cone, a spring is created between the
apex vertex and the contained vertex. The idea is illustrated in 2D in Figure 8.13.

The cone angle works as a rigidity factor in very much the same way as the neighborhood size used
previously. The larger the angle, the more springs will be created, and the surface mesh will have more
resistance toward collapsing. The creation method is independent of the specific tessellation. Even meshes
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Figure 8.8: A cow setup with rigidity factor equal to 1-3 from top to bottom. Simulations are shown in
Figures 8.9-8.11 respectively.

with faulty topology can be handled, since only vertex positions are used.

One drawback with this spring creation method is that if the cone angle is too small, it may occur that
no vertices are found to lie inside the cone angles, and an insufficient number of springs will be created.
One possible remedy of this problem is to make the cone angle adaptive; for instance, dependent on the
local surface curvature, i.e., the angle is inverse reciprocal to the largest principal curvature or the like.

A computational cheap alternative to the spring cone creation method is to use an inward mesh extru-
sion instead. Here an inward mesh extrusion is performed, for instance, by shrinking the original mesh
by moving vertices inward along vertex normal directions. It is advantageous to use a vertex normal
definition that determines normals independently of mesh tessellation [Aanzs et al., 2003]; the extrusion
lengths can be computed to ensure non-self-intersections as done in [Erleben et al., 2004].

Having obtained the extruded mesh surface, it is now a simple matter to create springs based on mesh
connectivity

and pairing extruded vertices with their originals. This is illustrated in Figure 8.14, where it can be
seen how to create structural and shearing springs.
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Figure 8.9: A cow being deformed under gravity with rigidity factor equal to 1. Compare with Figures 8.10
and 8.11

Compared with the other methods for solids, this method has the advantage of being simple to im-
plement and very fast. Furthermore, since only a minimum of internal particles are created (vertices of
extruded surface), the method has a performance advantage compared to the voxelization approach de-
scribed previously.

It should be noted that a voxelization approach often requires a watertight surface mesh; otherwise the
voxelization may be error prone. Methods do exist [Nooruddin et al., 2003] using layered depth images
(LDI) for creating binary images that can be used for repairing a polygonal mesh or moving least squares
approaches [Shen et al., 2004], which creates implicit surface models.

It may be more attractive to be able to work directly on a degenerate mesh, i.e., one with topological
errors, such as edges having more than two incident neighboring faces. Especially, graphics artists or
content creators are famous for producing meshes, which are a very poor starting point for creating a
model for a physical simulation. Thus, to circumvent these problems, one approach is to accept life as it
is, and simply use methods that are robust and stable toward artistic errors in visual content. The cone-
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Figure 8.10: A cow being deformed under gravity with rigidity factor equal to 2. Compare with Figures 8.9

and 8.11
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Figure 8.11: A cow being deformed under gravity with rigidity factor equal to 3. Compare with Figures 8.9

and 8.10
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Figure 8.12: Simulation using springs created from cubes in a voxelization of a cow mesh.

based spring creation method and the breadth-first traversal spring creation methods can both be used on
such faulty meshes. Whereas the other spring creation methods often rely on a perfect error-free mesh,
sometimes even a watertight mesh.

8.4.3 Deformable Plants

More organic-like shapes such as plants and trees are also easily modeled by particle systems with clever
spring creations.

A simple straw of grass may be modeled as a string of particles like pearls on a string. Structural
springs and bending springs are inserted to provide the string with stiffness as shown in Figure 8.15.
The same principle can be applied to model ropes, grass, and hair. If more stiffness is wanted, more
springs can be created in a similar fashion to using 3- and 4-neighborhoods etc. Another possibility is to
introduce angular springs. Here a rest angle, 0., is assigned between the two lines running through three
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normal

Figure 8.13: Angle-weighted cones used for creating springs, which add internal structure to a surface
mesh.

consecutive neighboring particles. During simulation, the current angle, 6, is computed and an energy
function can be designed as £ = —%k(@ — Brest)?, where k is a kind of spring coefficient. The negative
gradient of the energy function yields a restoring penalty torque that can be applied to the particles. In
Section 8.5, we will show how energy functions can be designed in a general way and used to add forces
to the particles.

If more complex structures are needed, branches can be added to the model to give a treelike effect.
However, extra springs must be inserted between the branches and the tree trunk. This schematic is shown
in Figure 8.16. In order to appear realistic in a real application, the above particle models must be rendered
properly. For the treelike model, a mesh coupling similar to traditional skin-deformation can by used to
model the geometry of the trunk and branches. Leaves and finer structures are more easily handled by

(a) Original Surface (b) Inward Extrusion (c) Structural Springs (d) Structural and
Mesh Shearing Springs

Figure 8.14: Spring creation based on inward mesh extrusion. Springs are shown as thickened lines.
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O

Structural Bending Grass
Springs Springs Straw

Figure 8.15: A simple grass straw mass-spring model.

Figure 8.16: A simple tree mass-spring model. Notice springs between branches and trunk.

adding small texture maps (also known as billboards) attached to particles.

8.4.4 Pressure Forces

Pressure forces are based on traditional thermodynamics, and they can by used to model balloonlike ob-
jects, which are often called pressure soft bodies [Matyka et al., 2003]. Such objects allow for interesting
effects such as inflation, or creating fluffy looking deformable objects, as shown in Figure 8.18.

Initially, a particle system based on a watertight two-manifold is set up; for instance, by creating
surface springs using the method for unstructured meshes outlined in Section 8.4.1.

From physics, it is given that the norm of a pressure force F' acting on a surface is given as the
pressure, P, divided by the area, A, of the surface, that is,

P
1Fl, = 1 (8.25)
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The direction is given by the normal, n, of the surface, that is, F' = (P/A)n.

We will assume that the pressure inside the object is evenly distributed, which is a good assumption
for systems in equilibrium. The assumption implies that each face on the surface of the unstructured mesh
is subject to the same pressure. Thus, if the area of the i’th face is A;, then the magnitude of the force
acting on that face is given by P/A;. However, our particles correspond to the vertices of the mesh, so
in order to distribute the force acting on the face to the vertices, we assume that the face force is evenly
distributed to each vertex of the face. Thus, for C; vertices on the face, for the j’th vertex of the face the
force f; is added

P

" A, Cy

where n; is the normal of the vertex. Of course, this is not entirely physically accurate, but for fine
tessellated objects with good aspect ratio, i.e., no slivers or obscured triangles, this is a fairly good ap-
proximation. In practice the error does not affect the aesthetics of the motion, and a plausible balloonlike
effect is easily achieved.

The only problem with the approach so far is that the value of P is unknown. Letting P be user
specified allows the user to control the pressure forces by altering the value of P directly. But such an
approach cannot model the effect of an increasing internal pressure as an object gets squeezed, nor can it
model the falling internal pressure of an extended object. This implies that we need to consider the change
in volume of the object. Fortunately, the Ideal Gas Law

fi= (8.26)

PV = nRT, (8.27)

may be used for just that. The constant R is known as the gas constant, n is the number of molar of gas
proportional to the number of molecules of gas, 1" is the temperature, and V' is the volume of the gas. The
ideal gas law can be used to compute the internal pressure inside the object: first, the current volume of
the object is computed and then the pressure is found as

nRT

pP=
Vv

(8.28)
For animation purposes it is impractical to specify n and R; instead it is easier to specify an initial internal
pressure Py, and then compute

cnrT = Phnitial Vinitial (8.29)

where Vipital 18 the initial volume. Having computed the constant cyrr, the pressure can now be computed

as
CnRT

v
This approach also allows an easy way to interact with the pressure forces. Letting the user change Piitial
over the course of animation, and then recomputing the constant cprr yields an easy and intuitive way of
controlling inflation and deflation of the object.

Figure 8.17 illustrates the pressure force computations in pseudocode.

pP=

(8.30)



“book” — 2005/9/30 — 1?:44 — page 283 — #295

8.4 PHYSICS-BASED ANIMATION 283

algorithm apply-pressure-force (mesh)
V = volume (mesh)
P = nRT / V
update (normals (mesh))
for each face F in mesh do

C = count (vertices (F))
A = area(F)
f =P/ AC

for each vertex v in F do
let n be normal of v
force(v) = force(v) + f£*n
next v
next F
end algorithm

Figure 8.17: Pressure force computations.

Figure 8.18: Cow falling under gravity while being inflated.
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8.4.5 Force Fields

The last type of force example we will present is based on interpolation. A flow field of either forces
or velocities can be computed offline, and sampled on some grid structure or other spatial arrangement.
Particles are then let loose, and during simulation their spatial positions are used to look up their position
in a grid arrangement. Hereafter, the flow-field values are interpolated and applied to the particle. This
was used in [Rasmussen et al., 2003] to create large scale effects, such as nuclear explosions in a movie
production.

8.4.6 Spline-Trajectory Controlled Particle System

In some cases, one wants to plan how force fields lie in space to give an overall control of the particle
trajectories. Imagine some kind of animation effect of smoke or fire traveling though a building; that is,
going through one door, turning around a corner, moving along the ceiling, and out through another door.
We have a general idea of the average particle trajectory, which is a completely planned motion. The fine
details and perhaps turbulent behavior of the particulates should be dynamically simulated as the particles
move along the trajectory. This is feasible because if the trajectory goes through some obstacle, such as a
chair or table, then we want particles to interact in a physically plausible way with the obstacles but still
keep on track.

One possible solution is to use a huge force field sampled on a regular grid, wherein the entire con-
figuration, i.e., the whole building, is contained. However, this is not a good choice: first, it is infeasible,
since it will require a huge amount of memory to store the samples. Second, it would be computation-
ally disadvantageous to initialize the force field with values, such that particles would follow a predefined
trajectory. Finally, if an animator wants to change the trajectory to fine tune the effect, it would require
recomputation of the entire force field. In conclusion, the force field solution is slow and cumbersome to
work with in this case.

Another solution is to insert attraction and repulsive force field on some algebraic form to control the
particle trajectory. However, in practice it requires a lot of tuning to receive the wanted effect, there is no
explicit control, and the particles may completely escape.

The technique we will present next provides a tool for controlling the trajectory of a particle system
in the way we just described. The method is inspired by the work in [Rasmussen et al., 2003].

Let the trajectory be defined by a B-spline as described in Chapter 24 (other spline types could be used,
but we favor B-splines). Then the animator can easily control and change the trajectory by manipulating
the control points of the spline.

Given a spline parameter u, one can compute the corresponding world point p(u) by

p(u) =Y Nixk(u)P; (8.31)
i=0

where N; i is the ¢’th basis function of K’th order and P; is the ’th control point. There is a total of
n + 1 control points. The evaluation of the spline point shown here is not very efficient but it is sufficient
to give intuition behind the described method. Efficient spline implementation is outlined in Chapter 24.
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For simplicity, we will assume that the spline is a sufficient regular spline. That is, we assume that it
has no cusps and that the first- and second-order derivatives, the tangent and normal vectors, are always
nonzero. It is thus possible to assign an intrinsic coordinate frame to each point, u, along the spline in a
unique and well-defined way. First, we compute the tangent vector, t(u), by straightforward differentiation
of (8.31), thus

tu) =) ‘Wid’if;(mpi (8.32)
=0

The normal vector n(u) is then given by

n

d>N;
n(u) = d’iuf;(“)Pi (8.33)
=0

The cross product yields the binormal vector b(u). The vectors ¢(u), n(u), and b(u), are generally not unit
vectors unless the spline-parameter w is identical to the arc length. Therefore, we perform a normalization
of the three vectors. We now have three linear-independent vectors, all orthogonal to each other; thus
normalization yields an orthonormal basis,

t(u) n(u) b(u)
Fu) = [Ht(umg Tl Hb(u)HJ (8.34)
= [z(u) y(u) z(u)] (8.35)

where we have introduced the shorthand notation & (u), y(u), and z(u) for the unit axis coordinate vectors.
The coordinate frame F' is also known as the Frenet frame. The spline can thus be seen as a rotational
warp of the initial Frenet frame F'(0). At time point u, along the spline the frame will have orientation
F(u) and origin will have been translated to p(u). The particles will live in this strange coordinate system
whenever the forces applied to the particles need to be evaluated.

