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Today’s Class
▶ Recap of Lecture #4

▶ LMPC implementation

▶ Autonomous Racing Experiments

▶ Model learning in MPC (a brief summary)

▶ Planning under uncertainty



Recap of Lecture #4
Why did we focus on feasibility?

p
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Solve a Finite Time Optimal Control 
Problem (FTOCP)
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Solve a Finite Time Optimal Control 
Problem (FTOCP)

Time Loop: Perform the control task
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Time Loop: Perform the control task
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Feasibility of the FTCOP at all times
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Solve a Finite Time Optimal Control 
Problem (FTOCP) where we enforce

x(t) 2 X and u(t) 2 U

<latexit sha1_base64="t05UEGWNlOIM4aplqSDsau3kW4Y=">AAACH3icbVDLSgMxFM3UV62vUZdugkWomzIjxceu6MZlBfuATimZNG1DM5khuSMtw/yJG3/FjQtFxF3/xrSdhbYeCBzOOZfce/xIcA2OM7Vya+sbm1v57cLO7t7+gX141NBhrCir01CEquUTzQSXrA4cBGtFipHAF6zpj+5mfvOJKc1D+QiTiHUCMpC8zykBI3Xty3EJzrHHJfYCAkNKRNJKsQdsDAkmsodTHK8k6mnXLjplZw68StyMFFGGWtf+9nohjQMmgQqiddt1IugkRAGngqUFL9YsInREBqxtqCQB051kfl+Kz4zSw/1QmScBz9XfEwkJtJ4EvknOVtTL3kz8z2vH0L/uJFxGMTBJFx/1Y4EhxLOycI8rRkFMDCFUcbMrpkOiCAVTacGU4C6fvEoaF2W3Ur55qBSrt1kdeXSCTlEJuegKVdE9qqE6ougZvaJ39GG9WG/Wp/W1iOasbOYY/YE1/QFrl6IF</latexit>

Time Loop: Perform the control task

Feasibility of the FTCOP at all times

Safety



Recap of Lecture #4
Why did we focus on feasibility?

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

Control action u(t)

<latexit sha1_base64="861YJqdXLct65GleJnV8TD5dQUw=">AAAB/nicbVDLSgNBEOyNrxhfq+LJy2AixEvYDYJ6C+biMYJ5QLKE2ckkGTI7s8zMCmEJ+CtePCji1e/w5t84eRw0saChqOqmuyuMOdPG876dzNr6xuZWdju3s7u3f+AeHjW0TBShdSK5VK0Qa8qZoHXDDKetWFEchZw2w1F16jcfqdJMigczjmkQ4YFgfUawsVLXPalKYZTkCJOpgApJ0VwUum7eK3kzoFXiL0geFqh13a9OT5IkosIQjrVu+15sghQrwwink1wn0TTGZIQHtG2pwBHVQTo7f4LOrdJDfalsCYNm6u+JFEdaj6PQdkbYDPWyNxX/89qJ6V8HKRNxYqgg80X9hCMj0TQL1GOKEsPHlmCimL0VkSFWNgqbWM6G4C+/vEoa5ZJ/Wbq5L+crt4s4snAKZ1AEH66gAndQgzoQSOEZXuHNeXJenHfnY96acRYzx/AHzucPrI2UqA==</latexit>

Measured state x(t)

<latexit sha1_base64="GjnmUAur1Pe7ho24SAdrxIBF3ZQ=">AAAB/nicbVDJSgNBEO1xjXGLiicvjYkQL2EmCOot6MWLEMEskAyhp6eSNOlZ6K4RwxDwV7x4UMSr3+HNv7GzHDTxQcHjvSqq6nmxFBpt+9taWl5ZXVvPbGQ3t7Z3dnN7+3UdJYpDjUcyUk2PaZAihBoKlNCMFbDAk9DwBtdjv/EASosovMdhDG7AeqHoCs7QSJ3c4S0wnSjwqUaGQAuPRTwtdHJ5u2RPQBeJMyN5MkO1k/tq+xFPAgiRS6Z1y7FjdFOmUHAJo2w70RAzPmA9aBkasgC0m07OH9ETo/i0GylTIdKJ+nsiZYHWw8AznQHDvp73xuJ/XivB7oWbijBOEEI+XdRNJMWIjrOgvlDAUQ4NYVwJcyvlfaYYR5NY1oTgzL+8SOrlknNWurwr5ytXszgy5IgckyJxyDmpkBtSJTXCSUqeySt5s56sF+vd+pi2LlmzmQPyB9bnD6TIlKM=</latexit>

Solve a Finite Time Optimal Control 
Problem (FTOCP) where we enforce

x(t) 2 X and u(t) 2 U

<latexit sha1_base64="t05UEGWNlOIM4aplqSDsau3kW4Y=">AAACH3icbVDLSgMxFM3UV62vUZdugkWomzIjxceu6MZlBfuATimZNG1DM5khuSMtw/yJG3/FjQtFxF3/xrSdhbYeCBzOOZfce/xIcA2OM7Vya+sbm1v57cLO7t7+gX141NBhrCir01CEquUTzQSXrA4cBGtFipHAF6zpj+5mfvOJKc1D+QiTiHUCMpC8zykBI3Xty3EJzrHHJfYCAkNKRNJKsQdsDAkmsodTHK8k6mnXLjplZw68StyMFFGGWtf+9nohjQMmgQqiddt1IugkRAGngqUFL9YsInREBqxtqCQB051kfl+Kz4zSw/1QmScBz9XfEwkJtJ4EvknOVtTL3kz8z2vH0L/uJFxGMTBJFx/1Y4EhxLOycI8rRkFMDCFUcbMrpkOiCAVTacGU4C6fvEoaF2W3Ur55qBSrt1kdeXSCTlEJuegKVdE9qqE6ougZvaJ39GG9WG/Wp/W1iOasbOYY/YE1/QFrl6IF</latexit>

Time Loop: Perform the control task

Feasibility of the FTCOP at all times

Safety

Not true when constraints are relaxed with slack variables!



Recap of Lecture #4
Stability Proof:



Recap of Lecture #4
Stability Proof:
We have shown that



Stability Proof:
We have shown that

Recap of Lecture #4

J⇤
t (x(t)) > J⇤

t+1(x(t+ 1)), 8x(t) 6= 0

J⇤
t (x) > 0, 8x 6= 0,

||x||2 ! 1 =) J⇤
t (x) ! 1

J⇤
t (0) = 0

<latexit sha1_base64="6lMkzJi61PoLLuwIVBpoQ/dkdvc="></latexit>
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t+1(x(t+ 1)), 8x(t) 6= 0
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t (x) > 0, 8x 6= 0,

||x||2 ! 1 =) J⇤
t (x) ! 1
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t (0) = 0

<latexit sha1_base64="6lMkzJi61PoLLuwIVBpoQ/dkdvc="></latexit>

Stability Proof:
We have shown that

Recap of Lecture #4
p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height



Recap of Lecture #4
Stability Proof:
We have shown that

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>
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J⇤
t (x(t)) > J⇤

t+1(x(t+ 1)), 8x(t) 6= 0
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t (x) > 0, 8x 6= 0,

||x||2 ! 1 =) J⇤
t (x) ! 1

J⇤
t (0) = 0

<latexit sha1_base64="6lMkzJi61PoLLuwIVBpoQ/dkdvc="></latexit>



Recap of Lecture #4
Stability Proof:
We have shown that

lim
t!1

J⇤
t (x(t)) = 0

<latexit sha1_base64="/tM71ifJqye7YCGAX5Hz6z+MNYo=">AAACFHicbVDLSsNAFJ34tr6qLt0MFqFVKIkI6kIQ3YirCvYBTQyT6aQdnEzCzI0aQj/Cjb/ixoUibl2482+cPha+Dlw4nHMv994TJIJrsO1Pa2Jyanpmdm6+sLC4tLxSXF1r6DhVlNVpLGLVCohmgktWBw6CtRLFSBQI1gyuTwd+84YpzWN5CVnCvIh0JQ85JWAkv7jjCh75OWBX8W4PiFLxLXa5DCHr43MfrrbLd2WoVPARtv1iya7aQ+C/xBmTEhqj5hc/3E5M04hJoIJo3XbsBLycKOBUsH7BTTVLCL0mXdY2VJKIaS8fPtXHW0bp4DBWpiTgofp9IieR1lkUmM6IQE//9gbif147hfDAy7lMUmCSjhaFqcAQ40FCuMMVoyAyQwhV3NyKaY8oQsHkWDAhOL9f/ksau1Vnr3p4sVc6PhnHMYc20CYqIwfto2N0hmqojii6R4/oGb1YD9aT9Wq9jVonrPHMOvoB6/0Ll1qdOQ==</latexit>

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

J⇤
t (x(t)) > J⇤

t+1(x(t+ 1)), 8x(t) 6= 0

J⇤
t (x) > 0, 8x 6= 0,

||x||2 ! 1 =) J⇤
t (x) ! 1

J⇤
t (0) = 0

<latexit sha1_base64="6lMkzJi61PoLLuwIVBpoQ/dkdvc="></latexit>



Recap of Lecture #4
Stability Proof:
We have shown that

To show stability we need to that           is Lipchitz continuous and assume that 
the state and input constraint sets are compact

Francesco Borrelli, Alberto Bemporad, and Manfred Morari. Predictive control for linear and hybrid systems. Cambridge University Press, 2017.

