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Many image analysis and computer vision problems have been
expressed as the minimization of global energy functions describing
the interactions between the observed data and the image represen-
tations to be extracted in a given task. In this note, we investigate
anew comprehensive approach to minimize global energy functions
using a multiscale relaxation algorithm. The energy function is
minimized over nested subspaces of the original space of possible
solutions. These subspaces consist of solutions which are con-
strained at different scales. The constrained relaxation is imple-
mented via a coarse-to-fine multiresolution algorithm that yields
fast convergence towards high quality estimates when compared
to standard monoresolution or multigrid relaxation schemes. It
also appears to be far less sensitive to local minima than standard
relaxation algorithms. The efficiency of the approach is demon-
strated on a highly nonlinear combinatorial problem which consists
of estimating long-range motion in an image sequence on a discrete
label space. The method is compared to standard relaxation algo-
rithms on real world and synthetic image sequences. © 1994 Academic

Press, Inc.

1. INTRODUCTION

Many tasks in computer vision and image analysis have
recently been expressed as global optimization problems
[3, 5, 8]. The general issue is to find the global minimum
of an objective (also called energy) function which de-
scribes the interaction between the different variables
modeling the image features in a given problem [8]. Two
kinds of variables are generally considered: observation
variables which correspond to the representation of the
observed data and hidden variables (or labels) which are
the representations to be extracted from the original im-
ages. Energy functions involve generally two compo-
nents, one of which expresses the interaction between
the hidden labels and the observations and the other which
encodes constraints on the desired solution [8]. To keep
the problem tractable, the energy is often decomposed as
a sum of local interaction functions defined on a neighbor-

hood [8]. Standard regularization approaches as well as
MRF-based image analysis lead to the minimization of
such global energy functions [8] (Markov random field
models define a global probability distribution that is max-
imized when an energy function is minimized [9]). The
choice of these energy functions is either heuristic or
may be guided by a statistical modeling of the interaction
between the variables.

Defining global energy functions is a powerful tool for
specifying nonlinear interactions between different image
features (luminance, edges, region labels, etc.). They help
to combine and organize spatial and temporal information
by introducing strong generic knowledge about the fea-
tures to be estimated. For instance, global energy func-
tions have been successfully introduced in image restora-
tion [2, 9], edge detection [8], image segmentation [8],
stereovision [1], computed tomography, surface recon-
struction [5], visual motion analysis (7, 10, 12, 13, 16],
and scene interpretation [15].

However, minimizing a global energy function is often
an intricate problem: the number of possible label config-
urations is generally very large and the global energy
function may exhibit many local minima. Computationally
demanding stochastic relaxation algorithms are generally
necessary to compute optimal solutions. Less cpu inten-
sive deterministic relaxation algorithms such as ICM [2],
HCF (highest confidence first [5]), or GNC (graduated
nonconvexity [3]) can often be used instead, when a good
initial guess is available. Deterministic approaches con-
verge to configurations corresponding to local minima of
the global energy function. On the other hand, it is known
that multigrid methods can significantly improve the con-
vergence rate of iterative relaxation schemes [19]. As will
be seen here, multigrid methods may also be useful when
the energy to be minimized has many local minima, as is
often the case with nonlinear models. It has, indeed, been
conjectured that multigrid analysis may, to a certain ex-
tent, smooth the energy landscape. Deterministic relax-
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ation schemes can then be used at coarse scales to obtain
a good initial guess that may be refined at the finer scales.

Multigrid relaxation techniques have been considered
before for image analysis models based on partial differen-
tial equations [6, 19] as well as on MRF [1, 12]. Yet, in
multigrid implementations of relaxation algorithms de-
voted to the minimization of global nonlinear energy func-
tions, the choice of the energy functions (and the adjust-
ment of their parameters) at different scales remains a
key problem. A standard choice is to adopt the same
function at all scales, even though the interactions be-
tween variables are often resolution dependent.

The main contribution of this paper is the development
of a new multiresolution algorithm (called ‘‘multiscale
relaxation’’) that is applicable to the minimization of
global energy functions used in image analysis or com-
puter vision tasks. This algorithm is not equivalent to the
multigrid approaches proposed in [6, 12, 19]. It is related
to a multiscale ‘‘constrained’’ exploration of the set of
solutions of the original optimization problem. The global
optimization problem is solved within a sequence of par-
ticular subspaces of the original space of configurations.
Those subspaces contain constrained configurations de-
scribing the expected solutions at different scales. Each
subspace defines a new ‘‘coarse’” energy function whose
parameters are derived from the original (full resolution)
objective function. This constrained optimization is im-
plemented using a coarse-to-fine procedure on a pyrami-
dal structure.

