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Today's Class

» Recap of Lecture #4

» LMPC implementation

» Autonomous Racing Experiments

» Model learning in MPC (a brief summary)

» Planning under uncertainty
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Recap of Lecture #4

Why did we focus on feasibility?

-

I Time Loop: Perform the control task I

Solve a Finite Time Optimal Control wl action u(t)
Problem (FTOCP) where we enforce

z(t) € X and u(t) e U w’ﬁﬁ?
Measured state x(t) G;oal Height

\_ : /

Feasibility of the FTCOP at all times

‘ Not true when constraints are relaxed with slack variables!

Safety
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Stability Proof: 4 \?‘"“EEE'?

We have shown that

Ji (@(t)) > S (x(t + 1)), Va(t) # 0

Ji(z) > 0,Vz # 0, _ tlggo Ji(2(t) =0 Go:;n Height
|z||2 = 00 = J(z) = oo |
Jt*(O) =0 _

To show stability we need to thatJ; (x) is Lipchitz continuous and assume that
the state and input constraint sets are compact

Francesco Borrelli, Alberto Bemporad, and Manfred Morari. Predictive control for linear and hybrid systems. Cambridge University Press, 2017.
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Stability Proof: N ,ﬁa‘

We have shown that

Ji (@(t)) > S (x(t + 1)), Va(t) # 0

Ji(z) > 0,Vz # 0, _ tlggo Ji(2(t) =0 Go:;u Height
|z||2 = 00 = J(z) = oo |
Jt*(O) =0 _

To show stability we need to thatJ; (x) is Lipchitz continuous and that

where a; and a< are class K functions (can be relaxed to continuity around the origin).

Francesco Borrelli, Alberto Bemporad, and Manfred Morari. Predictive control for linear and hybrid systems. Cambridge University Press, 2017.

Lars Griine, and Christopher M. Kellett. "ISS-Lyapunov functions for discontinuous discrete-time systems." IEEE Transactions on Automatic Control 59, no.
11 (2014): 3098-3103.
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Design of the terminal MPC components

Control Lyapunov function

Control Invariant

Safety and Stability
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 Iteration Loop: Update terminal components

/ ] Time Loop: Perform the control task :
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Control action u(t)
Solve a Finite Time Optimal Control ‘\
Problem (FTOCP) with:

Xp =CS8% and V(z) = V()
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Control task completed
Store closed-loop
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LMPC Recap

Theorem

Let x/ = [xé, x{, ...] be the closed-loop trajectory from the starting
state xs at iteration j. Consider sequence {x/} of closed-loop
trajectories and assume that for ¢ < oo we have that

x€ — xc-l—l

Then we have that
» At each iteration state and input constraints are satisfied.

> The closed-loop cost #/_,_ (xs) is non-increasing, i.e.,
e o)== S G T S 6
t=0 t=0

» x° = x*, under mild conditions (LICQ holds at each time t)
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Non-increasing closed-loop cost: Proof

Step 1: Ji5 L (ws) = Jo AW (ws)

0— o0

) — 1  — 1 —1 ) — 1 —1
Tt (ws) =Y ) = S b
k=0 k=0
N—1
 — 1  — 1  — 1 — —1
= S oee(@s) > D h(aul ) + QT @)
k=0

\W_/

Cost associated with a feasible trajectory
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Non-increasing closed-loop cost: Proof

Step 1. JIZL (zg) > JSMECT (xg)

0— o0

From standard MPC arguments

Step 2. Jy AN Y (ws) = T oo (s) /

LMPC,j, j LMPC,j P
Jin (@1) = oy 7 () < —h(xp, up)
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LMPC,j, j LMPC,j, j P
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LMPC. . LMPC o LMPC. ) o o
— Joon (wp) = TSN (@) + h(xh,u) > Jyhe N () 4+ (g, ug) 4 h(wg, uy)



Non-increasing closed-loop cost: Proof

Step 1: Ji5 L (ws) = Jo AW (ws)

0— o0

Step 2: JoVN S (xs) > T, (x5)