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height
lim
t!1

J⇤
t (x(t)) = 0

<latexit sha1_base64="/tM71ifJqye7YCGAX5Hz6z+MNYo=">AAACFHicbVDLSsNAFJ34tr6qLt0MFqFVKIkI6kIQ3YirCvYBTQyT6aQdnEzCzI0aQj/Cjb/ixoUibl2482+cPha+Dlw4nHMv994TJIJrsO1Pa2Jyanpmdm6+sLC4tLxSXF1r6DhVlNVpLGLVCohmgktWBw6CtRLFSBQI1gyuTwd+84YpzWN5CVnCvIh0JQ85JWAkv7jjCh75OWBX8W4PiFLxLXa5DCHr43MfrrbLd2WoVPARtv1iya7aQ+C/xBmTEhqj5hc/3E5M04hJoIJo3XbsBLycKOBUsH7BTTVLCL0mXdY2VJKIaS8fPtXHW0bp4DBWpiTgofp9IieR1lkUmM6IQE//9gbif147hfDAy7lMUmCSjhaFqcAQ40FCuMMVoyAyQwhV3NyKaY8oQsHkWDAhOL9f/ksau1Vnr3p4sVc6PhnHMYc20CYqIwfto2N0hmqojii6R4/oGb1YD9aT9Wq9jVonrPHMOvoB6/0Ll1qdOQ==</latexit>

J⇤
t (x(t)) > J⇤

t+1(x(t+ 1)), 8x(t) 6= 0

J⇤
t (x) > 0, 8x 6= 0,

||x||2 ! 1 =) J⇤
t (x) ! 1

J⇤
t (0) = 0

<latexit sha1_base64="6lMkzJi61PoLLuwIVBpoQ/dkdvc="></latexit>



Recap of Lecture #4
Stability Proof:
We have shown that

To show stability we need to that           is Lipchitz continuous and that 

where 𝛼⋡ and 𝛼⪯ are class K functions (can be relaxed to continuity around the origin).

Francesco Borrelli, Alberto Bemporad, and Manfred Morari. Predictive control for linear and hybrid systems. Cambridge University Press, 2017.
Lars Grüne, and Christopher M. Kellett. "ISS-Lyapunov functions for discontinuous discrete-time systems." IEEE Transactions on Automatic Control 59, no. 
11 (2014): 3098-3103.

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height
lim
t!1

J⇤
t (x(t)) = 0

<latexit sha1_base64="/tM71ifJqye7YCGAX5Hz6z+MNYo=">AAACFHicbVDLSsNAFJ34tr6qLt0MFqFVKIkI6kIQ3YirCvYBTQyT6aQdnEzCzI0aQj/Cjb/ixoUibl2482+cPha+Dlw4nHMv994TJIJrsO1Pa2Jyanpmdm6+sLC4tLxSXF1r6DhVlNVpLGLVCohmgktWBw6CtRLFSBQI1gyuTwd+84YpzWN5CVnCvIh0JQ85JWAkv7jjCh75OWBX8W4PiFLxLXa5DCHr43MfrrbLd2WoVPARtv1iya7aQ+C/xBmTEhqj5hc/3E5M04hJoIJo3XbsBLycKOBUsH7BTTVLCL0mXdY2VJKIaS8fPtXHW0bp4DBWpiTgofp9IieR1lkUmM6IQE//9gbif147hfDAy7lMUmCSjhaFqcAQ40FCuMMVoyAyQwhV3NyKaY8oQsHkWDAhOL9f/ksau1Vnr3p4sVc6PhnHMYc20CYqIwfto2N0hmqojii6R4/oGb1YD9aT9Wq9jVonrPHMOvoB6/0Ll1qdOQ==</latexit>

J⇤
t (x(t)) > J⇤

t+1(x(t+ 1)), 8x(t) 6= 0

J⇤
t (x) > 0, 8x 6= 0,

||x||2 ! 1 =) J⇤
t (x) ! 1

J⇤
t (0) = 0

<latexit sha1_base64="6lMkzJi61PoLLuwIVBpoQ/dkdvc="></latexit>

↵1(x)  J⇤
t (x)  ↵2(x)

<latexit sha1_base64="JSWh0DDVN2zoFBjEgMUrLZIgf+U=">AAACFHicbVDLSsNAFJ34rPUVdelmsAhVoSSloO6KbsRVBfuAJobJdNIOnUzizEQspR/hxl9x40IRty7c+TdO2iDaeuDCmXPuZe49fsyoVJb1ZczNLywuLedW8qtr6xub5tZ2Q0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpp+/zz1m3dESBrxazWIiRuiLqcBxUhpyTOPHMTiHvLs4v0BdBi5hZc3h576eWV2WQt5zyxYJWsMOEvsjBRAhppnfjqdCCch4QozJGXbtmLlDpFQFDMyyjuJJDHCfdQlbU05Col0h+OjRnBfKx0YREIXV3Cs/p4YolDKQejrzhCpnpz2UvE/r52o4MQdUh4ninA8+ShIGFQRTBOCHSoIVmygCcKC6l0h7iGBsNI5piHY0yfPkka5ZFdKp1eVQvUsiyMHdsEeKAIbHIMquAA1UAcYPIAn8AJejUfj2Xgz3ietc0Y2swP+wPj4BqUXnBA=</latexit>



Recap of Lecture #4

Control Invariant

Control Lyapunov function

Design of the terminal MPC components



Recap of Lecture #4

Control Invariant

Control Lyapunov function

Safety and Stability

Design of the terminal MPC components



LMPC Diagram

Time Loop: Perform the control task

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height



LMPC Diagram

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

Control action u(t)

<latexit sha1_base64="861YJqdXLct65GleJnV8TD5dQUw=">AAAB/nicbVDLSgNBEOyNrxhfq+LJy2AixEvYDYJ6C+biMYJ5QLKE2ckkGTI7s8zMCmEJ+CtePCji1e/w5t84eRw0saChqOqmuyuMOdPG876dzNr6xuZWdju3s7u3f+AeHjW0TBShdSK5VK0Qa8qZoHXDDKetWFEchZw2w1F16jcfqdJMigczjmkQ4YFgfUawsVLXPalKYZTkCJOpgApJ0VwUum7eK3kzoFXiL0geFqh13a9OT5IkosIQjrVu+15sghQrwwink1wn0TTGZIQHtG2pwBHVQTo7f4LOrdJDfalsCYNm6u+JFEdaj6PQdkbYDPWyNxX/89qJ6V8HKRNxYqgg80X9hCMj0TQL1GOKEsPHlmCimL0VkSFWNgqbWM6G4C+/vEoa5ZJ/Wbq5L+crt4s4snAKZ1AEH66gAndQgzoQSOEZXuHNeXJenHfnY96acRYzx/AHzucPrI2UqA==</latexit>

XF = CSj and V (x) = V j(x)

<latexit sha1_base64="NwVuMYqSRs4bV0OdfCuOdZ25Src=">AAACHXicbVDLSgMxFM3UV62vqks3wY5QN2WmFNSFUCyIy4r2AX2RSdM2bSYzJBmxDP0RN/6KGxeKuHAj/o2ZdhBtPRA4Oede7r3H8RmVyrK+jMTS8srqWnI9tbG5tb2T3t2rSi8QmFSwxzxRd5AkjHJSUVQxUvcFQa7DSM0ZlSK/dkeEpB6/VWOftFzU57RHMVJa6qQLZtNFaoARC+uTziU8hz//0s2kPTQh4l1oVrP3x9qrtoeamJ10xspZU8BFYsckA2KUO+mPZtfDgUu4wgxJ2bAtX7VCJBTFjExSzUASH+ER6pOGphy5RLbC6XUTeKSVLux5Qj+u4FT93REiV8qx6+jKaHU570Xif14jUL3TVki5HyjC8WxQL2BQeTCKCnapIFixsSYIC6p3hXiABMJKB5rSIdjzJy+Saj5nF3Jn1/lM8SKOIwkOwCHIAhucgCK4AmVQARg8gCfwAl6NR+PZeDPeZ6UJI+7ZB39gfH4DOdCfdw==</latexit>

Time Loop: Perform the control task

Solve a Finite Time Optimal Control 
Problem (FTOCP) with:



LMPC Diagram

Measured state x(t)