Say a particle is located at some world coordinate position 7cs(t), where ¢ denotes the current time.
The closest point on the spline is found, p(u), and the world coordinate position is transformed into the
warped spline coordinate frame by the coordinate transform

Poptine () = F(u)" (ryes(t) — p(u).) (8.36)

Notice that if p(u) is truly the closest point on the spline, then 7 gyine (t) should have a component along
the t-axis of F'(u).

We place 2D grids at each distinct knot-value of the spline. This is equivalent to placing the 2D grid
at the data points of the spline. This is illustrated in 2D in Figure 8.19. The grids are placed such that the
spline goes through the center of the grid. The z-axis and y-axis of the grid are aligned with the n-axis
and b-axis of the Frenet frame at the spline point where the grid is located. The general idea is to find
the two 2D grids, where the particle lies in between, as shown in Figure 8.20. It is a rather trivial task to
find these grids, once the closest point on the spline has been determined. If the closest point corresponds
to spline-parameter value u, then the grid lying before is located at the largest knot-value u _, such that
u_ < u. Similarly, the grid lying after the particle is located at the smallest knot-value w4, where u > wu.
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Figure 8.19: 2D grids places at distinct knot values.
Figure 8.20: A particle with closest point on spline at u is located between two grids at position v _ and
Uy.
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Figure 8.21: Illustration showing how particle positions are mapped onto a 2D grid, using the Frenet frame.
Observe that the spline goes through the center of the grid. Grid node with indices (0,0) is therefore offset
by T offset-

Next, we map the particle position onto the two grids using the Frenet frame axes. Figure 8.21 illus-
trates the coordinate mapping process.

First, we must account for the spline going through the midpoint of the 2D grid, a priori this offset,
Toffset 1S known, therefore we get the particle position with respect to the smallest grid node by

Torid = Tspline — Toffset (8.37)

Hereafter, we project 7giq onto the normal and binormal axis. If the grid resolution along the axes is given
by Ay and Az, then the particle is located in the grid cell given by indices

| Y Tgid

y—{ A J (8.38)
| *® " Tgrd

2= {7& J (8.39)

Knowing the cell indices, it is trivial to perform a bilinear interpolation of the values stored in the four
corner nodes of the cell, which the particle is mapped into. Thus, we now have two grid-interpolated
values f(u_) and f(u.y), the value at the particle position can now be found by a linear interpolation of
the found grid values, that is,

uf(u_) + &f(u—i-) (840)
Uy — U— Uy — U—

flu) =
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The technique can be used to define any kind of field values. In the example we used to derive our
equations, we simply assumed that a scalar field was stored in the 2D grids placed along the spline.
However, the formulas are identical if we were to store a vector field, such as the force field. The 2D grids
could be placed at other positions than those identified by distinct knot values of the spline.

8.4.7 Free-Form Deformation Particle System

Sometimes increased performance can be obtained by decoupling the geometry used for visualization from
the dynamics model used for simulation. The concept is often called mesh coupling [Miiller et al., 2004a]
or a cartoon mesh [Hauser et al., 2003].

Most of the modeling techniques described in previous sections were based on creating springs di-
rectly from a given surface mesh. It is well known that meshes used for visualization have a large number
of triangular faces—millions of faces are not unheard of. Creating springs for a particle system resem-
bling such a large mesh will yield a dynamic model that is computationally intractable for real time and
even interactive usage. Fortunately, it is possible to render such large meshes very efficiently using graph-
ics hardware. Therefore, it is a viable approach to create a low-resolution dynamics/physical model for
computing deformations in a physical plausible way, and then apply the computed deformation to the
high-resolution mesh, which should be used for visualization. Another benefit from mesh coupling is that
the problem of error-prone meshes mentioned earlier can be circumvented rather elegantly, as we will
illustrate in the following.

We will demonstrate a method based on free-form deformations (FFD). Free-form deformation is one
of the early techniques in computer graphics [Sederberg et al., 1986] for animating deformations. Here
we will briefly present the general idea.

Initially we will set up a B-spline tensor, i.e., a 3D array of control points, where P; ; ;. denotes the
(4,7, k)’th element of the array, and the B-spline basis functions N; g (s), N; i (t), and Ny g (u), where
K is the order of the spline, and the indices ¢, j, and k indicate the beginning of the knot-interval where
the spline is evaluated (is dependent on). See Appendix 24 for an introduction to B-splines.

Then the point, p, corresponding to the spline parameters s, ¢, and « in the spline tensor is computed
as

p(s,t,u) = Z Z Z Nik(8)Nj k(t)Ni i (w) P j 1, (8.41)

k=0 j=0 i=0

where n; + 1, nj + 1, and ny + 1 is the number of control points along the i-, j-, and k-axes. Exploiting
the fact that the basis function is only evaluated on a finite support of the knot vector leads to efficient
implementations (see [Hoschek et al., 1993, Piegl et al., 1995] for details). In the case of B-splines, the
basis functions are polynomials of order K, (8.41) and are simply a weighted sum of vectors, where the
weights are given by polynomials.

The control point array is set up so that all control points lie in a 3D rectangular grid, axes aligned
with the world coordinate frame. It is trivial to see that in case of B-splines, keeping two parameters fixed
while varying the last yields straight orthogonal lines aligned with the world coordinate system.

Picking a uniform knot vector in this initial position, the world coordinate system and the spline
parameter space are in perfect alignment, except for a shifting, given by the value of the control point
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Algorithm init (Mesh mesh)
P = new vector3[n_i+1][n_j+1] [n_k+1]
p_ min = vector3(-infty,-infty,-infty)
p_max = — p_min
for each vertex v in mesh

p_min = min(p_min, v.position)
p_max = max(p_max, v.position)
next v
p_min = p_min - vector3(border,border,border)
di = (p_max_i - p_min_i) / n_i
dj = (p_max_j - p_min_j) / n_j
dk = (p_max_k - p_min_k) / n_k
P[O][0][0] = p_min

for (int k=0;k<=n_k;++k)

for (int j=0;j<=n_7j;++7)

for(int i=0;i<=n_1;++1)
P[i][j]l[k] = P[0O][0][0] + wvector3(i*di, j*dj,k*dk);

for each vertex v in mesh

v.parameter = v.position - P[0][0][0]
next v

End algorithm

Figure 8.22: Initialization of control point grid and mapping of mesh vertices into spline parameter space.

with lowest coordinates. This means that mesh vertices are easily mapped into the spline parameter space
by storing the original value of the vertex positions minus the minimum coordinate control point. During
simulation the control point positions are altered, whereby the spline parameter space is warped. The
coupled mesh can be reevaluated by using the original vertex position as spline parameters in (8.41). The
computed position is then used when rendering the mesh.

Figures 8.22 and 8.23 illustrate the initialization process and rendering process of FFD mesh coupling.
The figures are oversimplified to show the main concepts clearly. In practice, any kind of splines and knot
vector could be used; it will only complicate the initial mapping of mesh vertices into the spline parameter
space. Also the reevaluation of mesh vertex positions could be implemented far more efficiently than the
brute-force evaluation we have outlined here.

We will now explain how to create a dynamic model for simulation using the FFD grid. A particle is
created at each control point in the array. The array partitions a region of space into cubes, such that the
cube labeled by (i, j, k) consists of particles: (7,7, k), (i+1,7,k), (¢,7+1,k), (i+1,j+1,k), (4,5, k+1),
(t+1,j,k+1),(i,j+1,k+1),and (i+1,j+1,k+ 1). When assigning mass value to particle (4, j, k),
look up the number of vertices from the mesh mapped into the eight neighboring cubes given by the labels
(Z - 17j - Lk)’ (Z - 17j7 k)’ (Z7] - 17k>’ (i7j7 k)? (Z - 1>j - 17k+ 1>’ (Z - 17j7k + 1)’ (27] - 17k7+ 1)’
and (i, 7, k + 1). The mass of the particle is found by the total number of mesh vertices in the neighboring
cubes divided by eight and multiplied by some user-specified density value. Pseudocode for calculating the
particle masses is given in Figure 8.24. Next, structural, shearing, and bending springs are created between
the control point particles. The details of such a spring creation method were explained in Section 8.4.2.
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Algorithm show-mesh (Mesh mesh)
for each vertex v in mesh

s = v.parameter.s

t = v.parameter.t

u = v.parameter.u

v.position = sum_k sum_j sum_i N_iK(s) N_jK(t) N_kK(u) P[i, j, k]
next v

draw mesh
end algorithm

Figure 8.23: Evaluation of vertex positions before drawing coupled mesh.

algorithm mass-assignment (density)
for each particle p in system
i,j,k = index of p
Cl = cube[i-1,j-1,k]
C2 = cube[i-1,7,k]
C3 = cubel[i, j-1,k]
C4 = cubeli, j, k]
C5 = cube[i-1,3j-1,k+1]
C6 = cubel[i-1,7,k+1]
C7 = cube[i, j-1,k+1]
C8 = cube[i, j, k+1]
mass (p) = density* (vertices(Cl)+...+vertex(C8))/8
next p
end algorithm

Figure 8.24: Mass computation of particles

We now essentially have a physical model, consisting of the control point particles interconnected with
springs. We can subject the particles to any external forces, whereby the control point particles will move
and deform the spline parameter space. After the simulation, the coupled mesh vertices are reevaluated
using the deformed control points, and the coupled mesh is redrawn.

Essentially we can choose two ways in which the FFD particle system can interact with the surround-
ings: either the collision detection or response is applied directly to the control point particles.

This is a simple and straightforward solution. It lends itself to a simple particle system implementation
since there is only a one-way communication with the coupled mesh, i.e., there is no feedback from the
coupled mesh to the FFD particle system. The coupled mesh is completely dependent on the FFD particles.
This solution also poses a performance advantage since the count of control point particles is expected to
be extremely low compared with the number of vertices in the coupled mesh.

On the downside, the interactions can appear quite unrealistic, since the grid of FFD particles has
nothing in common with the deforming geometry of the coupled mesh, except that we know the convex
hull of the control points encloses the underlying geometry.

To create a more plausible interaction with the surroundings, we need two-way communications be-
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tween the coupled mesh and the FFD particles. This can be accomplished by performing collision detec-
tion between the deforming coupled mesh and the environment. This will generate a set of contact points
(see Chapter 14 for details on contact determination) between the coupled mesh and some other obstacles
in the configuration.

Here we will assume that an arbitrary simulation method is used to compute collision impulses or
contact forces that should be applied at the contact point in order to prevent penetration, and thereby cause
a deformation.

To keep things simple at this point, we will simply perform penetration tests between the coupled
mesh vertices and other obstacles. This means that a generated contact point will have the same position
in world space as a deformed mesh vertex.

We can thus remap the contact point into the spline parameter space by looking up the spline param-
eters of the deformed vertex. The spline parameters will indicate the cube in the FFD grid which the
deformed mesh vertex was originally mapped into. Thus, we have the idea of performing a reverse inter-
polation for finding equivalent contact forces/impulses to apply at the corner control point particles of that
cube.

From Newton’s second law we know forces obey the superposition principle, which means that given
the contact force, F' applied at the deformed vertex position r, then

F=7f+ - +fs (8.42)

where f; is the force applied to the ¢’th particle. In addition, it seems reasonable to require some balance
of torque, thus
rxF=rxfi+--+rgxfg (8.43)

where 7; is the current position of the ¢’th control point particle. These two equations thus define two
requirements for an inverse interpolation. We need to determine the particle forces.