In 4}, Bouman et al. have recently presented a multires-
olution relaxation technique, based on MRF models; this
technique introduces a pyramidal structure close to the
one reported here. However, in [4], the parameters of
the objective function are kept the same at all scales.
Expressing the multiresolution analysis as a constrained
optimization problem enables us to generalize the scheme
reported in {4} and to determine a consistent set of parame-
ters for the objective function at the different scales. It
also permits the definition of more general constraints on
the configuration space. Such generalizations have been
presented in [17]. The remainder of this paper is organized
as follows: the multiscale relaxation is described in Sec-
tion 2; in Section 3, the multiscale relaxation is compared
to standard (monoresolution, multigrid, deterministic,
and stochastic) relaxation schemes applied to a highly
nonlinear optimization problem. Specifically, the problem
is to estimate long-range motion (in an image sequence)
on a discrete space of label configurations. This problem is
a good benchmark problem since it yields a very complex
energy landscape.

2. THE MULTISCALE RELAXATION ALGORITHM

The optimization of a global energy function is a power-
ful approach to extract relevant representations (labels)
from an image. The method proceeds as follows:
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» One or more specialized modules extract features
(spatio-temporal gradients, edges, etc.) from the images
that will be used as observations in the optimization
process.

« Observations are combined using local photometric
and structural relations with generic a priori knowledge on
the label configurations (regularization scheme) in order to
derive estimates of the unknown labels [5, 8].

The problem is stated as the minimization of a global
energy function describing the interactions between the
different (observed and hidden) variables.

2.1. Global Energy Functions

Let o = {o,, s € S} designate the observed data defined
on a rectangular lattice S. Let ¢ = {e,, s € 5} denote
the unobserved (hidden) label field, defined on the same
lattice S.! Let A be the (discrete) state space of variable
e, and () the (finite) set of all possible label configurations
e. Let 9 = {4, s € S} define a neighborhood system
on §.

In the following we assume that the interactions be-
tween observed data o and hidden labels e can be defined
in terms of an energy function of the form

Ue,0) = U\(e, 0) + Usle), (H

with

Uite,0) 2 3 V (e, 0,), )

seS

Uye) 2 S V(o).

c€C

The optimal labeling we seek is, by definition, the mini-
mum of this energy function. The first component U, (e,
o) of the energy expresses (pointwise) interaction between
the hidden labels ¢ and the observation o, the second term
U,(e) encodes constraints on the desired solution. The
set of cliques associated to the neighborhood system 4,
is denoted by 4. Cliques ¢ are subsets of sites which
are mutual neighbors. The local interaction function V.
depends only on the variables of clique ¢ and expresses
the local interactions between these different variables.
The form of the local interaction functions V. is problem
dependent. Local interaction models have several rele-
vant advantages: they are easy to specify and they vield
tractable iterative computational schemes in which the
label configurations can be updated locally (2, §, 9].

In the following, we consider a standard eight-neighbor-
hood system for 4. The cliques ¢ € € associated to the
eight-neighborhood are shown in Fig. 1 and contain at

! Different lattices for E and O can also be adopted.
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FIG. 1. Eight-neighborhood structure and associated cliques.

most four sites. This energy class comprises most usual
energy functions used in computer vision [1, 8, 10] (the
extension of the method to larger neighborhoods is
straightforward, although not only a notational matter).

2.2,

Let us assume that the size of the full resolution lattice
is 2™ x 2™. First recall that the energy function assigns an
energy value to all possible configurations of the labeling
e ={e,sESh e €A €

Instead of considering the minimization of energy func-
tion (2) directly on the full, generally huge, label configu-
ration space (1, let us consider the minimization of the
energy function U on a hierarchy of nested subspaces £},
which are composed of label configurations constrained
to be blockwise constant over cells of size 2! x 2
(Fig. 2.)

These nested configuration spaces (2, C (;,_,C- - - C
Q, C Q, = Q) are related to a description of the labeling
at different scales. Scale 0 corresponds to the original
configuration space (1; scale i corresponds to configura-
tions which are constant over cells of size 27 x 2’
(Fig. 2).