<latexit sha1_base64="GjnmUAur1Pe7ho24SAdrxIBF3ZQ=">AAAB/nicbVDJSgNBEO1xjXGLiicvjYkQL2EmCOot6MWLEMEskAyhp6eSNOlZ6K4RwxDwV7x4UMSr3+HNv7GzHDTxQcHjvSqq6nmxFBpt+9taWl5ZXVvPbGQ3t7Z3dnN7+3UdJYpDjUcyUk2PaZAihBoKlNCMFbDAk9DwBtdjv/EASosovMdhDG7AeqHoCs7QSJ3c4S0wnSjwqUaGQAuPRTwtdHJ5u2RPQBeJMyN5MkO1k/tq+xFPAgiRS6Z1y7FjdFOmUHAJo2w70RAzPmA9aBkasgC0m07OH9ETo/i0GylTIdKJ+nsiZYHWw8AznQHDvp73xuJ/XivB7oWbijBOEEI+XdRNJMWIjrOgvlDAUQ4NYVwJcyvlfaYYR5NY1oTgzL+8SOrlknNWurwr5ytXszgy5IgckyJxyDmpkBtSJTXCSUqeySt5s56sF+vd+pi2LlmzmQPyB9bnD6TIlKM=</latexit>

Time Loop: Perform the control task

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

Control action u(t)

<latexit sha1_base64="861YJqdXLct65GleJnV8TD5dQUw=">AAAB/nicbVDLSgNBEOyNrxhfq+LJy2AixEvYDYJ6C+biMYJ5QLKE2ckkGTI7s8zMCmEJ+CtePCji1e/w5t84eRw0saChqOqmuyuMOdPG876dzNr6xuZWdju3s7u3f+AeHjW0TBShdSK5VK0Qa8qZoHXDDKetWFEchZw2w1F16jcfqdJMigczjmkQ4YFgfUawsVLXPalKYZTkCJOpgApJ0VwUum7eK3kzoFXiL0geFqh13a9OT5IkosIQjrVu+15sghQrwwink1wn0TTGZIQHtG2pwBHVQTo7f4LOrdJDfalsCYNm6u+JFEdaj6PQdkbYDPWyNxX/89qJ6V8HKRNxYqgg80X9hCMj0TQL1GOKEsPHlmCimL0VkSFWNgqbWM6G4C+/vEoa5ZJ/Wbq5L+crt4s4snAKZ1AEH66gAndQgzoQSOEZXuHNeXJenHfnY96acRYzx/AHzucPrI2UqA==</latexit>

XF = CSj and V (x) = V j(x)

<latexit sha1_base64="NwVuMYqSRs4bV0OdfCuOdZ25Src=">AAACHXicbVDLSgMxFM3UV62vqks3wY5QN2WmFNSFUCyIy4r2AX2RSdM2bSYzJBmxDP0RN/6KGxeKuHAj/o2ZdhBtPRA4Oede7r3H8RmVyrK+jMTS8srqWnI9tbG5tb2T3t2rSi8QmFSwxzxRd5AkjHJSUVQxUvcFQa7DSM0ZlSK/dkeEpB6/VWOftFzU57RHMVJa6qQLZtNFaoARC+uTziU8hz//0s2kPTQh4l1oVrP3x9qrtoeamJ10xspZU8BFYsckA2KUO+mPZtfDgUu4wgxJ2bAtX7VCJBTFjExSzUASH+ER6pOGphy5RLbC6XUTeKSVLux5Qj+u4FT93REiV8qx6+jKaHU570Xif14jUL3TVki5HyjC8WxQL2BQeTCKCnapIFixsSYIC6p3hXiABMJKB5rSIdjzJy+Saj5nF3Jn1/lM8SKOIwkOwCHIAhucgCK4AmVQARg8gCfwAl6NR+PZeDPeZ6UJI+7ZB39gfH4DOdCfdw==</latexit>

Solve a Finite Time Optimal Control 
Problem (FTOCP) with:



LMPC Diagram

Time Loop: Perform the control task

Iteration Loop: Update terminal components

Measured state x(t)

<latexit sha1_base64="GjnmUAur1Pe7ho24SAdrxIBF3ZQ=">AAAB/nicbVDJSgNBEO1xjXGLiicvjYkQL2EmCOot6MWLEMEskAyhp6eSNOlZ6K4RwxDwV7x4UMSr3+HNv7GzHDTxQcHjvSqq6nmxFBpt+9taWl5ZXVvPbGQ3t7Z3dnN7+3UdJYpDjUcyUk2PaZAihBoKlNCMFbDAk9DwBtdjv/EASosovMdhDG7AeqHoCs7QSJ3c4S0wnSjwqUaGQAuPRTwtdHJ5u2RPQBeJMyN5MkO1k/tq+xFPAgiRS6Z1y7FjdFOmUHAJo2w70RAzPmA9aBkasgC0m07OH9ETo/i0GylTIdKJ+nsiZYHWw8AznQHDvp73xuJ/XivB7oWbijBOEEI+XdRNJMWIjrOgvlDAUQ4NYVwJcyvlfaYYR5NY1oTgzL+8SOrlknNWurwr5ytXszgy5IgckyJxyDmpkBtSJTXCSUqeySt5s56sF+vd+pi2LlmzmQPyB9bnD6TIlKM=</latexit>

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

Control action u(t)

<latexit sha1_base64="861YJqdXLct65GleJnV8TD5dQUw=">AAAB/nicbVDLSgNBEOyNrxhfq+LJy2AixEvYDYJ6C+biMYJ5QLKE2ckkGTI7s8zMCmEJ+CtePCji1e/w5t84eRw0saChqOqmuyuMOdPG876dzNr6xuZWdju3s7u3f+AeHjW0TBShdSK5VK0Qa8qZoHXDDKetWFEchZw2w1F16jcfqdJMigczjmkQ4YFgfUawsVLXPalKYZTkCJOpgApJ0VwUum7eK3kzoFXiL0geFqh13a9OT5IkosIQjrVu+15sghQrwwink1wn0TTGZIQHtG2pwBHVQTo7f4LOrdJDfalsCYNm6u+JFEdaj6PQdkbYDPWyNxX/89qJ6V8HKRNxYqgg80X9hCMj0TQL1GOKEsPHlmCimL0VkSFWNgqbWM6G4C+/vEoa5ZJ/Wbq5L+crt4s4snAKZ1AEH66gAndQgzoQSOEZXuHNeXJenHfnY96acRYzx/AHzucPrI2UqA==</latexit>

XF = CSj and V (x) = V j(x)

<latexit sha1_base64="NwVuMYqSRs4bV0OdfCuOdZ25Src=">AAACHXicbVDLSgMxFM3UV62vqks3wY5QN2WmFNSFUCyIy4r2AX2RSdM2bSYzJBmxDP0RN/6KGxeKuHAj/o2ZdhBtPRA4Oede7r3H8RmVyrK+jMTS8srqWnI9tbG5tb2T3t2rSi8QmFSwxzxRd5AkjHJSUVQxUvcFQa7DSM0ZlSK/dkeEpB6/VWOftFzU57RHMVJa6qQLZtNFaoARC+uTziU8hz//0s2kPTQh4l1oVrP3x9qrtoeamJ10xspZU8BFYsckA2KUO+mPZtfDgUu4wgxJ2bAtX7VCJBTFjExSzUASH+ER6pOGphy5RLbC6XUTeKSVLux5Qj+u4FT93REiV8qx6+jKaHU570Xif14jUL3TVki5HyjC8WxQL2BQeTCKCnapIFixsSYIC6p3hXiABMJKB5rSIdjzJy+Saj5nF3Jn1/lM8SKOIwkOwCHIAhucgCK4AmVQARg8gCfwAl6NR+PZeDPeZ6UJI+7ZB39gfH4DOdCfdw==</latexit>

Solve a Finite Time Optimal Control 
Problem (FTOCP) with:



LMPC Diagram

Time Loop: Perform the control task

Iteration Loop: Update terminal components

xj = [xj
0, x

j
1, . . .]