LMPC,j/_.7 LMPC,5/_ 7 J .7
J1—>1—|—N (371) — JO—>N (5’30) < _h(%au )
LMPC,j ) LMPC,j ] ] ] LMPC,j ) ] ] ] ]
— J0—>N J($6> Z ‘]1—>1—|—N“7 (37{) + h(x{), uj) Z J2—>2+Nj (QU‘;) + h(x67u6> + h(x{vu]l)

o

LMPC.,j, j : LMPC.,j, j P

— Joon (@) Ztlggo Jt—>t+NJ(xg>+Zh(m?€7u?c)
k=0
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Non-increasing closed-loop cost: Proof

Step 1: Ji5 L (ws) = Jo AW (ws)

0— o0
Step 2: JyAn U(xs) = T (xs) %

LMPC,j, j LMPC,j, j P
‘]1—>1—|—N‘7 (33{) o JO—>N J(mg)) < —h(:r;f),uj)

LMPC.; . LMPC.,j : : : LMPC,j . . . . :
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Non-increasing closed-loop cost: Proof

Step 1. JIZL (zg) > JSMECT (xg)

0— o0

Step 20 Jo'hw P (ws) > T o0 (@s)

Conclusion

The iteration cost J”

0 oo (Ts) is non-increasing at each iteration,

T ot(@s) > Ty Y (ws) = T o0 ()
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Linear(ized) LMPC

At time ¢ of iteration j solve the following Constrained Finite Time Optimal
Control Problem (FTOCP)

t+N—1
LMPC,j / j : -
Jt—>t—|—NJ<xi): I Z W@kt ugpe) + V7 1(37t+N|t)
k=t

Ut|tsee-s Ut N—1]t

S.t.
xk_|_1|t — A$k|t + BUk|t, \V/k - [t, I ,t—l— N — 1]
L]t = 5’73{7
Tt € X, ugp €U, Ve €t t+ N —1]

$t—|—N|t c CSj_l
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At time ¢ of iteration j solve the following Constrained Finite Time Optimal
Control Problem (FTOCP)

t+N—-1
LMPC,5, 7\ __ ] Z i1
Jt—>t+N (ajt) — utlta---ra%{eEN_ut h(:l:k|t,uk|t) —|—V ($t+N|t)
A9 A”T;l k=t

S.t.
Tk+1|t = A$k|t + Bugs, Vkelt, -, t+ N —1]

— pJ
xt|t — T}

Tt € X, ugp €U, Ve €t t+ N —1]
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TN = DD @A DD N =1, A > 0= 2y, s € CSIT
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Linear(ized) LMPC

At time ¢ of iteration j solve the following Constrained Finite Time Optimal
Control Problem (FTOCP)

t+N—1 j—1
LMPC,j I\ i
Jt—>t+N (:Et) - utlta--%lzﬁl:ll—N— Z h’ xk|t7uk|t g Jk(ﬂfk))\k
A0 oI i=0 k
0> 9 Tf

S.t. R§ﬁ
b4+ N —1]

xk_|_1|t — ACIth + BUk|t, \V/k - [t, 1
. j—
Tyjy = T, V Ctt+PVH)

Tipie € X, up €U, Vkelt, -, t+ N —1]

J—1 7—1
TN = DD @A DD N =1, A > 0= 2y, s € CSIT




Linear(ized) LMPC

At time ¢ of iteration j solve the following Constrained Finite Time Optimal
Control Problem (FTOCP)

t+N—1 7—1
LMPC,j, _j i
J ) = min h:z: U Jo (x5 )\
t—>t—|—N( t) Upltreoylifh N1t § klta klt § k(@) AL
>‘8 ’’’’’ A%;l k=t 1=0 £k

S.t. }\{
b+ N —1]

xk_|_1|t — A$k|t + BUk|t, \V/k - [t, 1
Tir = i, 4 ($t+N|t)
Tt € X, ugp €U, Ve €t t+ N —1]