It is easy to see that at scale i, the number of indepen-
dent labels is reduced by a factor 2’ x 2‘. Hence a configu-
ration e = {e,, s € S} € ), can be represented on a coarse
grid S¢ of size 2m~% x 277 (Fig. 3). The corresponding
configuration on coarse grid S’ will be denoted ¢’ = {e!,
s € Sih

As a consequence, the energy of a labeling ¢ € (); may

Multiscale Spaces of Configurations
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FIG. 2. Multiscale spaces of configurations: example of constrained

configurations in {; = (2 (scale 0), £}, (scale 1), and (}, (scale 2). Labels
are represented by vectors for easier visual interpretation.
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FIG. 3. A constrained labeling at scale i can be represented on a

coarse grid S, @' associates to a coarse configuration ¢’ the correspond-
ing configuration in £}, (defined at full resolution).

be rewritten as a function of labels defined on §’. It turns
out that at scale i one can derive from the energy function
Ule, 0) an equivalent coarse energy function U'(e’, o)
which is a function of the coarse labeling ¢ defined on
S

Uile', 0) = U(Di(e'), 0) + U,(Pi(e)), 3)

where @/ is the isomorphism that associates to a configu-
ration e’ defined on the coarse grid S', the corresponding
full resolution configuration in }; (Fig. 3). The multiscale
energy functions U’ are defined for scalesi =0, . . . , n.

Now, it is easy to verify that, if G is an eight-neighbor-
hood system, the energy function U’ at scale i can be
expressed as a sum of local interaction functions associ-
ated to the same eight-neighborhood system on the coarse
grid S'. Indeed, let us consider ¢ € 46, an arbitrary clique
associated to the fine grid energy (c contains at most four
mutual neighboring sites, see Fig. 1). The sites in ¢ may
be either included in a 2 x 2/ constant label cell, or they
may sit astride two, three, or four different cells (see Fig.
4). As a consequence, the local interaction functions V,(e,
0) and V,_(e) associated to the original fine grid energy
function can be rewritten on the coarse grid for cliques
consisting of up to four neighboring sites on grid §°. Hence
U’ can be expressed as a sum of interaction functions
depending on one, two, three, or four site cliques associ-
ated to an eight-neighborhood system.

2.3.

To exploit the sequence of multiscale energy previously
defined (Eq. (3)), instead of minimizing the original energy
function (Eq. (2)) over the full configuration space (1, we

A Coarse-to-Fine Relaxation Algorithm

consider the following sequence of optimization
problems:
é@)) = argmin U(e,0), i=n,---,0. 4)
e}
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FIG. 4. Example of clique locations with respect to cells with con-
stant labels.

By Eq. (3), this is equivalent to the minimization of the
coarse energy functions:
é' = argmin U'(e’,0), i=n, --,0. (5)

ol

These optimization problems are solved using a stan-
dard coarse-to-fine multigrid strategy (Fig. 5). Starting
from a coarse scale n, the optimization problem is first
solved in subset (1, (Eq. (4)) by solving the equivalent
problem (Eq. (5)). An estimate of é" is obtained by a
deterministic nonlinear Gauss—Seidel relaxation algo-
rithm known as ICM [2]. This defines a first (crude) solu-
tion to the original problem and will be refined on the
subsequent finer levels.

At level i, let ¢ designate the estimate of é' (obtained
after the convergence of the deterministic relaxation at
that level). The algorithm at resolution level i — 1 is
initialized by the configuration [®/7!]~! o ®i(é’) which
corresponds to an interpolation of &' on the finer grid '~
using a simple repetition of the estimated labels (see Fig.
5). Note that this interpolation defines a consistent prolon-
gation (or interpolation operator) from coarse space £}; to
space (},_, (indeed, &' and its interpolation at level i — 1
are associated to the same configuration ®(é) at full
resolution and hence have identical energies).

After interpolation, a new relaxation step is performed

level ¢

VAV

” interpolation

level 1 — 1 /’ S
o
VNS

AN

i / rela.xatlon/ \A/{ \/\>

— N e f P

si=1

!

FIG. 5. A coarse-to-fine strategy for optimization at scales i/ =

n,"',O.
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observations

label pyramid

FIG. 6. The multiscale relaxation structure.

until convergence is obtained at scale i — 1; this procedure
is repeated at the finer scales.