Using the skew-symmetric cross product matrix defined in Proposition 18.4, this yields a system of
equations

(8.44)

Af =b (8.45)

Notice that A € R%*?*, f ¢ R?**! and b € R%*!, thus we have more unknowns than equations, and
the system is underdetermined In general, this means that we have more than one solution to our problem
and as a practical consequence A cannot be inverted. To circumvent these difficulties, we can simply



“book” — 2005/9/30 — 1?:44 — page 292 — #304

292 CHAPTER 8. PARTICLE SYSTEMS

algorithm reverse-interpolation(di,dj,dk)
clear forces
for each contact point cp
v = corresponding vertex of cp
s,t,u = v.parameters
i,j,k = s/di, t/dj u/dk

= particlel[i, j, k]
particle[i+1, j, k]

pl
p2

p8 = particle[i+1, j+1,k+1]
solve for f1,..., f8
add f1 to pl
add £8 to p8
next cp
end algorithm

Figure 8.25: Applying contact forces from coupled mesh to FFD particles.

use a singular value decomposition (SVD) solution or pseudoinverse of A to obtain the minimum norm
solution.

An SVD decomposition of A yields A = UDVT, where D is a diagonal square matrix with sin-
gular values in the diagonal. The matrices U and V' are orthogonal in the sense that their columns are
orthonormal. A minimum norm solution to the problem is then given by

f=vD'(U"p) (8.46)

The solution minimizes the norm of the residual » = A f — b (see [Press et al., 1999b] for more details
on SVD. Figure 8.25 illustrates the force computation).

Control-point particle collision impulses j, ... Jg can be computed in a similar fashion given some
simulation methods, which can compute the impulse J to apply at the contact points. The main difference
from the contact force computation is that impulses instantaneously change the velocities at the parti-
cles they are applied at, whereas contact forces are accumulated into a force vector, which is used in a
numerical integration scheme.

8.5 Energy Systems

Forces are the handles for controlling the behavior of a particle system. Many forces are easily adapted
from physics to a specific animation system, such as gravity, viscosity, and spring forces. Nevertheless,
animation systems often have other forces that are not based on reality, but are added for convenience. As
an example, if a particle is not allowed to penetrate an object, then a force field is often applied around the
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object. For example, a force field around a sphere could be produced by an energy or potential function,
such as

E(r)=|r—mo,-R (8.47a)
= \/ (r—mrg)-(r—mr9) —R, (8.47b)

where 7 is the center of the sphere, and R is its radius. The implicit function E is positive outside and
negative inside the sphere. The gradient of £ may be used to define the direction of the repulsive force,

E 2(r —
or 2/(r — o) - (r — o)
- S (8.48b)
V(r—ro) - (r—mo)
since it always points away from the center of the sphere and has length 1,
2
- TO (8.492)
\/ (r—mrp) - (r—70) ,
Tr—To rT—7To
= . (8.49Db)
V(r—ro)-(r—ro) /(r—ro)-(r—mro)
=1. (8.49¢)

Having a repulsive force in all of space is typically not useful and the repulsive force is therefore often
made strong only near the object. This may be done as

—max(0.E(r) /o) OE(T
fsphere,ro (r) =ce ™ (0E(r)/e) %7 (8.50)

where c and o are constants to control the strength and the width of the repulsive field. In this example, we
have used a clamped exponential force, such that the force field diminishes quickly away from the surface,
and such that the maximum force is limited to avoid stiff ordinary differential equations. An example is
shown in Figure 8.26.

As illustrated in the above example, forces may be designed as gradients of energy, potential, or
penalty functions. Such vector fields are also known as potential fields. The potential function for Hooke’s
undamped spring law for two particles at position a and b, is given by

1
Ea = 5ks(ll| = R)®, (8.51)
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Clamped Expential Function

Figure 8.26: An often-used strength for a repulsive force is the clamped exponential function.

Distance preservation Fg, = %ks (Hrb — raH2 — R)2

Area preservation Eabe = 3ka (||(ry — 74) X (1c — Ta)ll, — A)2 —
Volume preservation — Fgpeq = %ka (det([ry — ra|re — ra|ra — 4]) — V)2

Table 8.1: Distance-, area-, and volume-preserving energy systems.

where, I = r, — r,. This is easily verified by calculating the gradients of F,; with respect to r,:

E
£, = _83 ab (8.52a)
Ta
. oy Ol = R)
= k(|| - R) e (8.52b)
91, + 21,
= —ks([l] = R) 77«;'” ’ (8.52¢)
l
= hs(tl = R)pr (8.52d)

and with a similar calculation for r,. Hooke’s Law may be viewed as a distance-preserving energy func-
tion. Area and volume-preserving energy functions may be defined in a similar way [Teschner et al., 2004],
as summarized in Table 8.1. In the table reference, lengths, areas, and volumes are given as R, A, and V,
for the corresponding parallelograms. In case the reference areas and volumes are given as triangular area
and tetrahedral volume, then the norms should be divided by the factors % and % respectively.
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8.6 Constraint Dynamics

Stiffness constraints are difficult to integrate in Euler methods with springs, since these lead to stiff ordi-
nary differential equations. However, there is a special case when ks — oo, which may be solved directly.
Use

U(t) = ro(t) — ra(t) (8.53)
Al(t) = L(t)| - - (8.53b)

Since the Al is antisymmetric in 7, and 7, solving for Al(t + h) = 0 implies that

All
'ra(t + h) = ?m (8543)
Al 'l

Iterating over all the stiff springs and applying (8.54) until only minor changes are performed is termed
relaxation. Using Verlet integration together with relaxation and projection for nonpenetration is beneficial
because velocities are represented implicitly in the Verlet integration method. The implication is that
when positions are altered by relaxation or projection, then velocities are implicitly modified to match the
enforced constraints [Jakobsen, 2001].

In general, hard constraints can be enforced by adding constraint forces. In the following, we will
discuss a general energy function, which is given as an implicit function E(r), for which the constraints
are fulfilled for all positions ' where E(7') = 0. Points on a unit sphere centered at the origin, E(r) =
5(r -7 — 1) is an example. For points on the surface r’, we have E(r’) = 0, and the velocities ensuring
that &/ = 0 are found by requiring,

0 dr
(%E =T = 0. (8.55)
Likewise, accelerations fulfilling the constraint must satisfy

9?2 _dr dr d2r

B = e S =0, (8.56)

An arbitrary force f will most likely not fulfill the above constraint, and we therefore seek a constraint
force ¢. We can add to f such that the constraint is fulfilled, that is,

Pr f+o

dr dr f+o
=T T I8 g (8.57b)
=y (8.57¢)

it
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The dimensionality of ¢ is typically three, hence the above equation determines one out of three un-
knowns. To determine the remaining unknowns we require that the force neither add nor subtracts energy
to the system. This is the Principle of Virtual Work. Given the kinetic energy as

1 dr dr
P=oma @ (8:5%)
the principle of virtual work requires that
oT dr d*r
— .2 8.59
ot vt de (8.592)
dr
2. 8.59b
—(f+9) (8.59)
dr
- . f 8.59
7 f (8.59¢)
Hence,
dr
~ . d=0. 8.60
7 ¢ (8.60)

We now have two out of three unknowns for ¢». The final equation is obtained by requiring that (8.60)
must be satisfied for every ?1—1' fulfilling (8.55), which leads us to conclude that ¢ must be proportional to
7, that is,

¢ = Ar, (8.61)

The Lagrange multiplier A is found by inserting (8.61) into (8.57b), i.e.,

0?2 dr dr d2r
—F=—.— R 8.62
e T w w T A (8.622)
dr dr f+o
2.2 LT .62
i a " Tm (8.62b)
dr dr f+ar
2.2 . .62
i a " Tm (8.620)
—0, (8.62d)
and A is found to be,
dr dr
Nl A Al (8.63)

T-T
For a system of particles, these equations generalize as follows: we generate a state vector as the
concatenation of particle positions
T1

9
a=|.|. (8.64)

Tn
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Newton’s second law for the complete system can then be written as

F = Mg, (8.65)
where F' is the concatenation of force according to (8.65) and the mass matrix M is diagonal on the form
of M = diag(mq,my, my, ma, ma, mao, ms, ..., my,). Similarly to the single particle system, we form a
global constraint vector function C(q), such that the constraints are fulfilled, when

C(q) = C(q) = 0. (8.66)
By differentiation, we find that this is equivalent to
: 9C(q) .
C(q) = 8.67
(@) 9q 4 (8.67a)
=Jq. (8.67b)
The matrix J is called the Jacobian of C'. Differentiation once more gives us
Clq)=Jqg+Jg (8.682)
9C(q) . , 0C(q).
_9Cl), e, (8.68b)
dq dq
Note that the calculation of J involves 3 x 3 dimensional matrix,
oJ
=224 (8.69)
dq

but the evaluation of g—‘] can be avoided by using an explicit representation for C as shown in (8.68b).
Now we will find a global constraint force ®, which causes no work. Newton’s second equation then
becomes
g=MYF+®), (8.70)

and as for (8.57b) we write ) )
ClQ)=Jg+IJM Y (F+®) =0 (8.71)

Using the principle of virtual work, we find the solution to the vector ® by requiring that it must not
contribute work. Writing the kinetic energy as

T = %qTMq, (8.72)
we find the work as the time derivative of the energy,
T=¢¢"Myq, (8.73a)
— (MM (F + &))" Mg, (8.73b)
= (FT + ®"\M " Mg, (8.73c)
= (FT +®")M'Myq, (8.73d)

=Flqg+o7q. (8.73¢)
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Algorithm ParticleSystemStep(m,p,Vv,N,delta)
// Calculate new forces
for i = 0 to N
f(i) = calculateForces(p,v,N)
end
// Calculate constraint forces
for i = 0 to N
c(i) = calculateConstraints(m,p,v,N)
end
// Calculate the velocity in phase-space
for i = 0 to N
dp = [v, (f+c)/m]
end
// Update the position in phase-space
p = p+delta*dp
end algorithm

Figure 8.27: Explicit fixed time-stepping of a simple general-purpose particle system.

For @ not to contribute work, we thus require that

g =o. (8.74)

For this to hold for any g, and using (8.66) and (8.67b) we conclude that
& =JT, (8.75)

where A is a vector of Langrangians. Inserting (8.75) into (8.71) we find
0=Jqg+JM Y(F + @) (8.76a)
=Jqg+JIM Y F+JTN) (8.76b)

and with a simple rewrite we conclude that
JM'J'N=-Jg— JM'F. (8.77)

Unfortunately, numerical implementations of (8.77) introduce drifts. It is therefore useful to add a damped
spring force to the system

JM'J'\N=-JGg—JM'F — k,C — k,C, (8.78)

for some suitable spring and damping constants k¢ and k.

In [Baraff et al., 2003a] Witkin presents a simple algorithm simulating particle systems with con-
straints, which is sketched in Figure 8.27. The mass is given in m, the point phase space is p, the number
of particles is N, and the magnitude of a single step in the ordinary integration is given by delta. The
function calculateForces (p,N) calculates the forces for the specific system. For example, for
a piece of cloth it could be the sum of spring forces for the nearest particles on the grid of the cloth,
and calculateConstraints (m,p, N) calculates the relevant constraint forces, such as collision
response with a sphere.
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(2,0) (2,1)

0,0 0,1
.( ) (0.1)

Figure 8.28: A piece of cloth is modeled as a grid of particles connected in triangular mesh. The coordinate
pair denotes the particle index.

8.7 Large Steps in Cloth Simulation

In [Baraff et al., 1998] the authors present an implicit method for simulating cloth with a particle system.
The basic setup is shown in Figure 8.28, where the particles are defined on a grid and connected in a
triangular mesh. Defining the general position for the total system 7 as

Lt
L)
r=1|.1, (8.79)
Tn
we write Newton’s second law of motion as
My = f(r,7) (8.80)
where f is the corresponding general force vector, and M is a diagonal matrix with [mq, mg, ..., my,]

along the diagonal. For cloth, typical internal forces considered are bending, stretching, and shearing,
while external forces are typically gravity and collision constraints.

