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Abstract

We develop a general framework characterizing when exchange rates connect or disconnect
from fundamentals across different financial market structures. International portfolio risk
sharing governs how tightly exchange rates track households’ stochastic discount factors.
We introduce a tractable sufficient statistic for connect: the prevalence of globally-traded
risks, the component of asset risks that households in both countries can trade through
available financial instruments. When globally-traded risks dominate, exchange rate puzzles
persist regardless of market structure. In turn, disconnect requires neither extreme seg-
mentation nor thin financial markets; it emerges whenever globally-traded risks are limited.
Empirically, cross-country asset return correlations are weak, implying modest amount of
globally-traded risks and pervasive disconnect in intermediated market structures. When
correlations increase, as observed post-2008 or during high-risk episodes, exchange rates

track fundamentals more closely.
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Introduction

Current research on exchange rates stands at a crossroads. Historically, exchange rate move-
ments appeared disconnected from fundamentals, at odds with classic equilibrium models
(Meese and Rogoff, 1983; Obstfeld and Rogoff, 2001). As Engel (2014) put it, “it is ques-
tionable that the models allow us to explain, even after the fact, the movements in major

7 The literature answered this challenge by offering a new view on the role

currency rates.
of financial markets in exchange rate determination. Gabaix and Maggiori (2015) showed
that segmented financial markets can drive exchange rate fluctuations independently of real
fundamentals. Itskhoki and Mukhin (2021) produced a quantitative model with segmenta-
tion that successfully replicates the disconnect. However, recent studies suggest that a more
nuanced view of the role of fundamentals is necessary. For example, Engel and Wu (2024)
find that inflation and interest rate differentials, along with global risk measures, explain
a significant share of dollar movements in recent years. Reconciling these perspectives is

challenging: Lustig and Verdelhan (2019) show that a mild departure from the extreme

segmentation of models of disconnect quickly restores the predictions of classic frameworks.

In this paper we bridge the two opposing views of exchange rate determination — connect
to fundamentals versus disconnect. We argue that a central feature controlling the extent
of disconnect is how much portfolio risk sharing ties the exchange rate to the representative
households’ stochastic discount factors (SDFs). We provide a general characterization of this
relation and its implications across financial market structures — namely, which assets are
traded and who trades them. Our general approach shows that for a wide variety of market
structures, the extent of disconnect depends on properties of asset returns, without requiring
extreme segmentation. We confirm this prediction empirically: when asset returns become

more similar across countries as in recent years or during crises, the disconnect weakens.

In classic models, portfolio risk sharing implies that exchange rate depreciation is equal
to the relative SDF between the two countries (e.g., Backus and Smith, 1993; Backus, Foresi,
and Telmer, 2001). This result is the finance version of the fundamental view. Underlying
this relation is the assumption that financial markets are complete and integrated. As many

papers show, this view is difficult to reconcile with data, that is, to write a model that



generates stochastic processes for the depreciation rate and SDFs that are consistent with
this relation, and at the same time match asset prices and exchange rate empirical moments
— the volatility (Brandt, Cochrane, and Santa-Clara, 2006), cyclicality (Backus and Smith,

1993), and risk premium (Fama, 1984) puzzles.

Models of disconnect make the polar opposite assumption that financial markets are
extremely segmented. Households can only access the risk-free assets of their respective
countries, with intermediaries trading across borders. There is no portfolio risk sharing what-
soever. Hence, the exchange rate is not constrained by SDFs. This lack of restrictions allows
shocks that do not affect SDF's to impact the exchange rate, resulting in disconnect. For ex-

ample, such models often introduce disconnected shocks using “noisy” demand for currency.

We characterize what happens in more realistic scenarios in which markets are neither
complete and integrated nor extremely segmented. Under these conditions, SDFs typically
explain only part of the variation in exchange rates, allowing for fluctuations disconnected
from SDFs. Specifically, the relative SDF and the exchange rate move together only in
response to shocks that households can trade with each other. This simple characterization
is the key result of the paper, extending the complete market relation to a wide class of

economies.

To identify these “globally-traded” shocks, it is sufficient to know the financial market
structure and the covariance of asset returns. For example, in an economy in which house-
holds in both countries trade claims on US inflation (say, using inflation swaps), the response
of the exchange rate to an inflation shock must equal that of relative SDFs. Conversely, if
households cannot trade claims on output, the exchange rate is not constrained by output
shocks. In the extremes, all shocks are globally-traded under complete and integrated mar-
kets, leaving no room for disconnect, while none are globally-traded in settings with extreme

segmentation.

The benefit of these general results is to characterize how the exchange rate behaves
in market structures beyond the extremes without having to completely solve such models.
In this regard, we highlight a useful metric for questions of connect and disconnect: the
proportion of exchange-rate fluctuations explained by globally-traded shocks. We use this

metric to consider three issues.



First, we show that the volatility and cyclicality puzzles of classic models are driven
by a large globally-traded component that strongly connects the exchange rate to SDFs.
Specifically, given a pair of SDFs, if the puzzles arise under complete markets, they persist

in any market structure with a dominant globally-traded component.

One way this situation occurs is when risk-free bonds of both countries are frictionlessly
traded by both households even if markets have arbitrary frictions elsewhere. Lustig and
Verdelhan (2019) show that the currency puzzles already arise in this minimal setting. This
seemingly suggests that the puzzles are unavoidable in any market structure away from
extreme segmentation. Our framework shows otherwise: the puzzles in that case stem
from a special property of risk-free assets. Risk-free assets permit trading exchange rate
risk through the carry trade, which implies that the equilibrium exchange rate is itself a

globally-traded risk.

The other route to a large globally-traded component is not as minimal. Markets must
allow households to trade risks that nearly span their SDFs. In economies with many shocks,

this requires frictionless trading in many assets, which gets close to complete markets.

Second, we show that extreme segmentation is not necessary for disconnect. Our frame-
work reveals that the critical feature of existing models is not segmentation per se, but that
it drives the globally-traded component to be small (in fact, zero in the models studied in
the literature). Markets can be substantially enriched relative to these models while keeping
this component sufficiently small. Intermediaries may be fully sophisticated and trade an
arbitrarily large set of assets. Households may access broad local menus of assets, which may
be substantially correlated across countries, so long as they cannot be combined to form a
rich set of globally-traded risks. Despite featuring many trading opportunities, these mar-
ket structures still allow the possibility of shocks to the exchange rate that are not present

in SDFs.

Third, we show that taking the perspective of these richer structures leads to new pre-
dictions relating properties of asset returns with the extent of disconnect. Assume that
households trade local stocks and bonds of various maturities. If these two sets of assets

exhibit more globally-traded shocks — intuitively, when returns across countries exhibit



stronger comovement — disconnect should be weaker. We find that, unconditionally, the
amount of globally-traded shocks is small and the corresponding globally-traded proportion
of the exchange rate is no more than 25%. This evidence is consistent with the widespread
evidence of disconnect (Meese and Rogoff, 1983). Looking across time further confirms the
role of financial markets. After 2008, globally-traded shocks become more substantial, and
the globally-traded proportion increases, in line with the increased connect documented, e.g.,
in Engel and Wu (2024). We observe a similar pattern during periods when the VIX is above
its median, in line with, e.g., Stavrakeva and Tang (2024).

All these results make the case that portfolio risk sharing is a central determinant of
the extent of disconnect, both in theory and in the data. We emphasize, however, that risk
sharing on its own is not a complete characterization of disconnect; the nature of shocks
also matters. A complete market model could exhibit a disconnected exchange rate if the
SDFs themselves have no connection with macroeconomic quantities. Or, a model with
extreme segmentation can lead to a connected exchange rate if all shocks in the economy are

macroeconomic in nature.

Beyond questions about disconnect, our analysis provides the full menu of constraints on
the exchange rate imposed by portfolio risk sharing across market structures. Our findings
highlight that many issues with existing models of the exchange rate come from taking stark
stylized views of market structure. Departing from these limiting cases and incorporating
more realistic features of how financial markets are organized is a promising avenue for

understanding the exchange rate.

Contribution to the literature While the literature has explored a number of mar-
ket structures, general results have been elusive as each case seemingly requires a separate
analysis. We are able to make progress by focusing on restrictions on the behavior of the
exchange rate, as opposed to fully solving the equilibrium, following the tradition of Hansen
and Jagannathan (1991). The distinct feature of the international setting is the preponderant
role of the financial market structure in determining these constraints. In the international
context, Backus, Foresi, and Telmer (2001) first introduced the notion of a wedge between

the relative SDF and the exchange rate in settings departing from complete markets. More



recently, Lustig and Verdelhan (2019) characterize this wedge and its implications, focusing
exclusively on Euler equations for risk-free assets. We provide a complete characterization
that applies to any combination of Euler equations, including cases with Euler equations for
risky assets and potential absence of those for risk-free assets (e.g., due to convenience yields

on safe assets).

A large body of work maintains the complete and integrated markets assumption of
Backus and Smith (1993) and varies assumptions about preferences and aggregate dynamics
to obtain a realistic exchange rate. Some prominent examples of this line of work include
Verdelhan (2010, habits), Colacito and Croce (2011, long-run risk), and Farhi and Gabaix
(2016, disasters), among many others. Hassan, Mertens, and Wang (2024) identify a tension
between calibrated single-country economies and the exchange rate risk premium under

complete markets.

At the other end of the spectrum, Jeanne and Rose (2002), Gabaix and Maggiori (2015),
Itskhoki and Mukhin (2021, 2025), and Kekre and Lenel (2024) take a strongly segmented
view of markets with trade in short-term bonds only. Gourinchas, Ray, and Vayanos (2022)
and Greenwood, Hanson, Stein, and Sunderam (2022) maintain segmentation but add the
term structure. A number of papers consider the exchange rate implications of specific mar-
ket structures with intermediate amount of frictions. Alvarez, Atkeson, and Kehoe (2002,
2007, 2009), Kocherlakota and Pistaferri (2007, 2008), Zhang (2021) and Marin and Singh
(2023) emphasize heterogeneity across households in access to financial markets. Hau and
Rey (2006) and Camanho, Hau, and Rey (2022) focus on capital flows in equity markets.
Corsetti, Dedola, and Leduc (2008), Engel and Matsumoto (2009), Benigno and Thoenissen
(2008) and Lewis and Liu (2022) focus on incomplete markets. Jiang, Krishnamurthy, and
Lustig (2021, 2023a,b), Jiang, Krishnamurthy, Lustig, and Sun (2024), and Kekre and Lenel
(2023) study the implications of convenience yields of safe assets. We provide a general char-
acterization of portfolio risk-sharing across those approaches without making assumptions
about the details of the macroeconomic environment. Doing so allows us to identify the

economic forces controlling the extent of disconnect.

Our interest in intermediate market structures is motivated by evidence of weak con-

nection of both asset prices and macroeconomic quantities across countries. Bansal (1997)
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and Backus, Foresi, and Telmer (2001) find a weak relation between the relative behavior
of the yield curve across countries and the exchange rate. Chernov and Creal (2023) high-
light that this evidence can be consistent with the absence of arbitrage opportunities.! Hau
and Rey (2004, 2006) find a stronger, yet incomplete, connection of the exchange rate with
cross-country equity returns. Our analysis shows that these facts per se do not constitute a
test of market structure. However, they are informative about the restrictions that specific

market structures impose on the exchange rate.

On the real side, Backus, Kehoe, and Kydland (1992), Backus and Smith (1993) and
Kollmann (1995) highlight the low correlation of consumption across countries that cannot
be explained by variation in the real exchange rate in standard complete market models.
Furthermore, the literature documents a pervasive home bias in portfolios (see e.g. French
and Poterba, 1991; Lewis, 1999), providing further evidence suggestive of imperfect risk
sharing. Heathcote and Perri (2014) provide an overview of the literature on the efficiency
of international risk sharing and Aguiar, Itskhoki, and Mukhin (2025) study the macro-

allocative implications implied by the failure of the Backus-Smith condition.

Lastly, we connect to the large literature exploring the sources of shocks to exchange rates.
For example, Engel and West (2005) and Chahrour, Cormun, De Leo, Guerrén-Quintana, and
Valchev (2023) emphasize news shocks about future macro fundamentals, Gourinchas and
Rey (2007) and Pavlova and Rigobon (2007) focus on trade shocks and imbalances, Chen and
Rogoff (2003) and Ayres, Hevia, and Nicolini (2020) study commodity shocks, Stavrakeva
and Tang (2019), Eichenbaum, Johannsen, and Rebelo (2021) and Fukui, Nakamura, and
Steinsson (2023) emphasize monetary shocks and regimes, Adrian, Etula, and Shin (2010)
and Lilley, Maggiori, Neiman, and Schreger (2022) focus on financial shocks, and Itskhoki
and Mukhin (2024) provide a review. We demonstrate that to understand how a specific
source of shocks affect the exchange rate, it is crucial to know whether financial markets

allow this shock to be traded globally.

Maurer and Tran (2021) and Sandulescu, Trojani, and Vedolin (2021) consider the problem of recovering
SDF's compatible with asset returns expressed in two different currencies.



1 A motivating example

We illustrate how different structures of the financial market affect properties of the exchange
rate in a simple risk-sharing world with two countries. Our focus is two-fold. First, we high-
light when and to what extent financial flows disconnected from macroeconomic dynamics
drive the exchange rate. Second, we show the extent of connect between macroeconomic
quantities and the exchange rate that is due to portfolio risk sharing. While simplistic in
many ways, the economies we consider examplify properties that must hold across all models

of financial markets, as we demonstrate in the main analysis of the paper.

1.1 Setting

Consider a discrete-time endowment economy in which two countries (Home and Foreign) ex-
change goods and financial claims. We assume that Foreign is much larger than Home — e.g.,
it represents the rest of the world (ROW) — such that Foreign behaves as a representative-
agent economy and Home as a small open economy. We denote all quantities for Foreign

with an asterisk *. Appendix A provides full details of the setup and derivations.

Goods markets There are two goods: a tradable good, denoted by 7', and a home non-
tradable good, denoted by N. Endowments of the goods — Yy, and Y, at home, and Y7, in
ROW — follow exogenous AR(1) processes in logs with a common persistence parameter p.
The representative agents of each country have logarithmic utility and discount time at
rate §. Specifically, Home’s period utility over consumption of the two goods is given by
log C7¢ 4 log C'y, and Foreign’s period utility is log C7,. The large size of Foreign implies
that C7, = Y ,. For Home, Cy; = Yy, by non-tradable market clearing, while Cp; can

deviate from Y7, when supported by international risk sharing.

The nominal exchange rate S; is in units of home currency for one unit of foreign currency.
Denote the price of goods in each country’s currency by Pr, Pyy and Pj,. The market for
tradable goods operates without frictions hence the law of one price holds, Pr; = P7,S;.
Monetary policy ensures price stability abroad, Py, = 1, and stabilizes the price of non-

tradables at home, Py; = 1. This implies that the nominal exchange rate coincides with the



price of tradables in home currency, Pp; = S;.2

Under these assumptions, the nominal stochastic discount factors (SDFs) of the repre-
sentative agents are M1 = e °Yy;/Yiii1 at home and My, = e Y}, /Y7, abroad. The
fact that the SDFs are entirely shaped by macroeconomic conditions (endowments) remains
unchanged as we vary the structure of international asset markets. While fixed SDF's sim-
plify this example, our results in Section 3 treat SDF's as general and fully endogenous. The
extent to which variation in the relative SDF pins down the equilibrium exchange rate is our

metric of how much portfolio risk sharing leads to connect.

Financial Markets There are multiple assets in the economy, all in zero net supply;
implicitly any asset in positive supply is already embedded in the endowment processes. For
each representative agent, Fuler equations hold with their SDF for asset returns available to
them. In addition to the representative agents, financial markets involve two other market
participants located abroad: noise traders and an international intermediary. While these
agents’ decisions do not necessarily line up with household preferences, they are owned by
the Foreign representative agent and transfer the proceeds of their trades at the end of each

period.

To simplify the analysis, we assume that noise traders engage exclusively in a currency
carry trade using home and foreign risk-free bonds. The size of their position ¥, follows an
exogenous AR(1) process with persistence p, where ¥; > 0 implies that noise traders are
long this value in foreign currency and short the same value in home currency. Fluctuations
in this portfolio position are the source of “non-fundamental” shocks in the economy. We
are particularly interested in when and how they affect the exchange rate, i.e., lead to
disconnect. In contrast, the intermediary can trade every available asset, and chooses its
portfolio optimally given a constant absolute risk aversion (CARA) utility with risk-aversion
coefficient . The intermediary ensures that asset returns remain well-behaved even when

representative agents are segmented from accessing certain asset markets.

2See Ttskhoki and Mukhin (2023) for a discussion of the optimal monetary and exchange rate policy in a
similar environment.



Equilibrium Conditions Equilibrium in the model is determined by utility maximization
of all agents subject to their budget constraints and market clearing for tradable goods and
each asset. For brevity, our description in this section focuses only on the innovations in
the linearized system which we denote with lowercase letters. The economy features four
primitive sources of variation: macro-fundamental endowments with innovations yy¢, y7¢
and yj, and financial noise-trader shocks with innovation v, with arbitrary correlation
structure. The innovations of representative-agent SDFs are m; = —yn; and m; = —y7,,
irrespective of the value of ¢;. Appendix A derives formally the equilibrium conditions and
their linearized counterparts, as well as offers a complete equilibrium characterization in each

case of the model.?

1.2 Exchange rate under alternative market structures

We characterize equilibrium innovations of the exchange rate under alternative market struc-
tures. We start with three standard economies, and then proceed to analyze intermediated

market structures with alternative sets of assets available to the households.

Benchmark solutions Consider a conventional environment without intermediaries and
noise traders. Under complete markets, every agent has access to a full set of state-contingent
contracts (Arrow-Debreu securities) that they can mutually trade. In this case, the exchange
rate is the ratio of home and foreign nominal SDFs, Syy1/S; = M}, ,/M;11. Under financial
autarky, the home household is fully segmented from risk sharing in the world asset market.
In this case, the exchange rate is determined in the goods market by home endowments,
St = Yni/ Y7 In terms of innovations and dropping the time index through the end of this

section, these two benchmark cases result in:

sc=m"—m=yn —Yyr and SA = YN — Y7 (1)

Both cases tightly link the equilibrium exchange rate to macroeconomic fundamentals, due

to portfolio risk sharing in the former case and due to trade balance in the latter.

3The portfolio choice decisions are approximated to the second order, in the spirit of the approach in
Devereux and Sutherland (2011) and Tille and Van Wincoop (2010), which build on Samuelson (1970).



Finally, in an integrated, but incomplete, financial market in which the home and for-
eign representative agents can trade a foreign-currency risk-free bond with each other, the

equilibrium exchange rate is given by:

5 = 5q, where S0 = nosa + (1 —no)sc (2)

and 1y = 11_;5).4 Although the agents do not trade risky assets, the risk-free asset allows for
a certain degree of risk sharing via consumption-savings decisions of the home agent. When
shocks are permanent (p = 1), a risk-free bond offers no risk-sharing benefit, and s = sa.
In contrast, when shocks are transitory (p = 0) and as 8 — 1, a risk-free bond allows to

perfectly smooth consumption risk, and s = s¢.

Intermediated financial markets We now turn to economies with intermediated asset
markets in which the home and foreign representative agents cannot trade directly, but can
participate in international risk sharing via their trades with an intermediary, who in turn
also trades with the noise traders. The presence of noise traders does not always matter for
the exchange rate. For example, when both households can trade Arrow-Debreu securities

with the intermediary, the equilibrium exchange rate is still given by s = s¢.

Segmented household trading. We start with the benchmark case in the segmented mar-
kets literature: households can only trade their respective local-currency risk-free bonds with
the intermediary (Gabaix and Maggiori, 2015; Ttskhoki and Mukhin, 2021). Hence, the in-
termediary must absorb all of the outstanding exchange rate risk. The equilibrium exchange

rate innovation in this case is given by:
S = Sk + V), where Sk = Nwsa + (1 — nx)sc, (3)

where 7,, € [0,1] and v, > 0. This showcases that the equilibrium exchange rate features
both a component of the fundamental solution s, similar to sg in equation (2), but also a

new non-fundamental component v,1) which is disconnected from macroeconomic shocks and

4In this section, we display only equilibrium innovations s, while Appendix A provides the full solution.
Specifically, in this case, the exchange rate follows an ARIMA(1,1,1) process with a predictable component
that depends on net foreign assets as a state variable, which themselves follow an endogenous AR(1) process
in first differences.
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representative-agent SDFs. This latter component can be arbitrarily volatile and account

for the bulk of exchange rate fluctuations.

The loading v, on non-fundamental shocks and the coefficient 7, are determined as a fixed
point parametrized by k = yvar(s) > 0. Exchange rate volatility affects the intermediary’s
willingness to absorb noise trader demand. In turn, the premium charged by the intermediary
to do so affects exchange rate dynamics and, in particular, its volatility. As long as there is
fundamental volatility, i.e., var(sg) > 0, all equilibria also feature non-fundamental volatility,

k>0 and v, >0°

This case yields exchange rate fluctuations disconnected from macro fundamentals. How-
ever, it does not allow for any portfolio choice by households beyond a simple consumption-
savings decision. Thus, a natural question is whether the exchange rate disconnect permitted
by (3) is a knife-edge property of extreme segmentation, or alternatively a robust feature
of intermediated markets even when they support a non-trivial amount of risk sharing. To

address this question we consider economies where agents can trade more assets.

Common trading of risk-free bonds. Assume that each household can trade both home
and foreign risk-free bonds with the intermediary. Despite the presence of noise trader

shocks, the unique equilibrium features the exchange rate entirely pinned by fundamentals:

s = ¢So, (4)

6 This result is a

where s is the same as in equation (2) and ¢ = cov(sc, So)/var(so).
manifestation of the general conclusion of Lustig and Verdelhan (2019) that the exchange

rate is tightly restricted in settings where every agent trades both currency bonds.

This result appears to rule out disconnected exchange rate fluctuations in economies with

even minimal portfolio choice and risk sharing. As it turns out, this case is very special and

SFormally, v,, = - > 0and n, = € [0,1], where A, < S is the inverse of the unique root of
the dynamic equlhbrlum sybtem outside the umt circle. In the limit case when x — 0, A, — 3, v, — 0 and
N = 1Mo = 7= /%Hp’ and hence s = sg coincides with the solution (2) for the single-bond integrated economy
without intermediation. See Itskhoki and Mukhin (2025) for the discussion of multiplicity of exchange rate
equilibria and their properties in frictionally intermediated currency markets.

