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——— Abstract

Given a graph G with n vertices and maximum degree A, it is known that G admits a vertex coloring
with A + 1 colors such that no edge of G is monochromatic. This can be seen constructively by a
simple greedy algorithm, which runs in time O(nA).

Very recently, a sequence of results (e.g., [Assadi et. al. SODA’19, Bera et. al. ICALP’20,
AlonAssadi Approx/Random’20]) show randomized algorithms for (1 + €)A-coloring in the query
model making O(n\/ﬁ) queries, improving over the greedy strategy on dense graphs. In addition, a
lower bound of Q(ny/n) for any O(A)-coloring is established on general graphs.

In this work, we give a simple algorithm for C-coloring where C' > A + 1. This algorithm makes
O(%) queries. This matches the classical lower bound for C' > ¢A with ¢ > 1 and a new upper

k
bound of O(nﬁ) for C = A* > A%, Additionally, it can be readily adapted to a quantum query

algorithm making O(n%g) queries, bypassing the classical lower bound when C' = cA for ¢ > 1.
Further, we show that the algorithm presented in Assadi et. al. SODA’19 for (A + 1)-coloring can
be adapted to a quantum algorithm making O(n4/ 3) queries.

We also show initial upper and lower bounds for the very closely related problem of verifying
whether or not a given graph coloring is valid.
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Simple vertex coloring algorithms

1 Introduction

Graph coloring is a fundamental problems in discrete algorithms and graph theory. It has
wide applications in resource allocation, compiler optimization, scheduling, and logistics. In
this problem, one aims to assign every vertex a color such that no edge is monochromatic,
i.e., both endpoints having the same color. Finding such a valid coloring with k£ > 1 colors
is usually called the k-coloring problem. A critical graph parameter x(G) is the minimum
number of colors necessary to guarantee a valid coloring. In Karp’s renowned result, 3-coloring
as well as deciding x(G) in general are proven NP-complete [12]. On the other hand, it is
known that for any graph G, x(G) < A + 1 where A is the maximum degree of G. This
follows from a simple greedy algorithm based on the basic observation that any valid partial
(A + 1)-coloring of G can be completed to a (A + 1)-coloring on the whole graph. This is
because every vertex has at most A neighbors, there must be at least one choice of color for
that vertex that does not conflict with any of its neighbors.

The O(nA) greedy algorithm had been the best known algorithm for (A + 1) vertex
coloring on general graphs until recently. Assadi et al. [2] gave a new O(ny/n) algorithm
in the query model, where the graph’s adjacency matrix is given as a black-box. This
algorithm relies on a tool called palette sparsification, which roughly ensures that if one
samples O(logn) colors independently and uniformly at random at every vertex from a
palette of A + 1 colors, then with high probability there will be a valid coloring of the graph
where each vertex’s color comes from the O(logn) colors sampled before. An O(ny/n) query
algorithm follows relatively immediately from this, and the same time complexity can be
achieved with a few other novel algorithmic ideas [2]. Alon and Assadi [1] later extended
this theory of palette sparsification, achieving improved results for when G is triangle free
and for (1 + €)A-coloring in general. Another important line of research concerns solving
these problems in a space-efficient manner: [2, ?] develop algorithms for (A + 1)-coloring
and related problems using a (near) linear amount of space. It is worth pointing out that an
almost matching time and query lower bound of Q(ny/n) is also proven in [2].

Our Contribution. The tools mentioned above are remarkable but at the same time employ
intricate combinatorial and probabilistic arguments, when compared to the vanilla greedy
algorithm and looking ahead the algorithms in this paper. In this work, we revisit the graph
coloring problem, in both classical and quantum query models. We give a new randomized
algorithm for C-coloring which establishes new upper bounds for C' = Q(A), and a quantum
variant of this algorithm follows readily that bypasses the classical lower bound in [2]. The
most appealing feature of our algorithms is their simplicity. Basically, we are inspired by
the A + 1 greedy algorithm, where the algorithms progresses by extending a partial solution
locally, and it is suitable to speed up “local” search subroutine by quantum unstructured
search. In particular, the powerful Palette Sparsification tool is not needed anymore.

Result 1: A randomized algorithm for C-coloring which makes O(CTL—QA) queries in
expectation and always returns a valid coloring for C' > A + 1.