8.7.1 Implicit Integration for Cloth Animation

Cloth strongly opposes stretching, while it easily allows bending, and this implies that the system becomes
stiff. Some advocate explicit methods due to the importance of high-frequency response for realistic-
looking images [Kaci¢-Alesi¢ et al., 2003]. However, explicit integration of the forces requires an enor-
mous number of small steps in order to avoid instabilities. An implicit integration scheme 1is defined as

} +h [f(t + h)] (8.81a)

7(t + h)

} th [M—lf(r(tm),f(tm)) : (8.81b)



“book” — 2005/9/30 — 1?:44 — page 300 — #312

300 CHAPTER 8. PARTICLE SYSTEMS

To solve the system we assume that f is linear, that is, f may be written on the form

(e 10,704 1) = £ o)) + 097 |20 5.5
where V f is the Jacobian matrix taken at t. We can now write (8.81b) as

rt+ 0] [r(®) rEh)

L(t + h)} - [v‘«(t)] th {Ml <f(t) +hVF [:g;]) ’ (889
where we have used f(t) = f (r(¢),7(t)) for shorthand. Rewriting this equation in terms of the sought
updates,

Ar(t)| _ [r({t+h)—r(t)
[Ai“(t)} = [f«(t Y h) - f(t)] (8.84)
and expanding the Jacobian, we find
Ar(t)] 7(t) + A7(t)
[m«(t)] =h [M‘l (£(0) + h2Li() + n24Li(t)) | (8.85)

Then we replace 7(t) 7(t) with their forward difference approximations,

Tt —r(t) _ Ar()

7(t) ~ Y . (8.86a)
F(t) ~ r(t+h) —7(t) _ AT (t) (8.86b)
h h
to give
370] =1 e (s s pog s 9
Finally, we insert the top row in the bottom,
Ar(t) = hM ™t <f(t) + %ff)h (r(t) + Ar(t) + %ff)mu)) : (8.88)

We now have an equation only depending on M, #(t), the first-order structure of f (v(t),r(¢)), and
A7 (t), and for which the latter may be isolated as

(1 — h%Wl%ff) — hM*%fﬁ) Ai(t) = hM ™} <f(t) + h%f?f(t)) , (8.89)

where 1 is the identity matrix. This equation may be solved for A7(¢), and Ar(¢) may be then be
calculated using the top row of (8.87).
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(x(u,v),y(u,v),z(u,v))

| (i), V(i)

Figure 8.29: Mapping between indices, intrinsic, and world coordinates.

8.7.2 Cloth Forces, Damping, and Constraints

In [Baraff et al., 1998] the constraints are formulated as positive vector functions C, that must be mini-
mized. Energy is calculated as squares of constraint functions, F/ = %CTC , and the forces are found as
derivatives of the energy functions, f = gfi = —kg—ff;C .

To define the stretching, bending, and shearing forces, let’s consider a piece of cloth that has topology
as a plane, implying that the cloth can be spread out in a single layer on a plane without holes. Consider
a coordinate system intrinsic to the cloth, (u(i,j),v(i, 7)), where (i, j) are the indices of a particle. This
coordinate system is unaffected by stretching, bending, or shearing, and is used to denote the relative
positions of the particles with respect to each other, when the cloth is most at rest. We can then calculate

the mapping between the intrinsic and the world coordinates

x(i,j) = |y(i,) | = w(u(i,j),v(i,j)). (8.90)

This is depicted in Figure 8.29.

Cloth strongly resists stretching, and we may define the amount of stretching by the functions %—’“u”
and %—15 for the stretch in the u and v directions on the cloth respectively. We will assume that H %—1; H2 =
H%—’HL = 1 when the cloth is at rest. Assuming for a moment that the indices (i, j) are continuous
variables, we write the change in world coordinate (3, j) as a function of index 7 and j respectively,

oz _Jwdu , dwdv
Ji  Ou i Ov di’
oz _Jwdu , dwdv
dj  Oudj Ovdj

(8.91a)

(8.91b)
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(i+1,))

(1)) (i,j+1)

Figure 8.30: Three neighboring particles in the cloth mesh

On matrix form this gives

a_ac ou Ov ow
oi| |8 il | ou
ox | — @ @ ow | (8.92)
aj 9j 051 Loy

Thus, given three neighboring particles as shown in Figure 8.30, we may estimate %f and %—’5 by finite

differences and matrix inversion as

ow
— ) ) . ) ) .1 ) ) .
8U — U(Z+1,])—U(Z,]) U(Z—Fl,j)-?)(Z,j) ac(z—i—l,])—a:(z,]) (893)
ov
The matrix in u and v is constant, hence %—1; and %—’;’ are a function of x, and the constraint function is
therefore defined to be
1521, 1
Cstretch(m) =« ow s (8.94)
15, — 1

where « is a user-specified constant controlling the relative strength of the stretch constraint. Likewise,
we define shearing energy by measuring the angular change performed by the mapping,
ow Ow

Cohear = ﬁ% ErE (8.95)

where (3 is a user constant controlling the relative strength of the shear constraint. This is an approximation
to cos #, with 6 being the angle between the vectors, and the approximation depends on (3, since this
controls the relative enforcement of Cgpeqy.

For the bending constraint, we define it to be proportional with the curvature of the cloth, which in
turn is proportional with the angle between two neighboring triangle normals, that is,

Chend = ’y(:os_]L (n; - ng), (8.96)

where m; are the normals ng, and v is a user constant controlling the relative strength of the stretch
constraint.
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Strong forces require strong damping forces to stabilize the numerical integration. It has been sug-
gested to use the constraint function to define damping forces [Baraff et al., 1998] as follows:

0c C. (8.97)
87“7;

Inserting this into (8.89) we need to calculate the derivatives

d; = —ky

ad; oC oC  9*C .

= —k - C 8.98
8’)“]' d (8’)‘2 aT‘j + aT‘iaT‘j ) ( ? a)
ad,; aoc oc™T
o7 = —ky ( 5 v ) . (8.98b)

At points of contact between the cloth and other impenetrable objects, or as specified by the user,
constraint forces must be applied. Instead of introducing springs with high spring constants, the mass may
be set to infinity. At first glance this seems awkward, however, since (8.89) uses the inverse mass, setting
a mass to infinity is equivalent to setting its inverse mass to zero. To complicate matters further, a particle
in contact with a planar surface will only be constrained in the direction normal to the surface, and we
need only set the inverse mass to zero in the normal direction. As an example, consider a single particle,
r;: Newton’s second law may be written on matrix form as

1

1 e 0 O
fi=—fi=|0 m O|fs, (8.99)
i 0 0 L

in which case we may impose a constraint along one of the coordinate axes by setting the corresponding
element in the diagonal to zero. The extension of the inverse mass to a matrix was done by multiplication
with the identity matrix, m% 1, and constraining along an axis could be considered as the operation m% (1-
=), where E is a zero matrix except at the relevant diagonal element to be constrained, which is one. In
general we have

(1-¢¢h)e =0, (8.100)
when & = [£1, &2, 53]T is a unit vector. To verify, we simply expand the products in three dimensions,
[ & a& &6

1-¢eTE=¢- |6& & &&)|¢ (8.101a)
&8s L& &

(&3 + 66 + 68

=€ |86+ 8+ 68 (8.101b)
&+ 658+ &
[E1(67 + &5+ 63)

=¢— |LE+E+8) (8.101¢)
&G+ +8)

= 0. (8.101d)



“book” — 2005/9/30 — 1?:44 — page 304 — #316 Gﬁ

304 CHAPTER 8. PARTICLE SYSTEMS

Thus we may specify the constraints in 0-3 directions by letting the inverse mass matrix be

for O constraints,

1
my

iy m% (1-¢e") for 1 constraint,
‘ 1

my

0

7

8.102
(1 —gel — nnT) for 2 constraints, v ( )

for 3 constraints,

where £ and 7 are mutually orthogonal vectors.

Finally, [Baraff et al., 1998] has had success with solving the above system with the conjugate gradient
method.
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9

Continuum Models with Finite Differences

In this chapter we will discuss continuum models with finite differences for the simulation of deformable
objects. This was first presented for the animation community in [Terzopoulos et al., 1987] and later
widely discussed [Kelager et al., 2005]. The model typically leads to rubbery objects, as illustrated in
Figure 9.1.

The original method was designed using finite differencing, but many have later turned finite elements
as the computational model. The finite element method will be discussed in Chapter 10.

9.1 A Model for Deformable Objects

A deformable object can be identified as a point cloud. The positions of these points describe the geometry
of the object. Any point of a deformable object can at any time be identified by a set of unique parameter
values. We call these parameter values the material coordinates and denote them with the symbol a. For
asolid, @ = [ay, ag,as]”, for a surface, @ = [a1, az]”, and for a curve, a = [a1].

As the object deforms, points belonging to the object move. The position of an object point is a time-
varying vector depending on the material coordinates. A point belonging to an object in Euclidean space
is denoted r and is given by

r(a,t) = [ri(a,t),r2(a,t),r3(a,t)]. 9.1

In Figure 9.2, we show the relationship between a surface described by material coordinates and the
points in Euclidean space.

The deformation of an object is modeled using elastic forces. When an object is in its rest shape,
meaning that it is undeformed, there is no elastic energy stored in the object, but when the object is

Figure 9.1: Examples of models using the continuum formulation, kindly provided by Micky Kelager
and Anders Fleron, at the time of writing students at the Department of Computer Science, University of
Copenhagen.

305
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Figure 9.2: Parameterization of a deformable object.

deformed, an elastic energy is built up in the object. The deformed object wants to return to its rest shape,
which is equivalent to minimizing the elastic energy stored in the object. Thus, simulating deformable
objects is all about energy minimization.

The deformation of an object in a given point is denoted with a potential elastic energy function
& = & (r(a,t)). This energy should be independent of rigid-body movement.

We work in a continuum model, which means that we consider the object as a whole, and not just a
representation of the object, for instance, its center of mass. This means that a differential volume of the
object is assigned a density of mass, a density of energy, a density of damping, and so on. Thus, in the
limiting case, we have a mass density function, an energy density function, etc., describing the distribution
of densities at any point in the object.

The Lagrangian density, see Section 22.5, is an energy density function, and it can be written as

2
u(a) (M) _ E(r(at)). ©2)

L= dt

NI

Here 1(a) is the mass density in a given point, and the derivative of r with respect to time, describes the
velocity of motion. The object deforms due to some applied external forces, f (@) and the deformation is
damped by a damping force, £, given by

£ = f(r(a,t),1), (9.3a)
FD — _(a) d’"(dat’t), (9.3b)

where v(a) is the damping density. The damping force resists deformation, while the applied external
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force can be a sum of several different kinds of forces. Examples of these external forces are given later
in Section 9.4.

9.1.1 The Lagrangian Formulation

The equations of motion for a continuous object can be described by the Lagrangian formulation. The
theory and derivations can be found in Section 22.5. The specific equation we use for our model, Equa-

tion (22.186), is repeated here:
d [ 0L 6L
— =] -——=0Q. 4

Now let us try to substitute the expression for the Lagrangian density of our deformable model, (9.2),
into the above Lagrangian formulation:

o (7 (0@ (#22) ~etriam) ) o (bute (#59)" - etrian)

— = 0. 9.5
dt gorlat) or(a,t) Q ©-3)
ot
If we carry out the partial derivatives on the left side of the equation, we obtain
d dr(a,t) d0€(r(a,t))
— B — " = 0. 9.6
dt <,u(a) < dt > > + or(a,t) Q ©-6)

The quantity Q is the total sum of applied forces. In our model, these are the external forces, f (@) and
the damping force, f(d). Substituting the expressions from (9.3) for these forces yields

4 (st () ) 4 28D g rta)) - (@) )

If we move the damping force to the left side, and exchange absolute derivatives with partial derivatives
wherever possible, we get our Lagrangian model for a deformable object under motion:

5 (o (252) g e

= f(r(a,t),t), 9.8)

where r(a, t) is the position of material point a at time ¢, x(a) is the mass density, vy(a) is the damping
density, f (r(a,t),t) is the applied external forces, and £ (r(a,t)) is potential energy due to the elastic
deformation of the body. The derived equation is an exact match of the deformable model introduced in
[Terzopoulos et al., 1987].