6This value of ¢ ensures that cov(s, m* —m — s) = 0, which means that the households have attained the
best risk sharing that is possible with two bonds. In our fully specified model, this value of ¢ maps into a
portfolio position of the home household that is long foreign-currency and short home-currency bonds.

11



does not generalize beyond trading risk-free bonds to other types of portfolio choice. We
demonstrate this in an intermediated economy where each representative agent can trade a

common risky asset, in addition to the risk-free bond of their own country.

Common trading of a risky asset. Assume there is a random variable a, say global
productivity, and all investors can trade a forward contract on its realization next period
paid out in Foreign currency. This is an example of what our general theory calls a globally-
traded risk. Any variable x can be decomposed using least-squares projection as r = & + &

with & = f,a, where the loading f3, is such that the residual £ 1| a.

In particular, the exchange rate can be represented as s = § + 3§, and we further show

that in equilibrium these components take the form:

W<
Il
¢

w + U, (5)

55(1 =m" — ma (6)

Va3
I

where 3, = 1.5 + (1 — 1x)Sc. The two components of the exchange rate, § and §, reflect
distinct mechanisms. The economic structure of the residual § is exactly identical to the sim-
ple intermediated economy in equation (3), with suitably defined x = ~yvar(3).” This implies
that the exchange rate generically features disconnect. Portfolio risk sharing determines the
component § by projections of the SDFs onto the globally-traded shock a, that is m* — m.
This term reflects the exchange rate connect due to portfolio risk sharing, generalizing the

complete market case of equation (1).

The impact of the degree of risk sharing on the disconnect is continuous. As the globally-
traded shock a spans more of the variation in noise trader demand, its residual component )
shrinks accordingly, resulting in an increasingly connected exchange rate. This stands in
stark contrast with the case of trade in two bonds which immediately shuts down the dis-
connect.® Empirically, this implies that changing dynamics of asset returns control the degree

of disconnect. We measure this relation in a multi-asset setting in Section 5.

"Note that in the simple intermediated economy s = 5 and 5§ = 0, as no part of the exchange rate risk
can be traded, and hence k = ~yvar(s) is a general definition that covers all cases. Furthermore, var(sg) > 0
is necessary and sufficient to ensure that x > 0 and v,, = ﬁ > 0 in every equilibrium.

8As we explain below, the case with two bonds can also be viewed as a special case of equation (6), in
which the globally-traded risk is the exchange rate itself, i.e., a = s. This results in a unique equilibrium

solution that features k = yvar(§) = 0 and v, = 0 such that § =0 and s = § = a.
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Our solutions of the cases of the model in equations (1) through (6) highlight how vari-
ation in financial market structure leads to a spectrum of outcomes in terms of connect
and disconnect, ranging from complete markets to fully segmented economies. The origin of
these possibilities is, perhaps, still mysterious at this point. Our theory below resolves this

by providing a set of general principles for exchange rate determination in financial markets.

2 General Framework

This section introduces our representation for a wide range of international financial market
structures and the corresponding equilibrium conditions. This allows us to prove general
results on the joint restrictions imposed by portfolio risk sharing on the behavior of three
endogenous objects: local SDF's, asset returns, and the exchange rate. This level of generality
is possible because we can isolate the consequences of portfolio risk sharing without solving,

or even specifying, the full equilibrium environment.

2.1 Market structure

We consider settings with two representative households — home and foreign — each trading
a set of assets, H and F', respectively. These sets can contain subsets of local assets and for-
eign assets converted to local currency that they access frictionlessly. Figure 1 demonstrates
some examples. For instance, in autarky H contains domestic stocks and bonds, while F
contains the foreign ones, and there is no intermediary that can trade across these sets of
assets. Markets are fully integrated when H and F contain the same set of assets, while in
partially integrated markets H and F only have a subset of assets in common.”? Markets are

complete when H and F' contain (or span) the full set of Arrow-Debreu securities.

Similarly, we consider a set I of assets traded frictionlessly in international markets.
Assets can be included in this set for two reasons. First, it could be that home and foreign

households trade some assets in common, as in partially or fully integrated cases. Then,

9An example of a fully integrated market structure is when H and F both contain a domestic sovereign
bond and a foreign equity index. As another example, adding a foreign sovereign bond to F', but not to H
makes the market structure partially integrated. We discuss more examples in Appendix C.2.
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Figure 1: Examples of Market Structures

A. Autarky B. Partially integrated C. Intermediated

- -

The figure illustrates different market structures. H and F' are the sets of assets invested in by the home
and foreign household. Panel A corresponds to financial autarky. Panel B corresponds to partial integration,
symmetric or asymmetric. Panel C corresponds to an intermediated market, with an intermediary I trading
some or all assets.

either the home or foreign household can be considered as an international intermediary,
with I = H or I = F', respectively. In Section 1, such an integrated but incomplete financial
market arises when the home household trades risk-free bonds of the two countries, while
the foreign household only trades its own risk-free bond. Second, it could be that financial
intermediaries (one or many) trade frictionlessly across borders, even if households do not, as
in the examples of Figure 1C or the economy with segmented household trading in Section 1.
In this case, I contains the assets from H and F' that intermediaries can trade frictionlessly.

Regardless of its underpinnings, the set I captures the assets that can be used for portfolio

risk sharing.

Our main result is that, in this large family of market structures, restrictions on the
exchange rate coming from portfolio risk sharing between households are determined by the
properties of returns in H NI expressed in domestic currency and returns in F' NI expressed
in foreign currency. To continue our examples, if markets are partially integrated and I = H,
then H N1 = H are the assets traded by the domestic household and FF'N I = F'N H are
the assets traded by both households. In intermediated markets, H N [ is the set of assets
traded both by the domestic household and the intermediaries; ditto for F N I.

The base assets in the set H N [ have log returns 7441 = (r1441,...,7N44+1) in home

currency. We assume that this collection includes a risk-free asset with return ry known at
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time t. This assumption simplifies notation, but is not necessary. Appendix D proves our
main results (Propositions 1 and 2) in the absence of risk-free assets. We consider all feasible

portfolios that can be constructed from these assets. The corresponding set of log returns is:
Ppis1 = {rpes1 = log (w)exp(ryy1)) | Fw, € RY twjp = 1},

Furthermore, for our analysis in the main text, we assume that asset returns are log-normal,
that is ;1 is multivariate normal with mean p, and variance-covariance matrix ¥,. Similarly,
the returns of base assets in F'NI are r; , in foreign currency, log-normal of size N*, and con-

tain a foreign-currency risk-free rate r%,. The corresponding set of portfolio returns is r7 ;. ;.

Throughout the paper, we distinguish innovations from conditional expectations. We
use tilde to denote the innovation (or shock) to any variable z, that is, T;11 = @41 —
Eyxyyq and hence vary(7,1) = vary(z,11). Further, we use the Campbell and Viceira (2002)
approximation for log portfolio excess returns with the relevant derivations described in
Appendix B. In Appendix E, we show how our results generalize to an environment with an

arbitrary distribution of returns without portfolio approximation.

2.2 Pricing Assumptions

We introduce two sets of assumptions, which enable us to characterize how risk sharing

between households constrains the behavior of the exchange rate.

Local Euler equations We specify valuation mechanisms for each of the households with

SDFs m at home and m* abroad. These SDFs value assets as follows.

Assumption 1. The domestic (log) stochastic discount factor my,q prices all assets in H

in domestic currency. In particular, it satisfies the Euler equation:
VTH_l ETprt1: E, exp(mt+1 + T‘t+1> =1. (7)
Similarly, the foreign log SDF my, , prices all assets in F' in foreign currency, and

Vrig €Tpent Erexp(mi, + i) = 1. (8)
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These Euler equations imply that the expectation of an excess return is related to its
covariance with the respective SDF. In particular, under the log-normal assumption, equa-

tions (7) and (8) become:

1

Vrt+1 - ’l"p7t+1 . Et Tt+1 — Tft + 51)@7’}(7}_}_1) = —CO'l)t(mt+1, Tt-i—l)a (9)
1

Vrig €T Eyriy — 1+ Evart(r;l) = —cov(Mmy 1, 7741)- (10)

Recall that r, ;41 and 7, ; are the sets of feasible portfolio returns constructed from assets

in HN I and F'N 1, respectively, which is all we need for the derivation of our formal results.

The Euler equations (7) and (8), or respectively their log-normal versions (9) and (10),
act as the point of contact of financial markets with the respective local economies. These
conditions hold irrespective of the remainder of the economic environment and connect local
asset returns with local SDFs. Our results apply to any admissible pair of home and foreign
SDF's that are consistent with equilibrium and observed asset returns. In particular, we are
interested in situations when these SDFs are equal to IMRSs of representative households
and, thus, reflect local aggregate macroeconomic conditions.!® Appendix G discusses how
our results apply to SDFs constructed using asset returns only without connection to the

broader economic environment.

Assumption 1 clarifies what it takes for an asset to be included in H or F'. Households
have to frictionlessly trade this asset so that the corresponding Euler equation holds. Equi-
librium in the financial market may involve borrowing or short-sale constraints, infrequent
portfolio adjustment, or convenience yield on certain assets.!! In all these cases, the Euler
equation does not always hold with equality, i.e. it features a wedge. Therefore, such assets
are not included in the sets H and F (for a given time period t).

Excluding assets does not imply that households do not trade them, nor that they are
irrelevant for the exchange rate. It simply implies that portfolio risk-sharing conditions do

not apply to such assets. For example, if investors value the liquidity and safety of holding

10For example, with CRRA utility, a representative household’s IMRS is my41 = —p—I'Aciy1 — 41 where
p is the preference discount rate, I' is the coefficient of relative risk aversion, ¢; is log aggregate domestic
consumption, and m; is CPI inflation.

11Some constraints are not readily observable in the data. For instance, even though currencies may seem
easily tradable, households seldom engage with them in practice. This observation suggests the existence of
underlying frictions in such investments, perhaps stemming from a lack of sophistication or home bias.
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Treasuries (e.g., Krishnamurthy and Vissing-Jorgensen, 2012), the standard Euler equation

does not hold even though these assets are widely traded.

International arbitrage So far, none of our analysis involved the exchange rate as we
described the constraints imposed on equilibrium by local asset pricing. In order to charac-
terize the interaction between the exchange rate and local finance, one has to take a stand on
how international financial markets facilitate portfolio risk-sharing. We assume that there

are no arbitrage opportunities for assets in 1.

Formally, the set I of international returns that are frictionlessly traded combines the
domestic and foreign subsets of returns converted to the domestic currency. Our conclusions
are unchanged if we focus on international arbitrage in foreign currency. Following our
notation, these international portfolios are generated by the base assets r{,, = (ry1, 75, +
Asgy1), where As, ; is the log home currency depreciation rate. We denote by rét 41 the set

of international portfolios generated by these base assets.

Assumption 2. There are no arbitrage opportunities for assets in I. In the log-normal

setting, this assumption is equivalent to:

I
Vrpis1 €Tppq 0 var(rpe) =0 = Eyrpi =1 (11)

In words, any portfolio that has no risk must earn the risk-free rate of return.'?> This
condition is equivalent to the existence of an international SDF m!. For example, this SDF
could be the discount factor of one of the households (in markets with partial integration)
or of an international arbitrageur (in intermediated markets). In the latter case, m! need
not be related to households’ SDF's: intermediary decisions often differ from the motives of
their investors (see He and Krishnamurthy, 2018 and Haddad and Muir, 2025).' Unlike
for households, we do not assume any knowledge of this SDF beyond its existence. This
approach reflects our focus on characterizing the set of cross-equation restrictions between

(myy1, mf ) and As,; with minimal assumptions about everything else.

12Tn a log-normal setting, condition (11) is equivalent to the absence of arbitrage opportunities. In more
general settings, it is a necessary condition for no arbitrage.

131f a household trades claims to the intermediary frictionlessly, it implies that this household’s SDF (m
or m*) prices those claims even if m! is different. These claims would be part of H or F.
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While a long tradition imposes no arbitrage as a principle that holds for all possible assets,
more recent evidence suggests this is not the case. A prominent violation of no arbitrage
in international markets is Covered Interest Parity (CIP) deviations (e.g., Du, Tepper, and
Verdelhan, 2018, Ivashina, Scharfstein, and Stein, 2015, among many others): investing
in dollars directly does not give the same return as investing abroad and locking in the
exchange rate with a forward contract. In models featuring CIP deviations, intermediaries
face frictions in trading this arbitrage portfolio. Hence, the portfolio cannot be part of I, but
some of its components might be. Variation in [ is part of the variation in market structure

which is the core interest of this paper.

From the perspective of models with fully integrated markets, the introduction of m!
may appear redundant, as either the home or the foreign households can act as international
intermediaries. In such market structures, local Euler equations and a simple currency
conversion of asset returns fully characterize risk sharing. This insight does not extend to
the much larger class of market structures that we consider: our formalism unifies predictions

for models of partial integration and intermediation.

Coming from theories of intermediation, it may also be tempting to make away with
local households altogether. This corresponds to replacing both households in Assumption 1
by the arbitrageur from Assumption 2 who prices every asset. Such an approach does not
introduce informative risk-sharing restrictions as it effectively considers the same investor
twice. Mechanically, the conversion of an intermediary’s SDF from domestic to foreign

I*

currency is m’* = m! + As, irrespective of market structure — an accounting relation, not

an equilibrium one (see Appendix G for further discussion).

Taking stock, the sets H, F' and I together with Assumptions 1 and 2 constitute our
representation of portfolio risk sharing. This representation does not rule out any equilibrium
model. Instead, any model can be mapped into this structure by appropriately identifying
the asset sets that respect the properties postulated in the two assumptions. This includes
theories with segmented markets or Euler equation wedges. In such models, when households
can freely trade only local risk-free bonds, we typically have HNFNI = (). Then, risk-sharing
forces may impose no constraints on the exchange rate, in which case it is entirely determined

by other equilibrium conditions. Of course, we are mainly interested in circumstances when
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risk sharing imposes some constraints on the equilibrium exchange rate behavior.

2.3 Globally-traded, locally-traded and unspanned shocks

Globally-traded shocks Intuitively, portfolio risk sharing occurs when households can
trade the same risks. In the economy of Section 1, when the two households trade a claim
to global productivity a, risk sharing pins down part of the exchange rate (the component
é in equation (6)). With many assets, there can be multiple such dimensions. We formalize

this notion with the concept of globally-traded shocks, which will be central to our theory.

Definition 1. Globally-traded shocks can be traded by local investors in their local currency

in both countries. The set of globally-traded shocks is

el = {cln ‘ AERY X eRY ] =NT = AT ) (12)

In the case of common trading of a risky asset in Section 1, the global productivity shock
a1 satisfies this definition immediately: both home and foreign household can trade the
forward contract exposed to it, and hence a1 belongs to both 7,41 and 7, ;. In more general
settings, it is not enough that the global productivity shock affects assets returns traded in
each country. Each investor must also be able to combine assets to create a portfolio in local

currency that isolates the shock from other sources of risk.

There could be multiple globally-traded shocks: investors might be able to trade exposure
to global productivity, inflation, industry-specific risks, etc. Globally-traded shocks need not
have a structural interpretation. For example, in integrated markets when investors trade the
same assets, 7,1 and 7,,; will be similar, often leading to globally-traded risks irrespective
of what the assets are linked to.!* In the extreme case of complete and integrated markets,
all possible shocks are globally traded. More generally, globally-traded risks arise as long as
investors can implement trading strategies in their respective investment set with identical
risk exposure. Appendix C.1 shows how to construct a basis of €/, ; using the covariance

matrix of 4,y and r; ;. Appendix C.2 provides further examples of globally-traded shocks.

14Note that an asset traded by both households (e.g., an individual stock) does not immediately constitute
a globally-traded risk due to currency conversion. However, we show that a commonly traded ezcess return
does result in a globally-traded risk as the exposure to currency risk is eliminated in the construction of the
excess return.
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Locally-traded shocks We define locally-traded shocks at home by €11 = {e,01|3A €
RY : €1 = ANjFy1 L €]}, and their foreign counterpart €}, ;. Locally-traded shocks are the
least-square residuals of return innovations ry; and 7, ,, respectively, after controlling for
globally-traded shocks €/ ;. Locally traded-shocks capture variation in asset returns that is

not simultaneously traded in both countries.

In Section 1, the only economy featuring locally-traded shocks is the partially integrated
case where both households trade the foreign risk-free bond. Because the foreign house-
hold only has access to their own risk-free asset, there is no globally-traded risk. For the
home household, investing in the foreign risk-free bond is risky in home currency, providing

exposure to exchange rate shocks. Hence, the exchange rate is a locally-traded shock.

Unspanned shocks Finally, we refer to any sources of variation orthogonal to asset re-
turns (re1,7,,,) — or equivalently, orthogonal to locally-traded and globally-traded shocks
(€],1,€11,€,) — as unspanned shocks. Unspanned shocks are not traded in either home
or foreign financial market. In the intermediated economy with common trading of a risky
asset in Section 1, global productivity a;; is the only traded risk. Therefore, the residuals of

macro innovations (Jn ¢+1, Yr.e+1, Uiy +1) and noise trader demand ;1 are unspanned shocks.

The classification into globally-traded, locally-traded and unspanned shocks character-
izes how risks can be shared in a given financial market structure. Each group of shocks
can, in general, contain aggregate or idiosyncratic shocks, as well as macroeconomic or finan-
cial shocks. Also, the same shock can belong to different groups when the market structure
changes. For example, in Section 1, the residual endowment innovations (41, ¥1,e+1, U441

are unspanned in the intermediated economy, and are globally-traded under complete markets.

Exchange rate decomposition We decompose the exchange rate depreciation As;; into
four components. First, we partition the depreciation rate into its expectation E;As;; and
the depreciation shock KSt+1 = As; — ByAs; 1. Next, we use the taxonomy of shocks
introduced above, and decompose the depreciation shock into a globally-traded, locally-

traded and unspanned components:
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Asip1 = i1 + lipr + Ugg. (13)

We denote with g,,1 € €/,, the component of /Avstﬂ that is spanned by globally-traded risks,
i.e., the predicted value of a least-square projection of the exchange rate on all globally-
traded shocks proj(gst+1|ef .1). Correspondingly, the local component ¢, is spanned by
locally-traded risks, i.e., it is a linear combination of €1 and €;,, and orthogonal to €/ ;.
Finally, w1 is the component of the depreciation shock unspanned by asset returns, i.e.,

orthogonal to (€7, ,€.+1,€/,4).

The decomposition (13) is unique and specific to a given market structure, and it plays
a central role in our characterization of restrictions on the behavior of the exchange rate. In

particular, it applies across broad classes of market structure as follows.

Lemma 1. (a) In (partially) integrated markets, the exchange rate is spanned by asset re-
turns, hence uz1 = 0. (b) In fully integrated markets, the exchange rate and all asset returns
are globally-traded risks, Ns,.1 = gip1 and Tpis1 =T, = €1. (c) Intermediated markets

can support any decomposition of the exchange rate risk into g,y 1, €yy1 and uz 1 components.

To understand this lemma, note that the spanned and unspanned components of the
depreciation rate in decomposition (13) can be constructed from asset returns:

A ~ %
ASpp1 = Tppr1 — Ty + Usyt, (14)

where rp 411 € 441 and 1y, €7, are the returns on the pair of portfolios that maximize
the R? for explaining the exchange rate. In (partially) integrated markets, there exists at
least one asset traded in both countries, and hence r; ;11 = Tl T As; 1 holds for this asset
by simple conversion of currency units. Using this asset in equation (14) in home and foreign
currency as 7p,¢41 and 7 | respectively, we see that u;; = 0, point (a). When markets are
fully integrated, all assets are traded across countries and the restriction becomes stronger:

innovations to all asset returns and the exchange rate are globally-traded shocks, point (b).'

15This result relies on the fact that both home- and foreign-currency risk-free assets are available to all
investors, which is sufficient to make the exchange rate risk a globally-traded shock by means of a simple
carry trade strategy. Without risk-free assets, the exchange rate risk is not necessarily globally traded even
in fully integrated markets, whereas all excess returns are still globally traded.
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In contrast, intermediated markets generally have no such restrictions and the unspanned

component uyy1 can play an important role in the exchange rate shock, point (c).

3 The general risk-sharing view of exchange rates

In this section, we characterize the restrictions on the behavior of the exchange rate imposed
by international arbitrage given the properties of returns on traded assets, r and r*, and
local SDFs m and m* that price them. We show that Assumptions 1 and 2 impose two
sets of necessary restrictions on the depreciation rate: one on the depreciation shocks KSt_;,_l,
and another on the expected depreciation E;As; 1. In Appendix D, we further show that
these restrictions are sufficient as well, that is, they characterize all constraints imposed by

portfolio risk sharing on the behavior of the exchange rate.

When markets are complete and integrated, these two sets of restrictions lead to the
well-known asset market view of exchange rates. Our analysis spells out the implications
of these restrictions in a much larger set of market structures. All the proofs are in Ap-
pendix D. Appendix E derives exact non-linear versions of the results which do not require

any distributional assumptions and hence include the case of disasters.

3.1 Exchange rate shocks

It is natural to think that thanks to risk-sharing, relative marginal utilities of the two house-
holds in their respective currencies m* — m line up with the depreciation rate As, as is the
case under complete markets. We now show how this logic is altered in a general market

structure.

Proposition 1. Under Assumptions 1 and 2, the globally-traded component of the deprecia-
tion shock, gi+1 in decomposition (13), must coincide with the least-square projection of the

relative SDF on globally-traded shocks:

proj (m;‘,—l - mt+1|€§+1) = proj(Ast+1|ef+1) = Jt+1- (15)
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Said differently, start from the pair of local SDF's and regress them on all globally-traded
shocks.'® The predicted value of this regression must equal the globally-traded component

of the exchange rate, g;y1:
m:—i—l — ﬁlt+1 = Jt+1 + V41 with Ut+1 1 €§+1. (16)

Because globally-traded shocks are constructed from asset returns alone, this means that
Proposition 1 allows to determine a component of the exchange rate by no arbitrage without
any direct knowledge of the exchange rate process. In other words, it is sufficient to know

local finance summarized by (mu11,my, ;) and (ry1,77,,) to construct g.i;.