We note that, whereas the algorithm uses a multigrid
representation of labels, only one level (full resolution)
is used for the observation field o, as can be seen in Eq.
(3) (Fig. 6). We consider this to be an advantage of the
method (also found in the scheme described in [4]), be-
cause no multiresolution pyramid has to be computed
from the observations. In standard multigrid schemes, a
pyramid of observations is usually obtained by low-pass
filtering the data [6, 12]. The choice of the filters is gener-
ally quite arbitrary and the way the data is transformed
is understood only qualitatively. Moreover, additional
storage or computation is not necessary to create the data
pyramid in the method presented here.

The multiscale relaxation algorithm has several other
advantages:

» it is easily interpreted as a constrained optimization
algorithm;

+it can be generalized to other constraints: in the present
paper a piecewise constant constraint on configuration has
been introduced. Other examples (bilinear constraints, for
instance) can be found in [17];

» it is easy to implement, and the multiscale energy
functions can be derived easily;

« it exhibits fast convergence properties when applied
to nonlinear optimization problems (see next section) and
it yields better solutions (convergence to lower energy
values) than standard multigrid methods.

3. EXPERIMENTS

The multiscale relaxation is compared to standard (mo-
noresolution, multigrid, deterministic, and stochastic) re-
laxation schemes on a highly nonlinear optimization prob-
lem. The issue is to estimate long-range motion in an
image sequence. The problem is solved on a discrete space
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of label configurations by minimizing a global energy func-
tion which involves two components: the first one corres-
ponds to a similarity function that matches brightness
patterns; the second term is a standard regularization
term. This problem is known to generate a very complex
energy landscape [12], and hence seems to be a good
benchmark problem for comparing the various methods.
This optimization problem is also associated with a very
large configuration space and is thus cpu intensive. Other
applications in the field of visual motion analysis (motion
detection and motion-based segmentation) may be found
in an extended version of this paper [11].

The various algorithms will be compared according to
two criteria: convergence speed (number of iterations and
cpu time) and the quality of the final estimated solutions.
This quality can be assessed by comparing the final energy
computed using the different solutions, once convergence
is reached.

3.1. Long-Range Motion Estimation Using
Similarity Functions

We assume that the labels, representing the velocity
vectors, belong to a discrete state space A. Let f,(s) denote
the observed intensity function, where s = (x, y), s € §,
designates the 2D spatial image coordinates, ¢, the time
axis and 8¢, the temporal difference between two succes-
sive frames. The velocity vector at time ¢ and at site s is
denoted w,(s) = (u,(s), v,(s), with u,(s) = (dx/dr)(s),
v,(s) = (dy/dt)(s) and @, = {w,(s), s € S}. In the model
considered here, velocities are defined on the same grid
S as the pixels and the velocities are discretized according
to a discrete state space W = (— sy Umax> — Umax : Umax)
with a step size of 8. The energy function is associated
to an eight-neighborhood system (Fig. 1) and we only
consider two element cliques,

Ulw,, [, fi15) = U@, fi, firs) + Us(,), (6)

where

Ul(w{’fr’fr+8r) = Z {f,(s) "fHa,(S + w,(S) . 5[)}2
SES (7)
Uxw) =a 3 Jwls) — a0l

(sriee

The first term in the energy is a similarity function
(also known as the ‘‘displaced frame difference’) that
expresses the constant brightness assumption for the im-
age of a physical point over time, along the motion trajec-
tory. The second term can be interpreted as a regulariza-
tion term which favors smooth solutions. The parameter
a controls the relative weight of the two terms. This ap-
proach to long-range motion estimation relates to standard
methods based on the matching of iconic structures. The
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multiscale relaxation defines a hierarchical scheme to
compute the velocity field for this model.

The multiscale energy functions are derived from the
original full resolution energy (Eq. (6)) using Eq. (3).
These energy functions are decomposed on coarse-scale
cliques,

U, foofros) = U@, fiofron) + Ullwl),  (8)

where

Ui fo frea) = 2 2 {f0) = fraalr + wi(s)- 80P,

s€S' reB!
9

Uiw) 2 3 Vi(ei),

ceg’

(10)

where an eight-neighborhood structure is defined on the
coarse grid S‘ and B! denotes the constant label cell at
full resolution corresponding to site s € S at coarse reso-
lution (Fig. 3). The coarse scale interaction functions
Vi are zero for cliques ¢ of more than two sites. Let
%i, 6%, and 6} denote the set of horizontal, vertical, and
diagonal two-element cliques, respectively. The interac-
tion functions V' are given by

forc €€ — (€, U €. UL
Vi(e) =0,
for {s,, s,} € €, U 6.
Vi (@) = @i - alwi(s) — wi(s)IP,
for {s,, s,} € €},
(11)