To ease notation, we omit the explicit dependencies on position a, and time ¢. The equation of motion
is then reduced to

o0*r or 0 (r)

Poe T 7% ' or

=f(rt). 9.9)
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We find a connection with classical mechanics when we assign labels to the different parts of the equation.
. . 2, . . 2, . . .

For example, 1 has dimension of mass, and % is acceleration; thus u% is mass times acceleration,

which we denote with m - a. Similarly, we find that v has dimension of viscosity, % has dimension of

velocity, and combined they have dimension of force, e.g., 'y% = Fliscous- Continuing this, we can put a
label on each of the terms in the equation of motion, which yields:

0?r or o6& (r)

oo 7o T = f(r,t). ©.10)
\a,t_/ ot or \F
m-a Fliscous Flastic external

Doing so, we can gather the viscous, elastic, and external force, as Fioal = Fexternal — (Fuviscous + Felastic )-
With this notation, we find that our equation of motion is equivalent to Newton’s second law:

m - a = Fial- .11

Normally, we think of Newton’s second law used directly on one body. In the Lagrangian formulation,
the body is parameterized. It is therefore a continuous description.

9.1.2 Designing the Energy Functional

The £(r(a,t)) functional describes the potential elastic energy of our deformable object. This functional
is only dependent on the form of the object. We do not want our object to change form, depending on its
position in the world, so we need a description of form that is invariant to rigid body motion.

Differential geometry is well suited to describe the local shape of any kind of object. Therefore, we
can use this description to set up an energy functional, which penalizes a deforming shape with respect to
its natural or initial shape. When the simulation is run a force will be applied, pulling the body toward its
natural shape, until equilibrium is reached. Thus, penalizing is equivalent to energy minimization and the
equilibrium shape is equal to energy minimum.

The first fundamental form or the metric tensor is a measuring tool for points in an object. It describes
how to measure distances between points in the object, independent of the world coordinate frame. For a
point 7 in our parameterized object, the metric tensor

G G2
G = , 9.12
{Gm G22] ©-12)
is a symmetric matrix with elements defined by
or Or
Gij (r(a)) = - (9.13)
J 8ai 8aj

The differential distance between two nearby points with material coordinates a and a + da is then found
by
dl = Z Gij (r(a)) daidaj. (9.14)
1,J
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Figure 9.3: Distance between points on surface is independent of the mean curvature.

For 3D solid objects, the metric tensor is a 3 x 3 matrix. If two solids have the same shape, their metric
tensors are identical functions of a. However, for 2D surfaces, this description is no longer sufficient. The
distance between points on a surface is independent of the mean curvature of the surfaces as seen in
Figure 9.3, so we need to look at the second fundamental form or the curvature tensor. For a point in our
parameterized surface, the elements of the curvature tensor, B, are defined as

d%r

Bij(r(a)) =n- W’

(9.15)

where n = [nq, ng, ng]T is the unit surface normal. If two surfaces have the same shape, their 2 X 2 metric
tensors, GG, as well as their 2 x 2 curvature tensors, B, are identical functions of a.

Finally, if we restrict our deformable objects to 1D curves, we need yet another measurement to
account for twisting, in order to decide if two curves have the same shape, as illustrated in Figure 9.4. The
metric and curvature tensors are now reduced to scalars, called arc length s and curvature k. Since the
curve can twist, we need to compare their forsion 7, which is defined as

T=n-(txn), (9.16)

where t is the tangent, (¢ x 1) is the binormal, and (t x m)’ is differentiation of the binormal with respect
to the arc length parameterization. In the following, we will restrict the description to 2D surfaces. It is
easy to incorporate the torsion for curves, or remove the curvature for solids.

In the model for a deformable object, (9.8), the external forces working on the object are countered by
internal forces. The internal elastic force

0& (r)
or
deals with the elastic energy that is produced when the deformable object has a shape that is different from

its rest shape. We want to model the energy in a way that resembles real-life elastic objects. For example,
when compressing a rubber ball, it returns to its natural ball shape when the pressure is released. We can

9.17)

F elastic —
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Figure 9.4: The shapes of two curves depend on torsion. Image shows two curves, with same arch length
and curvature metrics, but with different torsion.

model this behavior for our deformable object, by requiring that the material points at the deformation
should have an increased elastic energy. This ensures that the elastic force makes the material points
want to seek their natural rest shape, e.g., the undeformed object. We further want the model to have
a low elastic energy when deformation is small, and a high elastic energy when deformation is large. A
simple, but reasonable, model of the elastic energy £(r(a, t)) in an object being deformed is the difference
between the fundamental forms of the object in its deformed state and in its rest shape. We denote the
fundamental forms of the object in its natural rest shape with a superscript 0; that is, G is the metric
tensor, and BY is the curvature tensor for the object in its natural rest shape. This elastic energy can be
written as

5(7’)2/ HG—GOH§+||B—BO||§ daydas, (9.18)
Q

where € is the domain of the deformable object and ||-||, and |[|-||, are weighted matrix norms. ~ This
model for the elastic energy has the nice properties that it is zero for rigid body motion and that it includes
the fewest partial derivatives necessary to restore a deformable object to its natural shape.

9.2 Model Relaxation

In the previous sections we derived a mathematical model for a deformable object. The mathematical
model is now converted to a discrete model with nice numerical properties and efficiently solvable on
a computer. The numerical property we aim for is that small errors, due to imprecision and round-off,
are not amplified, but rather dissipated. Choosing this strategy has some tradeoffs. The motion is often
damped by the dissipation. The more dissipation, the more damped the motion appears to be. In contrast,
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the more damping, the more abrupt, violent, and destructive change can be applied to the deformable
object, without the animation blowing up. From a computer graphics viewpoint, efficiency often implies
taking very large, fixed time-steps, with comparatively low time-complexity.

We start by simplifying the expression for the elastic energy. Thereafter, we work through the mathe-
matics of calculating the variational derivatives of the elastic force, which leads us to another simplifica-
tion. When this is done, we show how to discretize the simplified equation of motion in space. Finally,
the resulting system, which has been converted from a partial differential equation to a system of coupled
ordinary differential equations, is discretized through time and ready to be implemented.

9.2.1 Simplification of the Elastic Force

In the previous section, we derived an expression for the elastic energy, when the object was deformed
away from its natural shape. Using the weighted Frobenius norm, also called the Hilbert-Schmidt norm

[Weisstein, 2004], which is defined as
1All, = /sz’j|z4ij|2, (9.19)
4,

we can rewrite (9.18) as follows:

E(r) = / |G~ GOHi +|B~ BOH; daydas, (9.20a)
Q
2
= /Q > (%‘ (Gij — G%)* + &5 (Byj — B?j)2) daydas. (9.20b)
2,7=1

The weighting matrices, 1 and £ will control the strength of restoration of the first and second fundamental
form, respectively.

9.2.2 The Variational Derivative

With the above simplification of the elastic energy functional, we are now ready to find an expression for

the elastic force, Fejastic = 555—(:). The variational derivative

of a potential energy functional can be interpreted as a force as explained in Section 22.3. Calcu-
lating the variational derivative also corresponds to finding the function that minimizes the functional as
described in Chapter 21. That means that by calculating the variational derivative, we find an expression
of the elastic force that seeks to minimize the elastic energy.

To better follow the derivations, we split (9.20b) into two parts. The first, S, dealing with the first
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fundamental form, and the other, 7', dealing with the second fundamental form:
2 2
S = Z Mij (GZJ — G%) s (9.213)
i,j=1
2 2
T=> &;(By—Bj) . (9.21b)
i,j=1
These terms will be developed individually, using the calculus of Variation (see Chapter 21).
9.2.2.1 Variational Derivative of S
We will now derive the variational derivative of S. The function S on expanded form is
2 2 2 2
S =m1 (G —GYH)" +m2 (G2 — GY)” + 021 (Ga1 — G91)” + moa (G2 — G95) " 9.22)
Since G is symmetric, we choose 712 = 1j21. Using the fact that G;; = g;’ 8a , the expression becomes
or Or 2 or Or 2 or Or 2 _
S = G 2 G -G . 9.23
mi <8a 9, > + 2112 <8a Oy > + 122 <8a 9y 22> (9.23)
Introducing the shorthand r,, = 855‘;), the equation becomes
2 2 2
S = M1 (Tal “Tay — G?l) + 27712 (T(ll “Tay — G(1)2) + 122 (Ta2 “Tay — G82) s (9'24)
which may also be written as
= / S (ai,a2,7,7q,,Tq,) dardas. (9.25)
Q
The first variational derivative of S is defined by
0S
5= Sy = 0ay Sry; — Oay Sy, - (9.26)
Observe that nowhere does S depend explicitly on 7, so S, = 0. That means we end up with
5_’)“ = 8111 47711 (T(ll Tay — Gll) Tay + 47712 (ral *Tay — G12)Jlra2
- o 2 - (9.27)
— Oay [4m2 (Tal "Tay — G(1)2) Tay + 4122 (Taz *Tay G(2)2) Tap
| Q12 Q22 A
—®
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Cleaning up we have

5S

5 = —0a, (@117, + 1274, ]

Using the product rule we can now write

S

5_r - (8(110411) 'ral - allralal

- (aa2a12) Ta, — X12Ta9aq

which can be reduced to

= (Oay @12) Tay

- (8a2 0422) Tay

2
0S8
5= Z 0, ijTay,

1,j=1

aij = 7ij (Gij —

Tij = 415

— Ou, [0127a; + 2274, ] -

- a12ra1a2

— 22T a5az

(9.28)

(9.29)

(9.30a)

(9.30b)
(9.30c¢)

This is the expression of the variation of the first fundamental form. The constant 7;; is user specified,
hence we might as well consider 7);; as the user-specified parameter. This will be our practice in the

remainder of this chapter.

9.2.2.2 Variational Derivative of T'

Following the same procedure for 7', using the fact that B;; = n - Taja;s and choosing 19 = &91, yields

T= 511 (TL *Tarar — 391)2 + 26_12 (n ‘Taras — B(1)2)2 + 622 (n *Tasas — BSQ)Q .