We have already encountered an example of this result in the setting with a commonly
traded forward contract in equation (6) of Section 1. There, the only globally-traded shock
was the global productivity shock a. Hence, portfolio risk sharing only pins down the pro-
jection of the exchange rate on this shock, g = [sa, which must also equal the projection of

the relative SDF, exactly as Proposition 1 predicts.

In fully integrated markets, KSt.}rl = ¢gi+1 by Lemma 1, and hence the entire exchange
rate shock can be constructed from local finance state by state. This is a powerful result
that generalizes the asset market view (AMV) of the exchange rate beyond the case of
complete markets (Backus, Foresi, and Telmer, 2001; Brandt, Cochrane, and Santa-Clara,
2006). When the exchange rate risk is a globally-traded shock, Proposition 1 generalizes the

familiar complete market relationship As,y; = m; ; — m4; to:
Aspp1 = proj(my,, — Mys1|€f). (17)

In this case the exchange rate shock on the right-hand side of (17) is still fully revealed in

the local financial market.
However, what is missing from Proposition 1 is just as important as what is there. Risk
sharing and no-arbitrage do not impose any restrictions on the local component of the

depreciation rate f;,; or its unspanned component u;,;, creating room for exchange rate

161 east-square projections of SDFs appear frequently in finance, starting with Hansen and Richard (1987).
See also Cochrane (2004), Section 4.1, for a textbook treatment, or Brandt, Cochrane, and Santa-Clara (2006)
in the international context.
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shocks disconnected from SDF's. In partially integrated or intermediated markets, these two
components may dominate the dynamics of the exchange rate over and above the shared
component ¢;1. For example, the segmented market model in equation (3) of Section 1
has no globally- or locally-traded shocks, g;1+1 = ¢;+1 = 0, and hence Avstﬂ = Uzy1. In this
case, Proposition 1 implies that the equilibrium exchange rate behavior is unconstrained by

portfolio risk sharing.

How does the absence of arbitrage lead to the general result? In fully integrated markets,
local and foreign investors must agree on the price of all payoffs after conversion to a common
currency, resulting in covy(my,; —myp1 — Asip1,141) = 0 for every ry4q € 7441, and indeed
€/,1 = Tp+1 in this case by Lemma 1. Proposition 1 is a generalization of this result that
holds across the full range of market structures. To preclude arbitrage opportunities, there
must be an alignment between home and foreign investors’ pricing of risks that they both

trade in their respective currencies, which constrains the behavior of the depreciation shock.'”

Without a change of currency, the argument is standard: an intermediary can buy the
globally-traded risk €/, ; in the home market (valued by m,1) and sell it in the foreign market
(valued by m;, ), hence no-arbitrage requires that covi(m;, , — msy1,€f,,) = 0. This logic
extends to the case with currency conversion, and no arbitrage requires the so-called quanto
adjustment cov,(Asyyq,€,,) to expected returns. This implies that the comovement of the
depreciation rate with globally-traded shocks must be the same as that of the relative SDF's,
covy (M, — Myg1, €14) = covy(Asyyq,€f,). In other words, if the projection g of As onto
€’ is different from that of m* — m, there exists an arbitrage strategy for the international

intermediary.'®

Conversely, for shocks that are not traded by both investors in their respective curren-

I"In complete markets, the pair of Arrow-Debreu state prices in respective local currencies pins down the
value of the exchange rate depreciation in that state by no-arbitrage: any deviation from this value would
compel an investor to buy the state where it is cheaper and sell where it is more expensive, after conversion
into the same currency. Proposition 1 extends this logic to circumstances with more sparse asset spaces,
replacing the concept of state prices with a more general concept of globally-traded shocks €9. The case of an
Arrow-Debreu security corresponds to €7 that is an indicator random variable for a given state of the world.

18To prove Proposition 1, in Appendix D we use a zero-cost differential carry trade which is long one unit
of a home risk, and short one unit of a foreign risk, with both legs of the trade financed at the respective
local risk-free rates. Unlike the conventional carry trade, differential carry eliminates the direct exposure to
the exchange rate risk. As a result, this trade acts as the arbitrage strategy for globally-traded risks that
pins down the projection of the exchange rate on €/ ;.
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cies, it is impossible to construct candidate arbitrage portfolios that relate the conditional
properties of the exchange rate shock to those of the local SDFs (see Appendix D.2). By
consequence, risk sharing and no-arbitrage do not constrain the components ¢ and u of the

exchange rate that are orthogonal to €.

Lastly, in Appendix D we demonstrate that Proposition 1 is still valid in the absence of
risk-free assets in the trading sets. Thus, prominent frictions in trading of risk-free assets such
as convenience yields (Krishnamurthy and Vissing-Jorgensen, 2012; Jiang, Krishnamurthy,

and Lustig, 2021) are accommodated in our framework.

3.2 Expected depreciation rate

We turn to restrictions on the behavior of the expected depreciation rate E;As; . Start
from the projection of the exchange rate on asset returns, represented by the two portfolios
Tpit1 € Tpepr and 75, €75,y in equation (14). We define ¢, as the difference between the

two portfolios” expected returns given by equations (9) and (10):
N 1
6t = Eirpuyr — Eyry gy = [rft — cove(Mys1, Tpis1) — ivart(rp,tﬂ)}
1

- [T;t — covy(myf,y, T;,tJrl) - §Uart(7";,t+1)} : (18)

The following proposition relates the behavior of the expected depreciation rate to spanning
of the exchange rate and this quantity J;, which only depends on local finance — local asset

returns and SDF's.

Proposition 2. The expected depreciation rate is pinned down by no-arbitrage if the ez-

change rate is spanned by asset returns, that is, when uq = 0. In this case:

1
*
EAsir = 0p =715 =15 — cov(myyr, Aspr) — svard(Asg) + 0, (19)
—— N -~ s 2
. . —
UIP exchange rate risk premium convegity

where 0y = covy(my,; — Myy1 — ASip1, r;7t+1), which becomes 6; = 0 when the exchange rate
1s spanned by globally-traded shocks and KS‘H_l = gir1. Otherwise, if u 1 # 0, no-arbitrage

does not constrain the value of EyAs;y.
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The central implication of Proposition 2 is that it delineates two cases depending on
the relation of the exchange rate with asset returns: either local market pricing determines
expected depreciation exactly, or it says nothing about it. The expected depreciation rate
is closely related to the exchange rate risk premium. Exposure to this risk can be obtained
by engaging in the carry trade using the spanning portfolios. This risk premium is pinned
down by pricing in local financial markets if and only if the international arbitrageur can use
locally traded assets to sell off this risk. Conversely, the absence of arbitrage has no bearing

on this quantity if the exchange rate is not spanned by asset returns, that is when ;. # 0.

Spanned exchange rate When the exchange rate is spanned by local asset returns, there
exists a unique value of the expected depreciation E;As;,q given by (19) which is consistent
with no international arbitrage. The international arbitrageur uses the two local markets
to price the exchange rate risk. Hence, the two local SDFs play a role in the expected
depreciation rate. This insight explains the presence of the novel adjustment term 6; in
equation (19) relative to the standard complete market formula with 6; = 0. It also leads to

a symmetric expression to equation (19) which emphasizes the foreign SDF mj_;:
* * 1 *
Or =Type —Tp — cove(my, 1, Asiq) + Evart(AstH) + 67, (20)

where 0] = cov,(mj 4 — myp1 — ASei1, Tpit1).

It is only when the local investors are able to replicate the exchange rate on their own
that their individual Euler equations, and hence individual SDFs, are enough to obtain the
expected depreciation. If the home (foreign) investor can trade the entire spanning portfolio,
then 6, = 0 (0 =0), and the standard complete market formula for the home (foreign)
investor applies. For example, this situation occurs in settings in which the home (foreign)
investor acts as an international arbitrageur or has access to a currency carry trade.'® Both
home and foreign investors price the exchange rate risk, and hence 6; = 0; = 0, when they are

both able to trade it — that is, when the exchange rate is a globally-traded risk, ANstH = Q11

"“Note that by Proposition 1, 6; = 0 when r7 ;| is a globally-traded risk, that is 75 , ,; € €/, | =7, 107, ;.
This means that the home household can trade both 7}, +41 and 7, ;. risks which span the exchange rate
shock, giving the household access to an effective currency carry trade.
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Unspanned exchange rate In intermediated markets, the exchange rate shock may not
be spanned by traded assets (recall Lemma 1). In this case, the expected depreciation can

deviate from ¢; by an arbitrary wedge (;, that is:

EtAStJrl = 5t + Ct' (21)

Such a wedge is commonly used in the literature as a UIP shock or a convenience yield
(see e.g. Ttskhoki and Mukhin, 2021; Jiang, Krishnamurthy, Lustig, and Sun, 2024), and
it is closely related to the currency demand shock 1; in the example of Section 1. The
full flexibility afforded by this wedge in condition (21) may lead to implausibly large trading
profits for the international investor. One can obtain bounds on the size of these deviations (;

by imposing a condition that is stronger than the absence of pure arbitrage in Assumption 2.

Assumption 3 (No quasi-arbitrage). There is an upper bound B on Sharpe ratios in inter-

national markets:

1
Vrlitﬂ € rll)’tJrl By ng,t+1 — T+ Evart(r;tﬂ)‘ < B\ /vart(r£7t+1). (22)

This assumption restricts the Sharpe ratio of trades in international markets. Such bounds
have a long tradition in finance, going back to Ross (1976), Cochrane and Saa-Requejo
(2000), and Kozak, Nagel, and Santosh (2020). Intuitively, it can be motivated by the view
that if trades that are too profitable emerged in equilibrium, new financial institutions would

step in to take advantage of them. Under this view, we obtain the following condition.

Proposition 3. Under Assumption 3, the wedge ; in the expected depreciation rate in (21)

must satisfy:

< By/vary(ugy1) = B/ (1 — R:)var,(Asy), (23)

1
G+ évart(utﬂ)

where R? is the R-squared in the regression of Asiyq on repr and ri .

This result generalizes Proposition 2 by limiting the range of possible expected depreci-

ations in the case of an unspanned exchange rate. It indicates that the deviation (; from
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the risk premium in the spanned case in (19) is bounded by the volatility of the unspanned
shock w1 in the depreciation rate decomposition (13). In turn, u,,; may also be shaped by
the properties of (; as a result of an equilibrium fixed point, as is the case in our example

economy in Section 1 (see the full characterization in Appendix A.3).

Relationship between the results When globally-traded risks are the result of com-
mon trading of assets in H N F', e.g., in (partially) integrated markets, Proposition 2 obtains
as a standard asset pricing result from local Euler equations in Assumption 1. Further-
more, in this case, Proposition 1 is a direct consequence of Proposition 2. Indeed, any two
globally-traded assets i, 5 € H N F provide two alternative ways to span the exchange rate
in Proposition 2, and we can write condition (19) in two ways with respective 6; and 6.
Hence, it must be that 6;; — 0;; = 0, which corresponds to the projection requirement in

Proposition 1 for the globally-traded excess return of asset i over 5.2

When globally-traded risks arise from spanning of the same shocks by distinct assets
in H and F', e.g., in intermediated markets, Propositions 1 and 2 are not directly linked.
Proposition 2 remains a standard asset pricing result that links the expected return of a
trade to its risk measured by the covariance of its return with SDF, provided the caveat that
both home and foreign SDFs are generally required for no-arbitrage pricing of the exchange
rate return. Proposition 1 is less conventional, as it characterizes the exchange rate shock
rather than its expected return. Furthermore, Proposition 1 applies even when there is no
spanning of the exchange rate in Proposition 2 and thus equation (19) does not hold. In
other words, the finance exchange rate disconnect (in the sense that u;;; # 0) does not imply

absence of international risk sharing (g;11 = 0), as we study next.

20By definition of 6; in (19), 0;; — 01 = covg (M1 —myp1—ASi41, 75041 —Tj041) = 0 where ry 1 —75141 =
77441 — T} 41 are the return differentials (excess returns) in home and foreign currency, respectively, forming
a globally-traded risk. Note that this condition corresponds to the condition in Lustig and Verdelhan (2019)
when ¢ and j are the two risk-free assets. In this case, r; 41 — 7j+41 = Asiy1, and hence var,(As;yq1) =
cove(my — myy1, Asiyr).
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4 Market structures and disconnect

The general results of the previous section inform our understanding of how finance inter-
acts with the exchange rate beyond the standard market structures studied in the literature.
In this section, we apply these results to address two questions. First, does portfolio risk
sharing necessarily lead to the currency puzzles that are typically associated with strong
connect? Second, is extreme segmentation necessary for financial markets to be a source of
disconnected exchange rate volatility? We answer both questions in the negative. Further-
more, we show that the variance of the globally-traded component, var,(g;11), emerges as
an important metric for both exchange rate connect and disconnect implied by any given

market structure.

We focus our analysis on specific moments of the exchange rate — namely, its volatility,
cyclicality, and the currency risk premium — which have proved puzzling for traditional
models in macro-finance. We hold the model of household IMRSs and the aggregate data
that inform their properties fixed, hence taking m and m* as given. We use our general
theoretical results and vary the market structure — namely, what assets are traded and who
can trade them — to study its implications for the currency puzzles and disconnect. In
doing so, we take a complementary approach to a broad literature which has made progress
by altering preferences or aggregate dynamics but maintained the assumptions that markets

are complete and integrated.

4.1 The currency puzzles

The asset market view (AMV) of the exchange rate under complete and integrated markets
results in:

Aspi1 =My — My, (24)

which characterizes the entire exchange rate depreciation — both its expectation F;As;
and shocks KSHl — from the local SDFs. When the local SDFs are given by the conventional
IMRSSs of representative households disciplined with macro-data on aggregate consumption
growth and inflation, the AMYV results in three seminal finance puzzles about the behavior

of the exchange rate.
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First, consider the variance of the exchange rate depreciation rate implied by (24):

vary(Asppr) = vary(my,; — myy1)

= vary(my, ;) + vary(my1) — 2cov (Mg, My, ). (25)

Brandt, Cochrane, and Santa-Clara (2006) argue that this equation leads to the wolatility
puzzle, with the exchange rate being not volatile enough. Typically observed Sharpe ratios on
domestic assets imply highly volatile IMRSs, much more so than exchange rate depreciation.
The mild correlation of macroeconomic quantities across countries suggests that the IMRSs
are not correlated enough for the last term of equation (25) to offset this high variance and

obtain realistic exchange rate risk.?!

Second, equation (24) also implies:

vary(Asppr) = covy(Asypr, mi | — myqr), (26)

and corry(Asgyr, mf 1= my41) = 1. Changes in exchange rates must be perfectly correlated
with changes in relative marginal utilities of the domestic and foreign households, that is,
the home currency depreciates in relatively good times for home investors. As pointed out
by Backus and Smith (1993), this implication is counterfactual for various measures of good

times, leading to the cyclicality puzzle.

Finally, the expected depreciation rate is:
. 1
EiAsi=rp — 15 — Evart(AstH) — covg(mys1, ASii1) (27)

The last term, a premium for currency risk, generates deviations from uncovered interest
parity (UIP), a well-documented empirical feature. However, standard international models
struggle with generating the empirically observed magnitude and dynamics of currency risk

premium, resulting in the risk premium puzzle (see e.g. Engel, 2014, for a review).?

21A typical annual standard deviation of the exchange rate is 0.1, while a typical annual Sharpe ratio is
of the order of 0.5, which is a lower bound on the standard deviation of SDFs because of the Hansen and

Jagannathan (1991) bound. Then, according to (25), the correlation between m and m* must be at least

2 . . . . .
— %8%2 = 0.98, which is much in excess of any empirical measures of cross-country comovement.

22Even though related, the covered interest parity (CIP) puzzle is an arbitrage-violation puzzle and it is
distinct from the other risk-sharing puzzles we emphasize here.
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Figure 2: Volatility, cyclicality, and currency puzzles
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The grey area represents the infeasible combinations of volatility and cyclicality of depreciation rates due to
the Cauchy-Schwarz inequality. The point labeled as CM illustrates the implications of the complete market
setting for the properties of the depreciation rate. The point labeled Data is a stylized representation of the
exchange rate puzzles summarized in (28).

We assume that the household IMRSs that define m and m* are such that the exchange
rate’s cyclicality, volatility, and risk premium are counterfactual under complete and inte-
grated markets, resulting in the currency puzzles. That is, we assume that for given SDFs

m and m* and data on the exchange rate, we have:
~ cov (ASi1, My — Myyr) K vary(Asir) < varg(my,, — myy) (28)

and a currency risk premium 7y, — r}t — FEyAsy 11 that considerably exceeds covy(myy1, Asii1)

in absolute value — all conflicting with the AMV in (24).

In what follows, we ask how market structures beyond complete and integrated markets
constrain the properties of the exchange rate. Propositions 1 and 2 lead us to consider
volatility and cyclicality of the exchange separately from the currency premium which we

address towards the end of the section.

We use Figure 2 to visualize the exchange rate cyclicality covy(Asi1,my,; — my4q) and
volatility vary(Asyy1), where we hold the statistical properties of m and m*—and hence of
vary(my,, — myq1)—as given. The point labeled ‘CM’ shows the prediction of the AMV

under complete and integrated markets summarized by (26), hence it lies on the 45-degree
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line at a point with var,(As¢1) = vary(m;,; —my1). The point labeled ‘Data’ is a stylized
representation of the empirical properties of the exchange rate summarized by (28). The
distance between CM and Data represents the first two currency puzzles — volatility on the

y-axis and cyclicality on the z-axis.

Finally, the gray area in Figure 2 indicates all combinations of exchange rate volatility

and cyclicality that are infeasible due to the mechanical Cauchy-Schwarz inequality:

covy(Asyyr, myy — mypq) < \/Uart(AstH) ~vary(my . — Mygr). (29)

Correspondingly, the white cone reflects all mathematically feasible combinations before any

economic constraints are imposed.

4.2 The volatility-cyclicality tradeoff

Under complete and integrated markets, globally-traded risks span both the SDFs and the

exchange rate such that their innovations ANstH = My, — Miy1 = Gi41, and therefore:
vary(Asit1) = covy(Asip1, mi — Myy1) = vary(Ges1). (30)

In words, the volatility and cyclicality of the exchange rate are pinned down by the variance
of the globally-traded component g1, in manifestation of the strong connect (with no room
for disconnect) imposed on the exchange rate by portfolio risk sharing in this case. We next
show how this quantity, var,(g,+1), constrains the volatility and cyclicality of the exchange

rate across alternative asset market structures.

Proposition 1 provides a general characterization of all restrictions imposed by portfolio

risk sharing on the exchange rate shock Avstﬂ that, in particular, determine its volatility

and cyclicality properties. It has the following implications:?*

ZProposition 4 is a consequence of equation (15) and the Cauchy-Schwarz inequality applied to the
non-global components of the exchange rate and SDF differential, As; 1 — g;+1 and mf,; — mip1 — gig1,
respectively. The formal proof is in Appendix D.3.
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Proposition 4. The volatility and cyclicality of the exchange rate must satisfy

cyclicality
"

volatility ( (A " )\ ( ) ) 2
—_—N— Ccov S m —m —var
vary(Asyr1) > varyd(gee) + ! tH*’ an s R (31)
Uart(mt+1 — Myy1) — vary(gerr)
when vary(giy1) < vary(my,, —myy), and
vary(Asgp1) > vary(gip) = covg(Asppr, my — M), (32)

when vary(giy1) = vary(my,, — myyq).

We highlight three properties that follow from Proposition 4. First, for a given value of
vary(gi+1), the proposition introduces a tradeoff between volatility and cyclicality. The red
cones in Figure 3 illustrate this tradeoff for values of var;(g;11) away from the boundaries as
described by condition (31): var(g:+1) is larger for the upper dark cone than for the lower
light one. The vertex (trough) of the cone corresponds to the minimum level of exchange
rate volatility var,(As;11) = vary(gi+1). At this point, volatility coincides with cyclicality,
covy(Asyy1, mfy — myq1) = vary(geyr). Thus, the vertex is on the 45-degree line segment
between the origin and CM. Reducing cyclicality away from this value comes at the cost of
increasing volatility — corresponding to the area inside the red cones above their vertex.
The vertex reflects the amount of connect imposed by a given market structure, while the

area inside the cone reflects the space for disconnect permitted by it.

Second, when the globally-traded component is nil, var;(g:1+1) = 0, portfolio risk sharing
imposes no additional economic constraints on the exchange rate moments. Specifically,
condition (31) in this case recovers the mechanical Cauchy-Schwarz inequality (29) which

excludes the gray area in Figures 2 and 3.

Third, the CM point is feasible for any value of var,(g;1+1), and hence under any market
structure. Furthermore, the range of possible exchange rate moments increases from the
measure zero CM point to the full white area permitted by the Cauchy-Schwarz inequality

as vary(ge4+1) declines from its maximum value equal to var,(mj,; — m4q) to its minimum
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Figure 3: The volatility-cyclicality tradeoft
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The figure illustrates the trade-off between volatility and cyclicality of the exchange rate as characterized
by (31) in Proposition 4. The dark red cone corresponds to a high value of var:(g;+1), while the light red
cone corresponds to a low value. See notes to Figure 2.

value of 0.2* In this sense, reducing the span of globally-traded shocks var:(g;;1) does
not rule possibilities out, but instead allows possibilities in — more outcomes in terms of
second moments of the exchange rate can be consistent with equilibrium risk sharing and

no-arbitrage. Therefore, it is easier to match the data with less dense globally-traded shocks.

Proposition 4 and this discussion make clear that the range of possible exchange rate
moments is controlled by the volatility of the globally-traded component of the exchange
rate vary(gy+1). In turn, this value is determined by the structure of financial markets. That
is, the variance of the globally-traded component serves as a central metric for how the
market structure disciplines the volatility and cyclicality of the exchange rate. We explore

the interplay between market structures and the globally-traded component next.