Visl.xz}(w’;) = qfi ’ a”w;(sl) - wi(sz)”21

with g, = 2/ + 22 — ) and ¢}, = 1

3.2. Experimental Results

In our experiments, four different algorithms have been
compared:

1. a standard monoresolution deterministic relaxation
algorithm (DR), known as ICM [2];

2. a monoresolution stochastic relaxation (SR) algo-
rithm based on the Gibbs sampler [9],

3. a standard coarse-to-fine multigrid relaxation (MGR)
algorithm in which the same energy is considered at each
resolution (same parameters, same neighborhood system,
and same local interaction functions) and a pyramid of
observations is constructed. A similar implementation of
this scheme may be found in [1], and
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FIG. 7.

4. the proposed multiscale relaxation (MSR), in which
the energy function and its parameters are derived at each
resolution level from the original (full resolution) energy
function.

The temperature schedule used in the stochastic relax-
ation algorithm was: T() = T, - A’, with A = 0.97 and
T, = 300, where j designates the number of sweeps on
the image. The same parameters were chosen in every
case for the finest resolution model. Four resolution levels
were considered in the multigrid and multiscale methods.
A discrete label space W = (—4: +4, —4: +4) with a
step size of 3 = 1 has been adopted at the full resolution.

For the multiresolution schemes (MGR and MSR), the
same deterministic algorithm (ICM [2]) was run at the
different resolutions. The relaxation was performed until
convergence was reached on the label fields (at each reso-
lution). In fact, the process was stopped as soon as the
number of sites changing their state between two complete
image sweeps went below some specified threshold A.
Besides, the listed number of iterations corresponds to
the ‘‘equivalent number of iterations at full resolution”
nb,,, defined as

eq?

n

nby, = 2, al—l.nb,-,

i=0

(12)

where nb; is the number of iterations (i.e., the number of
full sweeps through the image) at scale i.

For a more fair comparison between MSR and MGR,
the parameters of the standard multigrid method MGR
could also have been adjusted at each scale. Let us, how-
ever, note that this adjustment is necessarily supervised.
The multiscale relaxation does not have this drawback
since the parameters of the energy functions at each scale
are derived from the original energy function. Besides,
in our experiments we were not able to find, for the MGR
method, a set of parameters which would have led to
results of the same quality as MSR.

Our experiments clearly show that the minimization of
the similarity function (Eq. (7)) yields an energy function
that contains many local minima. The results reported
here have been obtained with a random initialization of
the label field. Two image sequences were used: The first

Two frames from the original sequences: (a) “‘camera zoom’’ sequence (100 x 100); (b) ‘‘highway' sequence (256 x 256).

one is obtained by a simulated camera zoom on a real
image (Fig. 7a); this corresponds to a perfectly divergent
motion. The second one is a (real-world) highway scene
showing moving cars (Fig. 7b).

In Figs. 8 and 10 the velocity vector fields estimated
by each of the four algorithms are shown. The multiscale
approach supplies fields qualitatively similar to the one
obtained using the time-consuming stochastic relaxation
procedure. Table 1 gives the number of iterations and the
cpu time required in each case, as well as the final energy.
The cpu times are given for a C implementation on a
workstation (Sparc 1). The global behavior of the different
schemes can also be studied by considering the energy
plots shown in Fig. 9.

The stochastic relaxation algorithm leads to the lowest
energy value in the case of the ‘‘zoom’” but requires 468
iterations to converge (Table 1 and Fig. 9). The proposed
multiscale approach gives results close to the stochastic
method with a gain of almost two orders of magnitude

B T S S O
R e R ey

4

‘¢

FIG. 8. Optical flow fields (‘‘camera zoom’’ sequence): (a) SR, (b)
DR, (c) MGR, (d) MSR.
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FIG. 9. Energy U versus iteration number: ‘‘camera-zoom’' se-
quence.

in the number of iterations. The standard methods (DR,
MGR) become stuck at rather high energy local minima.
It is interesting to note that in the case of the “*highway
sequence,”’ the stochastic relaxation performed worse
than the multiscale approach, when adopting the
same temperature schedule as for the *‘zoom’’ sequence
(Table 1).