This basic idea inherits the same general “local search” strategy. For each vertex, we
sample a random color and check if it conflicts with any of its neighbors that has been
assigned already. This simple approach is surprisingly efficient We show that this algorithm
has expected query complexity O(%), and as in existing works we then just need to choose
between our algorithm and the vanilla greedy algorithm. In the case of C' = A* which gives
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the desired O(min{nA, Z—i ) = O(n%) expected query complexity. This is optimal for
C = cA with ¢ > 1 as we show in Corollary 2. This algorithm also serves a template for
designing our efficient quantum algorithm. Our new algorithm only needs oracle access to
the adjacency matrix (i.e., pair queries), and the vanilla greedy algorithm needs access to
the adjacency list (i.e., neighbor queries). Therefore the final algorithm assumes both kinds
of oracles are available.

Previously considered algorithms for (1 + €)A-coloring and (A + 1)-coloring do not differ
significantly from our approach. For example, the authors of [2] mention how a simple
O(n+v/n) query algorithm for (A 4 1)-coloring follows immediately from their main theorem
(this is mentioned in proof of claim 4.11). Explicitly, this can be done by sampling O(logn)
colors at each vertex then constructing the conflict graph can be done with O~(”A—2) queries
and from there no further queries are necessary to find the coloring guaranteed by the palette
sparsification theorem (w.h.p) - more queries are required if one wishes to find the coloring
in O(n3/?) time.

Our algorithm avoids the palette sparsification technique, and achieves the efficiency
in some settings. In fact it improves the complexity in some other settings not focused
before (e.g., sufficiently large C'). As opposed to non-adpative queries in algorithms based on
palette sparsification, our algorithm makes adaptive queries, which allows for repetition of a
remarkably simple local procedure until the graph is fully colored. An additional advantage
of our algorithm is that we only need store the current assignment of colors - the global
structure of the graph is unimportant, leading to truly optimal space complexity O(n).

An extremely simple subroutine, which we call Detect-Conflict, is employed in our
algorithm. It takes a vertex v, a set of vertices S with v € S and uses the graph oracle to
determine if there are any edges of the form (u,v) actually present in E(G) for any of the
u € S. Classically, this amounts to an exhaustive search on all such vertices s € S. We
notice that this subroutine can be instantiated by (variants of) Grover’s quantum search
algorithm [10, 15, 6, 11, 16], which we call Q-Detect-Conflict, under the standard quantum
query model where the adjacency matrix can be queried in quantum superposition. With
some additional care in the analysis we get a quantum algorithm bypassing the classical
lower bound.

Result 2: A quantum algorithm which makes O,/ Cn_sA) queries and returns a valid
C-coloring with high probability.

We remark that although we use well-known quantum algorithmic tools, it is crucial that
they are applied in the right place. For instance, one may be tempted to perform a search
over just the color palette, thus requiring O(\/Z log A) queries, but such an approach would
need a rather powerful “color validity” oracle for every vertex, which needs to be dynamically
updated as various colors become forbidden for some vertices. Maintaining these oracles
from standard oracles (adjacency matrix or adjacency list) would incur a significant overhead
that would wipe out possible quantum speedup.

As a side product, we also show a “quantized” version of the palette-sparsification based
sublinear algorithm of [2] wherein we recover the conflict graph via the same quantum search
technique. This results in a quantum algorithm which makes O(n*/3) queries and returns a
valid (A + 1)-coloring with high probability. This is discussed further in Appendix B.

Further discussion. Figure 1 gives a visual comparison of this work and some existing
vector coloring algorithms with at least A + 1 colors.

XX:3
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Query Complexity
O(n?)

This paper

C

Figure 1 For C sufficiently close to A 4 1, we get roughly O(n?) query complexity, but once
C = ¢A with ¢ > 1 our classical algorithm outperforms the Palette Sparsification-based method of
[2]. The quantum version of our algorithm also underperforms when C' &~ A + 1, but improves to
O(n%) for C = AF > A 4 1 and in particular to O(n*/?) for C = ¢A with ¢ > 1 (in our analysis
we choose C' > 3A, but this choice is arbitrary, any C' > A + 1 suffices), bypassing the classical
lower bound of Q(n?/?) for C = O(A). When C' approaches n, our algorithms approach the (trivial)
bound for C' = O(n).

One immediate problem left open by our results in to close the missing pieces in various
settings such as the proving a matching quantum or classical lower bound. The simple
algorithmic ideas and the quantum speedups may also be useful to variants of coloring
(defective coloring, edge coloring, etc) and dynamic graph problems.