4.3 When does risk sharing lead to the currency puzzles?

Proposition 4 suggests that the currency puzzles are not unique to complete and integrated
markets, but emerge by continuity in all models with a dominant globally-traded component

g1, because the exchange rate remains connected to IMRS. Specifically, the puzzles arise

24Note that by Proposition 1, and in particular by its corollary in (16), wvar:(gss+1) cannot ex-
ceed wvary(m;j,, — myy1), and by construction it cannot exceed wvari(As;i1), hence wvary(gi41) <
min{var,(As;y1), var (mi,, —mei1)}
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when var(g41) is large, imposing tight lower bounds on both volatility and cyclicality of the
exchange rate. As the upper bound for var(g¢+1) is given by min{var,(Asi1), vary(my,, —
my+1)}, we start by exploring two types of market structures which yield the corresponding
limiting cases. In these cases the volatility-cyclicality tradeoff takes a degenerate shape and

differs from the cones of Figure 3. We then discuss the generic case with a large var,(gi41)-

Spanned marginal utilities We consider first the case when the relative IMRS is spanned
by globally-traded shocks, var:(gi+1) = var,(mj,; —mu11). This situation is close to market
completeness in the sense that households in each country are able to trade shocks to their
marginal utility. This case frequently arises in models with a small number of common macro
risks that are traded in both countries, such as international real business cycle (IRBC)
models with traded assets spanning productivity shocks. However, this situation does not
require integrated markets. For example, it can arise when households cannot trade with
each other, HNF = (), and intermediaries access all assets (I = HUF), as long as households
in each country have access to a set of assets that is sufficiently rich to span the risks that

affect both of their marginal utilities.

By Proposition 4, this case corresponds to equation (32) and yields
vary(Asepr) > vary(geq) = vardmy — mypr) = covg(Aspp,my — mepr) > 0. (33)

The volatility of the relative IMRS puts a lower bound on the volatility and pins down the
cyclicality of the exchange rate. Hence, this setting deepens the volatility puzzle and leaves
the cyclicality puzzle unchanged relative to complete markets. In Figure 4, the vertical red
ray emanating upwards from the CM point represents the volatility-cyclicality tradeoff in
this situation. Another way to see this is to notice that in this case, g1 = M, — My,
and hence As combines the relative IMRS with a component orthogonal to it. Because of
this orthogonality, this second component increases volatility but cannot alter cyclicality.
In Section 1, this situation occurs with common trading of a risky asset when the traded
risk equals the relative endowment, a;11 = Ynip1 — Ypypq = My — Mg In this case,
the component of As;y; that is orthogonal to the relative IMRS is driven by noise-trader

demand, that is, 1) in equation (5).
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Figure 4: The cyclicality-volatility tradeoff with a large globally-traded component
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The red ray depicts all possible volatility-cyclicality combinations when globally-traded shocks span house-
hold marginal utility (IMRS) and var¢(g;+1) = var(mj,; — mu41), as in equation (33). The blue 45° line
segment corresponds to the case when the exchange rate is spanned by globally-traded shocks, as in equa-

tion (34). The red cone corresponds to condition (31) for a high value of var(g:+1), but away from the two
limiting cases. See notes to Figures 2 and 3.

A testable implication of the spanned IMRS assumption is that a regression of the ex-
change rate depreciation As,y; on the relative IMRS m;}, ; — m,4; yields a coefficient of 1,

while the reverse regression yields a coefficient (weakly) less than 1.

Spanned exchange rate The other limiting case arises when the exchange rate risk is
globally-traded, vary(gi+1) = vary(As;11). This situation occurs when markets are incom-
plete as long as they are sufficiently integrated. A prominent example is when risk-free
bonds in both currencies are commonly traded as in Lustig and Verdelhan (2019) and in

equation (4) in Section 1.

To understand why in this case the exchange rate itself is a globally-traded risk, notice
that from the point of view of each investor, the risk-free bond of the other country is
risky as its value moves one-to-one with the exchange rate. By engaging in the carry trade,
all investors can span the exchange rate shock in their local currency, which implies that
exchange rate shocks satisfy the definition of a globally-traded risk (see also Lemma 2 in

Appendix B.2).
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The implication of condition (31) in Proposition 4 in this case is:

0 < covy(Aser, my — Mygr) = vary(Asipr) = vary(ge) < vard(my, — mep). (34)

The constraint on the volatility of the exchange rate is weaker than in equation (33), because
g can be less volatile than the relative IMRS m* —m. However, just like in the complete and
integrated markets case (26), there is a cyclicality puzzle. This constraint on the cyclicality
and volatility of the depreciation rate corresponds to the blue 45-degree line segment between
the origin and the complete markets point in Figure 4.2 A testable implication of the
spanned exchange rate case is that a regression of mj, ; — m; on Asyy; yields a coefficient
of 1, and weakly less than 1 vice versa. These properties indeed correspond to the conclusions

of Lustig and Verdelhan (2019).

In the example of Section 1, when risk-free bonds are commonly traded, the statistical
properties of endowments pin down the position of the equilibrium exchange rate on the blue
segment of Figure 4. In line with the strong connection to IMRSs in this case, noise-trader

shocks cannot affect the exchange rate, since they would push it off the blue segment.

Large globally-traded component The two cases above indicate that the exchange rate
continues to be tightly connected to the household IMRSs as long as there is only a single
departure from either market completeness or market integration. When we modify who can
trade assets by allowing for imperfect market integration or intermediation, as long as the
available set of assets is sufficiently rich, we end up in the spanned IMRS scenario. When
we limit which assets can be traded while still ensuring market integration for both risk-
free bonds, we find ourselves in the spanned exchange rate scenario. Both cases yield tight
constraints on the possible properties of the exchange rate, captured respectively by the red
ray and the blue line segment in Figure 4, which are measure zero in the space of exchange

rate volatility and cyclicality moments, and away from the Data point.

Therefore, relaxing the constraints on the behavior of the exchange rate requires departing

Z5Each point on this segment corresponds to the vertex of a cone for a given value of var(gsy1), and
the tradability of the two risk-free bonds additionally requires that var;(Asiy1) = vary(ge+1). Constraints
imposed by other traded assets create a lower bound on var:(gi+1), restricting the set of feasible exchange
rate moments to the sub-segment of the blue line above this value.
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from both market completeness and market integration at once. This is necessary, but not
sufficient. Even intermediated incomplete markets can feature exchange rate puzzles when
the set of traded assets in each county is sufficiently broad to get close to span the relative
IMRS m* —m. This situation corresponds to a large value of var,(gi1)/var,(m; 4 —mii1),
albeit less than 1. In this case, Proposition 4 still implies tight constraints on the exchange
rate moments. This corresponds to the dark red cone in Figure 4 closely surrounding the
the red vertical ray. Generalizing the observations from this section, constraints on the
exchange rate are continuous in the value of var,(g;11), and are only sufficiently relaxed to

avoid puzzles when var(g;11) is small.

4.4 Which market structures are compatible with disconnect?

Models with extreme segmentation imply vari(g;+1) = 0. This property allows them to
generate disconnect by allowing shocks that do not affect the relative IMRS to impact the
exchange rate. The complementary implication of Proposition 4 is that market structures
with a small globally-traded component g;,; can similarly accommodate various exchange
rate dynamics and provide ample space for exchange rate disconnect. We depart from the
case of vary(g:+1) = 0 and demonstrate that the disconnect mechanism can coexist with a
non-trivial amount of portfolio risk sharing, vary(g,y1) > 0, without triggering the exchange
rate puzzles. We conclude by providing a concrete example of asset market structures which
do not rely on extreme segmentation and yield new predictions for variation in the extent of

disconnect.

No globally-traded risks When var;(g;+1) = 0, there are no constraints and as a result
all combinations of cyclicality and volatility in the white cone in Figure 2 are compatible
with portfolio risk sharing; condition (31) in Proposition 4 becomes equation (29). This
situation occurs in many intermediation-based models where households in each country
have access to the local risk-free asset only, while intermediaries trade both of these assets
and bear the currency risk. Because neither H nor F' contain risky assets, there are no
globally-traded risks, and hence g;,; = 0. Section 1 illustrates this situation through the

segmented household trading example, equation (3).
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Without globally-traded risks, portfolio risk sharing, or more accurately the absence
thereof, always permits the Data point in Figure 2. Attainability, however, depends on
primitives outside of Euler equations. In the example of Section 1, the Data point — as
well as any other point inside the white cone — is always implementable by an appropriate
choice of noise-trader currency demand shocks v;,; which in equilibrium are absorbed and

priced by the intermediary (see Appendix A.4).

Noise-trader demand is just one of many potential drivers of exchange rate movement
that can drive disconnect and help avoid the puzzles in a structure without globally-traded
risks. For example, other sources of demand for currencies such as international flows by
specific firms, or changes in the risk-bearing capacity of financial intermediaries can also be
behind the unspanned movements in exchange rates. Empirically, Avdjiev, Du, Koch, and
Shin (2019) relate bank lending and CIP deviations with movements in the dollar, Jiang,
Krishnamurthy, and Lustig (2021) emphasize safe asset demand, and Dao, Gourinchas, and

Itskhoki (2025) the positions of dealer banks.

Small globally-traded component Extreme forms of market segmentation may not be
appealing in practice: households trade more than one asset and intermediaries participate in
more than one market. When such trade in assets gives rise to commonly-traded risks across
countries, the globally-traded component becomes significant, var,(g;+1) > 0, and portfolio
risk sharing imposes constraints on the properties of exchange rate. We show that this does
not necessarily introduce the puzzles, nor removes the scope for exchange rate disconnect. If

vary(gi+1) is low enough, as in the light red cone in Figure 3, the Data point is still feasible.

The upper bound on the volatility of the globally-traded component var;(g;+1) such that

the corresponding red cone contains the Data point is (see Appendix D.3):

vary(gi+1) 1
vary(Aspr) — 14 var(Aser) fvary(my, — myg)

(35)

This relation highlights an important nuance in how a market structure can address the
puzzles. International risk sharing must be sufficiently weak in the sense that vary(g1) <

vary(my,, — myy1), but it can still contribute substantially to exchange rate variation,
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vary(giv1)/vary(Asg1) > 0. To see this, notice that under our maintained assumption
of a volatility puzzle in complete markets, that is vars(As,1) < vary(my,, — muq1), the

right-hand-side of equation (35) is close to 1.2

When the Data point is feasible from the perspective of risk-sharing constraints, its
attainability still depends on other features of the model. In our example with common
trading of a risky asset in Section 1 (equation (6)), where g;11 = Ssa:11, any point inside the
corresponding red cone in Figure 3 is implementable with a suitable choice of noise-trader

demand process 9,1 (see Appendix A.4).

The currency risk premium We now address the properties of the currency risk pre-
mium, and hence the constraints on the expected depreciation E;As; 1. Proposition 2
provides a sharp delineation. One the one hand, if the exchange rate is spanned by asset
returns, expected depreciation is given by equation (19), closely related to the complete mar-
ket relationship of equation (27). Therefore, market structures that feature connect between
the exchange rate and asset returns also feature the currency risk premium puzzle. On the
other hand, if the exchange rate is not spanned by asset returns, expected depreciation can

deviate arbitrarily from this tight risk-sharing relation.

In integrated markets, as in the blue line in Figure 4, the exchange rate is a globally-traded
risk. Because globally-traded shocks are constructed from asset returns, the exchange rate
is fully spanned. Therefore, these structures, which already wrestle with the volatility and
cyclicality puzzles also face the risk premium puzzle. In market structures with less connect,
represented by red cones in Figure 3, the exchange rate may or may not be spanned. For
example, the economy with common trading of risky assets in Section 1 generically features
an unspanned exchange rate, and hence an unconstrained risk premium. As a consequence,

E;As; ;1 in this class of models is determined by forces other than portfolio risk sharing.

If we further impose an upper bound on Sharpe ratios, Proposition 3 applies, and risk
premium variations cannot be too large relative to the unspanned exchange rate innovations,

constraining the possible range of values of F;As; ;. Itskhoki and Mukhin (2021) show

26Using the same values as in footnote 21 and assuming conservatively a high correlation of the two IMRSs
of 0.9, we obtain an upper bound for vary(gi+1)/var (Asi+1) < 0.83.
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that small but persistent deviations ¢(; from UIP condition (19) are consistent with both
empirical currency premia and substantial exchange rate disconnect, satisfying the upper-

bound constraint on the carry trade Sharpe ratio.

A new set of economies We lay out features of economies that have low var:(g:i1)
without extreme segmentation. We do so by allowing for a richer set of assets traded in an
intermediated setting. The first observation is that the trading opportunities of intermedi-
aries do not affect the set of globally-traded shocks. Intermediaries can be as sophisticated
and active in as many markets as is empirically relevant. Formally, one can enrich arbitrarily
the set I and price all assets in this set with m! without affecting the risk-sharing restrictions

on the exchange rate that are shaped by the sets H NI and F'NI.

Second, one can allow households to trade the assets of their respective countries. Imagine
that instead of considering common trading of a risky asset, as in Section 1, households each
trade a distinct risky asset. For example, US households trade a US stock index, while UK
households trade a UK stock index. If local-currency returns on these assets are perfectly
correlated, this situation is exactly equivalent to common trading of a single risky asset. As
long as this globally-traded risk explains a small enough fraction of variation in the SDF,
it is feasible to avoid the puzzles and match the Data in Figure 3. With weaker correlation
between the assets, there are simply no globally-traded risks, and the exchange rate is even

more flexible.

With multiple assets in each country, e.g., different stocks and bonds, what matters is
how closely related are the risks from combining these two sets of assets, H and F', into
portfolios. Our theory defines precisely this proximity by the set of globally-traded risks
as in Definition 1. If assets in the two countries are not too tightly related, it is possible
to match the Data point and avoid the puzzles. These results highlight the benefit of our
framework. While Section 1 explicitly solved specific models, one can characterize the set of
globally-traded risks without knowing all the building blocks of a model, relying only on the
asset market structure as formalized in Section 2. If one takes a stand on the sets of traded
assets H, F' and I, the set of globally-traded risks can be constructed empirically directly

from the covariance matrix of returns, as we do in Section 5.
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Our characterization of the exchange rate in such economies comes from portfolio risk
sharing through risky securities traded frictionlessly by households. These equilibrium con-
nections do not hinge on whether no-arbitrage relationships such as CIP hold. For example,
trading stocks and bonds can be without frictions, while trading CIP arbitrage portfolios,
which also involve derivative positions, is subject to frictions (like, for example, in Garleanu
and Pedersen, 2011; Augustin, Chernov, Schmid, and Song, 2024). Therefore, the economies
of this section can not only be consistent with the empirical exchange rate properties that we
emphasize above, but also with CIP being violated, whether systematically or occasionally

(e.g., around the 2008-09 financial crisis).

5 Empirical Analysis

We now turn to the data on asset returns and exchange rates to quantify the role of portfolio
risk sharing for connect and disconnect. Our theoretical results show that restrictions be-
tween the exchange rate and SDFs depend on the assumed market structure. In particular,
given the data on returns, one needs to take a stand on who can trade what assets, that is
the sets H, F', and I1.2" For example, when markets are complete, risk sharing implies that
the relative household IMRS must equal the observed exchange rate depreciation. Or, in the
other extreme of segmented markets, when households only trade their own risk-free asset,
there are no restrictions on shocks to household IMRSs from observed asset returns and the

exchange rate.

For the purposes of this section, we focus on a market structure where asset returns play
a more meaningful role than in these extreme examples. Specifically, we consider the case
of intermediated markets in which households of each country trade a broad collection of
local bonds and equities, as in Section 4.4. In this market structure, the degree of connect

to SDF's cannot be taken as given and needs to be evaluated empirically.

Consistent with the widespread observation of disconnect (Meese and Rogoff, 1983), we

find that exchange rates appear to have a large component u;,; unspanned by asset returns,

27 Appendix G also shows that one has to take a stand on market structure for an economic interpretation
of the SDFs recovered from return data.
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while globally-traded shocks explain a modest share of exchange rate fluctuations. However,
properties of asset returns change with economic conditions. We find that the importance
of globally-traded risks increases during periods of high volatility or after 2008, in line with

the evidence of connect during these episodes.

5.1 Data

We consider countries corresponding to G10 currencies between 2/1988 and 12/2024. We
consider Germany as the representative country for the euro. Prior to the introduction of
the euro, we use the Deutsche mark and splice these series together beginning in 1999. Our
analysis focuses on the monthly frequency. We obtain exchange rates from WM /Reuters.
Government bond yields are from each country’s central bank website. Monthly bond returns
are computed from bond yields using a second-order Taylor approximation. We obtain equity
indices from Morgan Stanley Capital International (MSCI). For each country, 10 different
industry indices and 3 different style equity indices (Large + Mid Cap, Value, Growth) are
sourced. Risk-free rates are approximated by dividing the 1-year yield by 12.

We perform both unconditional and conditional analysis of spanning, globally-traded
risk, and the disconnect. In the conditional case, we use lagged values of the VIX, annual

U.S. GDP growth, and the excess bond premium (EBP, Gilchrist and Zakrajsek, 2012).

5.2 Unconditional analysis

Is the exchange rate spanned? Motivated by Proposition 2, we ask whether the de-
preciation rate is spanned by the combination of domestic and foreign asset returns. We
estimate regressions that implement the construction of the maximum spanning portfolio

in (14) as follows:

Asppr = a+ B'ry + B*ITIH + Uy, (36)

where 1,11 and r;,, represent asset returns available to home and foreign investors in their

respective currencies. Specifically in the case of the assumed market structure, U.S. equities
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Table 1: Spanning of depreciation rates by asset returns: R?

Dependent Variable AU CA DE JP NO N7Z SE CH UK
Bonds
10Y 0.73 -0.15 1049 7.16 299 208 792 517 0.58
All Maturities 8.62 574 1840 11.97 11.34 6.23 1645 12.75 14.26
Stocks
Mkt 2217 26.77 831 594 1298 19.59 19.71 12.16 14.38
Mkt + Value/Growth 22.06 28.15 8.13 7.07 14.06 20.03 19.80 12.52 15.10
Mkt + Value/Growth + Ind. 36.45 41.84 19.25 24.86 30.45 30.92 26.90 19.61 27.43
Bond + Equity 39.15 4458 29.10 31.09 35.77 34.60 34.55 26.43 34.28
N 420 402 410 420 407 352 377 420 420

The table reports the adjusted R? of a regression of the depreciation rate on various subsets of asset returns,
as in equation (36). Domestic asset returns are in domestic currency; foreign asset returns are in foreign
currency. Each column is a different country’s currency relative to the U.S. dollar. The first row uses only
10-year bonds, while the second entertains maturities between 2 and 10 years, obtained from various central
banks. The next three row consider various stock portfolios: the market (a combination of large and mid-cap
stocks), plus value and growth portfolios, plus 10 industry portfolios (all from MSCI). The final row considers
all assets simultaneously.

and bond returns are expressed in U.S. dollars, while foreign equities and bond returns are
expressed in the currency of that country. The residual w;y; is a direct estimate of the

unspanned component of the depreciation rate in equation (13).

Table 1 reports the adjusted R? from these regressions for individual countries vis-a-vis
the United States. Each row reflects a particular combination of assets used in the regression:
we consider bonds and equities separately and in combination. Exact spanning corresponds
to an R? of 1, and Proposition 3 highlights that this R? is an appropriate measure of economic

distance to the case of complete spanning.?®

Our key finding is that these major asset classes do not span the exchange rate. When
looking at all assets together, the R2s range from 26% for Switzerland to 45% for Canada
(in each case vis-a-vis the U.S.). Consistent with the evidence in Chernov and Creal (2023),
bond returns explain only a modest amount of variation in exchange rates: between 0% and

8% for the 10-year bond alone, and between 6% and 18% for the combination of bonds at

28Campbell, Serfaty-De Medeiros, and Viceira (2010) focus on currency hedging of equity and bond port-
folios, so they essentially implement reverse regressions with a focus on the sign and significance of the
associated betas. The documented insignificant betas for bond portfolios are suggestive of low R2.
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all maturities. Most of the explanatory power comes from equities. While the market alone
gets to a substantial amount of variation, the addition of industry returns is particularly

informative.

The economic magnitude of the unspanned component var(usy1) is substantial. Accord-
ing to Proposition 3, even the largest R? we measure implies a bound for the expected
depreciation that is only /1 — 0.45 ~ 0.74 of the bound with R?> = 0, not much tighter.
We conclude that, under the intermediated market structure we consider, the expected de-
preciation rate is modestly constrained by the relative local SDFs m and m*. Conversely,
the observed path of E;As;.; and the currency risk premium can be consistent with a wide

range of conventional household IMRSs.

Identifying globally-traded shocks We quantify the importance of globally-traded
shocks €, ;, which play the key role in Proposition 1. We follow an undirected approach
and use canonical correlation analysis (CCA) to identify these shocks from the asset re-
turn data. In Appendix F, we also consider a directed approach starting from candidates
for globally-traded shocks proposed in the literature, such as global macro and financial

variables. The results in that setting are qualitatively similar.

According to Definition 1, globally-traded shocks are innovations to portfolios of asset
returns consisting of r,; and r; ;, respectively, with perfect correlation. The CCA proce-
dure constructs US and foreign portfolios with the highest correlation possible in sample.
Conditional on finding this pair, the procedure then looks for the next maximally correlated
pair of portfolios that are orthogonal to their first pair. And so on. See Appendix C for
details.

The values of the largest correlations range from 70% for New Zealand to 90% for Canada.
The detailed results are reported in Appendix Table A1. We are generous with interpreting
the evidence, and assume that portfolios with a correlation over 60% are sufficiently close to

each other to constitute a measure of a globally-traded shock.

We ask how much variation in the depreciation rate is explained by globally-traded

*/ pak

shocks. Denote the matrix of foreign portfolio weights by w* so that w*'r; , is our basis of
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Figure 5: Decomposition of exchange rate innovations
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The figure reports the fraction of variance in exchange rates explained by globally-traded and locally-traded
shocks, and shocks that are not spanned by asset returns, under the assumption of an intermediated market
structure. Each bar is a different country’s currency relative to the U.S. dollar; globally-traded shocks are
measured using CCA for stock and sovereign bond returns.

globally-traded risks €/, ;. We implement regressions of the form:

Asipr = a+ 7w ry ) + e (37)

The R? of such a regression is the fraction of variance in exchange rate explained by the
globally-traded component, var(g;1)/var(As;.1). The regression residual is a direct esti-
mate of the contribution of locally-traded and unspanned shocks to the depreciation rate,
€41 = L1 + Upyr.

Combining with the results of regression (36), we can decompose variation in the depre-
ciation rate into the contribution of globally-traded, locally-traded, and unspanned shocks.
Specifically, we have var (87 (w*r;, ,)) for globally-traded shocks, and var(e;11) — var(ui1)
for locally-traded shocks, where u;y; was obtained at the previous step from regression (36).
Figure 5 reports these quantities as fraction of the variation in depreciation rate; the contri-

butions mechanically add up to 1.
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Figure 6: Decomposition of exchange rate innovations by horizon
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The figure reports the cross-sectional average fraction of variance in exchange rates explained by globally-
traded and locally-traded shocks, and shocks that are not spanned by asset returns, under the assumption of
an intermediated market structure. Each bar is computed for a different depreciation horizon; globally-traded
shocks are measured using CCA for stock and sovereign bond returns.