<latexit sha1_base64="AqcKvRuRQdxp3S/1KfHs7tmY2lk=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyFgIWFXAmohBG0sI5gHJJtldjKbTDL7YOauJCz5Aht/xcZCEVtrO//GyaPQxAOXezjnXmbu8WLBFVjWt5FZWV1b38hu5ra2d3b3zP2DmooSSVmVRiKSDY8oJnjIqsBBsEYsGQk8were4Gbi1x+YVDwK72EUMycg3ZD7nBLQkmsWWsCG4PnpcNzu4yvcHLpWu3+Kh649aS3RiUA5rpm3itYUeJnYc5JHc1Rc86vViWgSsBCoIEo1bSsGJyUSOBVsnGslisWEDkiXNTUNScCUk07PGeOCVjrYj6SuEPBU/b2RkkCpUeDpyYBATy16E/E/r5mAf+GkPIwTYCGdPeQnAkOEJ9ngDpeMghhpQqjk+q+Y9ogkFHSCOR2CvXjyMqmdFe1S8fKulC9fz+PIoiN0jE6Qjc5RGd2iCqoiih7RM3pFb8aT8WK8Gx+z0Ywx3zlEf2B8/gCidJs4</latexit>

Update terminal constraint and 
terminal cost

CSj+1 and V j+1(x)

<latexit sha1_base64="UAhVM5HNvwlQ2R38bxAlQtJUq1U=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoCmVGCuqu2I3LivYBbS2ZNG1jM5khuSMtw/yDG3/FjQtF3Lpx59+YPhZaPRA4nHMvN+d4oeAaHOfLSi0sLi2vpFcza+sbm1v29k5VB5GirEIDEai6RzQTXLIKcBCsHipGfE+wmjcojf3aPVOaB/IGRiFr+aQneZdTAkZq20dNn0CfEhGXrpPb+O7YTXAT2BBiTGQHJ7g6FXPDw7addfLOBPgvcWcki2Yot+3PZiegkc8kUEG0brhOCK2YKOBUsCTTjDQLCR2QHmsYKonPdCueZErwgVE6uBso8yTgifpzIya+1iPfM5PjBHreG4v/eY0IumetmMswAibp9FA3EhgCPC4Id7hiFMTIEEIVN3/FtE8UoWBqzJgS3PnIf0n1JO8W8udXhWzxYlZHGu2hfZRDLjpFRXSJyqiCKHpAT+gFvVqP1rP1Zr1PR1PWbGcX/YL18Q13Xp1C</latexit>

V
j (
x)

<latexit sha1_base64="EhOmLUwm6Z+zC4eS1NEfXTEQKY8=">AAAB7XicbVBNTwIxEJ31E/EL9eilkZjghewaEvVG9OIRE1lIYCXd0oVCt920XSMh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbOa28ts7u3v7hYNDX8tUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMc3kz9xiNVmklxb0YJDWLcEyxiBBsr+f7DoPR01ikU3bI7A1omXkaKkKHWKXy1u5KkMRWGcKx1y3MTE4yxMoxwOsm3U00TTIa4R1uWChxTHYxn107QqVW6KJLKljBopv6eGONY61Ec2s4Ym75e9Kbif14rNdFlMGYiSQ0VZL4oSjkyEk1fR12mKDF8ZAkmitlbEeljhYmxAeVtCN7iy8vEPy97lfLVXaVYvc7iyMExnEAJPLiAKtxCDepAYADP8ApvjnRenHfnY9664mQzR/AHzucP1DaOqQ==</latexit>

v

<latexit sha1_base64="DAH+cxrktNpncmbTwQRhCmrrLtw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwGQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7ud+a4xK81g+mkmCfkQHkoecUWOl+rhXLLlldwGyTryMlCBDrVf86vZjlkYoDRNU647nJsafUmU4EzgrdFONCWUjOsCOpZJGqP3p4tAZubBKn4SxsiUNWai/J6Y00noSBbYzomaoV725+J/XSU1440+5TFKDki0XhakgJibzr0mfK2RGTCyhTHF7K2FDqigzNpuCDcFbfXmdNK/KXqV8W6+UqndZHHk4g3O4BA+uoQoPUIMGMEB4hld4c56cF+fd+Vi25pxs5hT+wPn8AecRjQY=</latexit>

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

V 0(x)

<latexit sha1_base64="ZimQkQl1Py2q4eDNnWTOYv4Lwq4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCnZbaNeSTbNtbDZZkqxYlv4HLx4U8er/8ea/Mf04aOuDgcd7M8zMCxPOtHHdbye3srq2vpHfLGxt7+zuFfcPfC1TRWiDSC5VK8SaciZowzDDaStRFMchp81weD3xm49UaSbFnRklNIhxX7CIEWys5Pv3bvnptFssuRV3CrRMvDkpwRz1bvGr05MkjakwhGOt256bmCDDyjDC6bjQSTVNMBniPm1bKnBMdZBNrx2jE6v0UCSVLWHQVP09keFY61Ec2s4Ym4Fe9Cbif147NdFFkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXin1W8auXytlqqXc3jyMMRHEMZPDiHGtxAHRpA4AGe4RXeHOm8OO/Ox6w158xnDuEPnM8fe6CObw==</latexit>

V 1(x)

<latexit sha1_base64="0erDxXJC0Uk2Z/am5b/pWGZAcCU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCnZbaNeSTbNtbDZZkqxYlv4HLx4U8er/8ea/Mf04aOuDgcd7M8zMCxPOtHHdbye3srq2vpHfLGxt7+zuFfcPfC1TRWiDSC5VK8SaciZowzDDaStRFMchp81weD3xm49UaSbFnRklNIhxX7CIEWys5Pv3XvnptFssuRV3CrRMvDkpwRz1bvGr05MkjakwhGOt256bmCDDyjDC6bjQSTVNMBniPm1bKnBMdZBNrx2jE6v0UCSVLWHQVP09keFY61Ec2s4Ym4Fe9Cbif147NdFFkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXin1W8auXytlqqXc3jyMMRHEMZPDiHGtxAHRpA4AGe4RXeHOm8OO/Ox6w158xnDuEPnM8ffSeOcA==</latexit>

Measured state x(t)

<latexit sha1_base64="GjnmUAur1Pe7ho24SAdrxIBF3ZQ=">AAAB/nicbVDJSgNBEO1xjXGLiicvjYkQL2EmCOot6MWLEMEskAyhp6eSNOlZ6K4RwxDwV7x4UMSr3+HNv7GzHDTxQcHjvSqq6nmxFBpt+9taWl5ZXVvPbGQ3t7Z3dnN7+3UdJYpDjUcyUk2PaZAihBoKlNCMFbDAk9DwBtdjv/EASosovMdhDG7AeqHoCs7QSJ3c4S0wnSjwqUaGQAuPRTwtdHJ5u2RPQBeJMyN5MkO1k/tq+xFPAgiRS6Z1y7FjdFOmUHAJo2w70RAzPmA9aBkasgC0m07OH9ETo/i0GylTIdKJ+nsiZYHWw8AznQHDvp73xuJ/XivB7oWbijBOEEI+XdRNJMWIjrOgvlDAUQ4NYVwJcyvlfaYYR5NY1oTgzL+8SOrlknNWurwr5ytXszgy5IgckyJxyDmpkBtSJTXCSUqeySt5s56sF+vd+pi2LlmzmQPyB9bnD6TIlKM=</latexit>

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

Control action u(t)

<latexit sha1_base64="861YJqdXLct65GleJnV8TD5dQUw=">AAAB/nicbVDLSgNBEOyNrxhfq+LJy2AixEvYDYJ6C+biMYJ5QLKE2ckkGTI7s8zMCmEJ+CtePCji1e/w5t84eRw0saChqOqmuyuMOdPG876dzNr6xuZWdju3s7u3f+AeHjW0TBShdSK5VK0Qa8qZoHXDDKetWFEchZw2w1F16jcfqdJMigczjmkQ4YFgfUawsVLXPalKYZTkCJOpgApJ0VwUum7eK3kzoFXiL0geFqh13a9OT5IkosIQjrVu+15sghQrwwink1wn0TTGZIQHtG2pwBHVQTo7f4LOrdJDfalsCYNm6u+JFEdaj6PQdkbYDPWyNxX/89qJ6V8HKRNxYqgg80X9hCMj0TQL1GOKEsPHlmCimL0VkSFWNgqbWM6G4C+/vEoa5ZJ/Wbq5L+crt4s4snAKZ1AEH66gAndQgzoQSOEZXuHNeXJenHfnY96acRYzx/AHzucPrI2UqA==</latexit>

XF = CSj and V (x) = V j(x)

<latexit sha1_base64="NwVuMYqSRs4bV0OdfCuOdZ25Src=">AAACHXicbVDLSgMxFM3UV62vqks3wY5QN2WmFNSFUCyIy4r2AX2RSdM2bSYzJBmxDP0RN/6KGxeKuHAj/o2ZdhBtPRA4Oede7r3H8RmVyrK+jMTS8srqWnI9tbG5tb2T3t2rSi8QmFSwxzxRd5AkjHJSUVQxUvcFQa7DSM0ZlSK/dkeEpB6/VWOftFzU57RHMVJa6qQLZtNFaoARC+uTziU8hz//0s2kPTQh4l1oVrP3x9qrtoeamJ10xspZU8BFYsckA2KUO+mPZtfDgUu4wgxJ2bAtX7VCJBTFjExSzUASH+ER6pOGphy5RLbC6XUTeKSVLux5Qj+u4FT93REiV8qx6+jKaHU570Xif14jUL3TVki5HyjC8WxQL2BQeTCKCnapIFixsSYIC6p3hXiABMJKB5rSIdjzJy+Saj5nF3Jn1/lM8SKOIwkOwCHIAhucgCK4AmVQARg8gCfwAl6NR+PZeDPeZ6UJI+7ZB39gfH4DOdCfdw==</latexit>

Solve a Finite Time Optimal Control 
Problem (FTOCP) with:

Control task completed
Store closed-loop



LMPC Diagram

Time Loop: Perform the control task

Iteration Loop: Update terminal components

Set 𝑗 = 𝑗 + 1
Run the control task

Control task completed
Store closed-loop

xj = [xj
0, x

j
1, . . .]