We mention a few additional results on quantum graph algorithms and. A problem that
has received considerable study in the quantum query model is triangle finding. Here one
aims to either output a triangle if one exists or determine that the graph is triangle free with
bounded error (or other variants such as listing all triangles). For a general graph this may
require 2(n?) queries to the adjacency matrix oracle. However, a modified Grover search
can be used, searching over triples of vertices, to achieve an O(ny/n) quantum algorithm for
triangle finding as in [8]. More sophisticated arguments in [9] improve upon this resulting,
bring the query complexity down to O(n®/*). Conversely, the best know lower bound for
triangle finding in the quantum query model is the immediate ©(n) bound established in [3].
Just as in triangle finding, a gap persists between the best known quantum lower bound and
the best known quantum algorithm for O(A) coloring as shown in our work.

In addition, the problem of mazimum matching in which one wishes to find the largest
maximal matching, has been studied in the quantum query model. The very recent results of
[13] gives an improved quantum algorithm for maximum matching in the adjacency matrix
model which makes O(n"/*) queries. However, a lower bound of Q(n?®/?) queries in the
adjacency matrix model established in [5] show that a gap persists between the best known
algorithm and lower bound for this problem as well. Other structural graph problems such as
those relating to connected components and spanning forests have also been studied. A recent
work [14], surprisingly, shows exponential quantum speedup for these problem, assuming a
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more sophisticated oracle model that can answer “cut queries”.

2 Preliminaries

In this paper the notation [n] will refer to the set {1,2,...n} for any positive integer n.
For a positive integer L, the L-coloring problem is as follows: given a graph G = (V, E)
and n = |V| we wish to find an assignment ¢ : [L] = {1,...L} — V such that for any edge
(z,y) € E we have ¢(z) # ¢(y). L will be referred to as the palette throughout. Such an
assignment is called a valid L-coloring of G. Let A be the maximum degree of any vertex in
G. As previously stated a simple greedy algorithm can be shown to always produce a valid
coloring and runs in time O(nA). Rather than time complexity, the results in this paper
will mostly be stated in terms of query complexity. The main models of computation in this
paper are the graph query model and the quantum graph query model. In the standard
graph query model, we assume that n and the degrees of the vertices is the only knowledge
available about G before any queries have been made. The standard query model for graphs
supports the following types of queries:

Pair Queries: we can query the oracle if the edge (v;,v;) is present in the graph for any

1,7 € {1,...n}. This will be denoted as

1 (i,j5)€E

0 otherwise

OM(Z,j)'—){

This is equivalent to granting oracle access to the adjacency matrix (M; ;).

Neighbor Queries: we can query the oracle for the jth neighbor of vertex v; for any
1€{l,...n} and j € {1,...degv;}. When j > degv; the query returns Null. Similarly
this is equivalent to granting oracle access to the adjacency list of the graph.

The classic greedy A + 1-coloring algorithm can easily be implemented in the graph query
model via neighbor queries. Explicitly, we can determine which colors are valid at any vertex
v € V with degv neighbor queries.

In the quantum setting, we assume standard quantum query access to the adjacency
matrix. Namely we allow “pair queries” in superposition. More precisely, we encode each
vertex i in a O(logn)-qubit register |i), and assume a black-box unitary operation

One) : iy 5) = (=D)MED)i 5), Vi, j e V(G).

Each application of this unitary transformation will be referred to as a quantum query.

Quantum “neighbor query” oracle can be defined similarly (i.e., black-box unitary
computing the adjacency list). However, all our algorithms will only require classical
neighbor queries, and hence we do not specify the quantum oracle explicitly.

Throughout this paper we use the phrase with high probability to mean with probability
at least 1 — nik for a sufficiently large constant k.

A useful subroutine we will need solves the following problem. Given a vertex v € V and a
collection of vertices S C V' \ v determine if {(u,v) : uw € S} N E(G) = 0 given oracle access to
the graph’s adjacency matrix M. In other words, does v have any neighbors in S7 Classically,
we need to pay O(|S]) queries to Oy, and we call this procedure Detect-Conflict. Once
we have quantum access to |Oys), there exists a quantum search algorithm that can solve
the problem with a quadratic speedup. We state it below!.

! In our algorithm we need to search for some “marked” item without prior knowledge of the number of
“marked” items. Such quantum search algorithms are well established in the literature (e.g. [6, 7, 11, 16]).