For all currencies, at least half of the variation in exchange rates is unspanned by asset
returns. Globally-traded risks contribute up to 25% to variation in the depreciation rates
(e.g., Australia and Canada), and frequently much less. These estimates should be seen as
an upper bound on the role of globally-traded risks; remember that we include any pair of

portfolios with correlation above 60%, far from the strict Definition 1.

In light of Proposition 4, the relatively modest role of globally-traded shocks var(gqy1) in
this intermediated market structure implies weak restrictions between exchange rate risks and
IMRSs. Models of this kind are capable of resolving the cyclicality and volatility puzzles,
as illustrated in Figure 3 with the lower red cone. The low prevalence of globally-traded
shocks provides a justification for the widely documented pattern of disconnect (Meese and
Rogoff, 1983; Obstfeld and Rogoff, 2001). Australia and Canada, the only countries with a
somewhat larger globally-traded fraction are “commodity currencies” with exchange rates

related to the price of oil and other commodities (Chen and Rogoff, 2003).

Some theories posit that Euler equations for US Treasury bonds hold with wedges (e.g.,
Jiang, Krishnamurthy, and Lustig, 2021). We entertain this possibility by removing US
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Table 2: Spanning of depreciation rates by asset returns under different scenarios: R?

AU CA DE JP  NO NZ SE CH UK

Unconditional 39.15 44.58 29.10 31.09 35.77 34.60 34.55 26.43 34.28
Conditional 43.81 44.84 40.28 46.59 39.50 33.33 34.79 32.31 43.97
Before GFC 16.48 31.01 21.87 26.16 16.89 11.53 23.14 28.45 30.26
After GFC 54.98 7745 56.09 62.74 56.41 50.01 51.23 52.80 52.26
Low VIX 27.50 37.33 3457 31.31 30.67 21.30 37.74 29.10 42.54
High VIX 61.10 59.69 34.80 41.58 44.87 50.62 48.90 27.94 35.68

The table reports the adjusted R? of a regression of the depreciation rate on various subsets of asset returns,
as in equation (36). Domestic asset returns are in domestic currency; foreign asset returns are in foreign
currency. We use all assets, that is, bonds of maturities between 2 and 10 years, and various stock portfolios:
the market (a combination of large and mid-cap stocks), plus value and growth portfolios, plus 10 industry
portfolios (all from MSCTI). The first row (Unconditional) repeats the results from Table 1. The subsequent
rows report variations in conditioning variables.

bonds from the empirical analysis, which corresponds to excluding them from the set H.

Appendix F reports the results, which are qualitatively similar to the baseline.

We also consider how the decomposition changes with the trading horizon, i.e., the period
over which the depreciation rate and asset returns are computed. To conserve space, Figure 6
reports the cross-country average of the decomposition by horizon. The fraction of exchange
rate variation explained by the globally-traded component increases progressively as we
go from one month to one year, up to about 35%. This suggests that asset returns are
more closely related to each other at longer horizon, potentially opening better risk-sharing
opportunities. This observation is also consistent with Kekre and Lenel (2024) who document

an increased correlation of exchange rates with interest rates at long horizons.

5.3 Conditional analysis

We evaluate how conditioning information affects the conclusions of the previous section. In
particular, we are interested in gauging how a varying degree of similarity of assets across

borders affects the degree of connect.

As a first cut, we consider a conditional version of the spanning regression in equation
(36) where the betas are allowed to be linear functions of lagged values of the VIX, annual

U.S. GDP growth, and EBP. The second row of Table 2 reports the results. Comparing to
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Figure 7' Decomposition of exchange rate innovations by subsamples
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The figure reports the fraction of variance in exchange rates explained by globally-traded and locally-traded
shocks, and shocks that are not spanned by asset returns, under the assumption of an intermediated market
structure. Each bar is a different country’s currency relative to the U.S. dollar; globally-traded shocks are
measured using CCA for stock and sovereign bond returns. Different panels show the results for different
subsamples as indicated.

the first row, which summarizes the preceding unconditional results, we see that conditional
spanning improves explanatory power, but not by much. The largest relative improvement
of 50% occurs for Japan, while countries like Canada, New Zealand, and Sweden see almost

no change. The largest adjusted R? (for Japan) is 47%, in line with the what we reported
for the unconditional analysis.

Next, we isolate two sources of variations over our sample. First, we focus on the role
of the global financial crisis (GFC). We implement the spanning regression before (up to
November 2007) and after (post July 2009) the crisis. The third and fourth rows of Table 2
report these results. Spanning markedly improves after the GFC: adjusted R? range between
10% and 30% before the GFC and between 50% and 80% after. In other words, asset returns

are more closely related to the exchange rate in the latter part of the sample. Second, we
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consider variation in stress in financial markets, which we proxy using VIX values below or
above the median. Adjusted R? markedly increase from the low to high VIX environments

as reported in rows 5 and 6.

To consider the implications for connect, we turn to identifying globally traded compo-
nents. Our framework predicts a more connected exchange rate when the globally traded
component is stronger. We implement the regression of equation (37) in each subsample:
before and after GFC, low and high VIX. Figure 7 plots the resulting decomposition of the
exchange rate variance into globally traded, locally traded and unspanned components for
each of these cases. We observe a dramatic improvement in the importance of the globally-
traded component in the second part of the sample, in line with the heightened relation of
exchange rate with fundamentals documented in Engel and Wu (2024). Periods of high VIX
also go along with an increased globally-traded component, consistent with the conditional

connect evidence in Stavrakeva and Tang (2024).

6 Conclusion

In this paper, we propose a general framework for understanding how financial markets de-
termine the behavior of exchange rates. Our theory accommodates many settings: complete
or incomplete markets, arbitrary forms of market integration, or situations in which inter-
national financial trade happens through intermediaries. We characterize all restrictions on
the behavior of exchange rates due to international portfolio risk sharing. These restrictions
can be summarized by two conditions that share the simplicity of the complete market result

while having richer implications.

We use these results to study different market structures which yields new insights on
the interaction of financial markets and the exchange rate. First, classic puzzles of exchange
rate volatility and cyclicality stem from large globally-traded risk exposure that connects
currencies to stochastic discount factors. These anomalies survive across market configura-
tions whenever this global risk component remains substantial. Second, achieving disconnect
doesn’t demand financial autarky or extreme forms of segmentation. The critical feature is

small globally-traded risks, not segmentation itself. Sophisticated intermediaries can oper-
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ate vast trading networks, households can hold diversified portfolios with significant return
correlations, yet currencies remain disconnected from fundamentals provided these instru-
ments cannot generate extensive globally-traded risk exposure. Third, our theory generates
empirically-testable implications across diverse market architectures: currency—fundamental
relationships strengthen when international asset returns are more synchronized. Evidence
confirms this mechanism: exchange rates track fundamentals more closely during episodes
of heightened cross-border return correlation, whether following the global financial crisis or

during volatility spikes.
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Online Appendix

A Solution of the Model in Section 1

A.1 Optimization Problems

Foreign maximizes lifetime utility, taking as given the decisions of the intermediary and noise
traders

max EY e %log(Ch)

{C&kwt,D*‘F n
st Cpy+ ) Dif +) Dip+ ) Dy
ieF i€l ieN
<YTt+ZD 1R*t+ZD 1R*t+ZD R4,
1€H 1€T iEN
D7, =0,

where D;C denotes demand of various constituencies (C = F, or H, or N, or Z) for foreign asset
i. Because Foreign is very large relative to other market participants, positions of intermediaries
and noise traders, as well as any trade with the home country becomes negligible relative to the
endowment.

Because of its size, Foreign behaves as if it were in a single-agent endowment economy. The
first-order conditions of this problem imply the Euler equations:

. . 5 CF
Vie F, L [ +1R1 t—i—l] =1, t+1 = 5*7%7 (A1)
Tt+1
and
Cri=Yry.
Home maximizes lifetime utility
max F Z " (log (Cr¢) + log (Cny))
{Crt,CNt,Dit} :
s.t. CTt+SCNt+ZD <YTt+SYNt+ZDt 1Rt (A2)
1€H i€H
Dz -1 =

First, focus on consumption of non-tradables. The within period marginal rate of substitution
between tradables and non-tradables have to equal their ratio of prices, the exchange rate. Second,
in equilibrium, the home agent consumes their endowment of nontradables because they have
nobody to exchange it with. This gives the two conditions:

Cnt = Y, and Cny = SiCry. (A?’)
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Lastly,

VieH, E oo _C1t | =1 (A4)
Criq1 ”

The intermediary enters enters the period with wealth Wy ;, and chooses its optimal portfolio
to maximize expected utility of final wealth W7y ;1. it solves:

1 1—
maxF; (| —— W, %> A5
st (1 Wik (45)
s.b. Wi = ZD zt+1 and ZDM = W (AG)
1€l €T

Finally, consider market clearing for the assets. For any asset in J, because the Foreign is
much larger than all the other players, the price is pinned down by the foreign Euler equation. The
Foreign effectively provides the asset perfectly elastically at this price, so there is no need for a
market clearing condition. For all other assets, the condition is:

DY+ D7+ DY =0. (AT)

A.2 Simplified Economy
At Home, Equation (A3) implies static trade-off across goods:
YNt — CTt = St-

The “savings” Euler equation arises from applying (A4) to the risk-free asset

1
Tyt = By [Ayney1] — ivart(AyNtJrl) + 0.

For any other asset ¢, we get

1 )
Eylripp1] —rp + §vart(n,t+1) = —covy (—Aynty1,Tiev1), Vi €H

Equations (A2) and (A3) imply the budget constraint. Indeed, in foreign currency we get:

Cro+ > Dt =Y+ ) Dit,
1€EH 1€EH

(we use equality because it binds).

First, replace all returns but for the first asset (which is home risk-free) in terms of excess
returns:

C’Tt+ZDZ;H=YTt+<Zth 1) e+ Y Diti(Ri - R,

i€H i€H 1€H,i#1
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Denote net foreign assets by By = >,y DZ*?;‘ Then,

Cri+ By =Yy + By Ry, + Z Dity (Rfy — Ri,)-
€M i1

We linearize this equation around B = 0, R, — Ry, =0, and Cp = Yp and rearrange:
dB; —dB, 1Ri — > Di"d(R}, - R},) = dYr — dCry.
i€H,i#1
-1

Use 8 = (Ri‘) ~ e7% and define the scaled saving positions by = dB;/Yr and dz‘fH = DfH /Y7,
and replace the excess return by the log-difference:

by — B b1 — Z a7 (rfy = ri,) = yre — cre.
i€H, i1

In Foreign the Euler equations are

1
= By [Ayre] — Svart (Aypir) +6,
B [rf ] =7+ Svar (ripi1) = —cove (=AY 1,75 41) Vi €F

using Equation (Al).
We can log-linearize the intermediary optimization problem (A5) and (A6) as in Campbell and
Viceira (2002); see Appendix B.1. The optimization problem becomes:

* 1 *
gltaﬁ E; [Tp,t+1] + 9 (1= e) vary (TpﬂH-l) :

The optimal portfolio position in risky asset is

Di* = lE_l (B¢ (riyy) — v + diag(2y) /2]
Wt* o t t+1 ft )

where boldfaced notation is used for vectors and matrices. We assume that each period, interme-
diaries start with wealth W, = Y and define the scaled investments as df = D;Z/Yr. Then the
equation becomes:

1 __ * * ;
di* = %zt B (ri) = g+ diag(30)/2]

Finally we scale the demand from noise traders by Y7 as well, define dth = D;N /Y, and
assume that it follows a set of autonomous AR(1). Markets clear:

I+ dF+dN =0

(when the foreign country does not participate).
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To summarize, we solve the following set of equations:

YNt — CTt = St,

1
r = Ey [Ayni1] — §Ua7”t(AyNt+1) + 4,

1 .
Eilrigq] —rp+ §UCL7’t(7’i,t+1) = —covy (—AYNi+1,Ti41) , Vi € H,

1
r;t =E; [Ay}H_ﬂ — puart (Ay’}t-s—l) +9,
1 )
E; [r;‘,t-i-l] - T}t + 5’0&’/} (T;:t-&-l) = —Covy (_Ay;t—l-l’ﬁ(,t—&-l) Vi e F,

*
Tit+1 — ASt1 =177 41,

by — B b1 — Z a7 (rf = r1y) = yre — cr,
i€H i1
lim B%b; = 0,
t—o00
* 1 — * * -
dtI :%Et 1 [Et (rt+1) =T+ dzag(Et)/Z] ,
dt+df +dN =o0ifi¢ F
for d;“tz , crt, and s;. We assume that the three endowments and noise-trader demand follow AR(1)
processes with persistence p.

A.3 Solving various cases of the model

We specialize the system of equations above to particular market structures and solve for the
exchange rate s;. Noise traders only demand the carry trade, hence d;fN only has one dimension.
Segmented household trading

Each household trades their own risk-free bond. The intermediary trades both bonds.
Home budget constraint:
be—1 = Bby — B (yrt — crt) -
Home Euler: )
Ty = By [Acripr + Asypq] — ivart(ACTt-i-l + Asiy1) + 0.

Foreign Euler:
* * 1 ol
T = E, [AyTtH] - 51}@7} (AyTt—i-l) + 0.

Optimal intermediary position:
*T 1 —1 * * .
d;* = ;2t [Et (rtH) —rpt+ dzag(Et)/Q] .

The intermediary’s only risky asset is the home risk-free bond: rf, | = ry — Asiy1, so d;? is a
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scalar. This leads to:

d*I _ 1

= |rpt — vy — Bt [Aspa] +vare (As 2.
¢ yvarg (A5t+1) [ ft ft t[ t+1] t( t+1)/ ]

Market-clearing for home risk-free bond:
b+ diT + dN = 0.
To solve the model take the difference of Euler equations (without second order terms):
Ei[Acrip1] = rp — 13 — Er [Asea] + Bt [Aygyg] -

Then notice that the right-hand-side coincides with intermediary demand (if we remove second-
order terms in there t00):

Ei [Acriy1] = yvary (Asit1) d;z + E; [Ay?tﬂ] )
As an aside, note that this relation ties down intermediary demand to the UIP deviation (;:
G = By [Dspen] — (g1 — 1) = yvar(Ases1)d;T
Going back to the previous relation, we can use market-clearing:

Ey [Acrirq] = —yvary (Asi1) dZ‘N — yvary (Asiy1) by + Ey [Ay}tﬂ]
= —yrdN = yrby + By [Ayiey] |

where we define k = var; (Asy1+1) (and conjecture that this variance is constant). Write the budget
constraint from ¢ to ¢ + 1:

b = BE¢ [bit1] — BE: [yre+1 — cresa] -
These equations lead to a system

by = BE; [bey1) + BEcrit1] — BE: [yresa],
crt — ykbe = Eyleri) + yedN — E; [Ayreq] -

Define V; = (b, ert)’, then

1 0\, (B8
(V)=
B

0

BulVi] = (
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with
Z = < —PE; [yri+1] > _ ( —Bpyre )
vedN — By [Ayiy 1] yhdN — (p— 1)y )

-1 1
. (BB _ (5 1
Zi = (o 1 Zi==\g 1 )%
. (pyre +yrdiN — (p— 1)y,
Zy = * N *
—ykdiN + (p — 1)y,

Next, we follow Blanchard and Kahn (1980) and compute eigenvalues and left eigenvectors of
the matrix A:

1 1 S
/\1:<,8+7/£+1)+\/2<6+7K+1) 52;>1, U1:<1—1A1>’ (AS)
Azz<}3+%+1)_\/2<é+w+1)2_2gl, U2:<1—1>\2>‘

Therefore, \; = \;j(k) depend on k such that A\;(0) = 1/8 and \2(0) = 1, and A\;(k) > 1/5 and
A2(k) < 1 for k > 0. Note that in the notation of the main text in Section 1, A, = 1/A1(k) < f.

Define x; = v]V;, the linear combination corresponding to the exploding root. Then:

Et [$t+1] = Alxt + ’UiZAt,
1

1 .
Ty = /\*lEt [T441] — )\TU/th'

There is a unique stationary solution to this equation, satisfing the transversality condition, which is:

[e.e]

|
[~]e
7N
S
N—
e
|
x|~
4
o
N
IH.—I

k=0
—1 1 !~ ! 5
= —V1Z¢ v Z¢,
1—)\—”1)\1 Al —
1 N
(1 — )\1) bt + Cry =— — ’UiZt,
1—p
1 1 A 1
by = — 12— :
¢ 1—)\1/\1—/) 14 1—)\16Tt
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We plug this expression for b; back into the budget constraint 8~ 'b;_1 = by + cre — yre:

1 1 1 1
—bi_1 = (1 - > crt — U1Zt YTt

Ié] 1—X) 1T— A A —
P =~ 2o = P j;; vt
oy = ! _ﬁ)\l_l t—1 + 11__:;\1_1_11 yre + )\i_l_(;)\_l_f) Y7t + )\lz\fd*/\/
$t = YNt —C1t = — _ﬁ)\l_lbt—1 1__;;1_111 (ynt — yrt) + )\i_l—(,i)\_lf) (ynt — Y1) — 1)\_1 ;Z\Tl ;skN
Finally, there is a condition for K = vary(Asi+1) :
e (25

We can re-write the solution for s; in terms of innovations, e.g., § = s — Ey_18¢:

1-A7! A1 -p)

&= —— (Gt — ) + ———F
t 1—p/\1_1 (UNt — Urt) 1—p)\1_1

(INt — U1y
Define 5cy = (nt — Uy) and 54+ = (YNt — U7¢), which are the complete market and (financial)
autarky exchange rate shocks respectively. Then

B D M1 —p) . A vk
St_il At+71 ( _f)SC,t—il 7_1
1—pAy 1—pA] 1—pA]

diV, (A9)
which is rearranged as equation (3) in the main text (recall that in the text, A\, = A\[' < S
and A\; = A\j(k) as defined above). Innovations to the exchange rate are comprised of a linear
combination of complete-markets and autarky scenarios plus disconnected fluctuations arising from
financial markets. We denote ¢, = —dt in the text in Section 1.

Combining all derivations together, we have:

S . L=p o K
o p(yNt gre) + N p(yNt yre) + N pi/)t,

1 —p VE N
by = ——bi—1+ —— —Yr) — d;
t -1 _p(yTt Y1) M _pt

where we solved for b; = 7 'b;_1 +y7: — ¢ using the solution for ¢y, and recall that x = vary(ug41)
is an equilibrium constant. Note that ¢ is (negative of ) the exogenous innovation to the noise trader
positions di , and it is an important component of u;, while d;"N is an important component of the
UIP wedge (;. This is the sense in which v, u; and (; are all tied together — noise-trader shocks
drive both {; and u; — as we stated in the text in Section 3.
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Common trading of risk-free bonds
Both households can trade both bonds. Home Euler equations:
Ty = By [Acripr + Aspyr] — %Uart(AcTtJrl + Asiy1) + 6,
7o+ By [Aspp1] —rp+ %vart(AsHl) = —covy (—AyNt+1, A1)
The foreign Euler equations:
rp = By [Ayfyq + Asi] — %Uart (AyYFiq + Asppr) + 6,
Tie+ Bt [ Aspp1] — ' + %vart (Aspy1) = —covy (—Ay}tﬂ, —Ast_H)
Equalizing the first and the third equations and ignoring variance terms eliminates r¢; and gives
Ei[Acriy1] = By [Ayi*Ft—H] .
The budget constraint is:

—be—1 = —Bb + B (yre — cre) + B (1, — rp—1 + Asy) .

Using the second (or the fourth) Euler equation at first order, we get: r}, — 7 + E¢ [Asiq] =0, a
UIP condition.We can plug it into the budget constraint:

—b—1 = —Bby + B (yre — cry) + Bd (Asy — Ey—1 [Asy]) .
These equations lead to a system

by = BE; [bey1] + BEcrir1] — BE: [yresa],
cre = Byleri] — By [Ayre 4] -

Define V; = (b, ert)’, then

(o 9)vi=(4 1) EWal+a,
-1 ~1
Et[ml]:(g f) Vt—(g f) Z,
1 -1
S 8 8
_ (3 v_< ) Z,
o 1/ 0 1 t
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with
—E; [Ay}t-&-l] (=1 yp,
-1 1
. (B B _ (5 —1
Zi = (0 1 Zi==\p 1)%

- (pyTt —(p— 1)y;*pt> _
(p— Dyp,

7, = ( —BE¢ [yres1] > _ ( B —Bpyri ) 7

Next, we follow Blanchard and Kahn (1980) and compute eigenvalues and left eigenvectors of

the matrix A:
1 1—X
)\1:B>17 ’Ul:< 11>7

)\2:1, 02:<2>.

Define z; = v]V;, the linear combination corresponding to the exploding root. Then:

Et [33t+1] = Al.%'t + ’U&ZAt,

1 1 4
Tt = YlEt [.It+1] — )\—lvlth.

There is a unique stationary solution to this equation, satisfing the transversality condition, which is:

=S8 o]

k=0
o0 Koy
(%) [
= - :1;)1 /\111/1 7, = N vy Zy,
(1—=X)be+ e = Y 1_ pviZ},
11, 1

We plug this expression for b; back into the budget constraint 3~ 1b;_1 = by + e — yre — d*H&t:

;btl = (1 1 _1)\1> cre — 1_1)\1)\11_pv/12t — yre — & Ay
;bt—l =1 il)\l cre — Al)\i pyTt G _Al)\(lp)(;ll)_ ) Yre — dMAs,
cry = ! _ﬁ)\l_l b1+ 11__:;\1_1_11 yrt + )\i_l_(;)\_l_f) yry + (1 — )\fl)d*HKSt
St = YNt — CTt = — 1 _ﬂ)‘l_lbt—l + 11_:)\1_111 (ynve — yre) + )\i_l(/l))\_lf) (yne — vig) — (1 = ATHdH A,
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In innovations, we obtain:

N D . AN =p) [ 3 —1\ pH s
S —— - e —yh ) = (1—=A7")d"
St 1— ,0/\1_1 (yNt yTt) 1_ p/\l_l (yNt yTt> ( 1 ) St
_ 1-p ~ ~ B (1 — p) ~ o *H ~
= 1= Bp (yNt - yTt) + W (yNt yTt) (1 ﬂ) d*" 5.
Solving for §;, we obtain
. 1 A —p) . D ]
St = Scp+ ————=5
T (= a [ 1—papl T oA
_ 1 {B(l—p)50t+1—5§At]
I+(Q=-p)d" | 1-8p 7 1-pp ™~

=¢ladcr+ (1 —a)say.
where ¢ = W and o = Bl(iig';). The expression in the first line resembles the one in the case
of intermediated bonds, but the value of Ay is different, there is no role for disconnected fluctuations,

and the expression is rescaled (by ¢). This result is equation (4) in the main text.
Adding the second and fourth equations removes r}t :

vary (Asg1) = —covy (—AyNtH + Ayriits Ast+1) ,
0 = —cou; (—AyNtH + Ay}tﬂ + Asyt1, A5t+1) .