J—1 7—1
TrN|E = szm, ZZ)‘Z =1, \;, 2 0. k= Tia Ny € CSTT

1=0 £k 1=0 £k

» Convex optimization problem over inputs and lambdas
» Safety and performance improvement guarantees still hold (simple proofs as before)
» Converges to global optimal solution (LICQ required)



Learning MPC for Autonomous Racing

Real-time implementation on the Berkeley Autonomous Race Car (BARC)



Problem Formulation

Minimum Time Control Problem

min
T, u

System dynamics
System constraints

Safety constraints

T'| control objective

X0 = Ty, TT = X p| Start & end position

Tp1 = fl@p,uk), Vke€{0,....,.T—1}

T € X, up €U, \V/kE{O,...,T—l}
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Learning Model Predictive Controller full-size

vehicle experiments

Credits: Siddharth Nair, Nitin Kapania and Ugo Rosolia




Velocity Profile at Convergence (Curve 1)
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Velocity Profile at Convergence (Chicane)
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Minimum Time Control Problem

min
T, u

System dynamics
System constraints

Safety constraints
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Problem Formulation

Minimum Time Control Problem

min
T, u

System dynamics
System constraints

Safety constraints

Y

T'| control objective

X0 = Ty, TT = X p| Start & end position

Tp1 = fl@p,uk), Vke€{0,....,.T—1}

T € X, up €U, VkE{O,...,T—l}

Position measured from-the="""

7~~~ -~ —<centerline > convex

ws‘traint sets

—




Local Approximations
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===

State

\':



Local Approximations

Historical data

\ -
Local convex safe set approximation:

CS’ () = COIIV( Ui exc(a) xj)



Local Approximations

Historical data

IC(z) = {k-nearest neighbors to x}
s &:

Local value function approximation:

VI(Z,2) = min - 300 T (@A,

subject t0 > icxi(y) TN =T, .3 A =1



Learning Model Predictive Controller

At time ¢ of iteration j solve the following Constrained Finite Time Optimal

Control Problem (CFTOCP)
t+N—1

LMPC,j, j\ : j—1 +
S () = ;o Hn E : h( xk|t7uk|t + VI t+N|t737t+N)
Wiler oY N -1t

S.t.

| Py

Ty 1y = ATy +Bk|t k\t +Ck\t

I

e = Lt

xk|t€X uk|tEZ/l Vkelt,--- ,t+ N —1]

1/ +
i—l—N|tE CS’~ (15N



Learning Model Predictive Controller

At time ¢ of iteration j solve the following Constrained Finite Time Optimal

Control Problem (CFTOCP)
t+N—1

LMPC,j/ j\ _ : 1 +
Jt—>t+N (th) _ j m}jn Z h Zl?k|t,uk|t Vj ( t—l—N|t7xt—|—N)
Wiler oY N -1t
S.t.
. y
Ty 1y = Ay T Bk|t k\t + Ck\t
2 j
= a2,
t|t Computed online
xk|t € &, uk|t ceU, Vkelt,---,t+ N -1 using LMPC strategy
1/ .+ ¢ 
i—l—N|t c €S (TN

+ ok
where «f v =7 v 1,4



Learning Model Predictive Controller

At time ¢ of iteration j solve the following Constrained Finite Time Optimal
Control Problem (CFTOCP)

t+N—1
LMPC,j/ j\ _ : i 1, g +
Jt—>t+N (xt) o m}jn Z h(xk|t7uk|t) =+ VI (xt—l—N|t’xt—|—N)
ut|t""’ut—|—N—1|t k=t
S.t.
. y
Ty 1y = Ay T Bk|t k\t + Ck\t
2 j
= o
t|t | Computed online
xk|t € &, uk|t ceU, Vkelt,---,t+ N -1 using LMPC strategy
2’ J—1( .+ .
Tiyne € CS' ™ (z N