XX:5
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> Claim 1. There exists a quantum algorithm Q-Detect-Conflict that decides whether
a given vertex set of vertices S has non-empty intersection with a given vertex v with
high probability and uses O(log(n)+/|S]|) queries (here, high probability will mean at least
1— ).

poly(n)

3 Classical Algorithmic Results

In this section we give a simple randomized algorithm for C-Coloring where A +1 < C < n.
This algorithm proceeds in three steps: 1) seed the vertices of the graph with randomly
chosen colors, 2) prune the graph of the conflicts created during the previous step, and
finally 3) recolor the pruned vertices.

Algorithm 1 C-color G
Initialize x(c) = 0 for all ¢ € [C]
for each uncolored vertex v
Sample ¢ € [C] uniformly at random, and run Detect-Conflict(v, x(c), O );
repeat until the output is NO (i.e., no conflicts).
Color v with ¢ by appending v to x(c), and move to a new vertex
return The coloring assignment {x(1),...x(C)}

» Theorem 2. The above algorithm produces a valid C-coloring of G and makes O(C’i—l)
queries in expectation.

Proof of Theorem 1. For any v € V let @, be the number of queries made in attempting
to color v. Clearly, the total number of queries this algorithm makes is equal to > .y Qy
and via linearity of expectation the total expected number of queries is ) . E[Q,].

When a color is randomly chosen for v let p = P[c is valid for v]. Note that when this
color is valid for v (i.e. when coloring v with ¢ would not introduce any conflicts between
v and its neighbors) the algorithm will query all potential conflicts, find none, and color v
with ¢. If the color is not valid, there must be some w € x(c¢) that is a neighbor of v. Hence,
in this case we will make at most |x(c)| queries before recognizing the conflict and choosing
a new color, starting the process from scratch. Thus, E[Q,] can be computed as

E[Q.] = pE[|x(c)] : ¢ is valid for v]
+ (1 —p) -E[|x(c)] : c is not valid for v] + E[Q,]
=E[x()l] + (1 — p)E[Q]

This gives E[Q,] = ]E“Xp(cm. Since ¢ is chosen uniformly from the set [C] and the C' color
classes partition some subset of vertices (namely, those which have been colored) we have
that 3¢ o) [x(c)| < n and thus E[|x(c)[] < &. Also, recall that for any v there are at most

A invalid colors ¢, so p > C;CA. This gives

ElQ.] = < =<
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Figure 2 Here, we query all edges whose existence would prevent us from coloring v red

This implies that E[Q,] < z7x for all v. Thus, the total expected number of queries can be
computed as

n n?
;E[Qv] < ;/m = O(C—A) -
<
Clearly, this algorithm fails to be efficient when C' = A + O(1) (in particular, it gives a

quadratic runtime); finding a simple to analyze and efficient algorithm for this regime remains
as an open problem.

» Remark 3. When C = AF > 2A the previous algorithm has query complexity O(X—i).

When used in combinati}:)n with the greedy algorithm, we can achieve query complexity
2 +2

O(min(4x,nA)) = O(n*+1). In particular, this is optimal for C' = O(A), via the lower

bounds given in [2]. We suspect that there is a class of matching lower bounds for larger

values of k, as it seems to fit nicely with the Q(n3/2) bound for the case of A + 1 colors.

4 Simple quantum coloring algorithm

Our simple randomized algorithm admits readily an adaptation by invoking a quantum search
algorithm to detect conflicts (Q-Detect-Conflict). We present the quantum-enhanced

n3
C—-A

simplify the analysis, the same proof will work for C' = ¢A when ¢ <« 1).

algorithm next. Let T = 16log*n

and assume that C' > 3A (this value is chosen to

Algorithm 2 Quantum-Color(C, G)

Initialize x(c) = 0 for all ¢ € [C]
While T or fewer queries have been made

for each uncolored vertex v
Repeat choosing ¢ € [C] uniformly at random, until x(c) < C‘lfA and
Q-Detect-Conflict(v, x(¢), Oar) outputs NO (i.e., no conflicts).
Color v with ¢ by appending v to x(c), and move to a new vertex

return The coloring assignment {x(1),...x(C)}

n3/2

» Theorem 4. The above algorithm makes O ((CA)

with probability at least 1 — O(1/n).