We can then write the T'-part of the energy functional as

T(T):/T(alaa27rvTapragyralalyralagaragag)daldaQ'
Q

The first variational derivative of 7" is defined by

0T
E = Tr - aal T’l‘al - 8a2Tr

az

+ aal al T’I‘

aial

+ 204, 4,15

Tajag

+ Ougasn

(9.31)

(9.32)

(9.33)
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Again, we see that 7). = 0, so

6T r 2 2 2]

5_7‘ - - 8111 aral SH (TL "Tajar — B?l) + 2812 (n “Taraz — B(IJQ) + &2 (n "Tazaz — ng)
- 9 2 27

_8112 arag §11 (TL *Taja; — B?l) + 2612 (n “Tajay — B(IJQ) + 22 (n "Tazar — ng)
- 9 2 27

+8a111187’a1a1 ISH (n “Tarar — B?l) + 2612 (n “Taraz — B?2) + &22 (n "Tagay — Bg2)
- 9 2 27

+2001a20r4,4, |€11 (n “Tajar — B?l) + 2812 (n "Tajaz — B(l)z) + &2 (" "Tazaz — Bgz)
- 9 2 27

+8a2a287’a2a2 SH (TL "Tajar — B?l) + 2512 (n “Taraz — B?2) + &22 (n "Tazay — Bg?) :
(9.34)
aking care of the first partial differentiation using the differentiation rule in (18. , gives
Taking f the first partial diff iati ing the diff iati le in (18.173), gi
T By .
or O, 2611 (n "Tarar Bll) Npy Taran + 4G (n "Taias 312) Mo, Taraz
+2822 (M- Tayay — Biy) "zalrazaz]
—8a2 [2511 (TL *Tajar — B?l) TLZ:GQ Taia; + 4{12 (TL *Tajay — 392) nZ:GQ Taiaz
+2822 (M- Tayay — Biy) "212 Tazaz]
+0ayay [2611 (0 Payay, — BY) 1]
+28a1a2 [4512 (n : ’rallZQ - B?2) n]
+0uzas [2522 (n *Tazay — ng) n] . (9.35)

As for the S-case, we introduce a symbol representing the part of the equation that concerns the funda-
mental form. Specifically, we set

Bi1 =2&11 (N Taye, — BY) = 3 (n-Taa — B, (9.36a)
Bz =412 (N - Taray — By) = &2 (N 1aya, — BYy), (9.36b)
622 :2622 (n *Tasas — Bg2) = 522 (TL *Tagas — 382) . (9360)

The parameters &;; are user specified. For 7;;, for convenience we introduce él ; as the new user-specified
parameters, and finally we may write the variational derivative of 7 as

0T
T T T
5_’!" = - aal [5llnra1 Tara1 + 512"1*@1 Taras + 52277/1'&1 Tagag]
T T T
- aag [ﬁllnrtm 'ralal + ﬁlQn'pOQ 'ralag + /822n,,,a2 ragag]

+ aalal 511" + 28@@512" + 8@@252271. (937)



“book” — 2005/9/30 — 1?:44 — page 315 — #327

9.2 PHYSICS-BASED ANIMATION 315

This equation is the variational derivative of the part of the energy-functional that concerns the second
fundamental form. As can be seen, it is rather complex, so we would like to approximate it with something
simpler, which can be done in many ways.

In [Terzopoulos et al., 1987], an approximation of the T-part is chosen by an analogy to the S-part
without any theoretical justification. Our derivation shows how this approximation can be justified. First
we ignore all first-order terms, which seems reasonable since curvature describes a second-order property.
Then we replace the normal n with 74,4;, which can be justified as follows: the first derivative of a point
on a curve is the tangent, the second derivative corresponds to a normal. We then arrive at the following
approximation:

(;_,Z: ~ alalﬁllralal + 28a1a2ﬁ12ra1a2 + 8&2(12611"“@@- (9.38)
As can be seen, the above approximation is very similar to (9.30). The only difference is the different
multiplicative constant hidden in the (315 term. Rescaling this term can be done without changing the
fundamental properties of this term. To see this, we can study the analogy with gradient descent. Here,
the negative gradient always points in the minimum direction. Thus, the direction remains the same,
regardless of any chosen multiplicative constant. This implies that during minimization, we always walk
in the direction of the minimum. The multiplicative term only determines how long the steps are. With
this justification, we arrive at the final approximation for the 7'-term:

2

5T

o~ Z Oasa; (BijTasay) » (9.392)
1,7=1

Bij =&ij (- Tasa, — BY) . (9.39b)

9.2.2.3 The Complete Variational Derivative

This concludes the derivation of the approximating vector expression for the variational derivative of the
energy potential, yielding the following relation:

2
5E
e= ~e(r)= > =04, (@ijTa;) + Oasay (BijTasa;) - (9.40a)
ij=1
aij =iij (Gij — GY) (9.40b)
Bi; =& (Bi; — BY;) - (9.40c¢)

The size of the elastic force vector, e, describes the elasticity inherent at a point in a deformable object.
This is an internal property of the object, and it increases as the object deforms at the intrinsic position.
So, the elasticity, e, is the elastic force that should work on a point to minimize the deformation.

9.2.3 Understanding the Model

The two constitutive equations (9.40b) and (9.40c) model the governing behavior of the elastic motion.
Comparing them with Hooke’s Spring Law, described in Section 22.4, which states that

F=_ka, (9.41)
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where x is a displacement vector, and k is the spring constant, we can see a resemblance. The 77 and §~
tensors both work as spring constants, albeit without the — sign, and the difference of the fundamental
form of the deformed object, from the fundamental form of the undeformed object, can be seen as dis-
placement. This means, that the behavior of the elasticity is actually a spring model, with the fundamental
forms as the units of measurements.

The first part of (9.40a), can be seen as the tension constraint on the elasticity. Inspecting the metric
tensor,

G Gz
G = 9.42a
{Gm G22 ( )
Oor  Or Or | Or
= |5 S G %R (9.42b)
daz  Oai Oaz  Oasg

we can see the significance of the different entries. The two elements, G1; and G2, are the squared
vector norm of the derivative in each of the coordinate directions. These entries measure the length in
each direction, and compared with the rest state, G, determine stretching or compression of the material.
The entries G12 = (21 measure the angle between the two coordinate directions, since the dot product is
defined as

cosf
y =50 9.43)

|||yl

Together with GY, they represent an angle constraint.
The constants 7);; contains the weights of the metric tensor, and can be written as

~ Tt The
= | o 9.44
7 [7721 7722] ( )

with 7;; > 0. The 711 and 7j22 terms describe the resistance to length deformations in the two directions,
while 7719 = 7)1 describe resistance to shearing. To simulate a material that behaves like soft rubber,
one can use a small 7, while a larger 7 will model a less stretchable material, such as paper. In prac-
tice, it is seen that, if some 7);; > 1 and for large time steps, then the system tends to become unstable
[Kelager et al., 2005].

The second part of (9.40a), can be seen as the curvature constraint on the elasticity. Inspecting the
curvature tensor,

B Bia
B = 9.45a
[321 B22} ( )
&r &r
n: 5az " Ba10
g nmE] s
™" Baz-dar " 9a3

we find that By; and Bgs measure bending in each of the two coordinate directions, with B1s = Bo;
measures twisting of the coordinate frame projected onto the normal. Comparing the values with the rest
state, B, we have a measure of how the surface deforms with regard to bending and rotation.
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The constants éij contains the weights of the curvature tensor. These can be collected in a rigidity

tensor 5 B
B SE §12
— S > 46
¢ [521 522,} (-46)

where 511 and 522 describe the resistance to bending, and £~1~2 = 521 describes resistance to twisting. To
model surfaces with flexible bending properties, like cloth, £ should be close to zero. A thin metal plate,
which has a high resistance to bending, should have a larger &. In practice, it is often seen that the system
stays stable, by keeping the values §;; < 1 [Christensen et al., 2004].

9.3 Discretizing the Model Relaxation

In the previous section, we derived a simplified approximation of the original partial equation given in
(9.18). This approximation resulted in a vector expression, repeated here for convenience:

2
€= Z _aai (aijraj) + 8aia]- (ﬁij'raia]-) ) (9.47a)
2,7=1
aij =ijij (Gij — G) (9.47b)
Bij =&ij (Bij — Bi)) - (9.47¢)

This expression for the elastic force is continuous in the material coordinates a of the deformable object.
To be able to implement this, we need to discretize it, thereby transforming the original partial differential
equation (9.8) into a system of ordinary differential equations. This system can then be converted to a
matrix-vector form, which is easily implemented and solved on a computer. In this section, we will use
the standard technique of finite difference approximations as described in Section 20.2, to calculate the
different derivatives involved in the expressions. The deformable surface is described by a continuous
mapping from material coordinates @ = [a1, as]” to world coordinates r (a) = [r, Ty, r,]*. The domain
of the material coordinates is a unit square, 0 < aj,as2 < 1. We discretize the material domain into a
regular M x N-sized grid of nodes, with an internode spacing of h; and hs, given by

1
= 4
hi U1 (9.48a)
1
hg =—. 9.48b
2 =N ( )

This is illustrated in Figure 9.5. We will use square brackets to indicate that we approximate a continuous
function (a1, az), on the discrete grid, where 0 < m < M —1and 0 < n < N — 1. For example,
r [m,n] = r (mhy,nhsy).

By analogy to particle systems presented in Chapter 8, a grid node can be thought of as a particle.
The metric tensor G can then be thought of as structural springs, and the curvature tensor B as bending
springs.
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Material Coordinates World Coordinates

}

Figure 9.5: Discretization of the material coordinate domain.

9.3.1 Finite Difference Operators

To ease notation in the following, we will introduce symbolic names for the finite difference operators
needed. The symbol D indicates a finite difference operator. The subscripts denote the material coordinate
axis along which the difference is performed. The superscript + indicates a forward difference, while a —
indicate a backward difference.

The forward first difference operators are defined by:

Dy (u) [m,n] = (u[m + 1,n] — u[m,n]) /hi, (9.49a)
Dy (u) [m,n] = (u[m,n + 1] — u[m,n]) /ha. (9.49b)
Similarly, the backward first difference operators are defined by
Dy (u) [m,n] = (w[m,n] —u[m —1,n]) /hy, (9.50a)
Dy (u) [m,n] = (u[m,n] —u[m,n — 1]) /ha. (9.50b)
The forward and backward cross difference operators, can then be defined as
D, (u) [m,n] = D3, (u) [m,n] = DY (D3 (u)) [m,n], (9.51a)
Diy(u) [m,n] = D3, (u) [m,n] = Dy (D5 (u)) [m,n]. (9.51b)
The central second difference operators can then be defined as

D11 (u) [m,n] = Dy (Df (w)) [m,n], (9.52a)
Day(u) [m,n] = Dy (D3 (w)) [m,n]. (9.52b)

Finally, we define combined second difference operators, Di(;r) and ng_), that means: use the forward

or backward cross differential operator, when ¢ # j, and the second central difference operator D;,
otherwise.
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9.3.2 Discretizing the Elastic Force

With the above operators, it is very easy to write up the discrete versions of the elastic force Figic. First,
the two continuous versions of the constitutive functions, « and 3, given by

- . 0 0
aij(a,r) = i;(a) (Gyj — GY) = 7iij(a) <a; : 872 - G%) : 9.53a)
~ - 821"
Bij(a,r) = &;(a) (Bij — BY) = &j(a) <n oy e B%) , (9.53b)
are discretized to yield
aij [m,n] = 7;j [m,n] (Df (v) [m,n] - D (v) [m,n] — GY; [m,n]), (9.54a)
Bij [m,n] = &; [m,n] (n [m,n] - DZ(;F) (r)[m,n] — B [m,n]) , (9.54b)

where the initial tensors, GV and B, can be calculated analytically, or by using the same finite difference
operators on a discretization of the rest shape. The finite difference operators appears to give higher
stability. Hence, the continuous elastic force, given by

2
0 or 0? O*r
e =2~ (O‘a_> " Dad (527 aaiaa) | 023

can be discretized to yield

2
e[m,n] = Z —D; (p)[m,n] + DZ(j_)(q) [m,n], (9.56a)
ij=1
P = o j [m,nj D;-r(r) [m,n], (9.56b)
q = Bij [m,n] DZ(;_)(T) [m,n]. (9.56¢)

Notice that the final discretization uses a combination of forward and backward difference operators. This
combination results in a central difference approximation for 7.

The elastic force has been separated in two parts, p [m,n]| and g [m,n], to emphasize the fact that
they are fields of the same size as the discretized surface 7 [m,n]. It therefore makes sense to apply the
finite difference operators on these fields as well. That means, to calculate the elastic force e for a given
material point r [m, n], we only need to look in the neighborhood of the material point. This is the key in
understanding how to perform the actual implementation, which is described next.