<latexit sha1_base64="AqcKvRuRQdxp3S/1KfHs7tmY2lk=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyFgIWFXAmohBG0sI5gHJJtldjKbTDL7YOauJCz5Aht/xcZCEVtrO//GyaPQxAOXezjnXmbu8WLBFVjWt5FZWV1b38hu5ra2d3b3zP2DmooSSVmVRiKSDY8oJnjIqsBBsEYsGQk8were4Gbi1x+YVDwK72EUMycg3ZD7nBLQkmsWWsCG4PnpcNzu4yvcHLpWu3+Kh649aS3RiUA5rpm3itYUeJnYc5JHc1Rc86vViWgSsBCoIEo1bSsGJyUSOBVsnGslisWEDkiXNTUNScCUk07PGeOCVjrYj6SuEPBU/b2RkkCpUeDpyYBATy16E/E/r5mAf+GkPIwTYCGdPeQnAkOEJ9ngDpeMghhpQqjk+q+Y9ogkFHSCOR2CvXjyMqmdFe1S8fKulC9fz+PIoiN0jE6Qjc5RGd2iCqoiih7RM3pFb8aT8WK8Gx+z0Ywx3zlEf2B8/gCidJs4</latexit>

Update terminal constraint and 
terminal cost

CSj+1 and V j+1(x)

<latexit sha1_base64="UAhVM5HNvwlQ2R38bxAlQtJUq1U=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoCmVGCuqu2I3LivYBbS2ZNG1jM5khuSMtw/yDG3/FjQtF3Lpx59+YPhZaPRA4nHMvN+d4oeAaHOfLSi0sLi2vpFcza+sbm1v29k5VB5GirEIDEai6RzQTXLIKcBCsHipGfE+wmjcojf3aPVOaB/IGRiFr+aQneZdTAkZq20dNn0CfEhGXrpPb+O7YTXAT2BBiTGQHJ7g6FXPDw7addfLOBPgvcWcki2Yot+3PZiegkc8kUEG0brhOCK2YKOBUsCTTjDQLCR2QHmsYKonPdCueZErwgVE6uBso8yTgifpzIya+1iPfM5PjBHreG4v/eY0IumetmMswAibp9FA3EhgCPC4Id7hiFMTIEEIVN3/FtE8UoWBqzJgS3PnIf0n1JO8W8udXhWzxYlZHGu2hfZRDLjpFRXSJyqiCKHpAT+gFvVqP1rP1Zr1PR1PWbGcX/YL18Q13Xp1C</latexit>

V
j (
x)

<latexit sha1_base64="EhOmLUwm6Z+zC4eS1NEfXTEQKY8=">AAAB7XicbVBNTwIxEJ31E/EL9eilkZjghewaEvVG9OIRE1lIYCXd0oVCt920XSMh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbOa28ts7u3v7hYNDX8tUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMc3kz9xiNVmklxb0YJDWLcEyxiBBsr+f7DoPR01ikU3bI7A1omXkaKkKHWKXy1u5KkMRWGcKx1y3MTE4yxMoxwOsm3U00TTIa4R1uWChxTHYxn107QqVW6KJLKljBopv6eGONY61Ec2s4Ym75e9Kbif14rNdFlMGYiSQ0VZL4oSjkyEk1fR12mKDF8ZAkmitlbEeljhYmxAeVtCN7iy8vEPy97lfLVXaVYvc7iyMExnEAJPLiAKtxCDepAYADP8ApvjnRenHfnY9664mQzR/AHzucP1DaOqQ==</latexit>

v

<latexit sha1_base64="DAH+cxrktNpncmbTwQRhCmrrLtw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwGQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7ud+a4xK81g+mkmCfkQHkoecUWOl+rhXLLlldwGyTryMlCBDrVf86vZjlkYoDRNU647nJsafUmU4EzgrdFONCWUjOsCOpZJGqP3p4tAZubBKn4SxsiUNWai/J6Y00noSBbYzomaoV725+J/XSU1440+5TFKDki0XhakgJibzr0mfK2RGTCyhTHF7K2FDqigzNpuCDcFbfXmdNK/KXqV8W6+UqndZHHk4g3O4BA+uoQoPUIMGMEB4hld4c56cF+fd+Vi25pxs5hT+wPn8AecRjQY=</latexit>

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

V 0(x)

<latexit sha1_base64="ZimQkQl1Py2q4eDNnWTOYv4Lwq4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCnZbaNeSTbNtbDZZkqxYlv4HLx4U8er/8ea/Mf04aOuDgcd7M8zMCxPOtHHdbye3srq2vpHfLGxt7+zuFfcPfC1TRWiDSC5VK8SaciZowzDDaStRFMchp81weD3xm49UaSbFnRklNIhxX7CIEWys5Pv3bvnptFssuRV3CrRMvDkpwRz1bvGr05MkjakwhGOt256bmCDDyjDC6bjQSTVNMBniPm1bKnBMdZBNrx2jE6v0UCSVLWHQVP09keFY61Ec2s4Ym4Fe9Cbif147NdFFkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXin1W8auXytlqqXc3jyMMRHEMZPDiHGtxAHRpA4AGe4RXeHOm8OO/Ox6w158xnDuEPnM8fe6CObw==</latexit>

V 1(x)

<latexit sha1_base64="0erDxXJC0Uk2Z/am5b/pWGZAcCU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCnZbaNeSTbNtbDZZkqxYlv4HLx4U8er/8ea/Mf04aOuDgcd7M8zMCxPOtHHdbye3srq2vpHfLGxt7+zuFfcPfC1TRWiDSC5VK8SaciZowzDDaStRFMchp81weD3xm49UaSbFnRklNIhxX7CIEWys5Pv3XvnptFssuRV3CrRMvDkpwRz1bvGr05MkjakwhGOt256bmCDDyjDC6bjQSTVNMBniPm1bKnBMdZBNrx2jE6v0UCSVLWHQVP09keFY61Ec2s4Ym4Fe9Cbif147NdFFkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXin1W8auXytlqqXc3jyMMRHEMZPDiHGtxAHRpA4AGe4RXeHOm8OO/Ox6w158xnDuEPnM8ffSeOcA==</latexit>

Measured state x(t)

<latexit sha1_base64="GjnmUAur1Pe7ho24SAdrxIBF3ZQ=">AAAB/nicbVDJSgNBEO1xjXGLiicvjYkQL2EmCOot6MWLEMEskAyhp6eSNOlZ6K4RwxDwV7x4UMSr3+HNv7GzHDTxQcHjvSqq6nmxFBpt+9taWl5ZXVvPbGQ3t7Z3dnN7+3UdJYpDjUcyUk2PaZAihBoKlNCMFbDAk9DwBtdjv/EASosovMdhDG7AeqHoCs7QSJ3c4S0wnSjwqUaGQAuPRTwtdHJ5u2RPQBeJMyN5MkO1k/tq+xFPAgiRS6Z1y7FjdFOmUHAJo2w70RAzPmA9aBkasgC0m07OH9ETo/i0GylTIdKJ+nsiZYHWw8AznQHDvp73xuJ/XivB7oWbijBOEEI+XdRNJMWIjrOgvlDAUQ4NYVwJcyvlfaYYR5NY1oTgzL+8SOrlknNWurwr5ytXszgy5IgckyJxyDmpkBtSJTXCSUqeySt5s56sF+vd+pi2LlmzmQPyB9bnD6TIlKM=</latexit>

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

Control action u(t)

<latexit sha1_base64="861YJqdXLct65GleJnV8TD5dQUw=">AAAB/nicbVDLSgNBEOyNrxhfq+LJy2AixEvYDYJ6C+biMYJ5QLKE2ckkGTI7s8zMCmEJ+CtePCji1e/w5t84eRw0saChqOqmuyuMOdPG876dzNr6xuZWdju3s7u3f+AeHjW0TBShdSK5VK0Qa8qZoHXDDKetWFEchZw2w1F16jcfqdJMigczjmkQ4YFgfUawsVLXPalKYZTkCJOpgApJ0VwUum7eK3kzoFXiL0geFqh13a9OT5IkosIQjrVu+15sghQrwwink1wn0TTGZIQHtG2pwBHVQTo7f4LOrdJDfalsCYNm6u+JFEdaj6PQdkbYDPWyNxX/89qJ6V8HKRNxYqgg80X9hCMj0TQL1GOKEsPHlmCimL0VkSFWNgqbWM6G4C+/vEoa5ZJ/Wbq5L+crt4s4snAKZ1AEH66gAndQgzoQSOEZXuHNeXJenHfnY96acRYzx/AHzucPrI2UqA==</latexit>

XF = CSj and V (x) = V j(x)