+ % + £



Learning Model Predictive Controller

At time ¢ of iteration j solve the following Constrained Finite Time Optimal
Control Problem (CFTOCP)

t+N—1
LMPC,j( jy _ . j—1 +
S () = ;o Hn Z h( xk|t’uk|t + VI t—l—N|t7£Bt—|—N)
Wiler oY N -1t
S.t.
__ AJ ' J
mk—|—1|t Ak|txk|t + Bk|tuk|t + Ck-|t
i j
= 27
/ t|t ’ Computed online
ol eX, u, elU, Vkelt t+ N —1 :
Computed k|t k|t LZEER ] using LMPC strategy

online ] e CS Mz f N, -

Lt Nt



Learning Model Predictive Controller

At time ¢ of iteration j solve the following Constrained Finite Time Optimal
Control Problem (CFTOCP)

t+N—1
Jt—>t+N (xt) o m}jn Z h(x%tvu‘;@“) =+ VI (xi+N|tvxt+N)
Werer oY N1t k=t
S.t.
__ AJ / J
xk—|—1|t Ak|txk|t + Bk|tuk|t + Ck-|t
i j
= 2,
/ t|t Computed online
T EXu cU, Vkelt,--- ,t+ N —1 :
Computed k|t k|t it ] using LMPC strategy
online ‘Z+N|t e CS Mz f N, -

*,]

Then apply to the system the control input u{ = Uy}



Safe Set and Value Function Approximations

Lap: 5

-1 4 =—— Closed-loop trajectory ® SS —&— Predicted Trajectory

-4 =3 -2 =] 0 1 2 3



System ID in Autonomous Racing

» Nonlinear Dynamical System,

i
w. — %(Q(Fylﬂ) — b(Fyz,.:a) T C(_Fl‘l,?, T FZL’2,4)
X =acosyy—ysiny, Y =xsiny + ycosy



System ID in Autonomous Racing

» Nonlinear Dynamical System,

i
Qb. — ']l:(a(Fylg) — b<Fy2,.3) T C(_Ffﬂl,s T FSB2,4>
X — x C()Sw — ySiIl w, Y — QC SiIl w —|— y CcOS w Kinematic Equations




System ID in Autonomous Racing

» Nonlinear Dynamical System,

5

_th T % Ez Fyi
- I_ly(a(Fyl,z) — b<Fy2’,3) + C(_ r1,3 T F5’52a4)

y
v
X

T COS w — y'sin w, Y = xsin w ~+ y COS w Kinematic Equations

» |dentifying the Dynamical System

J _
Loyt =

Tyt
Yk+1]t
Vkt1)t
Xit1)t

RO

Linearized Kinematics
Linearized Kinematics

Linearized Kinematics

k|t

_|_

J
Ui |t
Linearized Kinematics 1
Linearized Kinematics

Linearized Kinematics

Linearization around predicted trajectory



System ID in Autonomous Racing

» Nonlinear Dynamical System,

5

:_i’w+%2iFyi

I_ly(a(Fylﬁ) o b<Fy2,.3) + C(_ x1,3 T F£U2,4)

Dynamic Equations

y
v
X

— T COS w — y Sin w, Y = T SIn w — y COS w Kinematic Equations

» |dentifying the Dynamical System

J _
Loyt =

Tyt
Yk+1]t
Vkt1)t
Xit1)t

RO

Linearized Kinematics
Linearized Kinematics

Linearized Kinematics

X u?{ It
k|t Linearized Kinematics 1

Linearized Kinematics
Linearized Kinematics

Linearization around predicted trajectory



System ID in Autonomous Racing

» Nonlinear Dynamical System,

s 0. 1 1

gj — —gmp 1 % Ez Fyi Dynamic Equations
. .

Qb. — 'f:(a(FZh@) o b<Fy2,.3) T C(_ 1,3 T FSB2,4>

X — x C()Sw — ySiIl w, Y — QC SiIl w —|— y CcOS w Kinematic Equations

» |dentifying the Dynamical System

Local Linear Regression

_ ; _ Ty ;
i ] [ | agmin K, —a)lAy ud, | — gl ¥y € (6.9.9)
Ye+1)t %8 1
) = ¥ = = . : —| )+ | : : : [u?‘”]
k+1]t Vi1t Linearized Kinematics|| ~ kIt Linearized Kinematics 1
Xit1)t Linearized Kinematics Linearized Kinematics
RO Linearized Kinematics Linearized Kinematics