9.3.3 The Stiffness Matrix

With the discretization in place, we now want to derive a matrix-vector equation for the elastic force. In
the following description, we look at a deformable surface consisting of M x N material points. Let
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us collect all the particle positions, 7 [m, n|, in one large M N dimensional vector, r. We then want to
reformulate the discretization, in such a way, that we can calculate the elastic force of all the particles
simultaneously, by the expression

e =K(rr, 9.57)
where e is an M N dimensional vector containing the elastic force for all material points. The matrix
K(r), with dimensions M N x M N, is called the stiffness matrix.

To assemble the stiffness matrix, we need to have a closer look at the discretizations of the elastic force.
We will evaluate the finite differences to see which material point positions are involved in calculating the
elastic force for a single material point. We will discover that the material points involved all lie in a close
neighborhood, which gives an analogy to discrete filtering kernels, also called stencils.

9.3.3.1 The o Stencil
Expanding the first part of (9.56a), we get

2
Z —D; (p) [m,n] = — Dy (a1 [m,n] DY (r) [m,n]) (9.58)
ij=1
- Dy (a12 [m,n] D; (r) [m,n})
— Dy (azi [m,n] D} (+) m, )

— Dy (ag2 [m,n] DY (r) [m,n]) .

Taking only the first part of this, and evaluating, first the backward difference operator, then the forward
difference operator, we find

—-Dy (0411 [m,n] Df (r) [m,n})

_ —aq1[m,n] DY (v) [m,n] + ai1 [m — 1,n] DY (r) [m —1,n]

— h (9.59a)
1
_—om [m,n] (r [m+1,n] —r[m,n]) ‘22011 [m —1,n] (r [m,n] —r[m —1,n]) (9.59b)
1
_ %rg,n]r m 4 1n] + O0 [m, n] +h0%11 [m—l,n]r[m’n] _ Wr[m_l’n}_
(9.59¢)

Doing the same for the other parts of the summation, and gathering terms, we can write the results as a
3 x 3 stencil,

0 _agl[m,n—l] _ ag2[m,n—1] ag1[m,n—1]
hihz h2 hihz
aii[m,n]+aii[m—1,n]
h?

_all[m—l,n] . ajz[m—1,n] aiz[m,n]+asi[m,n] _all[m,n} . as1[m,n]
h% hiha + h1h h% hiho (960)

1n2
+a22[m,n]+a22[m,n—1]

h3
arz2[m—1,n] _aig[myn]  ag[m,n] 0
hlhg h1h2 h%

Salm,n] :
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Algorithm compute-alpha ()
for m=0 to M-1
for n=0 to N-1

alpha_11[m] [n] = alpha_12[m][n] = alpha_22[m][n] = 0
vector3 Dll_r = (r_cur[m+l][n] - r_cur[m-1]1[n])/ 2 h_1
vector3 D22_.r = (r_cur[m][n+l] - r_cur[m][n-1]1)/ 2 h_ 2
alpha_11[m] [n] = eta_1l1l[m][n]*( Dl_r * Dl_r - GO_11[m][n])
alpha_12[m] [n] = eta_12[m] [n]*( Dl_r * D2_r - GO_12[m][n])
alpha_22[m] [n] = eta_22[m] [n]*( D2_r * D2_r - GO_22[m] [n])
next m
next n

End algorithm

Figure 9.6: Pseudocode showing how to compute the alpha grid. Von Neumann boundary conditions as
described in Section 9.3.7 should be applied to the grid of current particle positions.

corresponding to the grid positions,

m—1,n—1] | [m,n—1] | [m+1,n—1]
[m —1,n] [m,n] [m + 1,n] (9.61)
m—1n+1]|[mn+1]|[m+1,n+1]

Now the a-stencil, S,,, can be seen as a filter that can be applied on the positional grid, . When applying
this filter at position r [m, n|, we effectively calculate (9.58).

Figure 9.6 illustrates in pseudocode how to compute o.

9.3.3.2 The [ Stencil

Expanding the second part of (9.56a), we get

2
S" D (q) [m,n] =Dy i1 [m,n] Diy(r) [m, n] (9.62)

1,7=1
+ D1, B12 [m, n] Dy (r) [m,n)
+ D3, Bo1 [m, n] D3 (r) [m,n)
+ Do 399 [m, n] Dgg(’r’) [m, n} .

As for the a-stencil, we can expand this expression fully by substituting the expressions for the finite
difference operators, and collect terms. This time, due to the use of the central and cross difference
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operators, the result is a 5 x 5 stencil,

0 0 Sgm,n — 2] 0 0
0 Sgim—1,n—1] | Sgm,n—1] | Sgm+1,n —1] 0
Sp:| Sglm—2,n] | Sglm—1,n] S m,n] Sgim+1,n] | Sgm+2,n]| (9.63)
0 Ssim—T,n+1]| Sslm,n+1] | Szim+ Ln+t 1] 0
0 0 Sglm,n+2 0 0

where the nonzero entries in each row are given by:

Sglm,n — 2] = (Bag [m,n — 1]) /h3, (9.64a)
Splm —1,n =1] = (Briz [m — 1,n — 1] + a1 [m — 1,n — 1)) /(h1h3), (9.64b)
Sglm,n —1] = (=fi2[m,n — 1] — fra[m — 1,n — 1] — fa1 [m,n — 1] — [ [m — 1,n — 1]) /(h%h%)

+ (=202 [m,n] — 2022 [m,n — 1]) /b4, (9.64¢)
Splm+1,n —1] = (Brz [m,n — 1] + Ba1 [m,n — 1]) /(W1 13), (9.64d)
Sglm —2,n] = (B11 [m — 1,n]) /hi, (9.64¢)

Sglm — 1,n] = (—2B11 [m,n] — 2611 [m — 1,n]) /h}
+ (=fBi2[m—1,n] = Bi2[m—1,n— 1] — Bo1 [m — 1,n] — Bo1 [m — 1,n — 1)) /(h%h%),

(9.64f)
Sglm,n] = (B11 [m + 1,n] + 4B11 [m,n] + P11 [m — 1,n]) /hi

+ (Brz [m,n] + Bra [m,n — 1] + Ba1 [m — 1,n] + Ba1 [m — 1,n — 1]) /(hih3)

+ (Bo1 [m,n] + Bra [m,n — 1] 4 Bor [m — 1,n] + Bor [m — 1,n — 1)) /(h3h3)

+ (Ba2 [myn + 1] + 482 [m, n] + Bz [m,n — 1]) /hi, (9.649)
Sglm +1,n] = (=261 [m + 1,n| — 2611 [m, n]) /hi1

+ (B2 [m,n] — Brz [m,n — 1] — Bo1 [m,n] — Bar [m,n — 1)) /(h3h3), (9.64h)
Sgim +2,n] = (B11 [m + 1,n]) /hi, (9.641)
Splm — 1,0+ 1] = (Biz [m — 1,n] + Ba1 [m — 1,n]) /(hTh3), (9.64j)
Sglm,n+ 1] = (=Bi2 [m,n] — Pra [m — 1,n] — By [m, n] — Ba1 [m — 1,n]) /(hih3)

+ (=289 [m,n + 1] — 2029 [m, n]) /3, (9.64k)
Sgim +1,n + 1] = (B12 [m,n] + Ba1 [m,n]) /(hih3), (9.641)
Sgim,n + 2] = (Baz [m,n + 1]) /h3. (9.64m)

Again, when applying the S3 stencil to a node, given by = [m,n] in the positional grid, the result is an
evaluation of (9.62).
Figure 9.7 illustrates how to compute [ in pseudocode.
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Algorithm compute-betal()
for m=0 to M
for n=0 to N
beta_11[m] [n] = beta_12[m][n] = beta_22[m][n] = 0
vector3 D11 _r = (r_cur[m+l][n] - r_cur[m-1][n])/2*h_1
vector3 D22_r = (r_cur[m][n+l] - r_cur[m][n-11)/2*h_1
vector3 D12_r = (r_cur[m+l] [n+1l] - r_cur[m+1] [n]
- r_cur[m] [n+l] + r_cur[m][n])/h_1*h_2
beta_11[m] [n] = xhi_11[m] [n]*(n[m] [n]*D11_r - BO_11[m][n])
beta_12[m] [n] = xhi_12[m] [n]*(n[m] [n]*D12_r — BO_12[m][n])
beta_22[m] [n] = xhi_22[m] [n]*(n[m] [n]*D22_r - BO_22[m] [n])
next m
next n
End algorithm
Figure 9.7: Pseudocode showing how to compute the beta grid. Before invocation the normals for each
grid node must have been computed. Von Neumann boundary conditions as described in Section 9.3.7
should be applied to the grid of current particle positions.
9.3.3.3 The Combined Stencil _
To evaluate the complete (9.56a), we combine the S, and Sg stencils, arriving at:
Se =
0 0 Sg[m,n — 2] 0 0
0 Sem—1,n —1] Se [myn — 1] So[m+1,n—1] 0
+Ssm—1,n—1] | +Sg[m,n—1] | +Sg[m+1,n—1]
S [m —1,n] Se [m,n) Se [m +1,n]
Splm = 2,n] +S5[m —1,n] +S5[m,n] +S5[m +1,n] Sgm +2,n]
0 So[m—1,n+1] Se [m,n + 1] So[m+1,n+1] 0
+Sgm—1,n+1] | +Sg[m,n+1] | +Sg[m+1,n+1]
0 0 Sgm,n + 2] 0 0
(9.65)
This stencil includes all of (9.56a) and contains all the information needed to understand how to assemble
the stiffness matrix K.
9.3.3.4 Assembling the Stiffness Matrix
The analogy to filter operations in the above derivations of the stencils can now help us to understand how
to construct the stiffness matrix K. The result of the matrix-vector multiplication, ¢ = K(r)r, is that e
contains the elastic force for all the material points described by r. Unfolding the positional grid to the
vector r can be done as shown by the pseudocode shown in Figure 9.8. A single row in K should mask
out the needed material points in r, and apply the combined stencil S. on these particles. For the sake
—
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for 1 = 0 to MN-1 do

m = div (i, M)

n = mod (i, N)

r(i) = rim,n]
next 1i

Figure 9.8: Pseudocode for unfolding positional grid.

K, | IIJDII 5 1 I I
SC

Figure 9.9: Row k; of the stiffness matrix K comes from unfolding the combined stencil .S..

of clarity, let us look at how to calculate the elastic force e; for the particle r;, where position ¢ in the

M N-vectors corresponds to index [m, n] in the grid. Unfolding the elasticity grid and the positional grid,
the matrix-vector equation (9.57), will look like this:

- - B T 7 ~ -
() kg Iy
_ T
e, | =] K Lo, (9.66)
e kT r
LM N—14 | SvN—-1] BMN-14

where 1_(27;- is the rows of the stiffness matrix K. The row, lgf, corresponding to the elastic force calculation
for particle r;, looks like Figure 9.9.

That is, the combined 5 x 5 stencil, S,, has been unwrapped and the individual rows has been placed
in the proper positions in the corresponding row of the stiffness matrix. Note that all the other entries are
zero, which, in effect, ensures that only the needed particles are used in the calculation.

The other rows of K are just shifted version of row k,. This results in a stiffness matrix with a very
nice structure, as seen in Figure 9.10. It only contains five subbands, each with five bands, with all the
other entries being zero. So it is a square, banded, sparse matrix. This again means that we can use all
sorts of nice matrix vector solvers to quickly calculate the elastic force of all the particles.

In Figure 9.11 the assembly of the stiffness matrix is outlined in pseudocode.
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Figure 9.10: Structure of the stiffness matrix K.