This expression implies
0= covi—1 (5t — 3¢yt 8t) = cov[(¢pa — 1) 3ct + ¢ (L — ) Sa, ¢ [adcr + (1 — @) Sagl]
= (¢a — 1) gavar (5cr) + ¢° (1 — @) var(3ar) + ((da — 1) ¢ (1 — @) + 6*a (1 — a)) cov(3ot, Sar)-

The solutions are ¢ = 0 (which is not a solution because it would map to d** = co) and:
a-var(Scy) + (1 — «) - cov(Sce, Sat)

4= o2 -var(3cs) + (1 — a)? - var(3a¢) + 2a (1 — @) - cov(3ce, 5az)

which implies
T oo —1) -var(3cy) + (1 — a)? - var(54) + (20 — 1) (1 — @) - cov(3¢y, 5.41)
B (1 =0) - [a-var(3c:) + (1 — a) - cov(5cy, 5a¢)] )

If var (54+) = 0 then ¢ = 1/ and the exchange rate is the same as complete markets.
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Common trading of a risky asset

Assume there is a global productivity variable a; which follows an AR(1) with persistence p and is
such that each endowment can be written as:

ynt = Bnar + Ynt,

yrt = Brar + Yrt,

Yre = Braz + 7y,

N = Brray +dN,
where, for any variable z, the residual 1 a.

Guess that the exchange rate innovation takes the form:

St41 = Bl + Ups1.

We assume that all investors can trade a forward on global productivity next period paid out in
foreign currency. In addition, each household trades their own bond, and there is an intermediary
that trades both bonds. Noise trader demand for the carry trade has innovation d,”fN = —1y.

The home and foreign “savings” Euler equations are the same as before. Noticing that the
forward is an excess return we get

1 -
E; [T;wd7t+1] + ivaTt(T}wd,tH) = —covy (—AcTtH,r;de’tH) = —covy (—Acriy,ay) .

The foreign Euler

1 -
B[] + §Uart(rjcwd,t+1) = —covr (=AYt 1, T hwdps1) = —Covr (—Aypeyq, ) -
Home budget constraint is

bi—1 = Bby — B (yre — crt) — Bdfuwarfwar = Bbe — B (yre — crt) — Bdpypate-
The optimal intermediary portfolio is

1
At = 5 (B (xin) = v+ diag(%0)/2]

There are two risky assets: the home risk-free bond with expected returns (¢ — E;[Asiy1]) and
the forward. The covariance matrix between these assets is given by:

> _ <5S2’UCL7”t(CLt+1) + vary (1) 5sva7“t(at+1)>
Bsvary(ag+1) vary(ag+1)

with inverse:

L B
2_1 _ Vart(uH_l) vart(ut+1)
 Bs B2 vary(aiy1) + vary(usy1)
vary (1) vary(ag41) vary(uer1)
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Focusing on the position in home risk-free bond, which we denote d; to economize on notation,
we obtain:

1
&=~ [py -t — E[A 9+ B.E, [ '
! yvars (ui+1) e =7 1 [Asi 1] +vare (ury1) /2 + BsEr (M) ]

Note that this expression can also be interpreted as the univariate optimal position in a portfolio
combining the home risk-free asset with a hedging position of —3s in the forward, yielding a return
purely exposed to w4 1.

Take the difference between home and foreign savings Euler equations:
Ey[Acrip1] = rp— 15 — By [Ase] + By [Ayge] -

We can then replace the “expected carry return” with djZ, and remove all second-order terms
(variances and covariances):

Ey [Acriy1] = yvary (wg) diF — vary (uis) /2 — BsEy [Prwaer] + Be [AyTea]
= yvar; (ui1) dif + E; [AyTei1]

Finally, substitute d” out using the market clearing condition:
Ey[Acri1] = —yvary (upsr) diY — yvary (upsr) b + By [Ayiyaq]

and denote k = var; (us+1) (constant variance is a conjecture to be verified).

We can now setup our Blanchard-Kahn system by taking the budget constraint in expectation:

by = BE; [bi11] + BEt[criq1] — BE: [yTes] s
cry — ykby = Eylereia] + vmd;fN - E; [Ay}tH] .

The system is exactly the same as in the case of intermediated bond trading, and the solution is

1 1, 1
— — V7 — .
1—/\1)\1—pv1 t 1—A10Tt

by =

Plug this back into the budget constraint, which is different from the case of intermediated bond
trading, to get:

1 1 1 1 - -
b1 = <1 - 1> Ccrt — 77’0/1215 — Y1t — d}wdat

B 1— X\ I— MM —p
1 A1 A1 A(p—1) . ALYk N =
—bi_1 =— cTt — — + a7 — d @
[ [ Y i R (TP Y OV LR TR W I P R fuud™t
I -\t A1 —p) M 1 _

cry = bi_1 + e —————dN (1= X7 dY G
Tt 3 t—1 1_p)\1_1?/Tt 1_p)\1_1 Yt 1_p)\1_1 t ( 1 ) Fwddt

St = YNt — CTt
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We can re-write the expression for the exchange rate in terms of innovations:

R A1 - At
5 — 5+ ( p) Seg - LRGN
1—pA] 1—p\t 1—p\!

(1-=x71) At

Compared to the intermediated bond case, there is an additional disconnected fluctuation arising
from the risky-asset market.

We still have to determine x and d;‘cw 4 First, k solves

1— At A - M ve
K = var < 171 Sa¢+ It 75}) Sop — Hﬁld:N> )
1 —pA] 1 —pA] 1 —pA]

which does not depend on d}wd.

Second, equal pricing for the forward implies
covy (—Acpit1, Aay) = covy (—Ay}tﬂ, A&t) ,
covy (erer1 — Ay, Ady) =0,
Covt (AyNt-i-l - Ay%tJrl — Asy1, Adt) = 0.
Substituting cr¢y1 into the middle equation, we obtain:

0 = covy (ereg1 — AYpyiq, Ady)

I M- p) )\1 ’}/I-i

— 4 * )\—1 d*w %
1—,0)\116 1_)\15T _ 5 ( l)fd Pt
_ 1—A7 A= p) )\_ VK
1 * *
—(1—)\1 ) fwd_ 1—/);11/8 |: L )\7_1 —1:| /BT"’ _1p>\1_1B/\/'
1—At At Lyk
:7>\ 81 + P 1/8T _1 5/\/
11—\t A vk
—(1=Xx"YHgx = 1 — By 4 21 x
(L =A) dfua e (Br — Br) l_p)\l_lﬁj\/

Substituting in the global-local representation of the endowments, we obtain:

1=t o A (g,
St = —————SAt++ ————$
t 1—p)\1_1 At ! Cit
11—\ D VN § ) s
+ —L(By — Br)a: + a
1_p)\1,1(5N Br)at e (BN — Br)a
1- 7! s L ALYE
+ - + a
1_p)\1_1 (BT BT) 3 1—ﬂ)\1_1 NGt
_ )‘117’% N
1—p)\fl !
— 1_)‘I1 3 Afl (1—P)§ . ’Y”Afl +[6 B ] (AlO)
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This expression coincide with equations (5) and (6) in the main text (recall again that in the
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text, Ay = A\{' < B and A\; = A\i(k) as defined above). The last term is the global component
of the complete-market solution for the exchange rate (difference in the SDFs projected on the
globally traded component), equation (6). The rest of the terms reflect exposure to local shocks,
equation (5). Note that we denote ¢y = —d}*V in the text of Section 1.

A.4 Attainability of points in cones

We prove that, for the models with either segmented household trading, or with common trading
of a risky asset, all points in the corresponding cones in terms of cyclicality and volatility are
attainable for certain noise trader dynamics. We proceed constructively.

Segmented household trading In this setting there are no globally-traded risk, hence all
combinations of volatility and cyclicality should be feasible. Consider a candidate exchange rate
shock §; with a given combination, denoting x = var(§). This implies an eigenvalue A\ = A\ (k)
from equation (AS). If one assumes that noise trader shocks are given by:

v L=pX\TU/ 1=t M1 -p).
P = —dtN = # <3t - 71,13A7t - Mi))scyt> (A1)
AR 1—pAy 1—pAy

The conjectured exchange rate is the solution to the economy because it satisfies equation (A9),
which is just a rearranging of the previous condition.

Common trading of a risky asset In this case, a; is the only globally-traded shock, and
the globally-traded component of the exchange rate is g; = (Sn — 87)a;. The corresponding cone is
covered by all shocks that can be written as §; = g¢ + u; with u; L g¢;. Consider one such candidate
exchange rate, with the corresponding w;. Then, one can repeat exactly all the process of the
previous paragraph with the residual components §; = u; and equation (A10) to find a residual
component of noise trader demand ), = —a?fN that justifies the exchange rate. One can choose
any value for the loading of noise trader on a; because it is irrelevant for the equilibrium.

B Portfolio algebra

B.1 Portfolio approximation

To maintain tractability, we follow Campbell and Viceira (2002) and approximate the log portfolio
excess returns relative to a risk-free rate r:

Tpt+1 — Tpt = log (’wé exp(ri41 — Tft))
L, .. 1
~Rwy(ryn — ) + Q'wé diag(3;) — i'wéﬁtwt, (A12)

where X; is the N x N variance-covariance matrix of log returns and w; is the vector of portfolio
weights such that wje = EZ]\; 1 wit = 1. Note that by convention we use the vector notation where,

N
for example, w} exp(rey1 — 7p) = Y iy Wit Rigr1/ Ry and Rip1 /Ry = exp(rips1 — T'pe)-
The approximation in (A12) allows us to represent portfolios returns as linear combination of
log returns. Importantly, it is stable by recombination, leading to the same result when applied
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in two steps or all at once for a portfolio of portfolios. The approximation becomes exact as time
becomes continuous and the underlying data-generating process for returns converges to a purely
diffusive stochastic process.

B.2 Two international portfolios

Two international portfolios are useful for the derivation of our main results.

Carry trade. One zero-cost portfolio, often referred to as carry, entails taking long and short
positions in related assets:

Rearryt+1 = Rep1 — Ry - Se1/5, (A13)

where R;1 and R}, ; denote asset returns in levels and S; denotes the level of the exchange rate.

Traditionally, traded assets are taken to be domestic and foreign risk-free (one-period) bonds.
But carry does not have to be limited to that. For instance, Lustig, Stathopolous, and Verdelhan
(2019) consider long-term bonds. More generally, one could use any pair of assets, e.g. risky assets
that are close to each other with corry(ry1,77,,) = 1. The key characteristic of the carry trade is
that it exposes the arbitrageur to currency risk.

Lemma 2. The conversion from foreign to home returns in the carry portfolio introduces exposure
to currency Tisk, Tcarry,t41 = Tt41 — Tip1 — ASpy1.

Proof. To apply the log approximation in equation (A12), we convert the zero-cost portfolio
(A13) to a funded portfolio by adding a unit position in the risk-free asset:

Rp,t—l—l = Rcarry,t+1 + Rf,t = Rt—l—l - R?.H : St+1/St + Rf,t-

The portfolio R, ;41 corresponds to the weights w1 = 1 in the domestic risky asset R;yq1, wy = —1
in the foreign risky asset converted to local currency, Ry, ; - Si41/S¢, and w3 = 1 in the domestic
risk-free asset with w; = (w1, wa, w3)’. These weights lead to an expression for the log gross return
relative to the risk-free rate Ry 11/ Ry

Tcarry,t+1 = Tpt+1 — T'ft
* * *
=141 — Tip1 — A1 + cove(rep1 — iy — ASe1, Ty + Asei). (Al14)
This confirms the claim in Lemma 2 about the carry return innovation 7carry,¢+1 as the covariance

term is part of the expected return at time ¢t. l

Thus, we conclude that the carry portfolio return is exposed to the exchange rate risk. Note
that in the special case of carry based on risk-free assets, rcarry,t+1 = 7t —r}t —Aspy1 —vary(Asiy1),

and thus Tearry 141 = —Kstﬂ, that is the carry risk equals the negative of the exchange rate risk.
This property holds for any carry with risky assets such that 7411 =77, ;.

Differential carry. The fact that carry is exposed to currency risk prompts us to consider

another zero-cost portfolio, labeled as differential carry, which is long one unit of the domestic
asset, and short one unit of the foreign asset, financed at the respective risk-free rates:

Raiip+1 = (Rev1 — Rpt) — (Riy — Ry) - Sea1 /St (A15)
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Intuitively, this portfolio does not introduce additional currency exposure because, in contrast to
carry, only the foreign excess return is converted to the home currency. We demonstrate this
formally in the following lemma.

Lemma 3. The conversion from foreign- to home-currency returns in the differential carry does
not introduce additional exposure to currency risk, Taig,41 = Te41 — Trpq-

Proof. To apply the log approximation in equation (A12), we convert the zero-cost portfolio
(A15) to a funded portfolio by adding a unit position in the risk-free asset:

Rpi+1 = Raietev1 + Rpy = Rip1r — (Rip — Ryy) - Sev1/ St

The portfolio R, ;41 corresponds to the weights w1 = 1 in the domestic risky asset R;yq1, wy = —1
in the foreign risky asset converted to local currency, R}, ; - S;11/S;, and w3 = 1 in the foreign
risk-free asset converted to local currency, R}t - St11/St, with wy = (w1, we, w3)'. These weights
lead to an expression for the relative log return:

Tdifft+1 = Tpt+1 — T'ft
= (regr — ) = (rigs = vpe) + cove(riy g, repn — 1y — Aseg). (A16)

Thus, only the covariance of the foreign return with the exchange rate has a material impact on
portfolio performance, not the shocks to the exchange rate. B

The disappearance of exchange rate risk for the differential carry return is in part due to our
portfolio approximation. In Appendix Section H, we confirm that this approximation is very tight
empirically. We compare the excess returns on various stock portfolios and sovereign bonds in their
origin currency, Ry, — R}, and after conversion to home currency (USD), (R}, —R};)Si41/5:. The
correlation between the two monthly series is always around 99.9%. Also, see Daniel, Hodrick, and
Lu (2017, Online Appendix C) and Chernov, Dahlquist, and Lochstoer (2023, Internet Appendix
IT). Appendix E derives exact versions of our results which do not rely on the portfolio return
approximation in (A12).

C Globally-traded shocks

We first provide a technical construction of globally-traded shocks. To see specific examples of
globally-traded shocks in various market structure, skip to Appendix C.2.

C.1 Identification and construction

We show how to identify a basis for the set of globally-traded shocks €/ 41 from the base returns
r¢1 and 7}, . We drop time indices and tildes for parsimony.

First, recall what canonical correlation analysis does.

Definition 2. Canonical correlation analysis identifies pairs (Ai,X}) for i = 1,..,K for some K
such that:
1. Vi wvar(Nr) #0;

2. Vi Nr = X'r*;
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8. Vi#j NrLXNr;

4. Vr € span(r),Vr* € span(r*): if Vi r L Xr and r* L X'r*, then r # r*.

Condition 1 says that each canonical component is non-degenerate, that is, has non-zero vari-
ance. Condition 2 says that each component can be expressed using only local returns and only
foreign returns. Condition 3 indicates that the various components must be orthogonal to each
other. Condition 4 indicates that the analysis exhausts all possible components: one cannot find
pairs of portfolios satisfying condition 2 in the space orthogonal to the canonical components.

We show that this procedure identifies a basis of €Y.

Lemma 4. The collection (X7, .., Nr) identified by canonical correlation analysis is a basis of €9.

Proof. By Definition 1 and by point 2 of Definition 2, all Xr are in €7. Thus, span(Xjr,..,Nr) C
eJ.

Let us show the other direction. Assume that 3r € €7 such that r ¢ span(ANjr,..,Xxr). We can
orthogonalize r to all the Alr and obtain 7. Because 7 is a linear combination of r and Alr which are
all in €9, it is also in €9, and therefore in span(r) and span(r*). By substituting 7 for both r and r*
in point 4 of Definition 2, we immediately obtain a contradiction. Therefore, span(Air,..,Ner) D
€9, and the two sets are equal. By point 3 of Definition 2, dim(span(Njr,...Ngr)) = K, so
(Ajr, ... Ngr) is indeed a basis of €/. W

Furthermore, we relate the dimension of €7 to the rank of covariance matrices of r, r*, and the
two combined.

Lemma 5. The dimension of €9 is:
dim(e?) = rank(var(r)) + rank(var(r*)) — rank(var(r,r*)).
Proof. Observe that, by construction,

dim(span(r,r*)) = dim(span(e’)) + dim(span(e)) +  dim(span(€*))

=dim(span(r)) =dim(span(r*))—dim(e9)
Therefore,
dim(e?) = dim(span(r)) + dim(span(r*)) — dim(span(r,r™)),

which yields the result. B

C.2 Examples of globally-traded, locally-traded and unspanned
risks

C.2.1 Alternative market structures with bonds and equities

Consider a world with four assets:
1. a home risk-free bond with return r; in home currency;

2. a foreign risk-free bond with return r}t in foreign currencys;

3. a home equity index with return rg 11 in home currency;
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4. a foreign equity index with return 7%, ; in home currency,

and a nominal exchange rate depreciation rate Asy41.

We consider a variety of international market structures with various subsets of these assets,
assumingthat an international intermediary can trade all of them so that:

i1 = (rse, T+ ASt1, TH 41, Ty + Aser). (A17)

Case 1 Consider the non-integrated market where H contains the home bond and home equity
index, while F' contains the foreign bond and foreign equity index. In this case the sets of return
in HN I and FF N1 in local currency are respectively given by:

Ti41 = (T’ft,TH,t+1) and 7':+1 = (T}kftﬂ”?,tﬂ)-

By Definition 1, assuming the two equity indexes do not have perfectly correlated returns in their
respective currencies, [corry(ru+1,75,,1)| < 1, the set of globally-traded shocks in this case is
empty, €/,; = 0. Otherwise, there exists A # 0 such that 7,1 = Ny, and thus €/, =
THi+1 = XF}J 41~ This may be the case when both rpg;i1 and T},t 41 are driven by the same
fundamental shock (e.g., relative productivity). Note importantly that these are returns expressed
in different currencies. If A\:St_i,_l = 0rpm+1, then the exchange rate is spanned by the globally-traded

shock, Asi41 € €/ 4 1; otherwise, it is not.?

Case 2 Now allow both households to trade both risk-free bonds so that:

* * * *
Tipr = (T, T+ Asepr, ag1)  and vy = (T Tp — ASi1, Tgg)-

In this case, independently of the statistical properties of the equity returns (TH,tJrhT},t 41), the
exchange rate is a globally-traded risk, A~st+1 IS ef 1 Therefore, A~5t+1 = gi+1 and w41 = 41 =0
according to decomposition (13). This is because both households can trade the exchange rate risk.
If, additionally, the exchange rate is spanned by (rmt1, Ty +1), then € 1 =
(Kst+1,?H7t+1,?}t 1) irrespective of the correlation between ry 1 and ry, ;. This is because
using r;t + Asiy1 and 7g441, the home households can construct a portfolio that spans r}’t 1
making it a globally-traded risk; and symmetrically for rg ;1. This situation arises naturally when
ri,+1 reflects home productivity, 7"1*% 41 reflects foreign productivity, and Ast4q in proportional to
relative productivity. However, the presence of additional shocks may disrupt such spanning.

Case 3 Consider now that both households can trade every asset such that

Tev1 = (Tpes T + DSt 1, TH 41, Thg1 + ASt41), (A1)

* * *
Tir1 = (Tfta Tfe — ASt+1, TEt+1, THt+1 — A5t+1)' (A19)

This is the case of a fully integrated market. According to Definition 1, such a case always features
a full set of globally-traded shocks €/ 1= (Aser1, TH 1, ?}’t 41) irrespective of statistical properties
of the returns. This is because excess returns for every asset are a globally traded. Therefore, fully
integrated markets imply As;y1 = gi+1 and w1 = €441 = 0 according to decomposition (13).

DI PN T g1 # ATf 4y and As; is spanned by (THt+1,TF 4 1), then Aspiq = Ly q is a locally-traded
shock.
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Case 4 Consider now three asymmetric partially integrated scenarios. In all of these cases, the
foreign household only trades the foreign bond and the foreign equity index, ry, | = (r;t, T 1)

(i) The home household trades both bonds and the home equity, 1111 = (7, T +AS41, TH i41)-
In this case, assuming rp, ., is not spanned by (AS¢11,7H+1), there are no globally-traded
shocks, €/ 1= (). However, the exchange rate is spanned by local returns, as the home

household has an access to a carry trade with risk-free bonds, and thus Xstﬂ = {441 and
ut+1 = ge+1 = 0 according to decomposition (13).

(ii) The home household trades the home bond and both equity indexes, 7111 =
(Tfts THt+1, Ty + Aseq1). Similarly, assuming %, is not spanned by (As1,7m41),
there are no globally-traded shocks, €/ +1 = 0. This case is more interesting, however, because
the same risky asset (the foreign equity index) is traded by both households. Nonetheless,
there are still no globally-traded risks as r, ., is not traded in local currency, but instead
is converted to home currency using the exchange rate, which itself is not a globally-traded
risk. Furthermore, the exchange rate is not spanned in this case even for the home household
as they do not have access to a carry trade with risk-free bonds. However, it is spanned
by the joint set of asset returns r{,; = (ry+1,7],1), and therefore it is a locally-traded risk,

th+1 =11 and gy41 = w41 = 0 according to decomposition (13).