> queries and returns a valid coloring

The main differences between algorithms 1 and 2 is that in the latter we place artificial
limits on the size of color classes which we check for conflicts as well as on the total number

XX:7
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of queries made. We want to keep a fixed total number of queries in order to limit our
algorithm’s randomness to only the probability of success rather than in the number of
queries made - this artificial upper bound is cleaner. The small color class limitation is made
to help simplify the analysis and is not central to how this algorithm works.

Proof of Theorem 4. We will first show that the algorithm succeeds in producing a valid
coloring with high probability. Note that there are only two ways to fail in producing a valid
coloring:

Not all vertices are colored by the time that T" queries have been made
Some vertex is assigned an incorrect color

We will analyze these cases separately and show either occurs with low sufficiently low
probability.

Let @, be the number of queries made when attempting to color v. Additionally, for
r > 1 define

A - 1 if the first r colors tested for v are not valid
" 0 otherwise

Note that any call to Q-Detect-Conflict will use at most F' = 4logn, / ="z queries since

it will only ever get called on color classes of size 04_"A or smaller. Thus,

Qv §F<1+iAT)

r=1

Now, let p = P[x(c) < A‘*fc A c is valid for v]. There are at most % large color classes

—CZA = 32) gmall

and at most A invalid classes for any v, so there are at least C' — A — 1
valid color classes for any vertex v. Hence, a randomly chosen color class is both valid and
sufficiently small with probability p > 3(275& and since C' > 3A, p > 1—96.

For now, assume that Q-Detect-Conflict never returns an incorrect result. Under this

assumption we can see that P[4, = 1] = (1 —p)” < 27". Hence,

P[Q, > 12log’ nF] <P[1+ ) A, > 3logn]

r=1
< IP)[14210gn = ]-]
< 272logn <
>~ =2

So, assuming the correctness of Q-Detect-Conflict we can see that any given vertex v gets
colored correctly using at most 12F log? n queries with probability at least 1 — #

Note that the number of queries used by this algorithm, T is bounded by n? for
sufficiently large values of n, so we can use n?
times Q-Detect-Conflict is called in total (since each call makes a non-zero number of

as an upper bound on the number of

queries) each call returns an incorrect result with probability at most # A simple union
bound shows that all calls to Q-Detect-Conflict are correct with probability at least 1—1/n.
Another simple union bound shows that each vertex is assigned a valid color using at most
12F log® n queries with probability at least 1 — 1 /n. Hence, the probability that each vertex
is assigned a valid color before T' queries are used is at least 1 — 2 = 1 — O(1/n). This
concludes our proof of Theorem 4. <



J. Morris and F. Song

» Remark 5. When C' = A* > 2A the previous algorithm makes O( Zi) queries - further,

when one tradesk glis query complexity off with the classical greedy algorithm one can achieve
~ k: 1

a bound of O(n*+2) (roughly, when A > n®2 this algorithm performs better and the classical

performs better otherwise).

» Remark 6. The previous proof can be reworked for any sufficiently large constant choice of
€ > 1 such that C' > €A, here we use € = 3 to simplify the analysis. The main restriction
is ensuring that there are enough small and valid color classes such that the probability of
choosing one at random is not so low that too many (2(C)) colors must be selected.

» Remark 7. The palette sparsification method for sublinear (A + 1)-coloring of [2] can
be adapted to a quantum setting to achieve O(n4/ 3) query complexity. We defer it to
Appendix A.

XX:9
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A  Quantum extension of [2]

In their breakthrough work, the authors of [2] introduce the the Palette Sparsification
sparsification theorem, a surprising statement about how small individual palettes (the set
of colors available to a vertex) can be shrunk down without losing the ability to color the
graph in a valid way. This is a purely combinatorial statement which they use as the basis
for several vertex coloring algorithms. The theorem is as follows:

» Theorem 8 (Theorem 10 (Restatement of Theorem 1 from [2])). Given a graph G with
mazimum degree A, one can sample a set of colors L(v) C [A + 1] of size ©(logn) uniformly
at random for each vertex v and with high probability find a valid coloring of G in which v is
colored with some member of L(v).

While this result is elegant on its own, it is also quite useful for the design of vertex coloring
algorithms.