<latexit sha1_base64="NwVuMYqSRs4bV0OdfCuOdZ25Src=">AAACHXicbVDLSgMxFM3UV62vqks3wY5QN2WmFNSFUCyIy4r2AX2RSdM2bSYzJBmxDP0RN/6KGxeKuHAj/o2ZdhBtPRA4Oede7r3H8RmVyrK+jMTS8srqWnI9tbG5tb2T3t2rSi8QmFSwxzxRd5AkjHJSUVQxUvcFQa7DSM0ZlSK/dkeEpB6/VWOftFzU57RHMVJa6qQLZtNFaoARC+uTziU8hz//0s2kPTQh4l1oVrP3x9qrtoeamJ10xspZU8BFYsckA2KUO+mPZtfDgUu4wgxJ2bAtX7VCJBTFjExSzUASH+ER6pOGphy5RLbC6XUTeKSVLux5Qj+u4FT93REiV8qx6+jKaHU570Xif14jUL3TVki5HyjC8WxQL2BQeTCKCnapIFixsSYIC6p3hXiABMJKB5rSIdjzJy+Saj5nF3Jn1/lM8SKOIwkOwCHIAhucgCK4AmVQARg8gCfwAl6NR+PZeDPeZ6UJI+7ZB39gfH4DOdCfdw==</latexit>

Solve a Finite Time Optimal Control 
Problem (FTOCP) with:



LMPC Recap



Non-increasing closed-loop cost: Proof



Step 1:

Non-increasing closed-loop cost: Proof

Jj�1
0!1(xS) � JLMPC,j

0!N (xS)

<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>
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<latexit sha1_base64="b7J/uLRPefCBj+u0IE2p78Q5v0s="></latexit>

Step 1:

Non-increasing closed-loop cost: Proof
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0!N (xS)

<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>
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<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>
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<latexit sha1_base64="b7J/uLRPefCBj+u0IE2p78Q5v0s="></latexit>



Step 1:

Non-increasing closed-loop cost: Proof
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<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>
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<latexit sha1_base64="b7J/uLRPefCBj+u0IE2p78Q5v0s="></latexit>
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<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>
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<latexit sha1_base64="b7J/uLRPefCBj+u0IE2p78Q5v0s="></latexit>
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<latexit sha1_base64="SstT5ciqw/gMQGCib5Rs+WTbg1k="></latexit>
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Non-increasing closed-loop cost: Proof
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<latexit sha1_base64="b7J/uLRPefCBj+u0IE2p78Q5v0s="></latexit>
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<latexit sha1_base64="SstT5ciqw/gMQGCib5Rs+WTbg1k="></latexit>

Cost associated with a feasible trajectory
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Non-increasing closed-loop cost: Proof
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<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>
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<latexit sha1_base64="b7J/uLRPefCBj+u0IE2p78Q5v0s="></latexit>
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<latexit sha1_base64="SstT5ciqw/gMQGCib5Rs+WTbg1k="></latexit>
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Non-increasing closed-loop cost: Proof
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<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>
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<latexit sha1_base64="b7J/uLRPefCBj+u0IE2p78Q5v0s="></latexit>



Step 1:

Step 2:

Non-increasing closed-loop cost: Proof

Jj�1
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0!N (xS)

<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>

JLMPC,j
0!N (xS) � Jj

0!1(xS)

<latexit sha1_base64="lic0iboSdQLwSjqanHCMs7M4pIc="></latexit>
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<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>

JLMPC,j
0!N (xS) � Jj

0!1(xS)

<latexit sha1_base64="lic0iboSdQLwSjqanHCMs7M4pIc="></latexit>

From standard MPC arguments



JLMPC,j
1!1+N (xj

1)� JLMPC,j
0!N (xj

0)  �h(xj
0, u

j
0)

! JLMPC,j
0!N (xj

0) � JLMPC,j
1!1+N (xj

1) + h(xj
0, u

j
0) � JLMPC,j

2!2+N (xj
2) + h(xj

0, u
j
0) + h(xj

1, u
j
1)

Non-increasing closed-loop cost: Proof

Step 1:

Step 2:

Jj�1
0!1(xS) � JLMPC,j

0!N (xS)

<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>
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<latexit sha1_base64="lic0iboSdQLwSjqanHCMs7M4pIc="></latexit>
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<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>

JLMPC,j
0!N (xS) � Jj

0!1(xS)

<latexit sha1_base64="lic0iboSdQLwSjqanHCMs7M4pIc="></latexit>
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Non-increasing closed-loop cost: Proof

Step 1:

Step 2:

Jj�1
0!1(xS) � JLMPC,j

0!N (xS)

<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>

JLMPC,j
0!N (xS) � Jj

0!1(xS)

<latexit sha1_base64="lic0iboSdQLwSjqanHCMs7M4pIc="></latexit>
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Non-increasing closed-loop cost: Proof

Step 1:

Step 2:

Jj�1
0!1(xS) � JLMPC,j

0!N (xS)

<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>

JLMPC,j
0!N (xS) � Jj

0!1(xS)

<latexit sha1_base64="lic0iboSdQLwSjqanHCMs7M4pIc="></latexit>



Non-increasing closed-loop cost: Proof

Step 1:

Step 2:

Jj�1
0!1(xS) � JLMPC,j

0!N (xS)

<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>

JLMPC,j
0!N (xS) � Jj

0!1(xS)

<latexit sha1_base64="lic0iboSdQLwSjqanHCMs7M4pIc="></latexit>



Conclusion
The iteration cost Jj

0!1(xs) is non-increasing at each iteration,

Non-increasing closed-loop cost: Proof

Step 1:

Step 2: JLMPC,j
0!N (xS) � Jj

0!1(xS)

<latexit sha1_base64="lic0iboSdQLwSjqanHCMs7M4pIc="></latexit>

Jj�1
0!1(xS) � JLMPC,j

0!N (xS)

<latexit sha1_base64="kJsNu3whWcI/81UdAj/Pg8hKjfM="></latexit>

Jj�1
0!1(xS) � JLMPC,j

0!N (xS) � Jj
0!1(xS)

<latexit sha1_base64="82QYV+Q73IL0+NRwSu5Vsz2rmuw="></latexit>



LMPC Diagram

Time Loop: Perform the control task

Iteration Loop: Update terminal components

Set 𝑗 = 𝑗 + 1
Run the control task

Control task completed
Store closed-loop

xj = [xj
0, x

j
1, . . .]

<latexit sha1_base64="AqcKvRuRQdxp3S/1KfHs7tmY2lk=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyFgIWFXAmohBG0sI5gHJJtldjKbTDL7YOauJCz5Aht/xcZCEVtrO//GyaPQxAOXezjnXmbu8WLBFVjWt5FZWV1b38hu5ra2d3b3zP2DmooSSVmVRiKSDY8oJnjIqsBBsEYsGQk8were4Gbi1x+YVDwK72EUMycg3ZD7nBLQkmsWWsCG4PnpcNzu4yvcHLpWu3+Kh649aS3RiUA5rpm3itYUeJnYc5JHc1Rc86vViWgSsBCoIEo1bSsGJyUSOBVsnGslisWEDkiXNTUNScCUk07PGeOCVjrYj6SuEPBU/b2RkkCpUeDpyYBATy16E/E/r5mAf+GkPIwTYCGdPeQnAkOEJ9ngDpeMghhpQqjk+q+Y9ogkFHSCOR2CvXjyMqmdFe1S8fKulC9fz+PIoiN0jE6Qjc5RGd2iCqoiih7RM3pFb8aT8WK8Gx+z0Ywx3zlEf2B8/gCidJs4</latexit>

Update terminal constraint and 
terminal cost

CSj+1 and V j+1(x)

<latexit sha1_base64="UAhVM5HNvwlQ2R38bxAlQtJUq1U=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoCmVGCuqu2I3LivYBbS2ZNG1jM5khuSMtw/yDG3/FjQtF3Lpx59+YPhZaPRA4nHMvN+d4oeAaHOfLSi0sLi2vpFcza+sbm1v29k5VB5GirEIDEai6RzQTXLIKcBCsHipGfE+wmjcojf3aPVOaB/IGRiFr+aQneZdTAkZq20dNn0CfEhGXrpPb+O7YTXAT2BBiTGQHJ7g6FXPDw7addfLOBPgvcWcki2Yot+3PZiegkc8kUEG0brhOCK2YKOBUsCTTjDQLCR2QHmsYKonPdCueZErwgVE6uBso8yTgifpzIya+1iPfM5PjBHreG4v/eY0IumetmMswAibp9FA3EhgCPC4Id7hiFMTIEEIVN3/FtE8UoWBqzJgS3PnIf0n1JO8W8udXhWzxYlZHGu2hfZRDLjpFRXSJyqiCKHpAT+gFvVqP1rP1Zr1PR1PWbGcX/YL18Q13Xp1C</latexit>

V
j (
x)