Linearization around predicted trajectory



System ldentification — Design Steps

ldentifying the Dynamical System

Local Linear Regression

z,
[ - » . . . t . .e -
L1t argmin Y K (x, — «0)l[Ay |, | —yall, ¥y € {2,9,9}
Yee+1|t 6,8 1
: ) J
) = ¥ = xl., + : . : Ykt
kt1]t Vi1t Linearized Kinematics|| ~ k[t Linearized Kinematics 1
Xit1)t Linearized Kinematics Linearized Kinematics
Yit1pe Linearized Kinematics Linearized Kinematics

Linearization around predicted trajectory

Implementation Details




System ldentification — Design Steps

ldentifying the Dynamical System
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Implementation Details

» Compute trajectory to linearize around from previous optimal inputs and stored data

» Enforce model-based sparsity in local linear regression

» Perform local linear regression at the linearization points using a subset of the stored data
>

Use kernel K() to weight differently data as a function of distance to the linearization trajectory




Learning Model Predictictive Control
for Autonomous Racing
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» A reference trajectory is not needed for the controller implementation

» The controller converges after few laps: the learning process is data efficient

» The controller safely explores the state space iteratively improving the lap time




Closed-loop Trajectories at Convergence
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» A reference trajectory is not needed for the controller implementation
» The controller converges after few laps: the learning process is data efficient

» The controller safely explores the state space iteratively improving the lap time




Data Point Selection

7

—— Closed-loop trajectory

s = Used Data




The key components

» Predicted trajectory given by prediction model
» Predicted cost estimated by value function approximation
» Safe region estimated by the safe set
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Do you need the safe set? — Yes
LMPC without Invariant Set

The controller extrapolates the value function on the Vx dimension




Do you need to Predict to Learn? Yes

When the LMPC horizon is N = 1 the controller
» solves the Bellman equation using the value function approximation
» does not explore the state space as it cannot plan outside the safe set
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Comparison with Approximate DP (aka RL)

>

Some references:

<+ Bertsekas paper connecting MPC and ADP [1], books on RL and OC [2,3]
< Lewis and Vrabie survey [4]

< Recht survey [5]

LMPC highlights

< Continuous state and action formulation

< Constraints satisfaction and Sampled Safe Sets

%« Terminal constructed locally based on cost/model driven exploration

<« Terminal at stored state is “exact” and upperbounds at intermediate points

[1] D. Bertsekas, “Dynamic programming and suboptimal control: A survey from ADP to MPC.” European Journal of Control 11.4-5 (2005)

[2] D. Bertsekas, “Reinforcement learning and optimal control.” Athena Scientific, 2019.

[3] D. Bertsekas, “Distributed Reinforcement Learning” http://web.mit.edu/dimitrib/www/RL 2 Rollout & Pl.pdf

[4] F. Lewis, Frank, and D. Vrabie. "Reinforcement learning and adaptive dynamic programming for feedback control." IEEE circuits and systems magazine 9.3 (2009)
[5] R. Benjamin. "A tour of reinforcement learning: The view from continuous control." Annual Review of Control, Robotics, and Autonomous Systems 2 (2019)
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Forward Value lteration
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Dynamic Programming: LMPC:
» Gridding, global properties » No Gridding, local properties
» Backward, one-step iteration » Forward, multi-step prediction

» LICQ required for optimality



Model Learning in MPC

A short and non-comprehensive summary
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Figure 1: Our method (PE-TS): Model: Our probabilistic ensemble (PE) dynamics model is shown as
an ensemble of two bootstraps (bootstrap disagreement far from data captures epistemic uncertainty:
our subjective uncertainty due to a lack of data), each a probabilistic neural network that captures
aleatoric uncertainty (inherent variance of the observed data). Propagation: Our trajectory sampling

RS ; : . : : :
5,/@‘%&3? (TS) propagation technique uses our dynamics model to re-sample each particle (with associated
XN bootstrap) according to its probabilistic prediction at each point in time, up until horizon 7". Planning:

At each time step, our MPC algorithm computes an optimal action sequence, applies the first action
in the sequence, and repeats until the task-horizon.
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Abstract

Model-based reinforcement learning (MBRL) is widely seen as having the potential
to be significantly more sample efficient than model-free RL. However, research in
model-based RL has not been very standardized. It is fairly common for authors to
experiment with self-designed environments, and there are several separate lines of
research, which are sometimes closed-sourced or not reproducible. Accordingly, it
is an open question how these various existing MBRL algorithms perform relative to
each other. To facilitate research in MBRL, in this paper we gather a wide collection
of MBRL algorithms and propose over 18 benchmarking environments specially
designed for MBRL. We benchmark these algorithms with unified problem settings,
including noisy environments. Beyond cataloguing performance, we explore
and unify the underlying algorithmic differences across MBRL algorithms. We
characterize three key research challenges for future MBRL research: the dynamics
bottleneck, the planning horizon dilemma, and the early-termination dilemma.
Finally, to maximally facilitate future research on MBRL, we open-source our
benchmark in http://www.cs.toronto.edu/ " tingwuwang/mbrl.html.
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Abstract: Model-based reinforcement learning approaches carry the promise of
being data efficient. However, due to challenges in learning dynamics models
that sufficiently match the real-world dynamics, they struggle to achieve the same
asymptotic performance as model-free methods. We propose Model-Based Meta-
Policy-Optimization (MB-MPO), an approach that foregoes the strong reliance
on accurate learned dynamics models. Using an ensemble of learned dynamic
models, MB-MPO meta-learns a policy that can quickly adapt to any model in
the ensemble with one policy gradient step. This steers the meta-policy towards
internalizing consistent dynamics predictions among the ensemble while shifting
the burden of behaving optimally w.r.t. the model discrepancies towards the adap-
tation step. Our experiments show that MB-MPO is more robust to model im-
perfections than previous model-based approaches. Finally, we demonstrate that
our approach is able to match the asymptotic performance of model-free methods
while requiring significantly less experience.

Keywords: Reinforcement Learning, Meta-Learning, Model-Based, Model-Free
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1136
St 2: Under the of this theorem for any 0 <
to < t
Po(t) —Polte) 2 Pael(t) — Paelto)
= —,l_IA.;"n VLT Ad(t) + o ()
where

Dalt) = /|2a"|r)em|r) +i’ (r)La(r)dr) (20)
o

Ad{t) 1= B P|Bun (Ueome (t) =2 (£))h

+ (K 4+ A0C) )Ay(t). Ay(t)=y(t) —ylt —h)

and this minimum is reachable for

alt)dt = a'(t)dt:= —L7" BI P|B g (ueommp(t) + 2 (1)) dt
+ (K 4 Aa €y )dy(t)].

As a result, we have: d®;+(f) < 0 (in symbolic form).
Proof of Statement 2: Using the Euler-Maruyama’s formula
[3], [9] we obtain the followmg relauon (h = t—fy =
0) $o(t)—P;(1y ()G () + a T (¢)Li(t)h + o, (k).
Minimizing then the right side for each fixed f, we derive

= 2T

min|®;(t)— Pty )] = Poalt) — Poafty)
a(t)

= —}A.ﬂ‘um—u.luw (B <o (). @)
,
Hence, taking into account the definition (20), we have d $5- (1) < 0,
m]
Rewriting (18) in differential form and taking into account that
P is the solution of the Riccati equation (see Assumption 4 of this
theorem) we finally derive
AV (e(t)) 'S [o(t) + Iit ) dt + ST (t)dw(t) — e (£)Q.e(t)dt.
According to the Kronecker lemma, the Large Number law for
martingale, and Skorohod lemma (see [2] and [4]), we obtain the
result of the theorem. Details of this proof can be found in [13].
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This paper is concerned with the control of d Itis g ly pted that if disturb
discrete-time linear systems that are subject to additive, but  accounted for in the formulation of a constrain
bounded disturbances on the state. The main aim is to provide  control problem, then the optimization has to bef
results that allow for the efficient computation of an optimal ~ admissible state feedback policies, rather than oper|
and stabilizing state feedback control policy that ensures a  sequences, otherwise infeasibility and instability py
given set of state and input constraints are satisfied for all ime,  occur (Mayne et al., 2000). However, opummmm
despite the presence of the disturbances. This is a problem that  trary (; ) feedback policies is p

has been studied for some time now in the optimal control lit- have to be satisfied Cumnt p Is fq
erature (Bertsckas & Rhodes, 1973) and a number of different this using finite dimensional opumlzauon, such

