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A generalization of parallel addition 

SIRKKA-LIISA ERIKSSON-BIQUE AND HEINZ LEUTWlLER 

Summary. Parallel addition of positive operators, a concept introduced by W. N. Anderson and R. J. 
Dumn [1] in connection with network theory, has already been studied by several authors. We specifically 
mention W. N. Anderson and G. E. Trapp [2] and [3], T. Ando [4], K. Nishio [12], E. L. Pekarev and 
J. L. Smul'jan [13], as well as the article [10] by the present authors. 

The purpose of this note is to study a generalization of parallel addition. In particular, it will be shown 
(Theorem 3.2) that the corresponding quasi-units, a concept introduced in [ 10], are again the extreme 
points of the convex sets, formed by the positive operators less than or equal to some fixed operator. 

1. Parallel addition 

Let H denote a real or complex Hilbert  space with scalar product  (,) and  ~ the 

class of bounded,  l inear Hermi t ian  operators on H. An  operator  A e ~ is said to 

be positive if (Ax, x) >~ 0 for all x e l l .  In what follows we shall only consider the set 

÷ of positive Hermi t ian  operators.  For  operators A, B e ~ ÷ we write A ~< B if 

B - A is positive. 

DEFINITION. The parallel sum A : B  of  two positive operators A and  B is 

defined by the formula 

((A "B)x,x)=inf{(Ay, y)+(Bz, z ) ; y + z = x , y , z  e H }  (x eH). 

If  the operator  A + B has a bounded  inverse then 

A :B =A(A + B ) - ~ B ;  (1.1) 
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the general case is reduced to this one, observing that 

A : B  = inf(A + e l )  :B,  
~ > 0  

where I denotes the identity operator on H. 
Among the properties of  parallel addition we only mention the following ones: 

For  a l lA ,  B, C e ~  + and 2 e R +, 

A : B = B : A ,  (1.2) 

( A : B ) : C = A  : ( B : C ) ,  (1.3) 

2(A : B) = (2A) : (2B), (1.4) 

A :B<~A,  (1.5) 

A <~ B =~ A : C <~ B : C, (1.6) 

2 
A : (2A) = ~ A, ( l .7)  

For proofs we refer, e.g., to [2] or [13]. 

2. Generalization of parallel addition 

Formula (1.7) suggests that we replace the factor 2/(2 + 1) occurring on the 
right hand side by an arbitrary function g(2). In order to achieve more flexibility, we 
exchange the set ~,~ + of  positive Hermitian operators on H by an arbitrary cone of  
such operators, i.e. by a subset 9.I c ~ + with the property that 

A E 9.I, 2 e R + ~ 2A e 9.I. (2.1) 

In particular we consider a cone 9.I of  positive operators admitting a binary 
operation (A, B ) ~ A  o B such that, with respect to some given strictly positive 
function g on R +, the following properties hold: For all A, B, C e 9.I, and all 

2 e R  +, 

A o B = B o A, (2.2) 

(A o B) o C = A o (B o C), (2.3) 

2(A o B) = (2A) o (2B), (2.4) 

A o B ~< A, (2.5) 
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A <~ B=> A ° C <~ B ° C, 

A o O.A) = g(2)A. 

Note however, that 
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(2.6) 

(2.7) 

THEOREM 2.1. Under the hypotheses (2.2)-(2.7), the funct ion g must  necessarily 

be o f  the f o rm  

g(2) = ( 1  4-2-0 - ' /p (2 E •+) (2.8) 

f o r  some 0 < p <~ ~ ,  provided that in ease p = oo we set g(2) = min( 1, 2). 

Proof. Introduce the function 

2 
f(2,  It) g(2/it) (2, # > 0) (2.9) 

and observe first that on account of (2.4) and (2.7) 

(,) , 
A o A = f ( 2 ,  it) A (2.10) 

Then according to the relations (2.2)-(2.7) the function f must  have the following 
properties: For all ~t, 2, It, v e ~+\{0},  

f(~t2, atit) = ctf(2, It), (2.11) 

f (2 , f ( i t ,  v)) = f ( f ( 2 ,  It), v), (2.12) 

f(2,  It) = f ( i t ,  2), (2.13) 

"~1 ~ •2, Itl ~< It2 ~ f ( 2 , ,  Itl) <~f(22, It2), (2.14) 

f ( I ,  2)/> 1. (2.15) 

A careful inspection of  Bohnenblust 's  article [9] then shows that the conditions 
( 2 . 1 1 ) - ( 2 . 1 5 )  imply that  

f (2,  #) = (2 p + ItP)lip (2.16) 

for some 0 < p ~< ~ ,  where in case p = ~ one puts f(2,  It) = max0., It). Conse- 
quently g(2) = 2/f(2, 1) must have the form (2.8). 
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REMARKS. (1) Notice that the proof  of Theorem 2.1 does not depend on the 
fact that the elements are operators. (2) A similar argument had been used in [5] in 
order to characterize parallel addition. 