(iii) The home households can trade all asset as in (A18). Assuming [corre(rm 41,75 ,41) <1,
the set of globally-traded shocks in this case is €/ 1 = Tr¢r1. The home households can
trade the exchange rate risk using the carry trade as in (i), making it a locally-traded risk
(Avstﬂ = g¢+1 + l44+1 and ug1 = 0), and hence they can also trade the TFgeq Tisk in home
currency by combining the foreign equity and the carry trade.

Note that any partial integration makes the exchange rate risk locally traded, but generally not
globally-traded without both risk-free bonds being globally-traded, as we illustrate further in the
next case.

Case 5 Finally, we consider the case of a symmetrically partially integrated markets where each
household can hold both equities, but not the bond of the other country:

* * * *
Tet = (Pfe THa41, Ty  Asii1)  and vl = (P Thggr, TH1 — Asig).

Irrespective, of the statistical properties of the risky returns, 7g¢4+1 — ?}’t 41— Qs € € 41 Fur-
thermore, if (rH7t+1,r}7t +1,Asir1) has statistically a full rank (i.e., there is no linear dependence
between these random variables), then €/ 1= (THt41 — Trer1 — Asfy ), and the exchange rate is
not spanned by globally-traded shocks. However, it is locally-traded due to partial integration with
risky assets. That is: Asiy1 = ge41 + fer1 and urp1 = 0 according to decomposition (13). This
is because each household can construct a carry trade using the two risky assets, and the return
on this carry trade is the globally-traded shock (see Appendix B). No other random variable is
spanned by both ry; and r;, ;. By induction, the presence of n risky assets traded in common
by home and foreign households will introduce n — 1 globally-traded risks (excess returns), but in
general do not make the exchange rate a globally-traded risk. This contrasts with the cases 2 and
3, where the exchange rate risk was immediately globally traded due to a carry trade strategy with
two risk-free bonds.
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C.2.2 Partial integration: a commonly traded asset

Consider an asset i with return R;;1; in home currency and corresponding return R}, , =

Rt Sf; after conversion to foreign currency. The corresponding log returns are r; ;1 = log R; 141
and r;it 11 = i+l — Asiy1. Therefore, when R; 11 is available to the home household and RZt 11
is available to the foreign household (that is, @ € H N F), then a simple one-asset pair of portfo-
lios 7p 41 = 71441 and r;tﬂ = T;k,t—i-l spans the exchange: As;y1 = 7p 41 — T;,tﬂ and, therefore,
ugr1 = 0 in equation (14).3°

If asset ¢ is the only asset traded in common (that is, {i} = H N F'), then there is no globally-
traded risk (assuming KSt+1 #0), that is €/,; = 0 and g,41 = 0 in equation (13). Indeed, in this
case, the only risk that can be spanned in H is 7411, and the only risk that can be spanned in F

is 7041 — Asyp1 # Tt

Traded excess return Consider now a traded excess return R; ;41 — Rj 41 on a zero-cost port-
folio, with the foreign currency excess return given by R}, ; — R, .4 = (Rit+1— Rjt+1)St/Se41.3
Following the same steps as in the proof of Lemma 3 in Appendix B.2, one can show that the risk
of the log excess return is given by 75441 — 7j41 in the home currency and by 7, | — 75,4 =
(Fitt1 — ANstH) — (P41 — ANsH_l) = Tt1+1 — Tje+1 in the foreign currency. Therefore, unlike a
traded asset, a traded excess return is a globally-traded risk.

One way to construct an excess return for a traded asset ¢ is to subtract a risk-free rate,
Rji11 = Ry However, to obtain a globally-traded risk, the risk-free rate should be in the same
currency in both markets, so that R;,t 11 = RSt /St+1. The same works with a risk-free rate in
foreign currency, in which case R;;y1 = R}tStH /S and R;t 11 = R;’Zt. In the former case, the

globally-traded risk is 741, and in the latter it is 7441 — As;41. Note that this requires that a
risk-free bond (either in one or the other currency) is also traded by both households, in addition
to risky asset i.

C.2.3 Globally-traded risks vs. common risks

It may be intuitively appealing to think about sources of common variation in domestic and foreign
assets as globally-traded shocks. There is a critical difference between such intuition and the formal
definition of globally-traded shocks, which requires replication of the exposure to such shock solely
using assets of either country.

As an example, consider economies with N risky assets each, with all of these assets having
exposure to a shock €;11: 741 = i€ry1 + Bi€i 41, and ﬁ"}tﬂ = €41, and €41 and all the €441
are orthogonal to each other. If 8; = 0 for at least one domestic asset i, then ¢, is a globally-
traded shock. If none of the §; are equal to zero, then €11 is not a globally-traded shock because

30Note that it is of no significance whether asset i is the same stock traded by both households or there are
two assets with identical returns (in a common currency) traded separately in the home and foreign markets
(e.g., as might be the case with ADRs or stocks like Royal Dutch Shell), as long as there is an intermediary
with access to both assets in the latter case.

310ne example of such return can be a commodity forward. In general, the return is defined as R; ;1 =
(Pit41 + Diyy1)/Py, where P is the price of the asset and D is the dividend. Then the pay-out on a
commodity forward is given by the following excess return: R; ;11 — Rji+1 = FPit41 — Pjt+1, where Py =
Pjy =1, D; 441 = Dj441 = 0, and P; 441 is the realized spot commodity price next period and P; ;1 = F;
is the forward commodity price.
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it cannot be isolated from 74 1. It is only when N — oo than one can construct a portfolio of 75 411
to isolate €;41 via diversification.

D Derivation of the main results

D.1 Proof of propositions in Section 3

Proof of Proposition 1 Consider one of the globally-traded shocks, €/,,. By definition 1,
there exist two portfolios rp 41 € rp 1 and 175,y €15,y such that € | =71 =751

The differential carry portfolio of Lemma 3 is in T;I;,t 41- In this case, the portfolio has no risk

because 741 =75 ;1. The shocks to foreign and domestic return perfectly offset each other. By
assumption 2, the portfolio must have expected returns equal to the risk-free rate. That is:

0= E[rpit1 — 1) — Ey [7";,1;+1 — r;‘ct] — COUt(T;,tH, Asip1) + covt(r;’tH, Tpi+l — T;,t+1)-

The last term is equal to 0 because rp¢+1 — 75,11 has no risk. We can replace the first two terms
by covariances with the SDFs using the domestic and foreign Euler equations (9) and (10),

1 1
0 = —covg(Myq1,Tpt41) — §Uart(rp,t+l) + cove (M1, p41) + §Ua7’t(7’;,t+1)

— covg(Tp 441, ASty1)-
Remembering that both portfolio shocks are equal to €/ 41, this expression simplifies to:
covi(myy 1 — myp1 — Aspy, ef+1) = 0.
This equation is equivalent to
cov(if sy — 1 — Aspyr, el y) =0,

which implies equation (15). Furthermore, under log-normality, this condition is equivalent to the
equality of respective conditional expectation, E(mj, | — myt1e], ;) = E(Kstﬂ\e? 1)

Because this result holds for any globally-traded shock, it must also hold in terms of multivariate
projections on all globally-traded shocks € .- A

Proposition 1 without risk-free assets The differential carry portfolio from Lemma 3
that we use in the proof of Proposition 1 relies on the availability of both risk-free rates in the
intermediaries set of returns rf,;. Proposition 1 generalizes to environments without risk-free
assets. A globally-traded risk requires the existence of a jointly spanned excess return in H N[
and F' N1 in respective local currencies. In our baseline setting, we obtained excess returns by
subtracting the respective local risk-free rates from a given spanned return, forming a leg of the
differential carry portfolio. More generally, we need to focus on excess returns of zero-cost portfolios
which we denote with 7,441 and r7,,, respectively. By analogy with the definition of 741, we
have:

Tzt+1 = {7”27154_1 = IOg ('wé exp(rt+1)) | El’ll)t S ]RN I’U)QL = 0} (AQO)

Then a globally-traded shock is defined as €/ =T N ff;t 41, where formally 7 ;4 is the set
of all spanned risks of zero-cost portfolios 7 ;1. Proposition 1 then holds under this generalized
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definition of globally-traded shocks €/ +1- Note that in the presence of risk-free assets, this definition
coincides with Definition 1. In the absence of risk-free assets, we need to find a pair of assets in
each set HNI and F'N I that have a perfectly correlated excess return in respective local currencies
(see examples in Appendix C.2).

Proof of Proposition 2 Consider the carry portfolio of Lemma 2 constructed with a pair of
portfolios 7141 € Tpry1 and 7,4 € 75,1 which span the exchange rate (equation (14)). In this

case, the portfolio has no risk because 711 — 7,1 = Asiy1. The shocks to foreign and domestic
return perfectly offset exchange rate risk. By assumption 2, the portfolio must have expected
returns equal to the risk-free rate. This corresponds to

* * *
0= Ei[rpet1 = rpip1 — Asear] + covy(rpupr —rp 1 — Asppn, mp ey + Asiga).

The covariance term is equal to 0, because 1,41 = r;t 41 — Asgy1 has no risk. We can replace
expected returns using the domestic and foreign Euler equations (9) and (10):

1
EiAsi1 =rp — covg (M1, Tp,t+1) - §Ua7“t(7“p,t+1)
1
— 7y cov (miy g,y p) + ivart(r;,tﬂ) = 0y

We replace 7 141 = ?;’tﬂ + Aspy1:

* * *
EyAsiir =rp — 13 — covy (M1, Asi1) + covg(my g — Mes1,7p141)

+ ivart(rp7t+1) — §vart(Ast+1) — ivart(rmﬂ) — cov(Asi11,7p 141)

* 1
=Tp =T — covg(myy1, ASir1) — ivan(AstH)

* *
+ covp(miyy — mup1 — Asp1,7p,41)-

This proves part b) of Proposition 2. If markets are fully integrated, all asset returns are
globally-traded shocks, and proposition 1 implies that the last term in the equation above is equal
to 0, part a) of the proposition. If the exchange rate is not spanned by asset returns, it is impossible
to construct a trade with expected returns involving the expected depreciation rate that is risk-free.
Therefore, no-arbitrage imposes no restriction on the expected depreciation rate. W

Proposition 2 without risk-free assets Note that no step in the proof requires the existence
of risk-free assets, as the carry trade in Lemma 2 builds on a pair of arbitrary portfolios 11 €
Tpt+1 and r;;t 41 € r;t 41 that spans the exchange rate risk. The rates r¢; and r;‘[t in the definition
of 6; in (14) (and in asset pricing equations (9) and (10)) can in general be replaced by shadow
risk-free rates defined as rp = —Eymyqq — %U(Zrt(mt_l,_l) and similarly for r;it, even when risk-free
assets are not available.

One situation must be handled separately: when the replicating portfolio features 7)1 =
Asyy1 and hence 1,y = 0 when r) ;= r}, is unavailable (or, symmetrically, without 7). Note,

however, that r, ;11 with 7, ;41 = As;yq is equivalent to a foreign-currency risk-free asset traded
by the domestic household, and therefore we can use this asset to define a shadow foreign risk-free
rate: rp i1 =1} + Asi11, where 7% can be backed out using the home household’s asset pricing
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condition (9):
N 1
7o + EtAsii1 = Eyrpii1 =7 — §UCLT‘t(ASt+1) — covg(myy1, ASi41),

which coincides with the prediction of Proposition 2. Note that, again, in the absence of risk-free
assets, r¢; and r}it are shadow rates. The contrast with the general case is that in this case both of
them are defined by the properties of domestic SDF m;1.

Proof of Proposition 3 Recall our decomposition of the depreciation rate into spanned and
unspanned components, As;y1 = EAsi+1 + g1 + liv1 + w1 Because gy1q + f441 is spanned by
asset returns, there exists r, ;41 € rp 41 and T;,t+1 S "";,t+1 such that 7p ;41 — 77;7“_1 = grr1 + li11.
Using Lemma 2, we see that the risk of this portfolio is equal to vary(us+1). We apply Assumption
3 to relate this risk to the expected return of the carry trade.

1
‘Et[rp,tﬂ = Tpar1 — Asppa] + cov Tyt = 1p iy = Astp1,Tpay + Aspra) + Guar ()
< By/vary(ugy1).
Examining the terms in the left-hand-side, we have:

Eilrp i1 — rpip1 — Asp] = 6 — Ey[Asia] = —y,
covy(Tp 41 — Tp o1 — D141, 7141 + Asiy1) = cov(—Upp1, Tp 1 + Ut1)

= —var(ui1),

where the last equality uses the fact that w1 L (€ 1, €t11,€5,1) D Tper1. Plugging these two
results on the left-hand side of the inequality above, we obtain:

1
W + *Uart(Ut_A,_l)‘ < By/vary(ugy1).

2
Finally, by construction, the pair of portfolios (Tp7t+1,7‘;7t 41), maximizes R = 1 —
var (Asgp1—rp 4147y 11q) _vary(ugy1)

7> and hence vary(uge1) = (1 — R*)vary(Asiy1). B

vary(Asi41) vary(Asi4+1

D.2 Propositions 1 and 2 are sufficient for no-arbitrage

We show that the results of Propositions 1 and 2 are not only necessary for the absence of interna-
tional arbitrage — Assumption 2 — but also sufficient. Specifically we show the following.

Proposition 5. If:
1. Assumption 1 holds,

2. B (i, — isilels) = B(Aspalelyy),

y S S*x * A __~s ~Sxk
8. (a) either 3y, 1 € Tpii1,7)5 41 € Tpyyq Such that Asppr =7, — 7%, and

* * 1
EyAsii1n=rp — 14 — covy(myi 1, Asii1) + 5van(Ast+1)

ES
+ covy (mtJrl — My41 — ASt—i—l; Tp,t-i—l) )
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S Sk * A ws =Sk
(b) or ¥y i1 € Tpas s g1 € T a1y D141 7 Tp 1 = Tt
then there are no arbitrage opportunities in international markets, that is Assumption 2 holds.

Proof: We proceed by contradiction. Assume that there exists an international arbitrage:

I I . I o T
rp i1 €ETpri1 s vary(rpyq) =0 and By, # 7y,

and denote w and w* the set of weights of such a portfolio on 74y and 7} ; + As;;1. Remember
that ¢yw + ¢/y.w* = 1. We consider the cases of 3a and 3b in turn.

Assume condition 3a holds. As a preliminary, note that this condition is equivalent to saying
that a carry portfolio constructed with 77, ; and 7775 ; has no risk and no average excess return.
Consider the following portfolio: long w'r;11, long (¢ w*) 7y .4, long w* (riyq + Asgy1), short
(¢yw*) (rp% 1 + Asit1). Because we have added and subtracted the same total weights, the new
weights still add up to 1, so this is still a portfolio. Because this portfolio combines two risk-free
portfolios — our assumed arbitrage and the risk-free carry trade — its expected return is the
sum of the two expected returns, that is E} r{,’t 4+1- The total weight on foreign returns in the
portfolio are ¢\.w* — ¢/y.w* = 0. Therefore, this trade is a differential carry portfolio (defined in
Appendix B.2). Because it has no risk, its home and foreign legs offset each other. They form a
globally-traded shock. Applying condition 1 in the proposition and Lemma 3 leads immediately to
the result that the portfolio return must equal the risk-free rate. This contradicts the assumption
that ng,t+1 # Ty

Now assume that condition 3b holds. If ¢/y.w* # 0, then the arbitrage portfolio has a non-zero
loading on As;41 in addition to the home and foreign returns. Because the portofolio is riskless
this implies that we can find a pair of home and foreign returns that spans the depreciation rate,
a contradiction of condition 3b. If ¢;.w* = 0, then the two legs of the portfolio in their home
currency perfeclty offset each other. Their innovations constitute a globally-traded shock and
applying condition 1 in the proposition jointly with Lemma 3 implies that the arbitrage portfolio
has 0 expected return, a contradiction as well. W

S

D.3 Proofs of the results of Section 4

Proof of Proposition 4 Apply the Cauchy-Schwarz inequalty to Kstﬂ — g¢+1 and (mj; —
Mi41) = i1t
covy(Asr1 — gey1, (ﬁLI—&-l — M) — 9t+1)2
< wary(Asepr — g )vary (Mg — Meg1) = gey)- (A21)

Proposition 1 implies that both ANstH — gt+1 and (M}, — Mey1) — ge41 are orthogonal to gyy1.
Therefore:

vart(AStH - gt+1) = UCWt(AStH) - UCWt(QtH)

vary((Myq — Mit1) — Ge+1) = var(my — mes1) — vare(ger1)

cov (Asiy1 — gey1, (Myyy — Mig1) — Gey1) = cov(Aspp1, mi g — Mey1) — vary(ger1)

When var((my,, —m¢y1)—ger1) > 0, plugging in and rearranging the terms in equation (A21) gives
equation (31). When var((my,; —miy1) —gir1) = 0, we get vary(gs41) = covi(Asiy1, miy —miq1),
with the first term being no greater than var;(Asi4+1) by definition of g411, yielding (32). W
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Maximum var,(g;1) without puzzles We ask what is the largest value of vary(g41) so that
the Data point falls within the red cone in Figure 3. This is the value such that the frontier of the
cone reaches exactly that point. The parabola is defined by taking condition (31) with equality.
The Data point is characterized by the empirical value of vari(Asy+1) and cyclicality 0. Plugging
in, this corresponds to solving:

Ua?“t(gt+1)2
A = A22
vary(Asgr1) = varg(gee1) + Uart(m;fk+1 i) — var(gert) ( )
Dividing by var;(Asi+1) gives:
1= var(gei1) i < vary(gey1) >2/ <W7"t(m?+1 — Mit1) B var (gt 1) >
vary(Asi+1) vary(Asis1) vary(Asi41) vary(Asis1)
vart(get1) X
- vart(A;t+1) _ / <W7“t(mt+1 — Mis1) _ vary(giy1) >
var(ge+1) 2 UGTt(AStH) UGTt(AStH)
vary(Asi4+1)
var(ge+1)
(vart(Ast_H)) . Uart(me — mt+1) B ’Ua’l“t(gtJrl)
_ o vare(gey1) vary(Asit+1) vary(Asit+1)
vary(Asi4+1)
vary(geq1) ¥
vars(Asi41) _ 'Uart(mﬁ_l - mt+1)
vare(gi+1)
_ W”EA;:L) vary(Asi+1)
Because /(1 —z) = a < x = a/(1 + a), this gives:
vare (mf+1fmt+1)
UCL?"t(gt+1) _ vars(Asi4+1) . (A23)
vary(Aspy1) 1 4 41’”5((12:&81”13“)

Notice that the deeper the volatility puzzle in complete markets, that is, the larger the value of
vary(my, — myq1)/vary(Asii1) is, the larger the possible contribution of globally-traded risks to
the exchange rate vary(gi+1)/vari(Asiy1).

E Exact non-linear version of the propositions

Our proofs rely on returns being log-normal and a log-linearization of portfolio returns as described
in Appendix B.1. In this section we address the question of how the propositions change without
distributional assumption and approximation.

E.1 A version of Proposition 1

Consider two portfolios, domestic with returns Rp ;41 and foreign with returns Ry, ; such that
their innovations coincide with one of the globally-traded shocks, that is, they can be represented
as Ryi41 = ay + R ;4. The local Euler equations imply:

Ey(Myp1Rpiv1) =1,
Et(Mt*—f—lR;,t—i—l) =1

81



The local Euler equations can be re-written as

M1
E:(R =Ry — — — R A24
t(Rp,t41) ft — covy (Et(Mt+1)7 p,t+1> (A24)
Eu(R ) = Rjy — cov <M+ ;;m). (A25)
7 Ey(Mjy )"

Now consider an intermediary whose SDF expressed in the units of domestic currency, M/ 15
satisfies the following Euler equations:

Ey(M{y Ryt) = 1, (A26)
Ey(M/\ 1 R},S141/5) =1, (A27)

Ey(M{, (Ry1 — Rpt)) =0, (A28)
Ey(M/\ (R4 — Rf,)Si41/51) = 0. (A29)

The intermediary trades the zero-cost differential carry portfolio:

0= By (M) [(Rpaer = Rpr) = (B0 = Rjy) - St /S1))
= By (M{1 [(Rpt+1 — Rpt) = (Rpp1 — oo — Rfy) - Sia1/St])
== Et (Mtl_,'_l [(Rp,t+1 - th)(l - St+1/St) + (Oét + Rj;t - th) . St+1/5t:|) .

Replace the risk-free rates by the expressions from the local Euler equations (A24) and (A25),
divide the equation by Ey(ML ), and define

St41 s M/, o\ Otr1
covf (St i1 | = B %( ;’t“_th)Tt

t+1
- Et MtI+1 ( * — R* ) 'Et Mtl-‘rl St+1
Et(MtIH) i Tt Et(MtIH) St ’
0
7St _ Ml S\ Ry
t Et(Mt+1) 3 It
Then
St41/ St ) ( M, Mty )
0 = —cov! (, . + cov - R .
"\E[(Sis/S) P "NE(Mfy)  E(Myq) P

(We replace Ry, t+1 with R, in the cov! term because of our assumption about R, ;41 and Ryii1e)

This expression implies

cov, ( M, My S /S « )
Ey(M},)  Ei(Myy1)  Ei(Si41/St)’ i
Si+1/S ) ( St+1/St )
I t+1/5¢ . " .
=covj | ——"— _ R —covy | ——"—_ R A30
t <EtI(St+l/St) p,t+1 t Et(St-i-l/St) p,t+1 ( )

w
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As we noted in section B.1, the log approximation that we use in Proposition 1 becomes exact
if time is continuous and the data-generating process converges to a pure diffusion. Under such
scenario, the covariance in the equation above is observable, and, thus, has the same value with and
without risk adjustment (via M/ 41)- As a result, W = 0. Also, each Arrow-Debreu claim makes
the corresponding state globally-traded. For such a globally-traded risk W = 0.

Further, the projection result depends on the knowledge of intermediary’s SDF, MtI 1 via the
term with cov/. The log approximation relies only on the existence of such SDF, due to Assumption
2, and allows us to be agnostic about its actual values.

The first term in the second line is equal to R}t - QRP;, where QRP; is the quanto-implied
risk premium of Kremens and Martin (2019). Its role in our paper is different from that of these
authors. They use it to approximate the currency risk premium assigned by the intermediary,
R}tEt(StH/St) — Ry = —thcovt(MtIH, Ry, Si+1/S¢). Here it measures the gap in projections of
the relative discount factor and the depreciation rate on globally-traded risks.