<latexit sha1_base64="EhOmLUwm6Z+zC4eS1NEfXTEQKY8=">AAAB7XicbVBNTwIxEJ31E/EL9eilkZjghewaEvVG9OIRE1lIYCXd0oVCt920XSMh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbOa28ts7u3v7hYNDX8tUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMc3kz9xiNVmklxb0YJDWLcEyxiBBsr+f7DoPR01ikU3bI7A1omXkaKkKHWKXy1u5KkMRWGcKx1y3MTE4yxMoxwOsm3U00TTIa4R1uWChxTHYxn107QqVW6KJLKljBopv6eGONY61Ec2s4Ym75e9Kbif14rNdFlMGYiSQ0VZL4oSjkyEk1fR12mKDF8ZAkmitlbEeljhYmxAeVtCN7iy8vEPy97lfLVXaVYvc7iyMExnEAJPLiAKtxCDepAYADP8ApvjnRenHfnY9664mQzR/AHzucP1DaOqQ==</latexit>

v

<latexit sha1_base64="DAH+cxrktNpncmbTwQRhCmrrLtw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwGQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7ud+a4xK81g+mkmCfkQHkoecUWOl+rhXLLlldwGyTryMlCBDrVf86vZjlkYoDRNU647nJsafUmU4EzgrdFONCWUjOsCOpZJGqP3p4tAZubBKn4SxsiUNWai/J6Y00noSBbYzomaoV725+J/XSU1440+5TFKDki0XhakgJibzr0mfK2RGTCyhTHF7K2FDqigzNpuCDcFbfXmdNK/KXqV8W6+UqndZHHk4g3O4BA+uoQoPUIMGMEB4hld4c56cF+fd+Vi25pxs5hT+wPn8AecRjQY=</latexit>

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

V 0(x)

<latexit sha1_base64="ZimQkQl1Py2q4eDNnWTOYv4Lwq4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCnZbaNeSTbNtbDZZkqxYlv4HLx4U8er/8ea/Mf04aOuDgcd7M8zMCxPOtHHdbye3srq2vpHfLGxt7+zuFfcPfC1TRWiDSC5VK8SaciZowzDDaStRFMchp81weD3xm49UaSbFnRklNIhxX7CIEWys5Pv3bvnptFssuRV3CrRMvDkpwRz1bvGr05MkjakwhGOt256bmCDDyjDC6bjQSTVNMBniPm1bKnBMdZBNrx2jE6v0UCSVLWHQVP09keFY61Ec2s4Ym4Fe9Cbif147NdFFkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXin1W8auXytlqqXc3jyMMRHEMZPDiHGtxAHRpA4AGe4RXeHOm8OO/Ox6w158xnDuEPnM8fe6CObw==</latexit>

V 1(x)

<latexit sha1_base64="0erDxXJC0Uk2Z/am5b/pWGZAcCU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCnZbaNeSTbNtbDZZkqxYlv4HLx4U8er/8ea/Mf04aOuDgcd7M8zMCxPOtHHdbye3srq2vpHfLGxt7+zuFfcPfC1TRWiDSC5VK8SaciZowzDDaStRFMchp81weD3xm49UaSbFnRklNIhxX7CIEWys5Pv3XvnptFssuRV3CrRMvDkpwRz1bvGr05MkjakwhGOt256bmCDDyjDC6bjQSTVNMBniPm1bKnBMdZBNrx2jE6v0UCSVLWHQVP09keFY61Ec2s4Ym4Fe9Cbif147NdFFkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXin1W8auXytlqqXc3jyMMRHEMZPDiHGtxAHRpA4AGe4RXeHOm8OO/Ox6w158xnDuEPnM8ffSeOcA==</latexit>

Measured state x(t)

<latexit sha1_base64="GjnmUAur1Pe7ho24SAdrxIBF3ZQ=">AAAB/nicbVDJSgNBEO1xjXGLiicvjYkQL2EmCOot6MWLEMEskAyhp6eSNOlZ6K4RwxDwV7x4UMSr3+HNv7GzHDTxQcHjvSqq6nmxFBpt+9taWl5ZXVvPbGQ3t7Z3dnN7+3UdJYpDjUcyUk2PaZAihBoKlNCMFbDAk9DwBtdjv/EASosovMdhDG7AeqHoCs7QSJ3c4S0wnSjwqUaGQAuPRTwtdHJ5u2RPQBeJMyN5MkO1k/tq+xFPAgiRS6Z1y7FjdFOmUHAJo2w70RAzPmA9aBkasgC0m07OH9ETo/i0GylTIdKJ+nsiZYHWw8AznQHDvp73xuJ/XivB7oWbijBOEEI+XdRNJMWIjrOgvlDAUQ4NYVwJcyvlfaYYR5NY1oTgzL+8SOrlknNWurwr5ytXszgy5IgckyJxyDmpkBtSJTXCSUqeySt5s56sF+vd+pi2LlmzmQPyB9bnD6TIlKM=</latexit>

p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

Control action u(t)

<latexit sha1_base64="861YJqdXLct65GleJnV8TD5dQUw=">AAAB/nicbVDLSgNBEOyNrxhfq+LJy2AixEvYDYJ6C+biMYJ5QLKE2ckkGTI7s8zMCmEJ+CtePCji1e/w5t84eRw0saChqOqmuyuMOdPG876dzNr6xuZWdju3s7u3f+AeHjW0TBShdSK5VK0Qa8qZoHXDDKetWFEchZw2w1F16jcfqdJMigczjmkQ4YFgfUawsVLXPalKYZTkCJOpgApJ0VwUum7eK3kzoFXiL0geFqh13a9OT5IkosIQjrVu+15sghQrwwink1wn0TTGZIQHtG2pwBHVQTo7f4LOrdJDfalsCYNm6u+JFEdaj6PQdkbYDPWyNxX/89qJ6V8HKRNxYqgg80X9hCMj0TQL1GOKEsPHlmCimL0VkSFWNgqbWM6G4C+/vEoa5ZJ/Wbq5L+crt4s4snAKZ1AEH66gAndQgzoQSOEZXuHNeXJenHfnY96acRYzx/AHzucPrI2UqA==</latexit>

XF = CSj and V (x) = V j(x)

<latexit sha1_base64="NwVuMYqSRs4bV0OdfCuOdZ25Src=">AAACHXicbVDLSgMxFM3UV62vqks3wY5QN2WmFNSFUCyIy4r2AX2RSdM2bSYzJBmxDP0RN/6KGxeKuHAj/o2ZdhBtPRA4Oede7r3H8RmVyrK+jMTS8srqWnI9tbG5tb2T3t2rSi8QmFSwxzxRd5AkjHJSUVQxUvcFQa7DSM0ZlSK/dkeEpB6/VWOftFzU57RHMVJa6qQLZtNFaoARC+uTziU8hz//0s2kPTQh4l1oVrP3x9qrtoeamJ10xspZU8BFYsckA2KUO+mPZtfDgUu4wgxJ2bAtX7VCJBTFjExSzUASH+ER6pOGphy5RLbC6XUTeKSVLux5Qj+u4FT93REiV8qx6+jKaHU570Xif14jUL3TVki5HyjC8WxQL2BQeTCKCnapIFixsSYIC6p3hXiABMJKB5rSIdjzJy+Saj5nF3Jn1/lM8SKOIwkOwCHIAhucgCK4AmVQARg8gCfwAl6NR+PZeDPeZ6UJI+7ZB39gfH4DOdCfdw==</latexit>

Solve a Finite Time Optimal Control 
Problem (FTOCP) with:
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Linear(ized) LMPC

xt+N |t 2 CSj�1

At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (FTOCP)

Qj�1
c (xt+N |t)V j�1(xt+N |t)

<latexit sha1_base64="0JNzpMxrcKc4/MRnVC6aX7Qo/lU=">AAAB/HicbVDLSgNBEJyNrxhf0Ry9DAYhIoZdCai3oBdPEsE8IInL7GQ2GTM7u8z0imGNv+LFgyJe/RBv/o2Tx0ETCxqKqm66u7xIcA22/W2lFhaXllfSq5m19Y3Nrez2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178Y+fV7pjQP5Q0MItYOSFdyn1MCRnKzudptcnfkDAsPbgKHV48wPMBuNm8X7THwPHGmJI+mqLjZr1YnpHHAJFBBtG46dgTthCjgVLBhphVrFhHaJ13WNFSSgOl2Mj5+iPeN0sF+qExJwGP190RCAq0HgWc6AwI9PeuNxP+8Zgz+aTvhMoqBSTpZ5McCQ4hHSeAOV4yCGBhCqOLmVkx7RBEKJq+MCcGZfXme1I6LTql4dl3Kl8+ncaTRLtpDBeSgE1RGl6iCqoiiAXpGr+jNerJerHfrY9KasqYzOfQH1ucPduSUBg==</latexit>