EXAMPLES. (1) The case p = 1 corresponds to parallel addition. (2) Let A0 be 
any positive Hermitian operator on H and ~I the second commutant of  A0 (see, e.g., 
[ 11], p. 382). Choose 9,1[ = ~I c~ o~ + and 0 < p < oo. Then the binary operation 

A ° B = (AP: BI") j/p, (2.17) 

defined in terms of parallel addition, has the required properties (2.2)-(2.7). 
Furthermore 

A ° (2A)  = ( 1 + 2 -t ,)  - '/PA. 

In case p = 0% we take 9.1 = ~ +, where H is finite dimensional, and set 

A o B = A ^ B .  

Then, A o (2A) = min(2, 1)A. 

REMARK. We do not know if the binary operation (2.17) is monotone on the 
whole set o~ +. 

3. Quasi-units 

In [10] the concept of an E-quasi-unit has been introduced in order to 
characterize the extreme points of  the convex set of positive operators less than or 
equal to some given operator E e ~ +. The terminology was taken over from 
potential theory (see remark at the end of  this section). In [3] it has been observed 
that the quasi-units are the same as the so-called shor ted  operators.  

In this section we are going to study quasi-units in the general setting introduced 
in the previous section. However, we shall assume that, in addition, the cone 9.I has 
the following properties: 

is convex, i.e., A, B ~ 9.1 =~ A + B e 9.I, 

9.I is (upper) Dedekind g-complete, i.e. every bounded 
increasing sequence ( A , ) , ~  admits a supremum, 

(3.1) 

(3.2) 
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for all A, B ~ 9.I: A <~ B => B - A ~ 9.1. (3.3) 

Note  that  all examples,  given in Section 2, satisfy (3.1)-(3.3).  
In the sequel we shall always assume that  (9.1, p) denotes a convex cone of  posi-  

tive opera tors  satisfying condit ions (3.1)-(3.3)  and endowed with a binary oper-  
at ion ( A , B ) ~ A  o B having the propert ies  (2.2)-(2.7),  with respect to g(2) = 
(1 + 2 P)-~/P, 0 < p <~ oz. Analogously  to (4.1) o f  [10] we i n t r o d u c e -  relative to a 
fixed E ~ 9 . 1 -  the mapp ing  PE.p : 9.1 ~ 9.I defined by 

PE.pA = sup E ° (nA),  for all A c 9.1. (3 .4)  
n~Nl  

For  reference, we list the following elementary properties:  

Pe,pA ~ E, 

Pe,p(2A) = Pe,oA, for  all 2 s N +, 

A < ~ E ~ A  <~Pe,pA, 

A <~ B ~ PE,pA <~ PE,pB. 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

We now introduce the following notat ion:  

DEFINITION. An opera to r  A e od is called an (E, p)-quasi -uni t  if 

P E,pA = A. (3.9) 

The following l emma yields a first character izat ion of  (E, p)-quasi-units .  

LEMMA 3.1. Let  0 < p  < oo and let ( ~ , p )  be defined as above with respect to 
g(2) = (1 + 2 P) lip. Fix E ~ 9.1. Then fo r  any A ~ 9.I with A <~ E the following 

conditions are equivalent: 

(i) A 
(ii) E 

(iii) E 

(iv) E 

(v) E 

(vi) A 

is an (E, p)-quasi-unit, 
o (2A) = g(2)A f o r  all 2 > O, 

o (2A) = g(2)A f o r  some 2 > O, 
o (2A) = (2E) o A for  all 2 > O, 

o ( 2 A ) = ( 2 E ) o A f o r s o m e 2 > 0 , 2 # l ,  
o (E - A) = O. 