Algorithm assembly-K()
K=0
for i = 0 to MN-1
m = mod (i, M)
n = div(i,N)
for s = m-2 to m+2
for t = n-2 to n+2
K(i, sM+t) = Sc(s,t)
next t
next s
next i
End algorithm

Figure 9.11: Pseudocode for assembly of the stiffness matrix K.
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9.3.4 A System of Ordinary Differential Equations

Having dealt with the elastic force, we are ready to look at the rest of the equation of motion (9.8), that is,

5 (o (252) g e

= f(r(a,t),t). 9.67)

In the general case, the density distribution function could be dependent on time, both directly, and in-
directly, through the material coordinates, as in p(a(t),t). However, for our specific purpose, we will
consider the density distribution function to be directly dependent upon the material coordinates only.
This is justified by creating a fixed rectangular grid embedded in the object, where nodes correspond to a
fixed material coordinate point. This simplifies the equation of motion to

0%r(a,t) or(a,t) 6&(r(a,t))
ma) e — tra)—g 5r(a,t)

= f(r(a,t),t). (9.68)

For the elastic force, we have chosen to approximate with K(r)r, where r is the M N element-sized
concatenated vector of particle positions. To be able to use r everywhere in (9.68), we need to represent
the discrete versions of the mass densities, 4 [m,n], and the damping densities, 7 [, n], as well as the
external forces, in a proper form.

For the discrete mass densities, i [m,n], we construct a diagonal M N x M N-dimensional mass
matrix M with the p [m, n] values in the diagonal. Similarly, we construct a damping matrix C with the
discrete damping values y [m, n|, in the diagonal. Finally, we create a M N-sized vector f, that gathers all
the discrete external forces.

With these constructs, we are able to construct the fully spatial discretization of (9.68) as:

2
M% + C% +K()r=f. (9.69)
The original formulation, which is a system of nonlinear partial differential equations, has now been
converted to a system of nonlinear ordinary differential equations.

9.3.5 Temporal Discretization

To simulate the deformation, the system of ordinary differential equations, (9.69), needs to be integrated
through time. In order to favor stability and robustness over accuracy, an implicit integration scheme
can be applied. For ease and speed, we also want the system to be linear, which is not the case for the
system in (9.69). However, linearizing the system through a series of numerical steps will result in the
semi-implicit method known as the Terzopoulos method [Terzopoulos et al., 1987].

The time-dependent factors in (9.69) can be approximated by the discrete first- and second-order
accurate central differences given by

or oAt — LAt

2= et Steat 9.70
ot 2At ’ 100
82r Et—i—At - 2£t + L At

52 = AP , (9.70b)
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where the subscripts on r means evaluate r at the time indicated by the subscript. This results in a linear
approximation to the nonlinear system. Now, we evaluate f at time ¢, and e at time ¢ + At¢. That is:

erpar = K(r)r ae 9.71)
These evaluations, together with the discrete time approximations from (9.70a) and (9.70b), are plugged
into (9.69) to yield:

Ly — 20+ 1A LA — LA
M Attz —= 0 tQAtt t+K(£t)£t+At:fta 9.72)

which can be expanded to:

1 1 1
A—tQMEt—‘rAt Atg ~aMr; + Atg M 2—AtC£t+At SAL o Crar + K)rae =1, (9.73)
We then collect r,, o, terms on the left-hand side, and get:
1 2 1
The left-hand side can be written as
. 1
Aty pay with Ay =K(ry) + (AtQM + 2Atc> . (9.75)

To arrive at an implicit scheme, we want the right-hand side to have a (ﬁM + ﬁC) r,-term. We
expand and rearrange, and get:

1
Aty n =1 + At2 e Mr; — <At2M - —ZAtC> I At (9.76a)
1

By adding and subtracting the term ngt, we contribute nothing to the equation. Doing this and rear-
ranging again, we get

At£t+At :ft At2 Mrt + At2 M t At2 Mrt At + 2—Atcrt_At 2At Czt 2At Czt (9773)
1 1 1
:ft At2 Mrt + A Czt + A—t2M£t - Eczt At2 Mrt At 2At CI‘t At (977b)
1 1 1 1
=t M+ 5a:© M- o5 C M+ ——C 77
a (At2 b7 >£t * (At2 2AL >£t ( RGN >£t_At (9.77¢)
1 1
et (At2 2Atc> L+ (@M - EC> (t —1-ar) (9.77d)
1 1 1 1
=f+ (At2 2Atc> L+ (EM - §C> ~7 (& —rear) 9.77¢)
1 1 1
_ft + At2 2At I + _tM — §C Vv,. (9.77f)
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Algorithm time-step (dt)
M = mass matrix...
C = damping matrix...
r_cur = current position...
r_old = old positions...
f = external_ forces...
assemble_stiffness_matrix (K)

MpC = ( M/(dt*dt) + C/(2*dt))
A =K + MpC

MmC = (M /dt - C/2)

v r_cur - r_old)/dt

g + MpC*r_cur + MmC*v
solve (A, r_new,q)

r_old = r_cur

r_cur = r_new

End algorithm

Figure 9.12: Complete pseudocode for a single time-step.

In the last line, we recognized and substituted the implicit given velocity at time t, v, = ﬁ (gt —rI,_ At)'
Looking at the SI-units of the right-hand side, we find that all terms have dimension of force. Therefore,
we can call the right-hand side for the effective force vector, g,.

To summarize, we have derived a semi-implicit integration scheme described by the sparse, banded,
linear system

At ne = & (9.78)
with the system matrix
1 1
and the effective force vector
=1 + LM—FLC r, + LM—FEC v (9.80)
BT aT\ Ap oAt )T\ At 2 )b '
with 1
Ve = 77 (= rear) - (9.81)

Figure 9.12 shows a pseudocode version of the complete algorithm, using the pseudocode from Fig-
ure 9.11.

9.3.6 Numerical Issues

Given initial conditions, ry and v, the above sparse linear system can be solved by inverting the system
matrix

ta = A g, (9.82)
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using an appropriate numerical solver, for example Choleski decomposition or LU factorization. However,
the real win comes from exploiting the properties of the system matrix A from (9.79). This consists of the
stiffness matrix plus a positive diagonal matrix, so all the properties of the stiffness matrix still hold. This
means that we can use an iterative solver, like the conjugate gradient method as described in Section 18.2,
to solve the system matrix. This allow us to simulate deformations, represented by a large amount of
material coordinates, and still be able to visualize the results in real time.

If the entries in the stiffness matrix are very small, these values will become very large, when inverted.
This is a problem for any method of solving the system of equations, but a simple and effective solution
is to clamp all contributions to the stiffness matrix that are below a certain threshold, to zero.

Another issue concerns the boundaries of the discretized grid. Some sort of boundary conditions need
to be implemented, to ensure that the finite difference operators do not break down. The easiest way to
implement a boundary condition is to extend the grid with a border all around it. This border can then
be initialized with whatever value is proper for a specific boundary condition. The filter operations are
then defined on all values of the original grid. This is similar to the way filtering is implemented in, for
example, Matlab®. For example, a natural boundary condition, also known as a von Neumann condition,
requires the gradient to be constant across the boundary. This can be simulated by ensuring that the
forward and cross difference operators in (9.56b) and (9.56c) return zero. To implement this, the border
values need to be set to the same values that are right inside the boundary.

9.3.7 Von Neumann Boundary Conditions

We will now show how to implement simple von Neumann boundary conditions on a rectangular grid.
Let r[i][j] denote the grid node at position (i, j). Let the M x N computational grid be represented on
a grid of dimension (M + 2) x (N + 2). The computational grid, that is, where we solve the Dynamics,
is given by the ranges 7 € 1..M and 57 € 1..N. Indices outside these ranges are used to set up boundary
conditions.
The central difference of r at grid locations (1, -) in horizontal direction is given by the formula:

[+ 1[] = rli = ][]
2hy )

Obviously, when ¢ = 1, r[i — 1][j] lies outside the computational grid. To handle this boundary case,
imagine that the surface is smooth and continuous and that the surface has infinite extension. It is then fair
to assume that we can estimate the direction of r[¢ — 1][j] by the tangent of the surface at r[i[j], as shown
in Figure 9.13. That is

Du(rli][j]) =

(9.83)

] = (r2]l5] = r[10]) (9.84)
= 2r{1][j] — r[21[j]- (9.85)
Inserting this into the central difference scheme yields

Dutr = 2= CrL — )
r2]l5] = r[1l]

= — (9.87)

(9.86)
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r[1](7] r[2](7]

e Y

Figure 9.13: An imaginary point to the left of the left boundary.

This is recognized as a forward difference. Hereby we have shown that it makes sense to use Equa-
tion 9.84.

A similar case exists when ¢ = M. This time r[i+ 1][7] is undefined, and applying the same machinery
suggests that

r[M +1][j] = r[M][j] — (r[M = 1][5] — r[M][j]) (9.88)
= 2r[M][j] — r[M = 1][5]. (9.89)
In order to verify that the value is meaningful, (9.88) is inserted into the central difference formula

2r[M][5] — r[M —1][5]) — r[M —1][j]

Dy (r[M][5]) = (9.90)
2hy
_ rM) = oM - 1)f5] 0o
hy
It is seen that this is in fact a backward difference.
The same approach applied to the horizontal direction yields the boundary values
rla][0] = 2r[i][1] — r[i][2], (9.92)
r[i][N + 1] = 2r[i][N] — r[i][N —1]. (9.93)

Notice that the four corner values are unused, that is, 7[0][0], 7[0][N +1], 7[M +1][0], and r[M +1][N +1].
Also, no left and right values are set for the top and bottom row. Similar, no top and bottom values are set
for the left and right borders.

A central finite difference scheme for mixed partials can lead to trouble at the corner points because
the values 7[0][0], 7[0][N +1], »[M +1][0], and r[M +1][ N +1] are undefined. Using the same assumption
about a continuous smooth surface yields the computational low-cost estimations of the corner values

r[0][0] = 2r[1][1] — r[2][2], (9.94)

r[O}[N + 1] = 2r[1}[N] — r[2][N — 1], (9.95)

r[M +1][0] = 2r[M][1] — r[M — 1][2)], (9.96)

r[M + 1[N + 1] = 2r[M][N] — r[M — 1][N —1]. 9.97)
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Algorithm apply-neumann(r,M,N)
for i=0, j=1 to N

r{i-11[0J] = 2*r[i][j] - rl[i+1][]]
for i=M, j=1 to N

rli+1]1[J] = 2*r[i]l[j] - rl[i-1]1[3]]
for j=0, i=1 to M

r{i][j-1] = 2*r[i][j] - rl[i][j+1]
for j=N, i=1 to M

r[i][3+1] = 2*r[i][Jj] - rli]l[j-1]
r[0][0] = 2 r[1][1] - r[2][2]
r[0][N+1] = 2 r[1][N] - r[2][N-1]
r[M+1][0] = 2 r[M][1] - r[M-1][2]
r[M+1] [N+1] = 2 r[M][N] - r[M-1][N-1]

End algorithm

Figure 9.14: Pseudocode showing how to apply von Neumann boundary conditions to a computational
grid r, where a central difference scheme is applied.

A more elaborate scheme can of course be used, but we favor the above due to its simplicity and the fact
that corner points are based on known values and not other boundary values, set along the horizontal and
vertical lines outside the computational grid. In Figure 9.14 the pseudocode for applying von Neumann
boundary conditions is given.

The boundary conditions we have applied are accurate enough to first order. Thus, if large discretiza-
tions are used (large hg and A1), then boundary values will have large errors. Furthermore, if higher-order
difference schemes are applied, that is, O(nP) with p > 1, then the scheme is more accurate than the
boundary values. In the latter case one might want to devise a higher-order method for determining the
off-surface points. This is, however, not needed for the Terzopoulos method, and we leave this as an
exercise for the reader.

9.3.8 Dirichlet Boundary Conditions

Although not used in the Terzopoulos method, we will outline a simple implementation for Dirichlet
boundary conditions. For this, a scalar computational grid s is used, with the same dimension as in
Section 9.3.7. A Dirichlet boundary condition can now be set as si][j] = 0, or any other constant value.

These kind of boundary conditions are easily applied simply by setting values in the computational
grid, before using it to perform any computations.

9.4 The External Forces

The external force, f(r,t), in our model is the sum of several di