A very significant gain in the cpu time is also obtained
for the MSR method, compared to all the other methods
(it is faster than the standard multigrid method in both
examples). Note that the method enables us to save cpu
time even though the algorithm uses full-resolution obser-
vations at each scale. This is mainly due to a faster conver-

TABLE I
Motion Measurement
Algorithm SR DR MGR MSR
(a) Camera Zoom Sequence

nb,, 468 42 8.75 5.38
Final energy 87,292 139,042 116,502 89,355
Cpu time %h7m33s 43mli7s 10m12s 6mids

(b) Highway Sequence
nbe, 259 32 16.88 7.46
Final energy 766,427 1,117,945 811,468 749,471
Cpu time 104h48m7s 7h35m1Ss 4h13mS57s 2h28m50s

Note. The number of iterations in the monoresolution and multiresolu-
tion algorithms (SR, stochastic relaxation; DR, deterministic relaxation;
MGR, standard multigrid relaxation; MSR, multiscale relaxation); nb
equivalent number of iterations at full resolution (see text).

eq

gence at the finest resolution, where most of the cpu time
is consumed.

These points are best illustrated by another set of exper-
iments in which we process 41 sequences, each of two
64 x 64 frames, obtained by applying the same synthetic
motion (Fig. 11) to different real images (Fig. 12). The
synthetic motion includes translation, rotation, and dila-
tion (Fig. 11). Figure 13 presents, for these 41 short se-
quences, the ratio of the final energy value reached by
stochastic relaxation (SR) to the one obtained by the vari-
ous other methods. The corresponding number of itera-
tions and cpu times required by each method are plotted
in Fig. 14 and Fig. 15. On the average, the MSR method

FIG. 10. Optical flow fields (‘*highway sequence’’): (a) SR, (b) DR, (c) MGR, (d) MSR.
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FIG. 11. Synthetic optical flow field applied on the 41 sequences.

finds configurations close to the best estimates obtained
by SR, with an average gain of about 60, both on the
number of iterations and cpu time (Table 2).

This benchmark illustrates clearly that cpu time is saved
with the MSR method, even though it uses full resolution
observations at each scale. When compared to monoreso-
lution schemes, time is saved when computing the regular-
izing term of the energy function, since the labels are
processed on a multigrid structure. Time is also saved
with respect to MGR, even though the MSR scheme uses
full resolution observations at each scale. This is due to
a faster convergence of the multiscale relaxation at high

HEITZ, PEREZ, AND BOUTHEMY

TABLE 2
Average Number of Iterations, CPU Time and the Ratio of the
Final Energy Value Reached by Stochastic Relaxation (SR) to the
One Obtained by the Other Methods

Algorithm SR DR MGR MSR
Average nbeq 409.32 16.46 16.32 6.62
Average cpu time 3h4minlis 7min25s 6min48s 3minl3s
Average 1.000 0.663 0.631 0.940

UBS Usin

Note. The average is computed on the 41 sequences.

resolutions: on the average, for the 41 sequences, MGR
spends 14.6 iterations at full resolution, whereas MSR
only requires 5.0 iterations to converge.

The multiscale algorithm has also been applied to other
problems in visual motion analysis (motion detection and
motion segmentation) with similar qualitative and quanti-
tative improvements. These results can be found in {11].

4. CONCLUSION

In this paper we have described a multiscale approach
for the multiresolution analysis of images based on global
optimization. The approach relies on constrained optimi-
zation and has been demonstrated on a highly nonlinear
global optimization problem. The multiscale relaxation
algorithm presents several attractive features when com-
pared to standard multigrid schemes: simple implementa-

FIG. 12. Examples of first frames in the 41 short sequences.
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FIG. 13. Ratio of the final energy value reached with SR (U$%) to

the one obtained with the other methods (U¥.).
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FIG. 14. Number of iterations at convergence.

tion, fast convergence towards high quality solutions.
Gains of up to two orders of magnitude in the convergence
speed with respect to stochastic relaxation have been
observed. The estimates are close in quality to those ob-
tained using time-consuming stochastic relaxation algo-
rithms.
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FIG. 15. Cpu times for the 41 sequences.
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Let us emphasize that the proposed approach is general
and can be applied to other image analysis problems
whose solution is based on the minimization of global
energy functions. It is adapted to sophisticated nonlinear
models which have been developed recently in image anal-
ysis, for instance, in image segmentation [8] or in structure
from motion problems [18]. Finally, this algorithm is a
good candidate for parallel implementation on regular
arrays consisting of locally interconnected processors
[14].
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