1. Introduction

Model predictive control is widely employed for the con-
trol of constrained systems and an extensive literature on
the subject exists some of which is reviewed in Bemporad
and Morari (1999): Allgéwer, Badgwell, Qin, Rawlings,
and Wright (1999); Mayne, Rawlings, Rao, and Scokaert
(2000). Several methods for achieving robustness have
been considered. The simplest is to ignore the disturbance
and rely on the ink b of deterministic model
predictive control applied to the nominal system (Scokaert
& Rawlings, 1995; Marruedo, Alamo, & Camacho, 2002).

{up, 1y, ..., un—1} of control actions was proposed in
Zheng and Morari (1993); this method cannot contain the
‘spread’ of predicted trajectories resulting from distur-
bances. Hence feedback model predictive control in which
the decision variable is a policy m, which is a sequence
{t (). 1y (e oo iy (9)) of control laws, was advocated
in, for example, Mayne (1995); Kothare, Balakrishnan, and
Morari (1996); Lee and Yu (1997): Scokaert and Mayne
(1998) De Nicolao, Magni, and Scattolini (2000); Magni,
ijer, and van der Schaft (2001); Magni, De Nicolao,
and Allgéwer (2003). Determination of a control
policy is usually prohibitively difficult so research has con-
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to < t
Po(t) —Polte) 2 Pael(t) — Paelto)
= —,l_IA.;"n VLT Ad(t) + o ()
where

Dalt) = /|2a"|r)em|r) +i’ (r)La(r)dr) (20)
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Ad{t) 1= B P|Bun (Ueome (t) =2 (£))h
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and this minimum is reachable for

alt)dt = a'(t)dt:= —L7" BI P|B g (ueommp(t) + 2 (1)) dt
+ (K 4 Aa €y )dy(t)].

As a result, we have: d®;+(f) < 0 (in symbolic form).
Proof of Statement 2: Using the Euler-Maruyama’s formula
[3], [9] we obtain the followmg relauon (h = t—fy =
0) $o(t)—P;(1y ()G () + a T (¢)Li(t)h + o, (k).
Minimizing then the right side for each fixed f, we derive

= 2T

min|®;(t)— Pty )] = Poalt) — Poafty)
a(t)

= —}A.ﬂ‘um—u.luw (B <o (). @)
,
Hence, taking into account the definition (20), we have d $5- (1) < 0,
m]
Rewriting (18) in differential form and taking into account that
P is the solution of the Riccati equation (see Assumption 4 of this
theorem) we finally derive
AV (e(t)) 'S [o(t) + Iit ) dt + ST (t)dw(t) — e (£)Q.e(t)dt.
According to the Kronecker lemma, the Large Number law for
martingale, and Skorohod lemma (see [2] and [4]), we obtain the
result of the theorem. Details of this proof can be found in [13].
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1. INTRODUCTION

Model predictive control (MPC) is a control methodolog]
is becoming mature. The basic aspects of the method ard
well understood, and stabilizing formulations of the control Ig
documented in the literature, both for linear and nonlinear pro|
(1, 12).

The MPC strategy optimizes an open-loop control sequer|
each sample, to minimize a nominal cost function, subject to|
state and input constraints. The optimization is usually bas|
the assumption that the process model is exact and that
disturt are B the control law ignores the
of possible future changes in disturbance and model mis
closed-loop performance can be poor [3], with likely violati

New York: Springer-Verlag, 1972.