Linear(ized) LMPC
At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (FTOCP)
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<latexit sha1_base64="0JNzpMxrcKc4/MRnVC6aX7Qo/lU=">AAAB/HicbVDLSgNBEJyNrxhf0Ry9DAYhIoZdCai3oBdPEsE8IInL7GQ2GTM7u8z0imGNv+LFgyJe/RBv/o2Tx0ETCxqKqm66u7xIcA22/W2lFhaXllfSq5m19Y3Nrez2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178Y+fV7pjQP5Q0MItYOSFdyn1MCRnKzudptcnfkDAsPbgKHV48wPMBuNm8X7THwPHGmJI+mqLjZr1YnpHHAJFBBtG46dgTthCjgVLBhphVrFhHaJ13WNFSSgOl2Mj5+iPeN0sF+qExJwGP190RCAq0HgWc6AwI9PeuNxP+8Zgz+aTvhMoqBSTpZ5McCQ4hHSeAOV4yCGBhCqOLmVkx7RBEKJq+MCcGZfXme1I6LTql4dl3Kl8+ncaTRLtpDBeSgE1RGl6iCqoiiAXpGr+jNerJerHfrY9KasqYzOfQH1ucPduSUBg==</latexit>



At time t of iteration j solve the following Constrained Finite Time Optimal 
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V j�1(xt+N |t)

<latexit sha1_base64="0JNzpMxrcKc4/MRnVC6aX7Qo/lU=">AAAB/HicbVDLSgNBEJyNrxhf0Ry9DAYhIoZdCai3oBdPEsE8IInL7GQ2GTM7u8z0imGNv+LFgyJe/RBv/o2Tx0ETCxqKqm66u7xIcA22/W2lFhaXllfSq5m19Y3Nrez2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178Y+fV7pjQP5Q0MItYOSFdyn1MCRnKzudptcnfkDAsPbgKHV48wPMBuNm8X7THwPHGmJI+mqLjZr1YnpHHAJFBBtG46dgTthCjgVLBhphVrFhHaJ13WNFSSgOl2Mj5+iPeN0sF+qExJwGP190RCAq0HgWc6AwI9PeuNxP+8Zgz+aTvhMoqBSTpZ5McCQ4hHSeAOV4yCGBhCqOLmVkx7RBEKJq+MCcGZfXme1I6LTql4dl3Kl8+ncaTRLtpDBeSgE1RGl6iCqoiiAXpGr+jNerJerHfrY9KasqYzOfQH1ucPduSUBg==</latexit>



▶ Convex optimization problem over inputs and lambdas
▶ Safety and performance improvement guarantees still hold (simple proofs as before)
▶ Converges to global optimal solution (LICQ required)

At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (FTOCP)
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Learning MPC for Autonomous Racing
Real-time implementation on the Berkeley Autonomous Race Car (BARC)
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Start & end position

System dynamics
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Safety constraints

Control objective

Minimum Time Control Problem

Problem Formulation







Lap Time





Test Starts: LMPC accelerates

Breaking before entering the curve

Accelerating when exiting the curve

Speed m
/s

Velocity Profile at Convergence (Curve 1)
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Speed m
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Velocity Profile at Convergence (Chicane)
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xk+1 = f(xk, uk), 8k 2 {0, . . . , T � 1}
xk 2 X , uk 2 U , 8k 2 {0, . . . , T � 1}

Start & end position

System dynamics
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Control objective

Minimum Time Control Problem

Problem Formulation
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centerline à convex 
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Local Approximations
Historical data

K(x) = {k-nearest neighbors to x}
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Local Approximations
Historical data
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K(x) = {k-nearest neighbors to x}
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Local convex safe set approximation:

State



Local Approximations
Historical data

State

K(x) = {k-nearest neighbors to x}
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Local value function approximation:



At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (CFTOCP)
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At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (CFTOCP)
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Learning Model Predictive Controller

Computed online 
using LMPC strategy
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At time t of iteration j solve the following Constrained Finite Time Optimal 
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Computed online 
using LMPC strategy



Safe Set and Value Function Approximations



System ID in Autonomous Racing
▶ Nonlinear Dynamical System,
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▶ Nonlinear Dynamical System,

▶ Identifying the Dynamical System

Linearization around predicted trajectory
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Identifying the Dynamical System

Implementation Details

Local Linear Regression

Linearization around predicted trajectory

System Identification – Design Steps
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Identifying the Dynamical System

Implementation Details

System Identification – Design Steps

▶ Compute trajectory to linearize around from previous optimal inputs and stored data

xj
k+1|t =

2

6666664
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Identifying the Dynamical System

Implementation Details

System Identification – Design Steps

▶ Compute trajectory to linearize around from previous optimal inputs and stored data

▶ Enforce model-based sparsity in local linear regression
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Identifying the Dynamical System

▶ Compute trajectory to linearize around from previous optimal inputs and stored data

▶ Enforce model-based sparsity in local linear regression

▶ Perform local linear regression at the linearization points using a subset of the stored data

Implementation Details

System Identification – Design Steps
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Identifying the Dynamical System

▶ Compute trajectory to linearize around from previous optimal inputs and stored data

▶ Enforce model-based sparsity in local linear regression

▶ Perform local linear regression at the linearization points using a subset of the stored data

▶ Use kernel K() to weight differently data as a function of distance to the linearization   trajectory

Implementation Details

System Identification – Design Steps
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▶ A reference trajectory is not needed for the controller implementation

▶ The controller converges after few laps: the learning process is data efficient

▶ The controller safely explores the state space iteratively improving the lap time

Remarks

Closed-loop Trajectories at Convergence



▶ A reference trajectory is not needed for the controller implementation

▶ The controller converges after few laps: the learning process is data efficient

▶ The controller safely explores the state space iteratively improving the lap time

Remarks

Closed-loop Trajectories at Convergence



Data Point Selection



The key components
► Predicted trajectory given by prediction model
► Predicted cost estimated by value function approximation
► Safe region estimated by the safe set

Predicted Trajectory

Safe Region

Predicted  Cost

93



Do you need the safe set? – Yes 
LMPC without Invariant Set
The controller extrapolates the value function on the Vx dimension



Do you need to Predict to Learn? Yes
When the LMPC horizon is N = 1 the controller 

▶ solves the Bellman equation using the value function approximation
▶ does not explore the state space as it cannot plan outside the safe set 

Average CPU Load at each iteration

Lap Time at each iteration



▶ Some references:
v Bertsekas paper connecting MPC and ADP [1], books on RL and OC [2,3]
v Lewis and Vrabie survey [4]
v Recht survey [5]

▶ LMPC highlights
v Continuous state and action formulation
v Constraints satisfaction and Sampled Safe Sets
v Terminal constructed locally  based  on  cost/model  driven exploration
v Terminal at stored state is “exact” and upperbounds at intermediate points

[1] D. Bertsekas, “Dynamic programming and suboptimal control: A survey from ADP to MPC.” European Journal of Control 11.4-5 (2005)
[2] D. Bertsekas, “Reinforcement learning and optimal control.” Athena Scientific, 2019.
[3] D. Bertsekas, “Distributed Reinforcement Learning” http://web.mit.edu/dimitrib/www/RL_2_Rollout_&_PI.pdf
[4] F. Lewis, Frank, and D. Vrabie. "Reinforcement learning and adaptive dynamic programming for feedback control." IEEE circuits and systems magazine 9.3 (2009)
[5] R. Benjamin. "A tour of reinforcement learning: The view from continuous control." Annual Review of Control, Robotics, and Autonomous Systems 2 (2019)

Comparison with Approximate DP (aka RL)

http://web.mit.edu/dimitrib/www/RL_2_Rollout_&_PI.pdf


Forward Value Iteration

Dynamic Programming:
▶ Gridding, global properties
▶ Backward, one-step iteration

LMPC:
▶ No Gridding, local properties
▶ Forward, multi-step prediction
▶ LICQ required for optimality



Model Learning in MPC
A short and non-comprehensive summary



The complexity of the prediction model



The complexity of the prediction model

Linear

xk+1 = Axk +Buk + wk
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The complexity of the prediction model

Linear Gray Boxknown unknown
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The complexity of the prediction model

Linear Gray Box Black Boxknown unknown

xk+1 = Axk +Buk + wk
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xk+1 = Axk +Buk + wk
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Planning under uncertainty
Optimizing over control policies
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Why is planning in uncertain environments harder?
Plan a trajectory around the both uncertain regions
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Why is planning in uncertain environments harder?
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Problem Formulation
True system dynamics: xk+1 = Axk +Buk + wk
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Problem Formulation
True system dynamics:

Nominal model:

xk+1 = Axk +Buk + wk
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Problem Formulation
True system dynamics:

Nominal model:

Robust constraints:
Given a control policy                            designed using the nominal model, we want to guarantee that the closed-loop system

satisfies  

xk+1 = Axk +Buk + wk
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Problem Formulation
True system dynamics:

Nominal model:

Robust constraints:
Given a control policy                            designed using the nominal model, we want to guarantee that the closed-loop system
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What can go wrong with model-based RL?
► The prediction horizon is short à need a value function and safe set

Step 2: Receding horizon planning

time
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The problem is NP-hard!
An elegant approximation

What people do in practice