Algorithm 3 Palette Sparsification-based Coloring

1. Sample ©(log(n)) colors uniformly at random from [A + 1], L(v), for each
vertex

2. For each color ¢ € [A + 1] define x(¢) ={v eV | c€ L(v)}

3. Define Econfrict as the set of all edges (u,v) where both u,v € x(c) for some
c€[A+1]

4. Construct the conflict graph Geon fiict(V, Econ fiict)

5. Find a proper list-coloring of G'con f1ic Where the color for a vertex v comes
from L(v).

The step in this algorithm that In the case of their classical algorithm, one must query all
edges (u,v) where u,v € x(c) in order to construct the conflict graph. However, in the
quantum case we can make use of Find-Conflict.

» Theorem 9. Gopnfiice can be constructed with high probability using O(n4/3) quantum
queries with high probability.

Proof sketch of Theorem 11. Our goal is to discover all edges (u,v) € E(G) such that
L(v) N L(u) # 0. Note that Find-Conflicts can be modified to return the conflicting edge
that it finds, given that one exists (we can have it return null otherwise). Sparing some
details, we will use the following lemma;:

» Lemma 10. There exists a quantum algorithm which takes E' C V xV and returns an edge
e € E'NE(G) if it exists with probability at least 1 — -5 and makes O(VE'logn) queries.

Essentially, the above can be achieved via a Grover search-like procedure. Hence, we can find
all "true edges" among a set of candidates via O(T'v E’ log n) queries where T' = |E'NEcon fiict -
2

log“n

With high probability, T < 4nlog® n since each edge is conflicting with probability and

A+1
there are at most nA edges. Thus, we can amplify as before to ensure that all ' < 4nlog?n

edges are found with probability at least 1 — %

Note that Step 3 in the Algorithm 4 is the only one in which we actually make queries to
the graph, so plugging the method from Theorem 11 in for step 4 gives the desired quantum
algorithm. <
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B Verifying a Coloring

The problem of verifying whether a given coloring is valid seems to be a natural dual to the
problem studied in this paper of finding a valid graph coloring. The problem can be roughly
stated as follows:

Problem 1: Given access (query, streaming, or otherwise) to a graph G and an arbitrary
C-coloring (¢ : V(G) — [C]) verify whether ¢ is valid for G.

First, consider the restricted computational model in which only pair queries and pair queries
in super position are allowed.

A rather simple example gives optimal lower bounds:

» Theorem 11. O(n?) queries are necessary and sufficient for deciding whether an arbitrary
C'—coloring is valid in the classical pair query only model.

Proof. Consider a coloring, ¢, in which all vertices are assigned the same color. The only
n-node graph for which c is valid has zero edges. Hence, deciding if ¢ is valid reduces to
deciding if G has any edges and in the pair-query only model this requires us to perform all
Q(n?) queries of the form (i, j) € ([g]).

The upper bound can be achieved via an exhaustive search for a conflict among all pairs of
vertices. |

Note that an algorithm which iteratively queries the neighbors of each vertex would also
verify the coloring and require O(nA) queries. One might expect that an algorithm similar
to 3 would perform well for dense graphs e.g. O(n?/A) for a given A + 1-coloring, but this
is not the case since an arbitrary coloring may have some color ¢ for which |x(c)| = Q(n) -
which would require £2(n?) queries to be verefied (if only pair-queries are to be used). This
only explains that the dense-sparse meta-algorithm approach will not work for this problem,
but there may well be a hybrid algorithm which makes o(n?) total queries.

» Theorem 12. In the quantum pair query only model Q(n) queries are necessary and O(n)
queries suffice to verify an arbitrary k-coloring.

Proof. In the quantum case, the same example can be seen as an instance of a decision
variant of Grover search over all (Z) potential edges, which we know requires §2(n) queries
from [4].

For the upper bound consider the following simple procedure:

Algorithm 4 Quantum Verification

for b € [C]
Sp — {(wv) | (w,v) € (O}
if Q-Detect-Conflict(S;) returns true
return false

return true

XX:11
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The correctness is given by the validity of Q-Detect-Conflict - any existing conflicts will
be detected with high probability.

The complexity analysis is quite straightforward: fix a color b € [C], on the bth iteration
can see that Q-Detect-Conflict will make O(4/]Ss|) queries. Hence, the total number of
queries made by the algorithm will be:

= avs-o( £ |7

be[C]

be[C]

:O(|x<1>| )

<

Note that the verification upper bounds apply to full graph query model and the lower
bounds do not. We leave the of challenges of finding verification algorithms and lower bounds

in the full graph query model (both quantum and classical) for future work.
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