[5] M. Grimble, “Three and half DOF polynomial solution of the feed-
forward H, /H . control problem,” in Proc. 34rd Conf. Decision and
Control, New Orleans, LA, Dec. 1995, pp. 4145-4150.

The problem is NP-hard!

the ints, when disturb or model h are prey
Some lations of MPC have been proposed that addres
|ssues [4] (5] These melhods rely on a min-max opummtw
, these lati a

con!ml proﬁle over all posslble disturbance (or model mist|

Abstract

This paper is concerned with the optimal control of linear discrete-time systems subject to unknown but bounded state disty
mixed polytopic constraints on the state and input. It is shown that the class of admissible affine state feedback control policies wif
of prior states is equivalent to the class of admissible feedback policies that are affine of the past di:
that a broad class of constrained finite horizon robust and optimal control problems, where the optimization is over affine stj
policies, can be solved in a computationally efficient fashion using convex optimization methods. This equivalence result is used
robust receding horizon control (RHC) state feedback policy such that the closed-loop system is input-to-state stable (ISS) and thy
are satisfied for all time and all allowable disturbance sequences. The cost to be minimized in the associated finite horizon op|
problem is quadratic in the disturb. free state and input The value of the receding horizon control law can be calcy
sample instant using a single, tractable and convex quadratic program (QP) if the disturbance set is polytopic, or a tractable secon|
program (SOCP) if the disturbance set is given by a 2-norm bound.
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Abstract

This paper provides a novel solution to the problem of robust model predictive control of constrained, linear, discrete-time systems in
the presence of bounded disturbances. The optimal control problem that is solved online includes. uniquely, the initial state of the model

emplo)ed in the problem as a decision variable. The associated value function is zero in a disturbance i
n’ when bounded disturbances are present, and permits a strong stability result, namely robust exponential stability of the disturbance

ariant set that serves as the

invariant set for the controlled system with bounded disturbances. to be obtained. The resultant online algorithm is a quadratic program
of similar complexity to that required in conventional model predictive control.

004 Elsevier Ltd. All rights reserved.
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This paper is concerned with the control of d Itis g ly pted that if disturb
discrete-time linear systems that are subject to additive, but  accounted for in the formulation of a constrain
bounded disturbances on the state. The main aim is to provide  control problem, then the optimization has to bef
results that allow for the efficient computation of an optimal ~ admissible state feedback policies, rather than oper|
and stabilizing state feedback control policy that ensures a  sequences, otherwise infeasibility and instability py
given set of state and input constraints are satisfied for all ime,  occur (Mayne et al., 2000). However, opummmm

despite the presence of the disturbances. This is a problem that  trary (; )

feedback policies is p
have to be satisfied Cumnt, Is fq
this using finite dimensional opumuauon, such

has been studied for some time now in the optimal control lit-
erature (Bertsckas & Rhodes, 1973) and a number of different

An elegant approximation

1. Introduction

Model predictive control is widely employed for the con-
trol of constrained systems and an extensive literature on
the subject exists some of which is reviewed in Bemporad
and Morari (1999): Allgéwer, Badgwell, Qin, Rawlings,
and Wright (1999); Mayne, Rawlings, Rao, and Scokaert
(2000). Several methods for achieving robustness have
been considered. The simplest is to ignore the disturbance
and rely on the int b of deterministic model
predictive control applied to the nominal system (Scokaert
& Rawlings, 1995; Marruedo, Alamo, & Camacho, 2002).

{up, uy, ..., un—1} of control actions was proposed in
Zheng and Morari (1993); this method cannot contain the
‘spread’ of predicted trajectories resulting from distur-
bances. Hence feedback model predictive control in which
the decision variable is a policy m, which is a sequence
{a () iy Oy fix—1 ()} of control laws, was advocated
in, for example, Mayne (1995); Kothare, Balakrishnan, and
Morari (1996); Lee and Yu (1997): Scokaert and Mayne
(1993) De Nicolao, Magni, and Scattolini (2000); Magni,
ijer, and van der Schaft (2001); Magni, De Nicolao,
and Allgéwer (2003). Determination of a control
policy is usually prohibitively difficult so research has con-

What people do in practice