Proof. (i) =~ (ii): Suppose that  A is an (E,p)-quasi -uni t .  Set 

1 
8 = ~ [Eo (XA)] 

gt~) 
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for an arbitrary 2 > 0. Then, by (2.6) and (2.7), E >t A implies that B >/A and 
similarly B ~< E. From B ~< E and (3.7) we then conclude that 

[g@) (e o (aA))] B ~ Pe,pB = sup E o ( n B ) =  sup E ° 
n ~ N  n e N  

~<supEo A =PepA.  
h E N  

Hence 

A <~B<~PE,pA = A ,  

showing that B = A. 

( i i )  =~ ( i i i ) :  trivial 

(iii) =~ (i): Set 

X 

f ( x )  = = ( 1 -t- x p) I/p, (x > 0). 
g(x) 

Then, by hypothesis, 

2 
E o 2A = f ~  A. 

Applying this equality twice we conclude that 

1 ( f ~ 2 ) )  ( 2 f ~ )  ( 1 ) ( 2 f - ~ )  
- -  o f2(2 ) A =  A o E = A ~ E  o E 

E o E = A o 2f(f(2)~ E. 

(3.10) 

Since f2(2) = f ( 2 f ( f ( 2 ) ) )  we thus have shown that, if (3.10) is valid for some 2 > 0, 
it also holds for # = 2f(f(2)). Hence defining the sequence (2k)k~ inductively by 

2k + I : = 2kf(f(2k)) for k ~ N, with 21 : = 2 

it satisfies the relation 

2k 
E ° 2 k A  =77-;--z,,A, for k ~ I%1. (3.11) 

Jt'tk) 
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Not ing  that  f ( f ( x ) )  = (2 + x p) Up >. 2lip we conclude f rom 

2 k + l ~ > 2 k ' 2  I/p (k ~ ~) 

that  2k ~ O0 for  k ~ ~ .  
Consequently,  by (3.11), 

~k PE.pA = sup E ° (2kA) = s u p ~  A = g~sup g(2k)A = A, 

i.e., A is an (E, p)-quasi-unit .  

(ii) ~ (iv): By hypothesis  E o (2A) = g(2)A for  all 2 > 0. 
Hence 

F /1  \-1 / 1 \  
(2E) o A 

for all 2 > 0. 

(iv) =~ (v): trivial. 

(v) =~ (i): Suppose that  

E o (2A) = (2E) o A (3.12) 

for  some 2 > 0, 2 4: 1. W.l.o.g we may  assume that  2 > 1, since otherwise we simply 
divide bo th  sides o f  (3.12) by 2. 

In t roducing again the funct ion f ( x ) =  [x/g(x)] (x > 0), we denote by p the 
unique positive real number  with f ( p )  = 2 2. F r o m  

valid for all x > 0, and (3.12) we then conclude that  

2 
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Analogously, we find 

f ( t t /2 )  2 f  E o A . 

Hence 
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f ( u , , )  = 22  (k  • ~) 
k + l  = 2kf([l"lk/2k), 

Then we have 

E o (2kA) = (2kE) ° A, 

for a l l k • ~ .  

The inequality 2f(#/2) ~>f(#) for all 2 > 1 and g > 0 leads to 2kf(l~k/2k) >>" 
f(ktk) = 22. Thus 2k+ ~ /> 2 2 for all k • I~ and therefore 2k ~ ~ ,  if k --* oo. Taking 
into account (3.13), we get 

PE,pA = sup E o (2kA)=  sup [(2kE) ° A] ~< A. 
k ~ o o  k ~ c o  

Since the reverse inequality follows from A ~<E by (3.7), we conclude that 

Pe,, A = A. 

(ii) =:-(vi): Define a sequence (2k)k~N of positive real numbers inductively by 

g(2,) 
21 = g ( 1 )  + 1, 2 , , + 1 -  (n • N). 

g(1) 

Clearly 21/> 1. Assume now that 2, ~> 1 for some n • I%1. Since g is increasing we 
have 

g(2,) >~ g(1) 
2 ° + ,  =  -g-05 = 1 

1=2 .  

(3.13) 

We see that if 2 > 1 satisfies (3.12), so does the number 2f(/~/2) where/~ is given 

by f ( # ) = 2  2. This suggests that we define the sequences (2k)k~ and ( # k ) k ~  
inductively by 
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Then, by induction, 2. >/1 for all n ~ 1~. On the other hand g(~tx) <~ otg(x) for all 
ct i> 1. Applying this result with 2. >/1 we see that 

2, + g(2,)  .< 2,g(1) _ 2, 
' -  g(1) "~ g(1) 

for all n ~ 1~. Hence (2,) is a decreasing sequence o f  real numbers  (/> 1) and 
therefore has a limit when n ---, o9. We write x = lim, ~ ~ 2.. 