E.2 A version of Proposition 2

Consider two portfolios, domestic with returns Ry, ;11 and foreign with returns Ry, ; such that their
innovations span the exchange rate, that is, they can be represented as Ry, 111 = ar+ Ry ;15141 /St.
The local Euler equations (A24) and (A25) hold for these portfolios. Also, we consider a (domes-
tically funded) intermediary whose SDF, MtIH, satisfies the following Euler equations:

Ey(M{{ Rpii1) =1,
E(M{y 1Ry, 1Se41/80) = 1.

First, we show that a; = 0. The intermediary can form a zero-cost carry portfolio:

0= Et (MtI_H [Rp,t+1 — R;,H-lst—i-l/st]) = OétEt (Mtl+1) .

Therefore, the expected return of the carry portfolio is equal to zero:

0=E; (Rpt+1 — R;,t+15t+1/5t)

M >
=Ry —covy | ———, R
ft t <Et(Mt+1> p,t+1
— Ey(Ry 1 11) Ee(Se41/Se) — covr(Ry 411, St41/51)

My .
= th — COV¢ (E,t(l), Rp7t+1> - COUt(Rp7t+1, St—l—l/St)
- [R}t — cou <:+:>R; t+1>] Ey(St41/5t),
Et(Mt-H) '

where we substituted the local Euler equations (A24) and (A25) in lines 2 and 5, respectively. This
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equation implies the currency risk premium:

thEt <S;;1) — Ry = —couy (E:(\f\z:jrl)vR;tJﬂSéH)
+ covy (Et](\/[]\%;) ;,t—l—l) Ey (ng) — covy < 1 Sg;l>
= —R},cov; <Et](\4l\2i1)’ ng) — covy <Et](\41\211) (R 11— R Sf;l)
e (g () - 5 )

S
= —Ryicovy (MtH,th t+1>

S

complete markets

Mt*—i—l Mt+1 StJrl/St > (StJrl >
+ cov —_ . R g
t (Et(Mt+1) Et(Mt+1) Et(st+1/st) p,t+1 t St
A
M1 * « [St—i-l <St+1>D
— cov R R Stil g |
: <Et(Mt+1) L e
B

where in the first line we take advantage of spanning and replace Ry 41 with R, 4+15t+1/54; the
third line is obtained from the first by adding and subtracting the leading term in hne 3; the fourth
line is obtained by combining the two terms in the second line; the 6th and 7th lines are obtained
by adding and subtracting covy(My+1/Ey(Myt1), R;,tﬂ)‘

The term B in the seventh line is the domestic household’s risk premium for quanto exposure
and disappears in the log-normal approximation. Also, B = 01if R, ;. happens to be th, that is,
domestic household can trade foreign risk-free bond. The term A in the sixth line is equal to zero
in this case as well.

Next, if financial markets are integrated then the innovation to Ry, ; is a globally-traded shock.
Then, equation (A30) from the non-linear version of Proposition 1 1mphes that

A=W - Ey(Sis1/5).

As is the case for Proposition 1, the log approximation treats this term as close to zero.

It might appear that the departure from log-normality in the case of integrated markets leads
to two extra terms, A and B. In fact, when markets are integrated A — B can be simplified to a
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term with a single source of departures from zero. Indeed, we obtain

A-B I ( St11/5 . ) ( St+1/ St . >
—  _=cov; | ——"——— R —covy | ———~———,
Ei(Si41/5t) "B (Sia/S) P "\E(Sps1/8) i+

M1 . . [ Sti1/ 5t })
—covy | =———— —1, Ry | =1
! (Et(Mt+1) Bp1 = Byl Ey(Si11/St)
M} Sip1/S.
— g | Tt px — R [t“t _ 1}
t (Et(MtI+1) [ p,t+1 ft] Et(St—i-l/St)

Mt+1 * * |: St+1/St :|>
B (S SRS | 2 )
t<Et(Mt+1)[ per1 ~ Ryl Ey(St11/5¢)

Thus, A — B is close to zero when the intermediary prices the globally-traded (quanto) risk the
same way as the domestic household.

If there is no spanning, Ry, 41 # o + R 41151+ /St, then it is impossible to find a risk-free
strategy and derive restrictions on the currency risk premium.

F  Empirical analysis: additional results

CCA analysis for the undirected approach Table Al reports the results. Each column
represents a foreign country. For a given country, each row reports the canonical correlation between
the assets of that country and the US assets, reported in order of importance, starting from the
largest.

The values of the largest correlations range from 64% for New Zealand to 90% for Canada.
In some cases lower ranked correlations are similar to the largest one, like for Canada or the UK.
In other cases, the magnitude of correlation drops off quickly, e.g., for New Zealand or Norway.
Strictly speaking, the evidence suggests that there are no globally-traded shocks amongst the assets
that we consider.

Excluding US bonds There are theories that posit that Euler equations for US Treasury bonds
hold with wedges (e.g., Jiang, Krishnamurthy, and Lustig, 2021). If that is the case our framework
would exclude such assets from the set H. In this appendix we evaluate how such exclusion would
affect our empirical results. Table A2 reports the spanning regression. Figure A1l displays the
decomposition of the variance into the globally-traded, locally-traded, and unspanned components.
The results are similar to their counterparts when US bonds are included.

Directed approach Instead of being agnostic about the nature of globally-traded shocks we
rely on macroeconomic research and assume that they are known. Specifically, we take VIX, GFC
(Miranda-Agrippino and Rey, 2020), and EBP (Gilchrist and Zakrajsek, 2012) as such shocks. This
approach requires a strong assumption that portfolios of traded assets in each economy can span
these shocks.

For each country, we regress its depreciation rate vs USD on these measures of globally-traded
shocks. The R? from such a regression produce the fraction of the exchange rate variation due
to globally-traded shocks. Next, we implement the regression in Equation (36) where the set of
returns is complemented by the three global shocks to obtain the unspanned component. Naturally,
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Table Al: Maximally correlated shocks across asset markets

AU CA DE JP NO NZ SE CH UK
Rank 1 75.50 90.00 83.10 75.75 78.16 69.67 81.44 82.92 85.91
Rank 2 65.65 85.26 75.74 62.39 64.33 58.05 68.62 63.00 77.94
Rank 3 59.05 84.89 66.96 58.74 57.01 50.57 59.96 5892 72.16
Rank 4 56.10 79.36 64.41 53.59 47.12 38.31 54.42 56.17 69.19
Rank 5 51.60 77.21 53.18 48.02 40.49 30.51 47.03 51.68 67.32
Rank 6 39.59 70.27 47.29 4541 33.95 27.36 42.87 46.62 60.87
Rank 7 34.57 61.37 43.67 40.72 30.73 2234 39.54 41.15 55.18
Rank 8 32.10 56.77 40.76 39.08 26.67 21.75 35.73 34.96 50.76

N 420 402 410 420 407 352 377 420 420

The table reports the correlation in % between the maximally correlated portfolios of asset returns between
the U.S. and each country. The successive pairs of portfolio are orthogonal to each other, and obtained by
canonical correlation analysis. Domestic asset returns are in domestic currency; foreign asset returns are in
foreign currency. Each column is for a different country’s assets relative to the U.S. assets. The assets include
government bonds of maturities between 2 and 10 years (obtained from various central banks) and various
stock portfolios: the market (a combination of large and mid-cap stocks), value and growth portfolios, and
10 industry portfolios (from MSCI).
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Figure A1l: Decomposition of exchange rate innovations excluding US bonds
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Fraction of Exchange Rate Variance

The figure reports the fraction of variance in exchange rates explained by globally-traded shocks, locally-
traded shocks, and shocks that are not spanned by asset returns, under the assumption of an intermediated
market structure described in Section 5. Each bar is a different country’s currency relative to the U.S. dollar;
globally-traded shocks are measured using CCA for stock and sovereign bond returns. US bonds are excluded
from the analysis.
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Table A2: Spanning of depreciation rates by asset returns — R? (excluding US Bonds)

Dependent Variable AU CA DE JP NO N7Z SE CH UK
Bonds
10Y -0.11 0.09 039 1.03 087 -0.29 147 -0.23 0.13
All Maturities 2.02 -047 212 141 1.08 0.80 346 0.30 3.07
Stocks
Mkt 2217 26.77 831 594 1298 19.59 19.71 12.16 14.38
Mkt + Value/Growth 22.06 28.15 813 7.07 14.06 20.03 19.80 12.52 15.10
Mkt + Value/Growth + Ind. 36.45 41.84 19.25 24.86 30.45 30.92 26.90 19.61 27.43
Bond + Equity 37.65 4249 19.81 25.05 30.60 31.41 28.61 19.97 28.52
N 420 402 410 420 407 352 377 420 420

The table reports the adjusted R? of a regression of the depreciation rate on various subsets of asset returns,
as in equation (36). Domestic asset returns are in domestic currency; foreign asset returns are in foreign
currency. We exclude US bonds from consideration. Each column is a different country’s currency relative
to the U.S. dollar. The first row uses only 10-year bonds, while the second entertains maturities between 2
and 10 years, obtained from various central banks. The next three row consider various stock portfolios:
the market (a combination of large and mid-cap stocks), plus value and growth portfolios, plus 10 industry
portfolios (all from MSCI). The final row considers all assets simultaneously.

it is going to be smaller than that in the previous section. The knowledge of the variation due to
global and unspanned shocks delivers the variation due to locally-traded shocks.

Figure A2 reports the resulting decomposition of the variation in the exchange rate into the three
types of shocks. The directed approach delivers somewhat larger contribution of global shocks, but
qualitatively the conclusions are unchanged. The unspanned shocks represent the largest share of
shocks. Contribution of the global shocks is the largest for Australia and Canada, which approach
50%.

G What do return data say about the exchange rate?

Our propositions have implications for various exercises using return data and the assumption of
no-arbitrage only. We first show how to use our formal framework in this context, then discuss
these implications and their relation to the literature.

An alternative interpretation of the framework Instead of representing the assets that
investors in each country can access like in Section 2.1, the sets H and F' can simply represent
different subsets of return data expressed in different currencies. In this interpretation H is a set
of assets for which we have data on returns ryy; in the home currency, F' is a set of assets for
which we have data on returns r7,; in the foreign currency. If we assume that neither of these
sets of returns feature arbitrage opportunities, one can construct minimum (log) variance SDFs
by combining asset returns in the spirit of Hansen and Jagannathan (1991): mygy; = Nryq and
my,, = A¥r;,,. This setting is equivalent to Assumption 1.

Furthermore, one might want to assume that there are no arbitrage opportunities when a
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Figure A2: Decomposition of exchange rate innovations: directed approach
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Fraction of Exchange Rate Variance

The figure reports the fraction of variance in exchange rates explained by globally-traded shocks, locally-
traded shocks, and shocks that are not spanned by asset returns, under the assumption of an intermediated
market structure described in Section 5. Each bar is a different country’s currency relative to the U.S. dollar.
Globally-traded shocks are measured using exposures to changes in VIX, GFC, and EBP.
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combination of these assets is traded together. We call I this joint set of assets, so that this lack of
arbitrage across datasets coincide with Assumption 2. For example, if one assumes that there are
no arbitrage opportunities between the two sets of returns, this corresponds to I = H U F.

In this interpretation of the framework, Propositions 1 and 2 convey all restrictions between
the return data, the corresponding minimum variance SDFs, and the exchange rate. Some combi-
nations of assumptions about which data are observed coincide with assumptions about the market
structures we study in the paper, and hence we can use the implications of our propositions for
these structure. Still, note that this equivalence is only mathematical and the interpretation is
different: here we are simply isolating different datasets as opposed to making assumptions about
what different groups of investors have access to.

Recovering the exchange rate using local currency returns only. A first classic
question is whether the exchange rate can be recovered from return data on local assets only.
For example, one might want to estimate SDFs for the dollar yield curve and the pound yield
curve, respectively, and use their ratio to recover the exchange rate. This exercise, followed by
Bansal (1997) and Backus, Foresi, and Telmer (2001) should work if markets are complete and
local returns in each country span each state of the world. However, their estimates are at odds
with the empirical behavior of the exchange rate. Chernov and Creal (2023) propose a model of
SDF's including shocks that are not spanned by the yield curves that can price both yield curves
and be consistent with the exchange rate.

We consider the general version of this exercise. H and F' each contain distinct local assets in
their local currency and by m and m* are the minimum variance SDFs constructed from each set
of asset returns. The assumption that there are no international arbitrage opportunities between
all these assets corresponds to I = H U F'.

Mathematically, this situation coincides exactly with the intermediated models we consider
in Section 5. In this case, globally-traded shocks can be constructed using CCA on the local
asset returns r¢y1 and r; ;. Proposition 1 immediately says that only the global component of
the exchange rate g;11 is pinned down. If the local asset returns do not have common shocks,
nothing can be said about exchange rate movements. With globally-traded shocks, the projection
of mj,; — myy1 on these shocks reveals the projection of As;i1 on these shocks. Furthermore,
the local component ¢;4+1 and u;41 can be arbitrary, so the exchange rate can have any amount of
excess volatility above this projection-based component g4 1.

Chernov and Creal (2023) find that at most 10% of exchange rate variation is explained by
common shocks. Our empirical results suggest that, even after adding stocks to sovereign bonds, the
variance of the globally-traded component g; 11 is small relative to the variance of the depreciation
rate. This implies that a modest component of the exchange rate can be recovered by observing
local returns and using the assumption of no-arbitrage alone.

This conclusion does not rule out that the depreciation rate might exhibit substantial correlation
with specific assets, as long as it is through locally-traded shocks. Finally, to the extent that the
exchange rate features an unspanned component — like we find empirically for stocks and bonds
— Proposition 2 indicates that no-arbitrage does not pin down expected depreciation.

Finally, this conclusion also does not rule out that markets might be complete and integrated.
Throughout this exercise we maintain the assumption that there exists an SDF pricing all assets
(Assumption 2), which might coincide with the IMRSs of both home and foreign households.
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Constructing pairs of SDF's satisfying the AMV. Alternatively, one might want to find
SDF's that price the same assets in each currency so that my, ; —my1 = As;1.32 The minimum
variance log SDF's solve this question, and our framework demonstrates why.

In this exercise, we have H = F' = I, and 1411 = r} | +As; 1. We denote by m;41 the minimum
variance SDF pricing 741, and symmetrically mj, , prices r}, ;. Mathematically, this case coincides
with a situation of fully integrated markets. Therefore, by Lemma 1, proj(As;1|e] 1) = Qs
Furthermore, because all asset returns are globally-traded shocks and hence the minimum variance
SDFs are spanned by asset returns by construction, we also have proj(m;, | — my1l€}, ;) = my,; —
myy1. S0, Proposition 1 implies that shocks to the relative minimum variance SDF coincide with
shocks to the depreciation rate. Similarly, Proposition 2 implies that the means are equalized as
well. Therefore, Asy11 =mj | —myy1.

Interestingly, Sandulescu, Trojani, and Vedolin (2021) show that, away from the log-normal case,
this recovery result generalizes by focusing on minimum entropy SDFs: in a log-normal setting,
mimimizing the entropy of the SDF is equivalent to minimize the variance of the log SDFs.33

Of course, this is not the only way to construct pairs of SDFs pricing the assets in two currencies.
Under the assumption of no arbitrage, for any SDF myy1 that prices r;11, the SDF my1q1 + Asyiq
prices 17, | =741 — Asyq1.

This observation highlights that these recovery exercises do not necessarily lead to econom-
ically meaningful SDFs. For example, the world might be well-described by an intermediated
market structure where a global intermediary trades all asset but households face arbitrary types
of frictions. Then, all that this exercise is doing is recovering the projection of m{ 41 and
mit, =ml,  +As;y1 on asset returns as opposed to the IMRSs of local investors. This observation
echoes the conclusion of our main theoretical analysis: data on returns and the depreciation rate
alone are in general not enough to identify the financial market structure.

H Evaluating the portfolio approximation

We report the correlation (in %) between the excess return on various stock portfolios —Table
A3— and bonds of different maturities —Table A5— in their origin currency and converted to U.S.
dollars. Tables A4 and A6 start from the U.S. version of these portfolios and converts them to
foreign currency. These correlations are pervasively extremely high, almost all over 99.9%.

32Constructing the exchange rate using observation of the same asset returns in their original currency and
in another currency is in general trivial. Naturally, if one has “labels” on the return data, the depreciation
rate is simply the ratio of a return in its own and in foreign currency. Even without labels, one can generically
recover a unique depreciation rate so that the ratio of returns in home and foreign currency are equal across
asset pairs.

33Sandulescu, Trojani, and Vedolin (2021) also study cases with asymmetric data observations across
countries, but with both risk-free assets observed in each country. Mathematically, this corresponds to the
case of partial integration in which the exchange rate is spanned by globally-traded shocks.
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Table A3: Correlation between excess returns converted in different currencies: foreign stocks

AU CA DE JP NO NZ SE CH UK

Market 99.88 99.91 99.93 99.96 99.88 99.89 99.91 99.94 99.94
Value 99.92 99.94 99.93 99.96 99.89 99.85 99.92 99.93 99.94
Growth 99.82 99.88 99.93 99.96 99.9 99.93 99.92 99.95 99.94
Oil, Gas, Coal 99.89 99.93 NA 9996 99.92 9992 99.93 NA 99.96
Basic Material 99.84 99.94 99.94 99.95 99.88 99.91 99.91 99.96 99.91
Consumer Discretionary 99.91 99.95 99.93 99.96 99.92 99.94 99.94 99.93 99.96
Consumer Products, Services 99.88 99.96 99.97 99.95 NA NA 99.94 99.93 99.98
Industrials 99.90 99.91 99.94 99.95 99.89 99.92 99.92 99.94 99.94
Health Care 99.91 99.97 99.96 99.96 NA 9991 99.93 99.96 99.97
Financials 99.92 99.95 99.94 99.96 99.89 99.93 99.91 99.93 99.92
TeleCom 99.92 99.95 99.96 99.96 99.92 99.84 99.93 99.94 99.96
Technology 99.91 99.88 99.96 99.96 99.86 NA 99.94 99.95 99.95
Utilities 99.93 99.91 9994 99.97 NA 9993 NA 99.95 99.97

The table reports the correlation (in %) between the excess return on various stock indices expressed in
their home currency and converted to U.S. dollar. The portfolios include the market (a combination of large
and mid-cap stocks), value and growth portfolios, and 10 industry portfolios, all from MSCI. Each column

corresponds to a different country.

Table A4: Correlation between excess returns converted in different currencies: U.S. stocks

AU CA DE JP NO NZ SE CH UK

US Market 99.88 99.94 99.95 99.96 99.87 99.90 99.92 99.94 99.94
US Value 99.90 99.95 99.96 99.96 99.87 99.91 99.92 99.95 99.95
US Growth 99.87 99.93 99.94 99.96 99.88 99.90 99.92 99.94 99.94
US Oil, Gas, Coal 99.90 99.96 99.97 99.98 99.92 99.92 99.94 99.96 99.96
US Basic Material 99.81 99.90 99.92 99.95 99.85 99.88 99.90 99.93 99.93
US Consumer Discretionary 99.91 99.95 99.95 99.96 99.9 99.91 99.92 99.95 99.95
US Consumer Products, Services 99.93 99.97 99.97 99.97 99.92 99.93 99.94 99.96 99.96
US Industrials 99.86 99.93 99.94 99.96 99.84 99.90 99.90 99.94 99.94
US Health Care 99.90 99.96 99.95 99.96 99.88 99.93 99.93 99.95 99.96
US Financials 99.91 99.95 99.95 99.94 99.87 99.93 99.91 99.92 99.94
US TeleCom 99.87 99.93 99.95 99.95 99.9 9991 99.93 99.96 99.95
US Technology 99.88 99.93 99.94 99.96 99.89 99.91 99.92 99.94 99.94
US Utilities 99.84 99.92 99.94 99.96 99.85 99.88 99.91 99.96 99.94

The table reports the correlation (in %) between the excess return on various stock indices expressed in the
U.S. dollars and converted to foreign currency. The portfolios include the market (a combination of large
and mid-cap stocks), value and growth portfolios, and 10 industry portfolios, all from MSCI. Each column
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Table A5: Correlation between excess returns converted in different currencies: foreign bonds

AU CA DE JP NO NZ SE CH UK
2Y Bond 99.86 99.97 99.92 99.97 NA 99.85 99.91 99.91 99.95
3Y Bond  99.86 99.97 99.92 99.97 9991 NA NA 99.93 99.96
4Y Bond NA 9997 99.93 9997 NA NA NA 99.94 99.96
5Y Bond  99.87 99.97 99.93 99.97 99.91 99.85 99.91 99.93 99.96
6Y Bond NA 9996 99.93 9997 NA NA NA 9992 99.96
7Y Bond NA 9996 99.93 99.96 NA NA 9991 99.91 99.96
8Y Bond NA 9996 99.92 99.96 NA NA NA 9990 99.96
9Y Bond NA 9996 99.92 99.96 NA NA NA 99.89 99.96
10Y Bond 99.87 99.96 99.93 99.96 99.91 99.88 99.91 99.88 99.96

The table reports the correlation (in %) between the excess return on government bonds of different maturity
expressed in their home currency and converted to U.S. dollars. Bond returns are constructed from yields

obtained from each country’s central bank. Each column corresponds to a different country.

Table A6: Correlation between excess returns converted in different currencies: U.S. bonds

AU CA DE JP NO NZ SE CH UK
US 2Y Bond 999 99.95 99.95 99.97 99.91 99.93 99.95 99.93 99.96
US 3Y Bond 9991 99.96 99.95 99.97 99.92 99.93 99.95 99.92 99.96
US 4Y Bond  99.92 99.96 99.94 99.96 99.92 99.94 99.95 99.91 99.96
US 5Y Bond 99.91 99.97 99.93 99.96 99.91 99.94 99.95 99.89 99.95
US 6Y Bond 99.91 99.97 99.93 99.96 99.89 99.94 99.94 99.88 99.95
US 7Y Bond 999 99.96 99.92 99.96 99.88 99.94 99.94 99.86 99.95
US 8Y Bond 99.89 99.96 99.91 99.96 99.86 99.93 99.93 99.85 99.95
US 9Y Bond 99.88 99.96 99.9 99.96 99.85 99.93 99.93 99.84 99.95
US 10Y Bond 99.88 99.96 99.9 99.96 99.84 99.93 99.92 99.83 99.94

The table reports the correlation (in %) between the excess return on U.S. government bonds of different
maturity expressed in U.S.. dollars and converted to foreign currency. Bond returns are constructed from

yields obtained from the Federal Reserve. Fach column corresponds to a different country.
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