F rom the definition o f  2, and g we obtain the equation 

g(x)  x 
X - - - -  - -  

g(1) g(1)(1JI-XP) l/p" 

The solution o f  this equation is x = 1. Thus 2, --* 1 when n ~ o9. 
We claim that 

A + A o (E - A) ~< 2,A (3.14) 

holds for all n ~ [~. The case n = 1 follows from 

A + A  ° ( E - A ) ~ < A  + a  o E = ( g ( 1 ) + l ) a .  

Assuming (3.14) to hold for some k e ~ we find that  

( A + A  o ( E - A ) ) o ( A + A  o ( E - A ) ) ~ < ( 2 k A )  oE. 

An  application o f  (ii) leads to 

A + A  o ( E _ A ) ~ < g ( 2 k )  g ~ - A  = 2k+ iA. 

Therefore, by induction, (3.14) holds for all n e N. When n tends to infinity in 

(3.14) we conclude 

A o ( E - A ) = 0 .  

(vi) => (iii): Let A o (E - A) = 0. Set B = [1/g(1)](A o E )  - A .  Using the assump- 

tion A ~< E, we obtain 

1 
B <~ ~ ( E  o E )  - A = E - A < 2 U P ( E - A ) .  
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Since we also have B ~ 21/pA we infer that 

g(1)B = B o B <~ 2~/P[A o (E - A)] = 0. 

Consequently,  

A o E = g ( 1 ) A .  

Q.E.D. 

We are now in a position to prove the following. 

THEOREM 3.2. Let (9.1, p), 0 < p  <~ oo, be the convex cone o f  operators defined 

above, and E ~ 9.1. Then an operator A ~ 93 is an (E, p)-quasi-unit i f  and only i f  it is 

an extreme point o f  the convex set ~ e  = {B e 9.1: B <~ E}.  

Proof. Case 1 : 0  < p < ~ .  
Suppose A e ~ e  is an extreme point. Setting ~t =21/P=[1/g( l )]  > 1 and 

fl = ~ - 1 we conclude f rom A ~< E that  

1 ~(A oE)~g-~(E o E ) - - E  

and 

~A <~ flE + A = flE + oc(A o A) <~ f lE + ot(A o E). 

Hence 

- A  oE) 

In t roducing B : =  ~(A o E) and C : =  ~/fl(A - A ° E), we obtain the decomposi t ion 

' ( : )  A = - B +  1- -  C, w i t h B ,  C ~ e .  

By hypothesis this implies that  A = B = C, and in particular A o E = g( 1)A. Hence 

condit ion (iii) in Lemma 3.1 is satisfied and consequently A is an (E, p)-quasi-unit .  

Conversely, assume that A is an (E, p)-quasi-uni t  and 

A = 2 B + ( 1 - 2 ) C ,  
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for some B, C ~ ~ E  and  some 0 < 2 < 1. Then 

E o (nA)  >~ E o (n2B) >/B o (n2B) = g(n2)B  

for all n c ~ and  hence 

A = De,pA = sup E ° (nA)  >1 sup g(n2)B  = B. 
n ~  n ~  

Similarly,  A >~ C, and  thus A = B = C. 

Case 2. p = oo. Here  g(2) = min( l ,  2) (2 > 0). 

I f  A e B e is an extreme po in t  o f  ~ E ,  set 

B : =  E o (2A) and C ' =  2A - E o (2A). 

Then A = } ( B + C ) .  Moreover ,  B ~ < E  and  2 A - - ( E o 2 A ) ~ < 2 A - ( A o 2 A )  = 

A ~< E. Hence,  by hypothesis ,  A = B = C. In par t i cu la r  E ° (2A) = A = g(2)A and 

therefore,  as the p r o o f  o f  L e m m a  3.1 shows, A is an (E, ~ ) - q u a s i - u n i t .  The  

converse  d i rec t ion  is p roved  the same way as in case 1. 

REMARK. Note  that  the case p = ~ is a special case o f  the ax iomat ic  sett ing 

invest igated in [6] and  [7]. I t  had been in t roduced  in o rde r  to character ize  

ax iomat ica l ly  the cone o f  harmonic ,  resp. superharmonic ,  functions,  an object  o f  

potent ia l  theory.  The p r o o f  o f  Theorem 3.2 therefore  agrees - -  in case p = ~ - -  
with the one to be found  in [6]. 
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